
HAL Id: hal-00328162
https://centralesupelec.hal.science/hal-00328162

Submitted on 9 Oct 2008

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

ASYMPTOTIC ANALYSIS OF CHANNEL DIVISION
MULTIPLE ACCESS SCHEMES FOR

ULTRA-WIDEBAND SYSTEMS
Raul de Lacerda, Laura Cottatellucci, Aawatif Hayar, Merouane Debbah

To cite this version:
Raul de Lacerda, Laura Cottatellucci, Aawatif Hayar, Merouane Debbah. ASYMPTOTIC ANALYSIS
OF CHANNEL DIVISION MULTIPLE ACCESS SCHEMES FOR ULTRA-WIDEBAND SYSTEMS.
SPAWC 2008, Jul 2008, Brazil. 5 p. �hal-00328162�

https://centralesupelec.hal.science/hal-00328162
https://hal.archives-ouvertes.fr


ASYMPTOTIC ANALYSIS OF CHANNEL DIVISION MULTIPLE ACCESS SCHEMES FOR
ULTRA-WIDEBAND SYSTEMS

Raul de Lacerda, Laura Cottatellucci, Aawatif Hayar

Institut Eurecom
Dpt. Communications Mobiles

06904, Sophia Antipolis, France

Mérouane Debbah∗

Supelec
Alcatel-Lucent Chair

91190, Gif-sur-Yvette, France

ABSTRACT

Channel Division Multiple Access (ChDMA) is a promising
multiple access scheme for Ultra-Wide Band (UWB) systems
based on the use of the Channel Impulse Responses (CIR) as
user signatures. In this work, we modeled the UWB-CIR as
linear combinations of continuous impulses of finite duration
randomly delayed. Two different channels are considered: the
first, very simplistic, generates multipaths that are uniformly
distributed over the time; the second model, which introduces
correlation between the delay and the energy of the paths, is
built based on the channel power profile. The capacity is in-
vestigated assuming no Channel State Information (CSI) at
the transmitters and perfect CSI at the receiver. As results, we
derive the asymptotic capacity of the ChDMA scheme when
the number of users and the number of frequency dimensions
(which is proportional to the bandwidth) go to infinity with
constant ratio. As a consequence, we observe that the asymp-
totic spectral efficiency depends only on the system load, the
power delay profile, the noise variance and the pulse signal.
The results are validated in certain conditions and compared
with known results on CDMA systems.

1. INTRODUCTION

Ultra-WideBand (UWB) has been recently presented as a promis-
ing radio technology due to the large available bandwidth.
UWB systems enables high data rates at short range as well
as high temporal resolution with long Channel Impulse Re-
sponses (CIR) thanks to their large bandwidth, based on wave-
form radiations of “very short” pulses. Moreover, the sys-
tem uses very low power spectral density, below the thermal
noise of the conventional receivers, which is inherently diffi-
cult to be detected and does not cause significant interference
to other systems. These appealing, fundamental properties of
UWB radio system make it an ideal candidate for commer-
cial, short-range, low power, low cost indoor communication
systems such as Wireless Local Area Network (WLAN) and
Personal Area Network (WPAN).

∗This work was supported by Alcatel-Lucent within the Alcatel-Lucent
Chair on flexible radio at SUPELEC.

Although a large amount of efforts has been devoted to de-
velop efficient UWB systems during the last years, few stud-
ies focused on the design of efficient multiple access schemes
able to benefit from low duty cycle transmissions. In 2006, a
very simple technique called Channel Division Multiple Ac-
cess (ChDMA) [1, 2] was presented to exploit the duty cy-
cle structure of the UWB signal and provide an interesting
way to guarantee efficient multiuser communications in UWB
systems. Benefiting from the fact that the coherence time is
large (typically about 100 μs) in comparison with the delay
spread (typically from 15-40 ns, depending on the user envi-
ronment), each user employs its impulse response to modulate
its signal. The system shows many similarities with uplink
code division multiple access (CDMA) systems with random
spreading sequences, whose spectral efficiency is well known
[3].

