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Performance Analysis of Covariance Matrix

Estimates in Impulsive Noise

Frédéric Pascal, Philippe Forster , Jean-Philippe Ovarlez and Pascal Larzabal

Abstract

This paper deals with covariance matrix estimates in impulsive noise environments. Physical models
based on compound noise modeling (SIRV, Compound Gaussian Processes) allow to correctly describe
reality (e.g., range power variations or clutter transitions areas in radar problems). However, these
models depend on several unknown parameters (covariance matrix, statistical distribution of the texture,
disturbance parameters) which have to be estimated. Based on these noise models, this paper presents
a complete analysis of the main covariance matrix estimates used in the literature: four estimates are
studied, the well-known Sample Covariance Matrix M scs and a normalized version My, the Fixed
Point (FP) estimate M rp, and a theoretical benchmark M7 rp . Among these estimates, the only one
of practica interest in impulsive noise is the FP. The three others, which could be used in a Gaussian
context, are, in this paper, only of academic interest, i.e., for comparison with the FP. A statistical study
of these estimates is performed through bias analysis, consistency, and asymptotic distribution. This study
alows to compare the performance of the estimates and to establish simple relationships between them.

Finally, theoretical results are emphasized by several simulations corresponding to real situations.

Index Terms

SIRV, covariance matrix estimates, statistical performance analysis, bias, consistency, asymptotic

distribution, non-Gaussian noise.
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I. INTRODUCTION

It is often assumed that signals, interferences or noises are Gaussian stochastic processes. Indeed,
this assumption makes sense in many applications. Among them, we can cite: sources localization in
passive sonar where signals and noises are generally assumed to be Gaussian, radar detection where
thermal noise and clutter are often modeled as Gaussian processes and digital communications where the
Gaussian hypothesis is widely used for interferences and noises.

In these contexts, Gaussian models have been thoroughly investigated in the framework of Statistical
Estimation and Detection Theory [1], [2], [3]. They have led to attractive algorithms. For instance, we
can cite the stochastic Maximum Likelihood method for sources localization in array processing [4], [5],

and the matched filter in radar detection [6], [7] and in digital communications [8].

However, such widespread techniques are sub-optimal when the noise process is a non-Gaussian
stochastic process [9]. Therefore, non-Gaussian noise modeling has gained many interest in the last
decades and currently leads to active researches in the literature. High order moment methods [10] have
initiated this research activity and particle filtering methods [11] are now intensively investigated. In radar
applications, experimental clutter measurements, performed by MIT [12], showed that these data are not
correctly described by Gaussian statistical models. More generally, numerous non-Gaussian models have
been developed in several engineering fields. For example, we can cite the K-distribution already used
in the area of radar detection [13], [14]. Moreover, let us note that the Weibull distribution is a widely
spread model in biostatistics and in radar detection [15].

One of the most general and elegant impulsive noise model is provided by the so-called Spherically
Invariant Random Vectors (SIRV). Indeed, these processes encompass a large number of non-Gaussian
distributions, included, of course, Gaussian processes and also, the aforementioned distributions. SIRV
and their variants have been used in various problems such as: bandlimited speech signals [16], radar
clutter echoes [17], [18], and wireless radio fading propagation problems [19], [20]. Moreover, SIRVS
are also connected to other interesting processes such as the ”heavy-tailed” processes, which have been

used to model impulse radio noises as well as processes used in financial engineering models [21].

A SIRV is a compound process. It is the product of a Gaussian random process with the sguare root

of a non-negative random scalar variable (called the texture in the radar context). Thus, the SIRV is fully
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characterized by the texture (representing an unknown power) and the unknown covariance matrix of the
zero-mean Gaussian vector. One of the major chalenging difficulties in SIRV modeling, is to estimate
these two unknown quantities [22], [23], [24]. These problems have been investigated in [25] for the
texture estimation while [26] and [27] have proposed different estimates for the covariance matrix. The

knowledge of the estimates statistical properties is essential to use them in different contexts.

This paper deals with three covariance matrix estimates: the well-known Sample Covariance Matrix
(SCM) [28], the Theoretical Fixed Point (TFP), both studied for academic purposes, and the Fixed Point
(FP) which may easily be implemented in practice [29]. These three estimates arise as the solutions of
Maximum Likelihood (ML) or Approximate Maximum Likelihood (AML) problems. The main contribu-
tion of this paper is to derive and to compare their statistical properties. bias, consistency, second order

moment and asymptotica distribution.

The paper is organized as follows. In Section |1, a background on the SIRV covariance matrix estimates
is given. Sections Il1, IV and V present the main results of this paper,i.e., performance analysis of the
estimates in terms of bias, consistency, covariance matrices, and asymptotic distribution. For clarity, long
proofs are reported in Appendices. Finally, Section VI gives some simulation results confirming the

theoretical analysis.

