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Asymptotic Independence in the Spectrum of the
Gaussian Unitary Ensemble

P. Bianchi, M. Debbah and J. Najim
6 novembre 2008

Abstract

Consider a n X n matrix from the Gaussian Unitary Ensemble (GUE). Given a finite collection of bounded
disjoint real Borel sets (A;,, 1 <i < p), properly rescaled, and eventually included in any neighbourhood of the
support of Wigner’s semi-circle law, we prove that the related counting measures (N;,(4;,), 1 < i < p), where
N, (A) represents the number of eigenvalues within A, are asymptotically independent as the size n goes to infinity,
p being fixed.

As a consequence, we prove that the largest and smallest eigenvalues, properly centered and rescaled, are
asymptotically independent ; we finally describe the fluctuations of the condition number of a matrix from the GUE.

I. INTRODUCTION AND MAIN RESULT

Denote by H,, the set of n x n random Hermitian matrices endowed with the probability measure
Po(dM) == Z- L exp {—g Tr (M2)} dM |

where Z,, is the normalization constant and where

n
dM=[JdMs; J] RldM,;) [] 90dMyl

i=1 1<i<j<n 1<i<j<n
for every M = (M;;)1<i j<n in H, (PR [z] being the real part of z € C and J [2] its imaginary part). This set is
known as the Gaussian Unitary Ensemble (GUE) and corresponds to the case where a n x n hermitian matrix M
has independent, complex, zero mean, Gaussian distributed entries with variance IE|MU|2 = % above the diagonal
while the diagonal entries are independent real Gaussian with the same variance. Much is known about the spectrum
of M. Denote by Aﬁ”) , /\g") A" the eigenvalues of M (all distinct with probability one), then :

— The joint probability density function of the (unordered) eigenvalues ()\gn), e ,A&”)) is given by :

>
pa(@y, -+ mn) = Cue™ 2 [ o5 — el
j<k

where C), is the normalization constant.
— [9] The empirical distribution of the eigenvalues %2?21 d\m (95 stands for the Dirac measure at point )
converges toward Wigner’s semi-circle law whose density is :

1
1(_272) (l‘) V 4 — $2 .

2
— [1] The largest eigenvalue )\Eﬁfgx (resp. the smallest eigenvalue )\Egi)n) almost surely converges to 2 (resp. —2),
the right-end (resp. left-end) point of the support of the semi-circle law as n — oc.
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)

— [6] The centered and rescaled quantity ns ()\Sgax — 2) converges in distribution toward Tracy-Widom distri-

bution function FgU p which can be defined in the following way :

o
Flp(s) = exp <—/ (z — 5)¢*(x) dx) ,
S
where ¢ solves the Painlevé II differential equation :
q"(x) = vq(x) + 2¢°(2) ,
q(x) ~ Ai(x) as x— o0

and Ai(x) denotes the Airy function. In particular, FCJ{U g 1s continuous. Similarly, ns ()\Sfl)n + 2) o, Fougr

where
FG_UE(S) =1- FgUE(—s) .

If A is a Borel set in R, denote by :
No(A) = # {Af.") e A} ,

i.e. the number of eigenvalues in the set A. The following theorem is the main result of the article.

Theorem 1: Let M be a n x n matrix from the GUE with eigenvalues (Aﬁ”), e (")) Let p > 2 be an integer
and let (p1,- -+, ptp) € RP be such that —2 = p1 < pp < -+ < pp, = 2. Denote by A (A1,---,Ap) a collection
of p bounded Borel sets in R and consider A, = (A1, -+ ,Ap ) defined by the following scalings :

Ay A,
(edge) A = 2+n2/3 ) Apn = 2+7n2/3 )
A,
(bulke) Ain == i+ —, 2<i<p-1.
n
Let (¢1,---,¢,) € NP, then :
Tim | P(Na(Ar) =, Na(Bpn) = H]P W(Arn)=10)] =0.