In this work, we analyze the asymptotic spectral efficiency
of ChDMA systems under the assumption that the number of
users and the size of the bandwidth increases at a constant ra-
tio. To this aim, we modelled the UWB-CIR as linear combi-
nations of continuous impulses of finite duration and employ
two different power delay profiles: uniform and exponential
profiles. During the evaluation of the system efficiency, we
verify the impact of different system parameters.

2. SYSTEM MODEL

We consider an uplink UWB ChDMA system with K sin-
gle antenna users and a base station that employs a single
receive antenna [1, 2]. We also assume that users access si-
multaneously and synchronously (at symbol level). From the
transmitter side, each user sends a low duty modulating sig-
nal with a symbol rate given by fs = T−1

s , where Ts denotes
the interval between consecutive symbol transmissions. The
transmitted signal is distorted by the channel and the distor-
tion can be regarded as a modulation. The CIR can be con-
sider as a signature waveform, similarly to the spreading se-
quences of CDMA systems. At the receiver, the base station is
able to detect the transmitted signals by using the CIR, which
are specific to each user. This is the fundamental idea of the



ChDMA. Without loss of generality, we assume Ts equal to
the maximum multipath delay (or delay spread) of the wire-
less environment, i.e. Ts = Td, and equal for all the users.
The system is impaired by additive white Gaussian noise.

The impulse response hk(t) of the channel between user
k and the base station can be written as

hk(t) =
Lk∑
�=1

λk,�g(t − τk,�), (1)

where Lk represents the number of distinguishable paths, g(t)
is the pulse signal employed in the signal transmission, λk,�

and τk,� are the amplitude and the delay of the �th path of
user k, respectively. The amplitudes λk,� are random vari-
ables that follow a normal distribution with zero mean and
variances σ2

k,� such that
∑Lk

k=1 σ2
k,� = Pk. Without loss of

generality, we assume that Pk = 1. In fact, different values of
Pk can be taken into account by a multiplicative factor ak at
the receiver that includes both, the effects of channel attenua-
tion Pk and the transmitted power Pt,k, i.e. ak =

√
PkPt,k.

Furthermore, we assume that all the users have the same num-
ber of distinguishable paths, i.e. Lk = L. As a consequence,
the frequency response Hk(f) of the channel between user k
and the base station can be written as

Hk(f) =
L∑

�=1

λk,�G(f)e−j2πfτ� , (2)

where G(f) is the Fourier transform of the g(t) function.
Then, in frequency domain, the signal received at the base

station is given by

y = HAs + n, (3)

where y is the N -dimensional vector of received signal; H =
[h1, . . . ,hK ] is an N ×K matrix whose kth column hk is the
sampled frequency response of user k; A is the K × K diag-
onal matrix of received amplitudes whose k-th diagonal ele-
ment is ak; s is a K-dimensional vector of transmitted sym-
bols (it is assumed to be i.i.d random variables with zero mean
and unitary variance), and n is a vector that takes into ac-
count the additive white Gaussian noise with zero mean and
variance σ2. In order to keep the notation simple, we assume
that N is an even integer. The vector y is obtained sampling
the received signal in the frequency domain at rate 1

Wc
, where

Wc represents the frequency resolution1. This implies that the
baseband representation of the system is within the frequency
interval

[−N
2 Wc,

N
2 Wc

]
.

3. CASES OF STUDY

Throughout this work we analyze the capacity of the above
proposed multiple access scheme in the following two cases:

1In order to respect the coherence bandwidth of the system, the frequency
resolution has to satisfy the following inequality Wc ≤ 1

Td
.

Case 1: The amplitudes λk,� and the path delays τk,� are
complex and real random variables, respectively. They
are mutually independent and statistically independent
over all the K users and all the L paths. The delays
τk,� are random variables uniformly distributed in the
interval [0, Td]. The amplitudes λk,� are random vari-
ables with zero mean and variances 1

L . Furthermore,
if Td �= W−1

c , the number of multipath L is assumed
to be large enough that the random variable Hk(f) is
Gaussian with zero mean.