Il. PROBLEM FORMULATION

In this section, we introduce the SIRV noise model under study and the associated covariance matrix
estimates. In the following, H denotes the conjugate transpose operator, T denotes the transpose operator,

E stands for the statistical mean of a random variable, and Tr(M) is the trace of the matrix M.

A. Satistical Framework

Let us recap some SIRV theory results. A SIRV is acomplex compound Gaussian process with random
power. More precisely, a SIRV ¢ [30], [31] is the product between the square root of a positive random

variable 7 and a m-dimensional independent zero-mean complex Gaussian vector X

c=TX.

For identifiability considerations, the covariance matrix M = E [xx/] is normalized accordingto Tr(M) =

m (see [26]) and called, in the sequel, normalization #1.
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The SIRV Probability Density Function (PDF) expression is

1 +oco 1 ( cEHM-lc

— d
am M| Jo m exp ) q(r)dr

p(c) = -

where ¢ is the texture PDF.

Notice that, when 7 is Dirac distributed, i.e.,, ¢q(7) = d(7 — 79), the resulting SIRV is a zero-mean
Gaussian vector with covariance matrix 79 M while when 7 is Gamma distributed, the resulting SIRV is
the well known K-distribution. However, the closed-form expression of the texture PDF ¢ is not aways
avalable (e.g., Weibull SIRV). Thus, in problems where M is unknown and has to be estimated from
SIRV redlizations, it would be of interest to have a covariance matrix structure estimate independent of

the texture.

B. Covariance Matrix Sructure Estimation

The covariance matrix has to be normalized to identify the SIRV noise model. Consequently, it is
reasonable to think that the same normalization has to be applied to its estimate. However, as it will
be shown later, the appropriate normalization for performance anaysis is Tr(M ‘1|\7I) =m and will be

called normalization #2 for any estimate M of M:
Normalization #1: Tr(M) =m, )
Normalization #2: Tr(M~'M) =m or, equivalently, Tr(M~'/2MM~1/2) =m.

When M is unknown, it could be objected that normalization #2 is only of theoretical interest while
only normalization #1 can be applied in practice. In most applications, however, M is exploited in such
away that any scale factor on M has no influence on the final result. (e.0., in radar detection, the detector
could be a likelihood ratio, homogeneous in terms of M [26]). This would aso be the case in general
estimation problems where estimated parameters only depend on the structure of the covariance matrix.

Hence, the normalization, chosen for any studied case, is of little importance.

In this framework, the three estimates will be built from N independent realizations of ¢ denoted

Ci = /T1X1,...,Cny = /Tn Xy and called secondary data.

First, if we had accessto the N independent redlizations X4, . .., Xy ©Of the underlying Gaussian vector

X, the ML estimate would lead to the Sample Covariance Matrix (SCM) which is Wishart distributed
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[33] and defined by

~ 1 XN
Mscnr = N I;XkaH- (2
But, in practice, we only have access to the IV independent redlizations of a SIRV, c4,...,cy anditis

impossible to isolate the Gaussian process x. However, it is used as a benchmark for comparison with the
other estimates. Moreover, M gc s performance analysis will lead to an interpretation of the theoretical

expressions obtained for the other estimates.

To fulfill normalization #2, M n will be defined by

. m _
My = — Mson , ©)
TF(M _lM SCM)
Eq. (3) can also be written
N
R m
My = F—— ZXkaH- (4)

_ =1
> xEMx F
i=1

Estimates (2) and (3) have only atheoretical interest since the x;,’s are not available. Practical estimates

are functions of the c;’'s and "good” ones should not depend on the 7;’s.

A first candidate is the Normalized Sample Covariance Matrix (NSCM) [34] given by

. m ZN: crel
Mnysom = — —
N He,
k=1 Gk Ck
which can be rewritten only in terms of x;’s
R m N xxt
Mnysom =
N ; xHxy,

As the statistical performance of this estimate have been extensively studied in [35], only its statistical
analysis results will be presented in order to compare al available estimates. Moreover, although this

"heuristic” estimate respects normalization #1, it exhibits several severe drawbacks.

A second candidate, provided by the ML theory [26], [27], is the FP estimate M zp of M, defined as

afixed point of function f, \
cred ()

D
fN,M : m
N
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where D = {A € M,,(C)|Af = A | A positive definite} with M,,,(C) = { m x m matrices with elements
inC}.

The notation f,, \q stresses the dependency on N and on the covariance matrix M involved in the c,’s.