Proof of Theorem 1 is post{oned to Sections III In Section II, we state and prove the asymptotic independence

of the random variables ns )\( ") + 2) and ns ()\](ﬁgx — 2), where /\( )n and )\I(ngx are the smallest and largest

A
eigenvalues of M. We then describe the asymptotic fluctuations of the ratio A;“:)X.
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II. ASYMPTOTIC INDEPENDENCE OF EXTREME EIGENVALUES

In this section, we prove that the random variables ns ()\I(ng — 2) and ns ()\I(gl)n + 2) are asymptotically
independent as the size of matrix M goes to infinity. We then apply this result to describe the fluctuations of

(n . .
’)\\’g‘ff In the sequel, we drop the upperscript (™ to lighten the notations.

A. Asymptotic independence

Specifying p = 2, u; = —2, po = 2 and getting rid of the boundedness condition over A; and As in Theorem
1 yields the following :

Corollary 1: Let M be a n x n matrix from the GUE. Denote by Api, and Apax its smallest and largest
eigenvalues, then the following holds true :

(Amax — 2) < y)

w o

P(?’L%()\min+2)<l', n

w N

—P(n

(Amin +2) < 93) P (n% (Amax — 2) < y) —0.

n—oo



Otherwise stated,
(ng()\min +2), ng(/\max — 2)) _D, (A, L),

where A_ and A, are independent random variables with distribution functions F ;5 and FgU o

Proof: Denote by (A(;)) the ordered eigenvalues of M : Apin = A(1) < A2) < - < Ay = Amax-
Let (z,y) € R? and take o > max(|z|,|y|). Let A1 = (—a, ) and Ay = (y, ) so that
Ay, = (—2 02+ ”3) and Ay, = <2 +L 24 OQ)
We have :
2 . e T
{N(Al’n):()} = {n3()\min+2) >$}U{E|Z€{1,"- ,’I’L}; )\(Z) < —2—72 , )‘(i-l-l) > —2—1—2}
ns ns
HOmin +2) > 2} U {Tl(—a,2) }, (1)

= {n

with the convention that if ¢ = n, the condition simply becomes Apax < —2 — an~3. Note that both sets in the

ns

w [N

right-hand side of the equation are disjoint. Similarly :

()‘max 2)<y}U{EIiE{1,-~ ,n}; )‘(i—l) §2+n
(2)

w v

{N(A2,n) = 0}

= {0 O = 2) <y} U{TI(y,0) }
with the convention that if ¢ = 1, the condition simply becomes A, > 2 + an”s. Gathering the two previous

equalities enables to write {N (A1) = 0,N(Ag,) = 0} as the following union of disjoint events

-
] } U {ng()\min +2)>x ,f[(y,oz)}

{N(A1) =0, N(Azy)
= {T(~0,2) , 0¥ (max = 2) <y} U {Tl(=0,2) , TI(y,0)
U {nﬁ(Amin +2) >z, n3Omax — 2) < y} . )
Define :
Un = P {né(Amin +2) > 2, 15 (Amax — 2) < y} —P {ni(Amm +2) > x} P {nﬁ(xmax 2) < y}
= P{N(A1n) =0, N(Agp) =0} = P{N(A1n) = 0} P{N(A2) = 0} + €n(a) , “4)
where, by equations (1), (2) and (3),
2 2) < y} - ]P’{H(—a,x) : f[(y,a)}

3 (Amax -

en(a) = —P{H(—a,m) , N
~P{nf (min +2) > 2 ,T(y,0) } + PN (A1) = 0} P{TI(y, )}
+P{II(—c,2)} P {./\/(Agm) =0} —P{Ill(—a,z)} P {ﬁ(y7 a)}

Using the triangular inequality, we obtain :
en@)| < 6max (P{TI(~a,2)},P{Ti(y, ) })

— 0.
a—00

As {T(—a,z) } C {ni (Amin +2) < —a}, we have
P{H<_a7x) } < IP){ng(Amin + 2) < _a} m FG_UE<_a)