Case 2: The amplitudes λk,� and the path delays τk,� of user
k are joint random variables with joint probability den-
sity function fΛ1...λL,T1...TL

(λ1, . . . λL, τ1 . . . τL). They
are independent over all users. The joint distribution
fΛ1...λL,T1...TL

(λ1, . . . λL, τ1 . . . τL) takes into account
the power delay profile and the random variables λk�

are in general dependent of the delays τk�. Also in
this case, the marginal distributions of λk,� are Gaus-
sian with zero mean and variances σ2

Λ�
and the number

of multipath L is large enough that the random vari-
able Hk(f) is Gaussian with zero mean. The delays
are random variables uniformly distributed in the inter-
val [ (�−1)Td

L , (�)Td

L ].

3.1. Case 1

Thanks to the independence of λk,� and τk,� over all users,
the columns of the matrix H are statistically independent. In
order to characterize the matrix H completely, it is sufficient
to determine the covariance matrix of one of the Gaussian
vector hk, for k = 1, . . . K. The mth component of the vector
hk is

hm,k =
L∑

�=1

λk,�G

(
Wc(m − 1) − WcN

2

)
ej2πWc(m−1)τ� ,

(4)
with m = 1, . . . , N. Then, the (m,n) element of the covari-
ance matrix C(1) = E{hkhH

k } is

C(1)
m,n =

L∑
u=1

L∑
v=1

E{λk,uG
(
Wc(m − 1) − WcN

2

)
·ej2πWc(m−1)τuλ∗

k,vG∗ (Wc(n − 1) − WcN
2

)
·e−j2πWc(n−1)τv}

= G
(
Wc(m − 1) − WcN

2

)
G∗ (Wc(n − 1) − WcN

2

)
·

L∑
u=1

E{λk,uλ∗
k,u}E{ej2πWc(m−n)τu}

= G
(
Wc(m − 1) − WcN

2

)
G∗ (Wc(n − 1) − WcN

2

)
·
(

1
Td

∫ Td

0

ej2πWc(m−n)τdτ

)
L∑

u=1

σ2
Λu

(5)



= G
(
Wc(m − 1) − WcN

2

)
G∗ (Wc(n − 1) − WcN

2

)
·ejπWc(m−n)Tdsinc (Wc(m − n)Td) . (6)

For simplification purposes, let g(t) be a Dirac impulse,
i.e. g(t) = δ(t). Under this assumption, we have that

C(1)
m,n = ejπWc(m−n)Tdsinc (Wc(m − n)Td) . (7)

Therefore, the matrix C for case 1 can be written as

C(1) = S(WcTd,WcTd), (8)

where S(x, y) is a N × N matrix with elements given by

si,j(x, y) = sinc (x(i − j)) ejπy(i−j). (9)

Then, thanks to the Toeplitz structure of the matrix C(1),
the following eigen-decomposition holds when N → ∞ [4],

C(1)
∞ = lim

N→∞
FH

ND(1)FN (10)

being FN the Fourier matrix and D(1) a diagonal matrix with
elements

dn,n =

{
1

WcTd
, for 0 ≤ n − 1 ≤ NWcTd

0 , otherwise.
(11)

As one can observe, the obtained D(1) does not depend
on L, but only on the delay spread Td and the frequency res-
olution Wc.

3.2. Case 2

We assume that the elements of one set (λk,j , τk,j) are statis-
tically dependent of each other but statistically independent
of any element of any other set (λk′,j′ , τk′,j′) ∀ k′ �= k and
j′ �= j, i.e.,

f(λk,1, . . . , λk,L, τk,1, . . . , τk,L) =
L∏

�=1

f�(λk,�, . . . , τk,�).