As shown in [36], equation M = fNM( ) has a solution of the form oM, where « is an arbitrary
scaling factor. In this paper, the only solution M pp satisfying normalization #2 is called the Fixed Point

estimate. In other words, M rp 1S the unique solution of

R R m N CkaH m N XkaH
Mrp=fymMpp) = = > ———==> ————, (6)
Nk:l CkHMFPCk N zlkaMFPXk

such that M pp respects normalization #2.

Notice that M gp, as M nyscar, does not depend on the texture = as emphasized in Eq. (6).

Remark 11.1
The FP is the ML estimate when the texture T is assumed to be an unknown deterministic parameter, and
is an Approximate Maximum Likelihood (AML) when 1 is assumed to be a positive random variable [26],

[27].

Finally, an analysis of another texture-independent estimate Mzpp of M is performed, where

c. cf Xp, X
o= 5 Y e~ § g
In this paper, it is caled the Theoretical Fixed Point (TFP) estimate. This estimate is only of theoretical
interest since it depends on the unknown covariance matrix M. It is closely related to the FP estimate (6)
and it will be shown that its statistical performance have strong connections with those of M rp. Notice
that Mpp satisfies normalization #2: Tr(M ~'Mqpp) = m. So, the TFP estimate will be considered

as the benchmark for M g p.
In this context of covariance matrix estimation in impulsive noise, the statistical properties of the

three proposed estimates, M n, M7rp and M zp will be established in this paper, while existing results

concerning M scas and M ysons Will be reminded.
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I1l. BIAS ANALYSIS

This section provides an analysis of the bias B denoted by
B(I\A/I):E[I\A/I} M,
for each estimate M introduced previously.
The SCM M g has been studied in literature and is unbiased. Now, M y bias will be analysed next.

Its unbiasedness is presented in the following theorem
Theorem I11.1 (Unbiasedness of M y)

M v is an unbiased estimate of M .

Proof: To prove that E [I\A/I N] = M, the focusis put on

. N Xpxi
Blity] =m om0 ®
k=1 ZXHM_IXZ-
i=1 i
For this purpose, let us whiten the x;’s in Eq. (8), according to y, = M~1/2x,
N YkYkH
E[MN}:li/Q SNE || M2 9)
k=1 Z H
Yi'Yi
=1 _
For k=1,...,N, A, are given by
Yiyi
Ap= (10)

-
Z yi'y;
i=1

Since 'y, ~ CN(0,1) for any k, the j' element of y, denoted by y,ij) can be written as

v =/ (1/2) i exp(ioy)).

wherefor 1 <k < Nandl < j < m, Xi(j) ~ x?(2) and 9,(3) ~ U([0,27]), where x2(2) denotes the
Chi-squared distribution with 2 degrees of freedom and ¢/([0, 2]), the uniform distribution on interval
[0,27], and Xz(j ) and 0,(3 ) are independent.
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Thus, by replacing the y,’s in Eq. (10), element pg of matrix Ay is

2(p) , 2(9)
Xk Xk
AI(CPQ) _ exp( (9( p) _ 9( )))

i=1r=1

—_

Since E [exp(i@,ip))] =0, for any (k, p), the non diagonal elements of £ [A] are null. Then, diagonal

element pp is ) }
2(p) 2(p)
X X
EAP] =B || = E — :
2 r 2 2(r
Z (r) Xk(p)JFZZXi()
Li=1r=1 L 7:,1 :;1] |
X2(p)
where Jl; — is a Beta of the first kind distributed random variable with parameters 2
2 2(r
Xk(p) +szi( )
ik 2
- - . 2 1
and 2Nm — 2. Moreover, the statistical mean of a 3(2,2Nm — 2) is = , thus

24+2Nm —2 Nm

1

E [A,(fp)] = N—for k=1,...,N andfor p=1,...,m and E[A;] = (1/Nm)| . Using these results
m

in Eq. (9) leads to

2

E [I\//\I } =mM? (Z 1/Nm) > M2,

k=1

proving that M y is unbiased

[ |
The analysis of I\A/INSCM bias is provided in two cases. In the most general case, theorem 111.2 gives a
closed form expression of M ~Nscum bias. Then theorem 111.3 proves the unbiasedness of M ~Nscm When

M =1, where | is the identity matrix.