We can apply the same arguments to { II(y, &) } C {ns (Amax — 2) > a}. We thus obtain :
&)

lim limsup |ey ()] =0.
A—0 pn—oo



The difference P{N(A;,) =0, N(Aqz,) =0} —P{N (A1) = 0} P{N(Asz,) = 0} in the righthand side of (4)
converges to zero as n — oo by Theorem 1. We therefore obtain :

lim sup |u,| = limsup |e, ()| .
n—oo n—oo

The lefthand side of the above equation is a constant w.r.t. o while the second term (whose behaviour for small «
is unknown) converges to zero as o — oo by (5). Thus, lim,,_, o, u, = 0. The mere definition of u,, together with
Tracy and Widom fluctuation results yields :

Tim P Lnd (o +2) > @, 03 (s = 2) <y} = (1= Fay(@)) x Fyp(y) -

This completes the proof of Corollary 1.

B. Application : Fluctuations of the condition number in the GUE

As a simple consequence of Corollary 1, we can easily describe the fluctuations of the condition number 2 Jmax
Corollary 2: Let M be a n X n matrix from the GUE. Denote by A, and Ap.x its smallest and largest
eigenvalues, then :

2 ( Amax D 1
ns <)\min +1) m —5()\_ +A+) y

D T . . . .
where — denotes convergence in distribution, A_ and A; are independent random variable with respective
. . . — +
distribution F;; 5 and FGU o o ' .
Proof: The proof is a mere application of Slutsky’s lemma (see for instance [8, Lemma 2.8]). Write :

>/ Amax 17 2 2
ns < - +1> T2 [na()‘max_2) + 75 (Amin +2)

/\min

27 2 2
mm i |:n§ max ~ + ng(Amin + 2):| . (6)
2)\11111'1
Now, % goes almost surely to zero as n — oo, and ns (Amax — 2) + ns (Amin + 2) converges in distribution to

the convolution of F; . and FgU g by Corollary 1. Thus, Slutsky’s lemma implies that

Amin +2 [ 2 2
2)\% |:n3 ()\max - 2) +ns ()\mjn + 2):| L) 0.

Another application of Slutsky’s lemma yields the convergence (in distribution) of the right-hand side of (6) to
the limit of —3 [ng(/\max —2) 415 (Amin + 2)] , that is —3(X +Y) with X and Y independent and distributed
according to F;;, and FgU g+ Proof of Corollary 2 is completed. [ ]

III. PROOF OF THEOREM 1
A. Useful results
d\k

1) Kernels: Let {Hy(z)}r>0 be the classical Hermite polynomials Hy(z) := e®” (=) e~ and consider the
function ,¢’(€n) (x) defined for 0 <k <n—1by:

TLI2

0@ = (5) G (V37)

Denote by K, (z,y) the following Kernel on R? :

S e @ ) @)

k=0

_ @) o e (@) )
T—y




Equation (8) is obtained from (7) by the Christoffel-Darboux formula. We recall the two well-known asymptotic
results
Proposition 1:  a) Bulk of the spectrum. Let p € (—2,2).

1 i -
n—o0 n n n m(x —y)
where p(pu) = V42;“2. Furthermore, the convergence (9) is uniform on every compact set of R2.

b) Edge of the spectrum.

2+

) - AATG) — AAT)

n2/3 rT—y
where Ai(x) is the Airy function. Furthermore, the convergence (10) is uniform on every compact set of R2.
We will need as well the following result on the asymptotic behavior of functions 1/1,27).

Proposition 2: Let p € (—2,2), let k =0 or k =1 and denote by K a compact set of R.
a) Bulk of the spectrum. There exists a constant C' such that for large n,

sup [y (i + )| < € (11)

1
V(z,y) € R? lim —-K, (2 +

n—soo n2/3 n2/3’

b) Edge of the spectrum. There exists a constant C' such that for large n,

sup [oi(%, (+2:+ 75 )| < mil00 12

The proof of these results can be found in [3, Chapter 7].

