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Abstract: This paper is about a modelling and an 
optimisation of an electromechanical drive system. 
The device consists of a DC source, a power 
converter, a linear actuator and its load. The aim of 
the system is to drive a load along a linear 
displacement. The two main objectives are to reduce 
the actuator volume and the copper losses, which 
are contrary objectives. Here, we present an 
analytical modelling of the system and afterwards an 
optimisation of the linear actuator main dimensions 
in order to carry out the previous objectives.  

Keywords: Linear actuator, variable reluctance, 
multi objective optimisation, copper losses, weight, 
volume. 

1. Notations 

a   Thickness of the mobile part (mm) 
α   Slot’s coefficient of occupation 
b   Thickness of the bottom of the coil’s 

slot (mm) 
pe BB ,   Flux density in the air gap and the 

mobile part (T) 
d   Flow of the load (m3/s) 
e   Air gap (mm) 
E   Power supply voltage (V) 
F   Reference developed force (N) 
f   Frequency (Hz) 
h   Slot’s height (mm) 

eH   Magnetic field in the air gap (A/m) 

pH   Magnetic field in the mobile part 
(A/m) 

ii ˆ,   Intensity in the coil and its maximum 
value (A) 

condJJ,  Current density in the slot and the 
conducting (A/mm2) 

ρ   Copper resistivity (Ω.m) 

0L   Coil’s inductor (H) 

aM   Actuator weight (Kg) 
n   Number of turns 
P   Pressure (N/m2) 

JP   Copper losses in the actuator (W) 
R   Coil’s resistance (Ω) 
1r   Internal radius of the actuator (mm) 

2r   Internal radius of the slot (mm) 

3r   External radius of the slot (mm) 

4r   External radius of the actuator (mm) 

eℜ   Air gap’s reluctance (H-1) 

fℜ   Coil slot’s reluctance (H-1) 
S   Air gap’s area (m2) 
s   Section of the load (m2) 

bS   Coil’s area (m2) 
T   Period (s) 
τ   Duty cycle 
v   Coil’s voltage (V) 

aV   Volume of the actuator (m3) 

fV   Volume of the magnetic part (m3) 

bV   Volume of the coil (m3) 

pV   Volume of the mobile part (m3) 

semV   Volume of the electronic 
components (m3)  

W   Maximum magnetic energy (J) 
Ψ   Magnetic flux (Wb) 

2. Introduction 

A cross section of the linear actuator is given in 
figure 1.  
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Figure 1 : Cross section of the actuator. 

 
This actuator is a cylindrical structure the axis of 
which is represented by a doted line.  
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It consists of two elements. The first element which 
is the smaller one, at the top of the figure, is the 
mobile part. It is a disc-shaped piece of magnetic 
material. This part is linked with a shaft which drives 
the mobile part of the load. 
The second element, at the bottom of the figure, 
does not move. It is also made of magnetic material. 
A toric electrical coil takes place in the part located 
between radius r2 and r3. The above mentioned shaft 
goes moving through the vertical hole situated in the 
centre of this second element.  
When a current flows through the electrical coil, the 
mobile part of the actuator moves downwards. When 
the current stops, the mobile part goes upwards. 
This upwards displacement is due to the action of a 
spring.  

3. System modelling 

3.1 General relations for the linear actuator 

Developed force on the axis: 

0

2

μ
SB

F e ⋅
=  (1) 

Air gap’s area: 

[ ]2
1

2
2 rrS −⋅= π  (2) 

This section can be also expressed by: 

[ ]2
3

2
4 rrS −⋅= π  (3) 

Coil’s area: 

[ ] hrrSb ⋅−= 23  (4) 

Volume of the actuator: 

[ ]bahrVa ++⋅⋅= 2
4π  (5) 

Volume of the coil: 

[ ] hrrVb ⋅−⋅= 2
2

2
3π  (6) 

Volume of the magnetic part: 

[ ] bf VbahrV −++⋅⋅= 2
4π  (7) 

Volume of the mobile part: 

hrVp ⋅⋅= 2
4π  (8) 

Ampere law (first approximation): 

[ ] [ ]23
0

23 22 rrHe
B

rrhHni p
e

e −⋅+⋅⋅+−+⋅=
μ

 (9) 

 

 

Relation between the current density in the slot and 
the conducting: 

condJJ ⋅= α  (10) 

 

M.M.F. flowing through the coil: 

[ ]23 rrhJni −⋅⋅=  (11) 

3.2 General relations for the power converter 

A simplified representation of the power converter is 
given in figure 2. 