Theorem 111.2 (M yscas bias when M has distinct eigenvalues)

Assuming that M has diistinct eigenvalues, M yscs biasis given by
B(Myscu) = U (diag(Ec) U7 — M,

where
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« theoperator diag reshapesam-vector v = (v;)i<j<m intoamxm diagona matrixV = (Vij)i1<i j<m
with elementsV;; = v;,

« U isthe orthogonal matrix of them eigenvectorsof M,
log (Aj/Ai) A

« E= (Eij)lgi,jgm WlthE” = m — A_ if i #] andE” =0 ifi =17, where \; is the it"
, g/ J
eigenvalueof M,
1
e C= (C])1<]<m WIthC] m H m
k£ K
Proof: see [35]. [ |

Theorem 111.3 (Unbiasedness of M ysca when M = b

M yscus iSan unbiased estimate of |

Proof. With the same reasoning as in theorem 111.1's proof, it is shown that £ [I\A/I NSCM} is a

diagonal matrix with elements

AER) — B

Q(k / ZXQ(]

—mE |20/ |20 13 520

ik

where x2®) /| x2®) 13 "\20) | is aBetaof the first kind distributed random variable with parameters
ff%k

2

1
2 and 2m — 2. Since the statistical mean of a 3(2,2m — 2) is ———— = —, A#%) = 1, which
24+2m —2 m

compl etes the proof. [}

Theorem I11.4 (Unbiasedness of M p)
M rp isan unbiased estimate of M

Proof: For clarity, in this section M pp Will be denoted M. The first part of the proof isthe whitening

of the data. By applying the following change of variable, y, = M~'/2x;. to Eq. (6), one has

N Ml/kakaMlﬂ
Mpp = — —— ;

N T v
where
T=M"'"2MppM~1/2.
Therefore,
= Ti Vi yil’
Nk:l Yy T Yk
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T isthus the unique FP estimate (up to a scaling factor) of the identity matrix. Its statistics are clearly
independent of M since the y,.’s are N'(0,1).
Moreover, for any unitary matrix U,

UfUH—Ti —
N zH (U?UH> Z

7,z

9

where z;, = Uy, are also i.i.d. N'(0,1). Therefore, UT U has the same distribution as T, so
E [ﬂ = UE [ﬂ U | for any unitary matrix U .

Since £ ﬁ] is different from O, Lemma A.1, detailed in the Appendix, ensures that £ [ﬂ = al.
Moreover, since T = M~Y/2MM ~1/2 | thus E [I\7I] —aM aso since T(M M) =m, a = 1.

In conclusion: M is an unbiased estimate of M, for any integer V. [ |
Theorem 111.5 (Unbiasedness of My pp)
M1z p isan unbiased estimate of M

Proof: To prove Theorem 111.5, changing variable x = M /2y, where y ~ CA/(0, 1), leads to

E [I\7I _ml/2 ﬁ 1/2
TFP]—M E myHy M=,
The equality
E|m ﬁ = |
yryl
is proven by Theorem 111.3.
Thus, E [MTFP] =M, i.e, I\A/ITFP is an unbiased estimate of M . [ |

IVV. CONSISTENCY

An estimate M of M is consistent if

Ve > 0,Pr(|[M —M| >¢) —— 0,
N—+o00

where N is the number of secondary data c;’s used to estimate M and ||.|| stands for any matrix norm.
Remark 1V.1

WhenM has distinct eigenvalues, Theorem I11.2 shows that Y NscMm Isabiased estimate of M. Moreover,
this bias does not depend on the number N of x;,’s. Thus, M NsoM Isnot aconsistent estimate of M. In the

sequel, since M ~Nscm Suffers from the previous drawbacks (bias and non consistent), thus from here on,
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this estimate will not be taken into account when M has distinct eigenvalues. On the other hand, the NSCM
estimate of | will be studied as a particular case of the TFP estimate.

Under Gaussian assumptions, the SCM estimate is consistent. This result was established in [28] pp.
80-81.

Theorem 1V.1 (M y consistency)

M v isaconsistent estimate of M .

Proof: By whitening the x;’'s in Eq. 4:

N
Z YiYi

MN:li/z k:;l M1/2’
Z%Hyz‘
i=1
wherey, ~ CN(O,1).

Then, the Weak Law of Large Numbers (WLLN) demonstrates that

1 N
P
Nzykka —— 1,
k=1

N—+o00
1 X .
_NTyly, P By =
N;lyz Vi v BV =m.

Finally, basic theorems on stochastic convergence show that

M LN M,
N——+oc0

which means that M N IS aconsistent estimate of M. [ |
Theorem 1V.2 (M gp consistency)
Y Fp isaconsistent estimate of M .

Proof. See Appendix B. [ |
Theorem 1V.3 (Mrpp consistency)
M p isaconsistent estimate of M .

Proof: Theorem I11.1 and the WLLN imply that I\7ITFP is a consistent estimate of M. [ |
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V. ASYMPTOTIC DISTRIBUTION

A. Notations

In this section, a perturbation analysis will be used to derive the asymptotic distribution of the three

estimates, all denoted M for clarity. For this purpose, M is rewritten as
M=M+6M.