2) Determinantal representations, Fredholm determinants: There are determinantal representations using kernel
K, (x,y) for the joint density p, of the eigenvalues ()\gn); 1 <7 < n), and for its marginals (see for instance [2,
Chapter 6] :

1
pn($17"'7xn) = ﬁdet{Kn(xhxj)}lgi’jgna (13)

n—m)!
/ ) pn(z1, &) dTmg - - dey, = (n!)det {Kn(@i,2j) e jam (M <n). (14)

Definition 1: Consider a linear operator S defined for any bounded integrable function f : R — R by
spvae [ Swarwi.

where S(z,%) is a bounded integrable Kernel on R? — R with compact support. The Fredholm determinant D(z)
associated with operator S is defined as follows :

det(l —25) =1+ Z ( k!> /Rk det {S(QCi»ij)}lgi,jgk dxy---dxy, , (15)
k=1
for each z € C, i.e. it is an entire function. Its logarithmic derivative has the simple expression :
=Y T(k+1)2", (16)
k=0
where
T(k‘) = / ‘ S(Qfl,xg)S(l'Q,fL'g,) e S(xk,arl) dxl cee da:k . (17)

For details related to Fredholm detern]ﬁhants, see for instance [5], [7].
The following kernel will be of constant use in the sequel :

Sp(z,y; N, A) = Zx\lA 2 Y)s (18)

where A = (A1,---,\;) € RP or XA € CP, depending on the need.



Remark 1: Kernel K, (x,y) is unbounded and one cannot consider its Fredholm determinant without caution.
Kernel S, (z,y) is bounded in z since the kernel is zero if z is outside the compact set UY_; A;, but a priori
unbounded in y. In all the forthcoming computations, one may replace S,, with the bounded kernel Sn(x, y) =
Zf’ s—1 Aila, (7)1, (y) Ky (z,y) and get exactly the same results. For notational convenience, we keep on working
with S,,.

Proposition 3: Let p > 1 be a fixed integer; let £ = (¢1,--- ,¢,) € NP and denote by A = (Aq,---,A,), where
every 4\; is a bounded Borel set. Assume that the A;’s are pairwise disjoint. Then the following identity holds
true :

P{N (A1) =Ly, N (D) = b}

1 a 4 a gp
S S (R BN 1-S,(\ A ,
gly..gp!( 8A1> ( aAp> det(=SuhA)| L (9)

where S, (A, A) is the operator associated to the kernel defined in (18).

Proof of Proposition 3 is postponed to Appendix A.
3) Useful estimates for kernel Sy, (x,y; A, A) and its iterations: Consider p, A and A,, as in Theorem 1. Assume

moreover that n is large enough so that the Borel sets (A; ;1 <1 < p) are pairwise disjoint. For i € {1,--- ,p},
define k; as
T -2 <y <2
“_{gﬁm:i2 ’ 20)
i.e.m:mp:%andmi:1f0r1<i<p.
Let XA € CP. With a slight abuse of notation, denote by S, (x,y; A) the kernel :
Sn(l’,y;k) = Sn(l’,y;)\, An) . (21)
For 1 < m, ¢ < p, define :
Mipxen(A) = sup sup |[Sn(z,y; A)] (22)

ACA (2,y)EA L n XAy
where Sy, (z,y; ) is given by (21).
Proposition 4: Let A C CP be a compact set. There exist two constants R = R(A) > 0 and C = C(A) > 0,
independent from n, such that for n large enough,

mem,n(A) < R_lnﬁm 5 1<m<p (23)
mef,n(A) < Cnl_wmgrw ’ 1 < m, / < b, m ?é ; .
Proposition 4 is proved in Appendix B.

Consider the iterated kernel |S,,|*®)(z, y; A) defined by :
Sl (@, y; X) = |Sn(z, y; V)] 4)
[Snl®) (@, 53 X) = Joa 1Sn (2, ws ) < 8] * D (w,ys X du k227

where S, (z,y; ) is given by (21). The next estimates will be stated with A € C? fixed. Note that |S,|*) is
nonnegative and writes :

[ 18 uns NS, sz ) - S5 N -
Rk*l
As previously, define for 1 < m, ¢ <p:
k
Mieaa = sup |80z N)
(xvy)eAm,nXAe,n

The following estimates hold true :

Proposition 5: Consider the compact set A = {\} and the associated constants R = R(X) and C = C'(\) as
given by Prop. 4. Let 3 > 0 be such that 3 > R~ and consider € € (0, 1). There exists an integer No = No(53, €)
such that for every n > Ny and for every k > 1,

MyDnaN) < G L. tsms=p (25)
MY, < ept e i <m e <p mA L

Proposition 5 is proved in Appendix C.



