N
N

N

HAL

open science

RATE REGION OF CORRELATED MIMO

MULTIPLE ACCESS CHANNELS AND BROADCAST

CHANNELS
Romain Couillet, Merouane Debbah, Jack W. Silverstein

» To cite this version:

Romain Couillet, Merouane Debbah, Jack W. Silverstein.
MIMO MULTIPLE ACCESS CHANNELS AND BROADCAST CHANNELS. IEEE Workshop on

Statistical Signal Processing, Aug 2009, United Kingdom. 4 p. hal-00447034

HAL Id: hal-00447034
https://centralesupelec.hal.science/hal-00447034

Submitted on 14 Jan 2010

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.

RATE REGION OF CORRELATED


https://centralesupelec.hal.science/hal-00447034
https://hal.archives-ouvertes.fr

RATE REGION OF CORRELATED MIMO
MULTIPLE ACCESS CHANNELSAND BROADCAST CHANNELS

Romain Couillet, Mrouane Debbah Jack W. Silverstein
ST-Ericsson, Suglec Department of Mathematics
Plateau de Moulon, 3 rue Joliot-Curie North Carolina State University
91192 Gif sur Yvette, France Raleigh, North Carolina 27695-8205
{romain.couillet,merouane.debBa®@supelec.fr jack@math.ncsu.edu
ABSTRACT successively provide an expression for the rate region &f mu

In this paper, the rate region of large multi-antenna migitip tiple access channels (MAC) and their dual broadcast chan-

access channels and broadcast channels are investigated. 'Fels (B_C)' when either the.transmitter performs uniform pow.
propagation channels between transmitters and receivers &10cation, or wheln thz e|ginvectofrshof the transmit cevari
modelled as independent Gaussian with separable varian@3c€ matrix are aligned to those of the transmit antenna cor-
profiles. It is shown in particular that the large antenna rat "€/ation matrix and the eigenvalues of the transmit coviasa

regions do not depend on the specific channel realizatidn, b{"atfx arebobtamedlt_)]}/ ﬁonvex_opUmlzatloln. This Sﬁ'”t'sn !
only on the channel transmit and receive covariance matrice nown to be optimal it there exist no correlation at the recep

The theoretical results are corroborated by simulations. 10N [4]. Additionally, we assume a large number of antennas
both at the transmit and at the receive sides. To derive the

BC rate region, we will use a new fundamental result of ran-
dom matrix theory, which provides a deterministic equinale
to the Stieltjes transform of a certain type of matrices [5].

1. INTRODUCTION

When multiple-input rr!ult!ple-outpyt .(MI.MO) theory arose, The rest of this paper unfolds as follows: in Section 2, we
the problem of transmission rate limitations seemed to havlef,l,[r

been solved as large capacity aains were predicted 11, Howr oduce random matrix theory results needed in the follow
9 pacity 9 P [1]. Ing. In Section 3, we present the uplink MAC and downlink

ever, recent applications of MIMO technologies prove MOTE3C channel models. In Section 4, we derive the rate region

rc1ihar|1|i?gr:gﬁios-lr?giz;ﬁztg??&ss;je{r?ﬁol\r/]vcgi?;?n(;ncl;)c;ﬁ;ﬁis fof the MAC channel which, by duality, leads to solve the rate
gn sig region of the BC channel. In Section 5, we provide simula-

xogi?;/ﬁ;’a'té;’rféllgt?c')f::Cg: 'tjhned?:LSat\irr]gltzg ﬂgﬁreg; zmriulti:[ion results of the previously derived formulas. Finallye w
pacity . Rrovide our conclusions in Section 6.
user MIMO system for channels other than parallel Gaussia

or uncorrelated Rayleigh. Among the main contributions to Notation: In the following, boldface lower-case symbols
yieigh. 9 ) . represent vectors, capital boldface characters denotécemt
the study of the effects of correlation to wireless commanic

tions, [2] derives the capacity of a single-user MIMO system( v is theV x N identity matrix). X;; denotes th¢i, j) entry

in Rayleigh fading with general variance profile, when bothOf X. The Hermitian transpose is denoteqf'. The opera-

: . torstr X, |X| and||X]| represent the trace, determinant and
numbers of transmit and receive antennas grow large. The ex-

tension of this work to single-user decoding in multi-cedt-n spectral norm (.)f matriX, respectlvely. The symbdil | (.j?'
work with interference and separable channel variance prorl.Ote.S e>.<pectat|on. .The notatidfi’ stands fp_r the empirical
. . distribution of the eigenvalues of the Hermitian mafifx
files was explored in the case of large numbers of antennas in
[3], by applying the mathematically involved replica meaiho
In [5], the same problem is addressed using analytical rando 2. MATHEMATICAL PRELIMINARIES
matrix theory tools and especially Stieltjes transforms.