The essential quantities for the analysis are defined as follows:
« A=M12M)M V2 =M12MM/2 |,
o 6 = vec(A) where d is the vector containing al the elements of A and vec denotes the operator

which reshapes the m x n matrix elements into a mn column vector.
In the sequel, these quantities will be indexed according to the studied estimate: é scar, dn, drpp and

orp.

The asymptotic distribution of M is obtained from the distribution of & with the followi ng Proposition:

Proposition V.1

veo(M) = <M1/2 ® MW) & + veoM),
where ® represents the Kronecker product.

Proof: M = M'/2 AM'/2 4 M . This is proven by the property, vec(EFG) = (E® G ") vec(F) for

any matrix E,F, G, (see [33] p.9). [ |
The aim of this section is to derive the asymptotic distribution of 4, i.e., the asymptotic distribution of
Re(9)

Im(d)
It will be shown later that this distribution is Gaussian and therefore is fully characterized by its asymptotic

, Where Re(d) denotes the real part of the complex vector 4 and Im(é) its imaginary part.

covariance matrix. This matrix may be derived from the two quantities £ [§6 ' | and E [§6"] . However,

in this specific case, d is the vec of an Hermitian matrix so E [§6 '] can be obtained from E [66].
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B. Results

The following original results use the notations C; and C,, defined by

m 1
C, = — (P — vec(l)vec(I)T) , (11)
m 1 T

where P is defined by, for 1 < p,p’ <m,
Py=1 for k=Il=p+m(p-—1),
Py=1 for k=p+m@ —-1)adi=p +m(p-1), (13)
Py =0 ese.

The covariance matrix of vec(M goar) has been established in [28] and is reminded here below.

Theorem V.1 (vec(M gcas) Asymptotic Distribution)

Re(d A )
1) VN ( e9scm) ) st N(0,Cscnr) , where 255, stands for the convergence in distribu-

Im((SSCM) N—+oo
Re(dscwm)

which can be straightforwardly
| m( 0 SC M)

tion and Cgc s denotes the covariance matrix of (

obtained from:
2) NE [6scmdscn] ~ =P where P is defined above;

3 NE[dsemdson]

Proof: See [33].

Theorem V.2 (vec(M ) Asymptotic Distribution)

Re(é ;
1) \/N e( N) dist.
Im((SN) N—+o0

forwardly obtained from:

T m+1
2) NE[6n6y] . — Ci;

N (0,Cy), whereC y denotesthe covariancematrix and can be straight-
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" m+1
3) NE [5N5N} N C,.

m

The two matrices C; and C, are defined by Egs. (11) and (12).
Proof. See Appendix C.

Theorem V.3 (vec(M7xp) Asymptotic Distribution)

Re(6 -
1) \/ﬁ 6( TFP) dist.
Im(5TFP) N——+oc0

be straightforwardly obtained from:

2) NE [6TFP6¥FP] m Cl,

3) NE [6rrpépp] ~ = G

N (0,Crpp), where Crpp denotes the covariance matrix and can

Proof. See Appendix D.
[ |
In [37], the following original results on M ;- with the above notations has been partially established.

Theorem V.4 (vec(M zp) Asymptotic Distribution)

Re(6 -
1) \/ﬁ 6( FP) dist.
Im(5FP) N—4o00

straightforwardly obtained from:

N (0,Cprp), where Crp denotes the covariance matrix and can be

2

T m+1
2) NE[6rpdrp] 52 Ci;

m
2

m

" m+1

Proof: Proof of theorem V.4 is fully given in Appendix E. ]

C. Yynthesis

All the results on the asymptotic second order moment of M are recapped in table I:

« The three estimates M p, M7rp and My, share the same asymptotic covariance matrix up to

scaling factors.
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TABLE |

ASYMPTOTIC SECOND ORDER MOMENT

,\7|FP MTFP MSC]\/I MN
Limitof NE[667] || (=)°C, | N
Limit of NE [667] || (=)°C, | Co e Co

2
« More precisely, 1/ (mlﬂ) Népp, /725 N éy and V'N é7rp have the same asymptotic distri-

bution. Therefore M pp, With N secondary data, has the same asymptotic behavior as My, with
a7 IV secondary data. Since M v isthe SCM up to ascalefactor, we may conclude that, in problems
invariant with respect to a scale factor on the covariance matrix, the FP estimate is asymptotically

equivalent to the SCM with a little less secondary data: mT“ N data

V1. SIMULATIONS

In order to enlighten results provided in sections I11, 1V and V, some simulation results are presented.
Since M pp and My pp are texture independent and Moy, and My are only valid under Gaussian
assumption, simulations are performed with Gaussian noise.