=

B. End of proof

Consider p, A and A,, as in Theorem 1. Assume moreover that n is large enough so that the Borel sets (A; ;1 <
i < p) are pairwise disjoint. As previously, denote Sy, (z,y; A) = Sp(x,y; X, Ay,); denote also S, (x,y; \i) =
Sn(z,y; Mis Ni ) = Nila, () Ky (z,y), for 1 < i < p. Note that S, (z,y; X) = Sin(z,y; N) if £ € Aj .
For every z € C and A € CP, we use the following notations :
Dy (z,A) :=det(1 — 25,(A,Ay)) and Dy, (2, Ai) := det(1 — 25,(Ni, Aiy)) (26)
The following controls will be of constant use in the sequel.
Proposition 6: 1) Let A € CP be fixed. The sequences of functions :
2z Dyp(z,A) and 2+ Din(z,N), 1<i<p
are uniformly bounded on every compact subset of C.
2) Let z = 1. The sequences of functions :
A= Dp(1,A) and A—=Di,(1N), 1<i<p
are uniformly bounded on every compact subset of CP.
3) Let A € CP be fixed. For every § > 0, there exists r > 0 such that
sup sup |Dnp(z,A)—1] < ¢,
n  zeB(0,r)
sup sup |Din(z,N)—1 < 6, 1<i<p.
n zeB(0,r)
Proof of Proposition 6 is provided in Appendix D.
We introduce the following functions :
p
i (2,A) = det(1—2S,(A, A,)) — [ det (1= 28u (i, Ain)) (27)
i=1
Dp(,A) = Din(2:0)
(2, A) - —_— (28)
fn ( ) Dn(z,/\) ; Din(z,)\i)

where ’ denotes the derivative with respect to z € C. We first prove that f,, goes to zero as z — 0.

1) Asymptotic study of fy in a neighbourhood of z = 0: In this section, we mainly consider the dependence of
fn in z € C while X € CP is kept fixed. We therefore drop the dependence in A to lighten the notations. Equality
(16) yields :

Dn(2) =— iTn(kz +1)zF and Di
() =

5 - (2 = S Tiak+1)F (1<i<p) (29)
n _ ©,n k=0

where " denotes the derivative with respect to z € C and T),(k) and T; ,,(k) are as in (17), respectively defined by :

T, (k) := - Sn(x1,22)Sn (w2, 23) - - - Sp (g, x1)dy - - - day, (30)

ﬂ,n(k‘) = /Rk Si’n(l‘l, xg)Si,n(mg, ZL‘3) e Si,n(l'Im :L‘l)dlL‘l e dl’k . (31)

D, i
Recall that D,, and D, , are entire functions (of z € C). The functions D—” and Dz’n
n ©,n
expansion around zero given by (29). Therefore, the same holds true for f,,(z), moreover :
Lemma 1: Define R as in Proposition 4. For n large enough, f,(z) defined by (28) is holomorphic on B(0, R) :=
{z € C, |z|] < R}, and converges uniformly to zero as n — oo on each compact subset of B(0, R).

Proof: Denote by 51(”) (x) :== A\ila,, (x) and recall that T;,(k) is defined by (30). Using the identity

k
I[I> am= > 1l twmm (32)

admit a power series



where a;,,, are complex numbers, 7}, (k) writes (k > 2) :

k- »p
To(k) = /Rk <H ngn)(ivm)) Ky(z1,22) - Kn (g, 21)dzy - - day,

m=1 i=1
- Z jn,k(0> ) (33)
oe{l, - p}*
where we defined
k
Ink(0) = /Rk (H §£7Zn)(xm)> Ky (z1,29) -+ Kp(xg, v1)dzy - - - dy, . (34)
m=1