E  is the power supply voltage. The actuator can be 
modelised by means of a resistance R  in series with 
an inductance L .  

When switches  and  are turned on, the 
current flows from the supply to the actuator. When 
they are turned off, the current can go down to zero 
through the diodes  and . 
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Figure 2 : Power converter. 

 

The output current and voltage are given in figure 3. 
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Figure 3 : Supply current and voltage. 
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The voltage v  on the actuator’s terminals is related 
to the current i  and the magnetic flux Ψ  according 
to the following equation: 

dt
dx

xdt
di

i
iRv ⋅

∂
Ψ∂

+⋅
∂
Ψ∂

+⋅=  (12) 

 

The actuator is motionless when voltage is applied to 
it. The speed being equal to zero, equation (12) can 
be written as follows: 

dt
diLiRE ⋅+⋅= 0  (13) 

0L  is equal to: 

⎥
⎦

⎤
⎢
⎣

⎡
ℜ

+
ℜ

⋅=
fe

nL 112
0  (14) 

The slot’s reluctance is more important than the air 
gap’s reluctance, thus we can write: 

⎥
⎦

⎤
⎢
⎣

⎡ ⋅
⋅=

e
S

nL
2
02

0
μ

 (15) 

The resistive expression in equation (13) can be 
neglected. That leads to: 

( )
dt
nid

e
S

nE ⋅⎥
⎦

⎤
⎢
⎣

⎡ ⋅
⋅=

2
0μ  (16) 

Considering time related linear variations, equation 
(16) becomes: 

T
SBnE

τ
⋅

⋅=  (17) 

The volume of the electronic components  
varies in a same way as the product of maximal 
current and voltage. 

semV

At last, it can be written: 

e
SB

T
iEV e

sem 21ˆ
0

2
⋅

⋅
⋅=⋅∝

μτ
 (18) 

Or again: 

eF
T

iEVsem ⋅⋅=⋅∝
τ
2ˆ  (19) 

 

3.3 General relations for the load: 

The flow  of the load is given by: d

fsed ⋅⋅=  (20) 

The required force F  is equal to: 

sPF ⋅=  (21) 

The mechanical power is given by: 

PdfeF ⋅=⋅⋅  (22) 

So, d  and P  given, we can write: 

fe
PdF
⋅
⋅

=  (23) 

F  decreases while  and  increase. A 
compromise must be done taking into account the 
usual values of the working frequencies utilised for 
electromechanical actuators and their associated 
power converters. 

e f

4. System optimisation 

4.1 General relations for the optimisation 

The working of the actuator is ruled by the following 
relations. 

Developed force: 

0

2

μ
SB

F e ⋅
=  (24) 

Relation between fluxes in the air gap and the 
mobile part: 

[ ]arBSB pe ⋅⋅⋅=⋅ 22π  (25) 

Flux relations in the bottom of the slot (no leakage): 

SBBbr ee ⋅=⋅⋅⋅ 22π  (26) 

Equality of the two air gap’s areas: 

[ ] [ ]2
3

2
4

2
1

2
2 rrrrS −⋅=−⋅= ππ  (27) 

Ampere law and M.M.F. definition: 

[ ] [ ] [ ]23
0

2323 22 rrHe
B

rrhHrrhJ p
e

e −⋅+⋅⋅+−+⋅=−⋅⋅
μ

 (28) 

Finally, we can note there are five independent 
relations. 

 

4.2 Objective functions 

Depending on the application, different cost 
functions can be minimized. Here, we present an 
optimisation where the actuator volume and the 
copper losses are the cost functions.  

We can express the actuator volume as follows: 

[ ]bahrVa ++⋅⋅= 2
4π  (29) 
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Concerning the copper losses, it comes: 

α
ρ 2JV

P b
J

⋅⋅
=  (30) 

With relation (6), we obtain: 

[ ]
α

πρ
22

2
2

3 Jrrh
PJ

⋅−⋅
⋅⋅=  (31) 

Where ρ  is the copper resistivity. 

4.3 Parameters 

There are eight geometrical parameters: 

ehbarrrr ,,,,,,, 4321  

two magnetic parameters: 

pe BB ,  

one electrical and one mechanical parameter: 

J  and F  

This leads to 12 parameters. 

Working requirements:  is assigned by the size of 
the shaft which drives the load. Nevertheless, we 
can notice the whole volume decreases while this 
radius decreases. The required force F  and the air 
gap  are given by the working conditions. Thus, 
the values of those three parameters are known. 