Operator A is defined as the empirical mean of the quantities A(i) obtained from I Monte Carlo runs.
For each iteration 4, a new set of NV secondary data x1, ..., Xy iS generated to compute A(3).

Thus, for example, M is defined by

ﬁ:

~ =

1
> M(i).
=1

A. Bias analysis

The results presented in this section are obtained for complex Gaussian zero-mean data with covariance
matrix M defined by

Mij:p”*j',forlgi,j <m.
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Figure 1 shows the bias of each estimate for different values of p: p = 0.1,0.5 and 0.9. The length
of each vector x;, is m = 3.
For that purpose, a plot of C'(M, N) = Hﬁ - M H versus the number N of x;'s and for any matrix

norm ||.|| is presented for each estimate.

It can be noticed that, as enlightened by theoretical analysis, the bias of My, M7 zp and M gp is very
close to O for each value of N, while the bias of MNSCM (when the covariance matrix M is different
from 1) does not tend to zero with the number N of x;’s. Moreover, this simulation underlines the fact

that I\7INSCM bias does not depend on N, it is constant for all number NV of x;’s.

Furthermore, the correlation coefficient p has of course no influence on the unbiased estimates. On
the other hand, for each value of p, the bias of the NSCM estimate is different and it tends to O when p

tends to O (case M tends to I).

B. Consistency analysis

Figure 2 presents results of estimates consistency. For that purpose, a plot of D(I\7I ,N) = HM —M H

versus the number N of x;’s is presented for each estimate.

It can be noticed that the above criterion D(M, N) tends to 0 when N tends to +oo, for each estimate

and each value of p. However, there are more fluctuations when data are strongly correlated (i.e., p ~ 1).

C. Second order moment analysis

Simulations relating to second order moment have been represented on two different graphics: one on
transpose operator T results and the other for the transpose conjugate operator H results.

In figure 3, the quantity S; (M, N)

9

Si(M,N) = HNW—Q

is plotted for the four studied estimates versus the number N of x;’s, where § is defined in the notations
used in section V and the matrix Q represents the closed form expression of N E [§6 '] for the different
estimates.

Let us recall these results:
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2
N m—+1
for Mpp, Q= | —— | Cy,

m

for Myscar, Q = Ci,

for Mo, Q = P,

N m—+1
o« fOr My, Q= —| Cq,
m

where C; is defined by (11) and P by (13).

Figure 3.a validates results on second order moment estimates obtained in section V because the
quantity S; (M, N) tends to zero when N tends to infinity for all estimates.

From Figure 3.b, the same conclusion as Figure 3.a is drawn but with the transpose conjugate operator
H,i.e,

9

So(Ni, N) = HN&S—H—R

where the matrix R represents the closed form expression of N E [§6%] for the different estimates.

VIl. CONCLUSION

In this paper, the problem of covariance matrix estimation in impulsive noise modeled by Spherically
Invariant Random Vectors was considered. Four estimates, M scas, My, Mpp and Mrgp have been
studied through a theoretical statistical analysis : bias, consistency, asymptotic distribution and second
order moments. All original results have been illustrated by simulations.

In this impulsive noise context, the Sample Covariance Matrix cannot be used in practice since this
estimate of the Gaussian kernel is based on unavailable data. The same remark holds for the theoretical
fixed point estimate as it depends on the unknown covariance matrix that needs to be estimated. Finaly
the well known Normalized Sample Covariance Matrix is biased and not consistent. Therefore the only
appropriate estimate is the so called Fixed Point estimate, which is unbiased, consistent and has, up to
a scale factor, the same second order moments as the sample covariance matrix of the Gaussian kernel.

Finally, this statistical study will allow a performance analysis of signal processing algorithms based
on these estimates. For instance performance of radar detection algorithms using the Fixed Point estimate

will be investigated in future work.
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APPENDIX A

LEMMA A.1
Lemma A.1

Let A denote a Hermitian matrix and let U stand for any unitary matrix, then
A=UAU? vWUe A=al,aeR

Proof:

o If A=al then A =UAU?,

« Now, assume that for a diagonalizable matrix A and for any unitary matrix U, A = UAU . Let
V be the matrix of the eigenvectors of A and A the diagonal matrix of the eigenvalues of A, then
A=VAVH,

If U= V¥, onehas VDV = D. This implies that A is a diagonal matrix. By taking for U the
permutation matrix which reshapes elements the i** element of A, A;; into the (i + 1)** elements

Ait1i41, this leads to the conclusion.