In the following, we derive the complete achievable rat

region of multi-user wireless communications, when the@pro

eTheorem 1 LetK, N € N be some positive integers. Let

K
agation channels are modelled as independent Gaussian ma- By = ZTéXER’@X’“Té (1)
trices with separable variance profftleswe shall therefore — ’
*Silverstein’s work is supported by the U.S. Army Researchc@ffinder ;
Grant WOLINF.05-1.0244. be anN x N matrix, such that, for alk € {}, ., K} Ry

1this channel model is also known as the Kronecker model. is ny, x nj, Hermitian nonnegativey;, € N; T} istheN x N



Hermitian nonnegative definite square root of some nonnegahe noise vector received by userThe fading MIMO chan-
tive Ty; the sequence§F R}, >, and{FT+} >, aretight, nel between the base-station and ukes denotedH; €
i.e. for alle > 0, there existsMy > 0 such thatdM > M, CN*nx Moreover, we assume thEE;, has a separable vari-
implies FRx ([M,00)) < e and FT*([M,0)) < ¢ for all  ance profile, i.e. can be decomposed as

ng, N; X isng x N with i.i.d. complex Gaussian entries of

1 1
variancel /ny. Hy, = Ry X, T, )
For k < {L... »K},1|et e = nk/]\z-l Also denote, for \ith R, ¢ C™ > the Hermitian correlation matrix at re-
z€ CART, my(2) = y(By —2In)"". Then, as allue  cejverk with respect to the channB,,, T;, € CN*¥ the cor-
and N grow large (whilek’ is fixed), with ratiocy, relation matrix at the base-station for tH, link and X, €

C™>*N a random matrix with Gaussian independent entries
of variancel /ny.

With the assumptions above, the downlink communica-
tion model unfolds

-1
rprd FR =H;s+n 8
Ly <Z / 1k+ - Tk_le> - yi = Hy ®)

Denoting equivalently; the signal transmitted in the dual
uplink by userk, such tha€[s,st!] = Py, tr(Py) < P, for
some transmit poweP;, > 0, y andn the signal and noise
received by the base-station, we have the dual uplink model

my(2) —mfy(z) == 0 (2)

where

and the set of functionée;(2)}, i € {1,..., K}, form the
unigque solution to thé{ equations

K

-1
R
ei(z) = = trT <Z/ rd = Tk — ZIN> 4) y= ZHESk + ny 9)
1+ ek =1
In the following, we will derive the BC rate region by
means of the MAC-BC duality [7]. We consider first the MAC
capacity region.

such thatgn(Se; (2)]) = sgn(S(z]).

The functionmy(z) is the Stieltjes transform [9] of the

random variable with cumulative distribution functig~ .
4. CAPACITY REGION

Theorem 2 Let By be a random Hermitian matrix as de-
fined in Theorem 1 with the additional assumption that theret.1. Multiple Access Channels

existsM > 0, such that, for alllV, ny., max([|T |, ”R’“”ZLS The capacityCyiac (P, . . ., Px; HY) of the MAC channel
M, and letz > 0. Then, for largeN, g, V(x) — V() == gH ynder respective transmit power constrais. . . , P

0, where forusersl, . . ., K respectively and compound chankg! =
P() - log |1 . ‘ © [HY...H%], is given in [6], and reads
r)=log|l+ —DBn
z Cymac(Pr, ..., Pi; HY)

Vo(x)Z/Im(;—mg(v))(—W))dw (6) = U {{R,-,lgigK}:ZR,-

tr(P;)<P; =
Both theorems above are thoroughly proven in [5]. 20
1
3. SYSTEM MODEL <log [T+ — > HI'PiH;|,V8 C {17...,K}} (10)
ics

Consider a wireless multi-user channel with> 1 users in-
dexed froml to K, controlled by a single base-station. User
is equipped with;, antennas while the base-station is equipp
with N antennas. We additionally denate= ny /N.

Even if we will mainly focus on the uplink MAC chan-
nel between thel users and the base-station, our objective
is to characterize the downlink BC channel between the basavhere
station and the users. For this, we denote CV, E[ss"] = Ry () -

P, the signal transmitted by the base-station, with power con 0 L (Z/ deF7 )Tk B zIN>
stralnttr(P) < P, for some sum-poweP > 0; y;, € C™ = e
denotes the signal received by usemdn;, ~ €N(0,021,,) (12)

For any se§ C {1,...,K}, from 1 and 2, we have ap-
epc[oximately, forN, ny large,

log|T+ — ZHHP H;
€8

1



where thee;’s verify

—1
1 T’deRkP’“ (’I’k)
ei(z) = = tr'Ty /T—Tk—zIN
i N i <% 1+ Zrex(2)
(13)

From these equations, the complete MAC capacity region
can be described. Denotiflg; = UkAkU',j the spectral
decomposition oRy, we consider the power allocation strat-
egy which consists in aligning the signal covariance matrix
Py, to the eigenvectors R, i.e. Py = UkaU,';' for some
diagonal matrixQ;. ThereforeP; in Equation (10) can be re-
placed byU,;Q, U!'. The trace constraint in (10) is equivalent
tOtI‘(QZ‘) <PF,i=1,...,K.

Rate of Usee [bits/s/Hz]

0 0.5 1 15 2 2.5 3
Remark 1 This power allocation strategy is only proven op- Rate of Uset [bits/s/Hz]
timal if theRy's, k € {1,..., K}, are all equal [10].