1r

e

The value of the flux density in the magnetic material 
(fixed part) depends on the material’s characteristic. 
Figure 4 shows the characteristic  used for 
the rest of the study. 

( ee HB )

 
Figure 4 : Material’s characteristic . ( )ee HB

 

 

Concerning the flux density in the mobile part, we’ll 
take a constant value among the following: 

T Bp

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

=

2
5,1

1
5,0

 (32) 

At last, only eight parameters are independent: 

JBhbarrr e ,,,,,,, 432  

Finally, five relations and eight parameters lead to a 
three degrees of freedom system. 

4.4 Constraints 

In this application, two types of constraints are 
considered: the physical constraints which ensure 
that the linear actuator can supply load requirements 
and the geometrical constraints which permit to 
define a feasible motor. 

Concerning the physical constraints, the following 
will be used: 

N F 500=  (33) 

22 /15/3 mmA JmmA ≤≤  (34) 

7,0=α  (35) 

The geometrical constraints are given by these 
relations: 

mm r 71 =  (36) 

mm e 2,1=  (37) 

mm rr 212 +>  (38) 

mm rr 223 +> (39) 

mm rrmm 250 34 +>≥  (40) 

mm amm 201 ≤≤  (41) 

mm bmm 201 ≤≤  (42) 

mm hmm0 1001 ≤≤  (43) 
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5. Results 

We present here the results concerning the definition 
of the linear actuator for a given load whose 
characteristics were given in the previous paragraph. 

The optimisation procedures use the constraints (33-
43) and searches a set of values for 

 which minimises the 
considered cost function given by (29) or (31). The 
optimisation is made with Mathematica and verified 
with Matlab and a home made genetic algorithm. 

JBhbarrr e ,,,,,,, 432

Table 1 gives results obtained when the copper 
losses are the cost function (here we take T Bp 1= ). 

mm r 3,342 =  mm r 1,373 =  

mm r 504 =  mm h 5,99=  

mm a 9,6=  mm b 4,16=  

T Be 42,0=  2/mmA J 3=  

3
a mc V 965=  W PJ 14=  

Table 1 : Minimisation of the copper losses 
( ). T B 1=p

Table 2 gives results obtained when the volume of 
the actuator is the cost function (here again we have 

). T Bp 1=

mm r 6,112 =  mm r 2,203 =  

mm r 2,224 =  mm h 2,24=  

mm a 6,5=  mm b 7,3=  

T Be 54,1=  2/mmA J 15=  

3
a mc V 52=  W PJ 115=  

Table 2 : Minimisation of the actuator volume 
( ). T B 1=p

 

We can see that the volume and the losses in an 
actuator are contrary objectives. Indeed, figure 5 
shows Pareto Front associated with the problem. 

When the copper losses are the objective function, 
the reduction of these losses implies an increase of 
the coil’s area and then an increase of the actuator 
volume. 

On the other way, when the actuator volume is the 
objective function, the reduction of this volume 
implies an increase of the current density in the coil 
and then an increase of the copper losses. 

 

Figure 5 : Pareto Front ( ). T Bp 1=

 

The following figures (6-7) shows the flux density 
influence in the mobile part. Figure 6 concerns the 
optimisation of the copper losses and figure 7 is 
about the minimisation of the actuator volume. 

 

Figure 6 : Copper losses in function of . pB
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Figure 7 : Actuator volume in function of . pB

We can see, in consideration with the scale, that the 
influence of the flux density in the mobile part is 
minimal.  

However, an increase of the flux density in the 
mobile part implies a diminution of the associated 
thickness, and then a volume decrease. On the 
contrary, this flux density increase implies a growth 
of the copper losses. 

6. Conclusion 

In this paper, the volume and the copper losses of 
an electromechanical conversion system has been 
optimised. Firstly, a model of a linear actuator has 
been done. This model links the motor main 
dimensions to its performances. Then, the actuator 
volume and the copper losses in the coil have been 
written in function of the optimisation parameters. 
Secondly, an optimisation procedure was executed 
in order to minimise these objective functions. 
Different numerical optimisation methods were used 
to valid the methodology. All gave the same results. 
Finally, we can note that the losses and the volume 
are contrary objectives: when the copper losses are 
minimised ( ), the actuator volume is 

maximum ( ); on the contrary, when 

the actuator volume is optimised ( ), the 
copper losses are maximum ( ). 

W PJ 14=
3965 cm Va =

352 cm Va =
W PJ 115=
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8. Glossary 

MMF:  Magneto-motive force 
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