APPENDIX B

PROOF OF THEOREM 1V.2 (CONSISTENCY OF MFP)

To show the consistency of M rp, denoted M (N) in the sequel and to show the dependence between
M zp and the number N of X},S, several properties of the function f NM defined by (5) will be used.
First, a new function g is defined by

D — D
gn :

where D = {A € M,,(C)|Af = A A positive definite} with M,,,(C) = { m x m matrices with elements
in C}, and C, the set of complex scalar.

As M (N) is afixed point of function fN,M’ it is the unique zero, up to a scaling factor, of the random
function g, . To show the consistency of M (N), Theorem 5.9 pp. 46 of [38] will be used. Let us verify
hypothesis of this theorem.

First, the Strong Law of Large Numbers (SLLN) gives

VA €D, gn(A) Fr— g(A),
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where N—> stands for the convergence aimost surely and
— 400

VAeD, glA)=A—-mE

xxH
xHA= x|’
for x ~ CN(O,M).

Then ¢ defined by EQ.(??) is rewritten by applying an appropriate change of variable on x. Let y =
A~12x, wherey ~ CN(0,A~'/2MA~1/2) and thus
H
& Al/2
yHy
By using the same change of variable, g is rewritten
m Xy
a2 = k 1/2
VAED, gn(A)=A (I N}; vy, A2

VA eD, g(A) =Al/? <| —mE

Now, it must be shown that for every ¢ > 0,

P

(H1) = sup {[lgn(A) —g(A)l} —— 0,
Aep N—=oo
H2): inf A >0=g(M).
(H2):, int {9} >0 = g(M)
Now, for every A € D
N H
YiYi yy
A)—g(A)|l=m|A — ,
llgn (A) —g(A)] IA] ;(yky L’HyD
. . . YiYe ,
and thus, the SLLN, applied to the N i.i.d variables Y, = ——, with same first order moment, ensures
k Yk

(H1).
Now, to show (H2), it suffices to use the bias of I\7INSCM shown by Theorem I11.2. Indeed, for every
A € D, with A # M,
lg(A)]| > 0. (14)
Eq.(14) is explained by

LA = 11BNy s a—r>ma-2)

N ; ; -1/2 —-1/2 N
where N ¢/ A-1/2p a7z 1S the NSCM estimate of A 2MA~1/2 and B(Nygona-sma-+2) the
bias of NNSCM’Afl/zMAfl/z defined by Theorem 111.2.
Finally, Theorem 5.9 pp. 46 of [38] concludes the proof and M p # M , which is the definition

of the consistency of M gp .
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APPENDIX C

PROOF OF THEOREM V.2 (VEC(M ') ASYMPTOTIC DISTRIBUTION)

Ay =M Y2ZMyM~Y2 .

By using the definition of M y, Eq. (3), one obtains

m 1
Ay =—————(Ascu +1)—1 = (Asonm +1)—1.
Tr(Asca + 1) Tr(Ascnr)

1+

It is supposed that N is large enough to ensure the validity of the first order expressions, with respect

to Agscar, and thus

Tr(Ascwm)
Ay~ |1——2| (Asop +1)—1,
m
. . Tr(Ascum) . .
and by omitting the second order term, i.e,, Agcoyy —————, previous equation becomes
m

Tr(Ascum) |

m

ANy ~ Agonm —

Now, with the notations presented at the beginning of section V, it comes

Tr(Ascwm)
On ~dscm — . Vee 1),

Moreover, from the expression of C, in Eq. (12) and by noting that Tr(A) = vec(l) "vec(A) for any

matrix A, one has
m+1

oy 2 ——Codscm - (15)

m
Since VN 85 is asymptotically Gaussian, Eq. (15) ensures that the same result holds for v/ N dy .
It just remains to derive the asymptotic behavior of the two quantities NE [6xd ] and NE [n%] .

These limits follow from the results concerning d scps Stated in table I:
T ,  (m#£l

NE [6n6}] . (mt) ¢y,

NE[oyol] —— (=)C,

N—+4o00

where matrices C; and C,, are defined by Egs. (11-12).
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APPENDIX D

PROOF OF THEOREM V.3 (VEC(M7xp) ASYMPTOTIC DISTRIBUTION)

After the whitening of the x;'s, M7 pp defined by Eq. (7) becomes

YiY
MTFP M1/2 (NZ k k‘) M /2'

yk Yi

where y, ~ CN(0,1). Now, in terms of dpp, it comes

—1/2 G ~1/2 m N (YeYi
Sppp :vec(M MopppM—1/2 |) —vec | = > (| -1 - (16)
k=1

Yi Yi
The Central Limit Theorem (CLT) ensures the first point of Theorem V.3

JE [ Re(drrp) ] LN(O,CTFP) ;

Im((STFp) N—+oo

Re(d
where Crrp is the covariance matrix of { (97rP) ] .