We split the sum in the right-hand side into two subsums. The first is obtained by gathering the terms with k-uples
o= (i,i,---,i) for 1 <1i < p and writes :

4 k 4
Z/ (H )\ilAm(xm)> Ko (w1, 2) - Kp (g, w1)day - dag = Y Tin(k),
i=17R* \m=1 i=1

where T; ,,(k) is defined by (31). The remaining sum consists of those terms for which there exists at least one
couple (m, ) € {1,---,k}? such that o(m) # o(¢). Let

S= {a {1, ,pt* : Im,0) € {1, K} o(m) £ a(e)} ,
we obtain T, (k) = Y0, T; n(k) + sp(k) where

Sn(k) = Z]n,k(a) 5

cES

for each k£ > 2. For each ¢ € {1,...,k — 1}, denote by m, the following permutation for any k-uplet (a1, ..., a;) :

mg(at,...,ar) = (ag, Qg41, ..., 0k, G1, ..., 0q—1) .

In other words, 7, operates a circular shift of ¢ — 1 elements to the left. Clearly, any k-uple o0 € S can be written
as 0 = my(m,¢,5) for some q € {1,...,k— 1}, (m,£) € {1,...,p} such that m # ¢, and & € {1,...,p}*"2
Thus,

T
L

[sn(R)] < Y lnwlmg(m,£,6))].

q=1 (m0)e{1--p}> ge{l---p}*—2
#0

m

From (34), function jy, j, is invariant up to any circular shift 7, so that j, ,(o) coincides with j,(m,¢,&) for any
o =my(m, !, &) as above. Therefore,

k—1

lsn(R)| < Y. link(m,6,5)|

q=1 (m,0)e{1---p}?> ce{l---p}+—2
m#L

EooY > /R 165 (@ (@2)El (@s) - €50 ()]

(m,0)e{1--p}? GE{1--p}*—2
m#£L

IN

X|Kn($1,l’2) s Kn($k,$1)|daz1 < dxy,



The latter writes

sl =k 3 [ Rl e @)
1<m <p” BmnXBen
m;é 77
/Rk 2 > 1)(%) 507(116 2) xk:)"Kn(xz,l“:%)“'Kn(f'fkaxl”dx?’”'dxk dz1dzs
pd {1 p}k 2
p p
=k > / xl,xz)XZQ(n)(l“l) Xy 51'(71)(5'32)‘
1<m e<p A XA i=1 i=1

/Rk , Z f(n) ( ) fa?k 2 :L’k)‘ ]Kn(arg,atg)--'Kn(xk,x1)|dx3~~dxk d:z:ldxg.

Ge{l-p}h—2
It remains to notice that

i
R sefipyr—2m=3

z_; én)(M)‘ /]R"‘Q <m3 i=1

— / |Sn(l‘2,x3)sn(l‘3’$4)---Sn(ajk’wlﬂdl‘?)...dxk
Rk*2

§£n)($m))> | Kn(z2,23) - - - K (g, 21)| dw3 - - - day,

= 18" (@2, 1)

where (a) follows from (32), and (b) from the mere definition of the iterated kernel (24). Thus, for k£ > 2, the
following inequality holds true :

lsn (k)] <k Z / Sp(x1,x2)| X |Sp \ (k—1) (xg,a:l)dajldxg . (35)

1<m<p
“m£l

For k =1, let s,(1) = 0 so that equation T},(k) = ), T; n(k) + sn(k) holds for every k > 1.
According to (28), fn(z) writes :
o0
- Z sk +1)2"
k=1

Let us now prove that f,,(z) is well-defined on the desired neighbourhood of zero and converges uniformly to zero
as n — oo. Let 3 > R~!, then Propositions 4 and 5 yield :

@l <k 3 [ Sl ey
1<m<p
m#L
< kY mez,nMyi;zl,)nM, »
1<m£<p
md
< /Bk 9 Z 02 _hr+“£) (1+e M) —(Km+re) « |AmA€|’
1<m<p
m#L
C2 |Ap Al
k—2 mel
=< kjﬁ Z n2(nm+m—1)—e )
1<m<p
m#£L