Fig. 1. Cg¢ for K =2 users,N = 8,n; = ny = 4,SNR =
20 dB, random transmit-receive solid angle of apertuye,
dr /X =10, dgr /A = 1/4. In thick line,E[ss"] = Iy.

DenotingQ;, = diag(qx) = diag(qk,1,-- -, qkn,) and
Ay = diag(Ak 1, - - -, Ak,n, ), the Stieltjes transform of Equa-
tion (12) can be rewritten

mg(z):%tr (ank

kes n=1 1 + )\k,nqk,n

-1
thatdr/\ = 10, with X the transmit signal wavelength; be-

tween adjacent receive antennas, the distacis the same

(14) for usersl and2 and such thatlz /A = 1/4. The variance
To derive the MAC rate region polytope, for every setProfile is generated from Jakes’ model, with privileged di-

8 ¢ {1,..., K}, the sum rate (11) must be maximized underrections of signal departure and arrival (those directions

the S| éon;trair;tsr(Qk) < P, and thezl.s‘ n constra’ints the solid angles under which the useful signals are transmit

s> 0, forallk € 8. This can be solvedza} cllassical convex ted/received). For instance, the entny b) of the transmit

optimization tools. Indeed, we have the following, correlation matrixT is

Nk

)\k,nqk:,n

er(2) Tl;c — ZIN
Ck

0(T1)
. . . : ; ok, d
Proposhpn 3 The rlqht-hand side of Equatidiil)is a con- Ty, = / exp (277 i a— b‘l COS(@)) d9 (16)
vex function of they,,’s, k € 8, n € {1,...,nz}. 0(T1) A
The proof and optimization details are developed in [5].  where, in our case, with obvious notatiofl:) = 0, 9% =
7/2, 082 — 773, 60%2) — 5776, 050 = 27/3, 650 =
4.2. Broadcast Channels —57/6 p(T2) _ o 953;3() = —m/2.

The capacity region of the broadcast multi-antenna channel N Figure 1, we consider 20 dB SNR and compare the
has been recently shown [8] to be achieved by the dirty-papd@t€ region obtained from convex optimization to the equal
coding (DPC) algorithm. This regioBsc(P; H), for atrans-  POWer aIIocatlc_)n stratggy. We observg that, in sp|te of the
mit power constraint” over the compound chann#l, is strong correlation leading to very low eigenvalue®Rin and

shown by duality arguments to be the set [7] R,, little is gained by power allocation. Quite to the con-
trary, in Figure 2, we consider a5 dB SNR, and observe
Cho(P; H) = U Criac(Pr, ..., Py HH) (15) @ substantial gain in sum rate from our suboptimal scReme
K po<p compared to the equal power allocation strategy.
k=1 =

Figures 1 and 2 confirm and quantify the result given in
which is |mmed|ate|y obtained from Equation (10) [11], which mainly states that for low SNR the sum-rate ca-
pacity of broadcast channels is asymptotically equal to the
sum-rate capacity of the time-division multiple accessNIA)
strategy; therefore, for low SNR, no significant sum-rat@e ga
is obtained by the computationally involved, yet optiméatyd

In this section, we provide simulation results in the cohidx . X .
a two-user broadcast channel, with= 8 transmit antennas P2P€" coding compared to the simpler TDMA method, which
' merely consists in a time-division user scheduling.

andn; = no = 4 receive antennas, all placed in linear arrays.
The spacelr between consecutive transmit antennas is such 2we remind that the optimality of this scheme is not proven todaig

5. SSIMULATION AND RESULTS
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Fig. 2. Cgc for K =2 users,N = 8,n; = ny = 4,SNR =
—5 dB, random transmit-receive solid angle of apertuye,
dr /A =10, dgr /) = 1/4. In thick line, E[ss"] = Iy.
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Fig. 3. Cpc for K = 2 users, theory against simulatiai, =
8, n1 = ny = 4, SNR = 20 dB, random transmit-receive
solid angle of aperture/2, dp /A = 10, dg /A = 1/4.

In Figure 3, a comparison is made between the theoretical

and simulated rate regions for28 dB SNR. The latter is

obtained froml, 000 averaged Monte Carlo simulations for
every transmit power paifP;, P»). We observe an almost

perfect fit, even for these low = 8, ny = ny = 4 numbers
of transmit and receive antennas.

6. CONCLUSION

related Interferers and Noise: A (Not So) LaiyeAnal-
ysis,” IEEE Trans. on IT, vol. 49, no. 10, 2003.

[4] A. Soysal and S. Ulukus, “Optimum Power Allocation

[5]

In this paper, we provided a compact expression for the rate
region of multiple access and broadcast channels when the
propagation channels are modelled as Gaussian with separe[B]
ble variance profiles. This result allows us to derive asymp-

totic capacity expressions of large antenna transmissions

dependently of the specific channel realization but onlygtas [7]

on the different transmit and receive correlation figuresilgvh

our results are only true for large numbers of transmit and re
ceive antennas, we observe that the capacity results ate goo

approximates even for small numbers of antennas.
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