(12)
Furthermore, consistently with the general assumptions in Sec-
tion 2 the marginal distribution of τk,� is uniformly distributed

in the interval
[

Td(�−1)
L , Td�

L

]
, E{λk,�} = 0, and E{|λk,�|2} =

σ2
Λ�

with
∑Lk

k=1 σ2
Λ�

= 1. The (m,n)−th element of the co-
variance matrix C(2) = E{hkhH

k } is given by

C(2)
m,n =

L∑
�=1

σ2
Λ�

G

(
Wc(m − 1) − WcN

2

)

·G∗
(

Wc(n − 1) − WcN

2

)
·E{ej2πWc(m−n)τ�} (13)

=
L∑

�=1

σ2
Λl

G

(
Wc(m − 1) − WcN

2

)

·G∗
(

Wc(n − 1) − WcN

2

)
ejπWc(m−n)

Td
L (2�−1)

·sinc
(

WcTd

L
(m − n)

)
. (14)

By assuming that g(t) is a Dirac , i.e. g(t) = δ(t), (14) re-
duces to

C(2)
m,n =

L∑
�=1

σ2
Λ�

· ejπWc(m−n)
Td
L (2�−1)

·sinc
(

WcTd

L
(m − n)

)
. (15)

Therefore, the matrix C for case 2 can be written as

C(2) =
L∑

�=1

σ2
Λ�

· S
(

WcTd

L
,
WcTd

L
(2� − 1)

)
. (16)

Asymptotically, for N → ∞, the following eigen-decomposition
holds

C(2)
∞ = limN→∞FH

ND(2)FN (17)

with

dn,n =

{
σ2
Λ�

L

WcTd
for NWcTd

L (� − 1) ≤ n − 1 ≤ NWcTd

L �,

0 otherwise.
(18)

As one can observe, we have that D(2) = D(1) for the
case where λk,� have identical distributions with the same
variances, i.e., σ2

Λ�
= 1

L , ∀� = 1, . . . , L. This result shows
that the assumption that each time delay delay belongs to a
fixed interval disjoint from the others does not introduce any
modification/constraint on the asymptotic result if the power
delay profile is constant compared to case 1.

4. SPECTRAL EFFICIENCY

The spectral efficiency analysis of the ChDMA system is sim-
ilar to the one presented by Verdu and Shamai [3] for CDMA
systems with random spreading codes. The spectral efficiency
per frequency bin is given by

γ =
1
N

log2 det
(
IN + ρHAAHHH

)
(19)

=
1
N

log det
(
IN + ρ

√
D(a)VAAHVH

√
D(a)

H
)
(20)



where ρ = γ
β

Eb

N0
, a = 1, 2 if the channel is modelled as in case

1 or in case 2 respectively, and V is an N × K matrix with
random i.i.d. entries having zero mean and unitary variance.

The following theorem provides the spectral efficiency per
frequency bin as K,N → ∞ with constant ratio. In asymp-
totic condition this figure becomes deterministic and depends
on few macroscopic system parameters.

Theorem 1. Let H be and N ×K matrix of random indepen-
dent columns and let the elements of each column be corre-
lated Gaussian with zero mean and covariance matrix C

N . Let
us assume that asymptotically as N,K → ∞, the empirical
eigenvalue distributions of the matrices C and AAH con-
verge to the deterministic distribution functions FC(v) and
F|A|2(p), respectively. Then, when K,N → ∞ with K

N → β,
the spectral efficiency γ converge to a deterministic limit

γ∞ =
β

ln(2)

∫ ρ

0

dz

∫ +∞

0

p η(z)dF|A|2(p)
1 + p z η(z)

(21)

with

η(z) =
∫

η(v, z)dFC(v) (22)

and

1
η(v, z)

=
1
v

+ β

∫
pF|A|2(p)

1
z + p

∫
η(v, z)dFC(v)

(23)

being η(v, z) the unique positive solution to (23)2.

For case 1 (see Eq. (11)) and case 2 (see Eq. (18)) the
limiting eigenvalue probability density functions of the co-
variance matrix C are given by

f
(1)
C (v) = (1 − WcTd)δ (v) + WcTdδ

(
v − 1

WcTd

)
(24)

and

f
(2)
C (v) = (1 − WcTd)δ (v) +

WcTd

L

L∑
�=1

δ

(
v − σ2

Λ�
L

WcTd

)

(25)
respectively.

Under the assumption that all the received powers are equal
to one the expressions (21), (22) and (23) simplify consider-
ably and depends only on Td,Wc and β.

2Due to the lack of space, the proof of this theorem could not be included.
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Fig. 1. Impact of the number of frequency samples N .