—
S
Nl

2 2
-1)C
< kB2 x| max |Anl) x M ,
1<m<p ns ¢



10

where (a) follows from the fact that k,, + ¢ — 1 > 3. Clearly, the power series > 5o (k + 1)3%~12* converges
for |2| < B71. As B! is arbitrarily lower than R, this implies that f,,(z) is holomorphic in B(0, R). Moreover,
for each compact subset K included in the open disk B(0, 3~!) and for each z € K,

o 2 _ 2
)] < (Z(m 1>ﬁk—1<§gg|z|>k) (s 18n1) < PEZDE

1 1<m ns €

The right-hand side of the above inequality converges to zero as n — oo. Thus, the uniform convergence of f,,(z)
to zero on K is proved; in particular, as 3~! < R, f,(z) converges uniformly to zero on B(0, R). Lemma 1 is
proved.
|
2) Convergence of d,, to zero as n — oco: In this section, A € CP? is fixed. We therefore drop the dependence in
A in the notations. Consider function F;, defined by :

o Dn(z)

F,.(z) :=log T Din(®)
where log corresponds to the principal branch of the logarithm and D,, and D; ,, are defined in (29). As D, (0) =
D; ,(0) = 1, there exists a neighbourhood of zero where £}, is holomorphic. Moreover, using Proposition 6-3), one
can prove that there exists a neighbourhood of zero, say B(0, p), where F,,(z) is a normal family. Assume that this
neighbourhood is included in B(0, R), where R is defined in Proposition 4 and notice that in this neighbourhood,
F,(2) = fn(z) as defined in (28). Consider a compactly converging subsequence Fy,y — Fy in B(0,p) (by
compactly, we mean that the convergence is uniform over any compact set A C B(0, p)), then one has in particular
F(;(n)(z) — I, but F(;(n) (2) = fon)(2) — 0. Therefore, Fy is a constant over B(0, p), in particular, Fy(z) =
F4(0) = 0. We have proved that every converging subsequence of F;, converges to zero in B(0, p). This yields
the convergence (uniform on every compact of B(0, p)) of F;, to zero in B(0, p). This yields the existence of a
neighbourhood of zero, say B(0, p’) where :

(36)

Dy (2)
H€:1 Djn(z) n—oo

uniformly on every compact of B(0, p’). Recall that d,,(z) = Dy (2) — [[?_; Din(2).

Combining (37) with Proposition 6-3) yields the convergence of d,,(z) to zero in a small neighbourhood of zero.
Now, Proposition 6-1) implies that d,,(z) is a normal family in C. In particular, every subsequence dg,,) compactly
converges to a holomorphic function which coincides with 0 in a small neighbourhood of the origin, and thus is
equal to 0 over C. We have proved that

1 (37)

dn(z) —— 0, VzeC,

n—oo

with A € C? fixed.

3) Convergence of the partial derivatives of X — d,,(1,A) to zero: In order to establish Theorem 1, we shall
rely on Proposition 3 where the probabilities of interest are expressed in terms of partial derivatives of Fredholm
determinants. We therefore need to establish that the partial derivatives of d, (1, X) with respect to A converge to
zero as well. This is the aim of this section.

In the previous section, we have proved that ¥(z, X) € CP*L, d,(2,A) — 0 as n — oo. In particular,

do(1,A) — 0, YAeCP.

We now prove the following facts (with a slight abuse of notation, denote d,,(\) instead of d,,(1, X)) :

1) As a function of A € CP, d, () is holomorphic.

2) The sequence (A — dp(A)),,~; is a normal family on CP.

3) The convergence d,,(A) — 0 is uniform over every compact set A C CP.

Proof of Fact 1) is straightforward and is thus omitted. Proof of Fact 2) follows from Proposition 6-2). Let us
now turn to the proof of Fact 3). As (d,) is a normal family, one can extract from every subsequence a compactly
converging one in CP (see for instance [4, Theorem 1.13]). But for every A € CP, d,,(A) — 0, therefore every



compactly converging subsequence converges toward 0. In particular, d,, itself compactly converges toward zero,
which proves Fact 3).