Im(d7rp)

Now, it just remains to derive the two quantities E [d7rpd1pp] and E [d7rpéipp] .

One has, for alarge N,
+

m2 yyH yyH
T _ a aa _ T
E {5Tpp6TFP} = E |vec (yHy vec Ty vec(l)vec(l) (17)
wherey = (3@, ...,y " ~ CcA(0,1).
Then, focusing on the following variable
-

B=F |vec yyH Vec yyH
yHy yHy

and rewriting the y)'s as y@) = 1/x20)/2 exp(if")) where for j = 1,...,m, x2U) and #@) are
independent variables, with x2 () ~ x2(2) and ) ~ 14([0, 27]), each element of matrix B becomes

\/X2 (p) X2 (@) X2 () X2 (a) , ,
By =FE 5 E [exp( (0P — @) 4 gla) _ g(p )))] .
(S 20)

Now, it comes that By; = 0, except for the following indexes

) k=l=p+m(p—1),
2) k=p+mp—-1),l=p +m(p —1) andp #p’,
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) k=p+m@p' —-1),l=p +mp—-1) andp #p’,

and in these cases, one has

2

Y Byptmp-1)ptme-1) = Ty
1

2) Bysmp-1)ptm(r—1) = Loy
1

3 Bptmp -1 ptmo-1) = Ty

By replacing these results in Eq. (17), the following result is found

NE [aTFpégFP] —— Gy

— 400

In the same way,

— 400

APPENDIX E

PROOF OF THEOREM V.4 (VEC(M rp) ASYMPTOTIC DISTRIBUTION)

First, M is written as M = M + 6M where M = M zp in this subsection. For large N, 6M ~ 0
because of the M consistency and NV is assumed to be large enough to ensure the validity of the first
order expressions, thus

M~ o~ (M =M MM )

For N large enough, this implies that

. mi XpXH
M~ — — — — ,
N —=x (M~ =M (MM ™) x,
and thus
m N XX
oM ~ — — — — —M.
N 2 X (M7H = M7 MM ™) x;

Lety, = M~'/2x,, then

12 m N YiYi

M~2(5M)M
N = yi (' - M71/2(5M)M71/2> Yi

_|’
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or equivalently, by using expression A =M ~Y/2(sM)M~1/2

m N kakH
A:NZ 1.

= Yeye [ 1- Vi A
kaYk
At the first order, for large N and consequently small A, it results in
m X[ yyE yi Ay,
A~ |G |1+=5 ~1
N =\ Vi Vi Yi Yk

To find the explicit expression of A in terms of data, the above expression can be reorganized as

A mZN: vyl yE Ay, mZN: yeyE |
N yilve YEYr | N '

H
k=1 i=1 \ Yk Yk

To solve this m?2-system, above equation is rewritten as

m XN Yk:YkH
Bopp ~ vec [ — 1], (18)
(25

where
e dpp =Vec(A),
o Dy isthem?xm? matrix defined by D;, = (dln)(lk’g)mgm2 with d,, = y? 7977 y? forl = p+m(q—1)
andn =p' +m(¢ —1), and

mN Dk

B=1I-— — (29
N ; (V&' Yi)?
From Eg. (16), the right-hand side member of Eq. (18) is seen to be equal to d rrp. Therefore,
Bérp ~d7rp. (20)

Now, normalization #2 for M (Tr(M~'M) = m) ensures that Tr(A) = 0 which is equivalent to
vec(I)pop =0.

Thus, Eq. (20) may be rewritten as

1
(B +— - 1ve(:(l)vec(I)T) dpp ~drrp,

and thus

Srp~G 1 orpp, (21)
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where
G=B+ ! vec(l)vec(l) T ,. (22)
m+1
From the SLLN, B defined by Eq. (19) satisfies
a.s. D
B~ Co=l-mE el (23)

wherey ~ N(0,1) and D = (din)1<in<mz » With dp, = y? 79 37 y? .
Thus, from standard probability convergence considerations, the first point of Theorem V.4 is obtained.

Now, from (23), one has

D
Co=l-mE, whereE=F W
In the same way as in the proof of theorem V.2, the non-zero elements of the matrix E are
2
Y Eptmp—t)ptme-1) = o5y
1
2) Epimp-1)p+mp-1) = m(m—+1)’
1
3) Epim(g-1)ptmig-1) = D)
and thus
m 1
Cy = — | — — vec(l)vec(l)
Therefore, G in Eq. (22) satisfies
m

a.s.
G— ——1

N—+oco m—+1
. o m+1
And, it follows from Eq. (21) that v/N  »p has the same asymptotic distribution as T\/W(STFP.
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Fig. 1. Estimates Bias for different values of p.
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Second order moment simulations

Second order moment simulations
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