5. RESULTS

In this section, we present the results obtained by the asymp-
totic analysis (Eq. 21) and compare them with the results
obtained by Monte Carlo simulations of ChDMA systems of
finite dimensions (Eq. 19). For finite simulated systems, we
consider two different methods to build the channel matrix:
the first one, labelled Method 1, creates the channel by gen-
erating random multipaths under the restrictions discussed in
Section 3. The second method, referred to as Method 2, is
based on the random generation of the channel by employing
the diagonal matrix D(a). In fact, this is a fundamental step
to derive the asymptotic equation.

The results are obtained averaging over 500 Monte Carlo
simulations. We considered an environment with a maximum
delay spread of 25ns. Furthermore, when β, the number of
frequency samples N , the frequency resolution Wc, the ratio
Eb/N0 or the number of multipaths L are not given, we as-
sume by default that they are respectively 0.8, 50, 40MHz,
5dB and 100. Similarly, by default the received power dis-
tribution is F|A|2(p) = 1 for p ≤ 1, i.e. we assume perfect
power control.

5.1. Validation

As a first step, we validate numerically the assumptions made
to derive the asymptotic results and we compare the resulting
spectral efficiency with known results in the literature.

In Fig. 1, the impact of the number of frequency dimen-
sions on the spectral efficiency is presented. As the system
dimensions increase, the spectral efficiency of all the simu-
lated channels converge to the asymptotic theoretical value.
Convergence was also observed for different system configu-
rations, but the speed of converge is intimately dependent of
all the system parameters.

It is possible to verify that the spectral efficiency γinfty
reduces to the expression of the asymptotic spectral efficiency
per chip of CDMA systems with random spreading codes
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N0
= 10).

studied by Verdú and Shamai in [3], when Td = W−1
c and

the power delay profile is uniform. Fig. 2 compares the spec-
tral efficiency as a function of the system load β in case of fi-
nite simulated channels with the asymptotic theoretical spec-
tral efficnecy of CDMA as Eb

N0
= 10dB. Although the plots

are obtained assuming a very low number of frequency di-
mensions in the finite case (N = 50), the two curves match
completely for different values of β.

5.2. Power Delay Profile

In this section we investigate the impact of a nonuniform power
delay profile (PDP) on the spectral efficiency of ChDMA sys-
tems. We consider an exponentially decaying PDP when the
assumptions of case 2 are enforced. This type of profile is
more realistic and it is largely used to characterize the UWB
environment [5, 6]. Such profile is defined by assuming σ2

Λ�
=

α1
L(1−e−αTd )

e−ατ� , where α is the decay factor.

In order to analyze the impact of the PDP, we consider
three different decay factor values of the exponential decay-
ing profile. Fig. 3 shows the spectral efficiency of a ChDMA
system with exponential PDP as a function of the load β for
α = 0.01, 1, 5, 10. Furthermore, the performance of the sys-
tem with exponentially decaying PDP is compared to case of
uniform PDP (solid line) with α = 0. At the parameter α
increases the spectral efficiency increases if the system load
β is sufficiently large. This is due to the concentration of
the channel energy in a small portion of the channel inter-
val. This concentration determines an inefficient utilization
of the available system dimensions. Then, the receiver cannot
separate completely the information transmitted by different
users. On the other hand, for lower values of α, the system
performance tends to the performance of a system with uni-
form PDP, as we could expect.
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Fig. 3. Impact of the Power Delay Profile.

6. CONCLUSIONS

In this work we provided an analysis of ChDMA systems in
terms of spectral efficiency as the system size grows large.
Under this asymptotic conditions the spectral efficiency is in-
dependent of the channel realization and becomes determin-
istic. Two channel models were considered and analytic ex-
pressions of the spectral efficiency were derived based on re-
sults of random matrix theory. We validated the asymptotic
equations via simulation results and verified the impact of the
power delay profile on ChDMA systems.

As perspectives, we would like to tackle problems related
to errors on channel estimations, the impact of training on the
spectral efficiency of the system and refine the UWB channel
models to include typical behaviours such as the non-linear
frequency attenuation.
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