In order to conclude the proof, it remains to apply standard results related to the convergence of partial derivatives
of compactly converging holomorphic functions of several complex variables, as for instance [4, Theorem 1.9]. As
d,(X) compactly converges to zero, the following convergence holds true : Let (¢1,--- ,¢,) € NP, then

e ON (AN oy o
’ oM oAy " n—00

This, together with Proposition 3, completes the proof of Theorem 1.

APPENDIX
A. Proof of Proposition 3
Denote by E, (€, A) the probability that for every i € {1,--- ,p}, the set A; contains exactly ¢; eigenvalues :
Bull, A) = PAN(AL) = b1, N(Ay) = 6y} (38)

Let P,,(m) be the set of subsets of {1, - - - ,n} with exactly m elements. If A € P, (m), then A€ is its complementary
subset in {1,---,n}. The mere definition of E, (¢, A) yields :

En(f, A) - /R“ Z H H 1a, (:Cl) H (1 —1a, (xj)) pn(xl T xn)dl‘l cdxy,

(A, ,A)e k=1 |i€A, JEAS
P (1) XX Pr(£y)

Using the following formula :

5 (- >le[l1_mz SPIN 1L (e

1 o \" o\

L'\ A) = / H(1 —Xila, (@) - (1= AL, (20) pa(r - - @) doey - - - dayy

we obtain :

where

Expanding the inner product and using the fact that the A’s are pairwise disjoint yields :

(1— X1, (2)) - (1= Apla,( (1—2Ak1Ak )

Thus

—

n p
ri,A) = /R (1 Z)\k]‘Ak T ) pn(x1 - xy) day -+ - day,
k=1

i=1

(é) 1+/ m Z H (Z)\klAk(xl)> Pn($1"'$n) dxl"'dl'na
" 1 A€P, (m) i€A \k=1

p

= Z oy / (ZAklAk ) w1 xn) day - day,
m=1 A€P,(m) icA

RIS VE ( )/ H(zm . ) palas ) dan - dan
m=1 Rﬂz 1

—
o
~

_1 m

m=1



where (a) follows from the expansion of [[, (1 — >, Ax1a,(2;)), (b) from the fact that the inner integral in
the third line of the previous equation does not depend upon E due to the invariance of p, with respect to any
permutation of the z;’s, and (c¢) follows from the determinantal representation (14).

Therefore, I'(A, A) writes :

n

TN A) =1+ ) J/ det {Sn (@i, 253 A, D)}y o, iy dy -+ - d, (39)

m!

where Sy, (x,y; A, A) is the kernel defined in (18). As the operator S, (X, A) has finite rank 7, (39) coincides with
the Fredholm determinant det(1 — Sy, (X, A)) (see [7] for details). Proof of Proposition 3 is completed.

B. Proof of Proposition 4

In the sequel, C' > 0 will be a constant independent from n, but whose value may change from line to line.
First consider the case i = j. Denote by S, (x,y) the following limiting kernel :

sin mp(pi) (z — y)
m(x —

" if —2< ;<2
Ai(2) A (y) — Ai(y) A (x)

S,ui(x7y) =

T —

Ai(—x)Ai’(—yjy— Ai(—y)Ai' (—x)
—r+y

Proposition 1 implies that n =" K,,(u; + x/n", u; + y/n"*) converges uniformly to S, (x,y) on every compact
subset of R%, where r; is defined by (20). Moreover, S, (x,y) being bounded on every compact subset of R?,
there exists a constant C; such that :

L Y
Moin®) = (suplnd) swp (sl = (splnd) sup [ (it et )
AEA (zy)EA? AEA (z,y)EA? n n
i 1 z y

< Sup‘)‘z‘ n sup HvKTL (/f‘l""Tau’L—”T) _Sﬂq(xvy) + sup ‘SHZ(Z’,:I/)’

ACA (wy)eas |7 e e (zy)eA?
< G, (40)

It remains to take R as R~ = max(Cy, -+ ,C,) to get the pointwise or uniform estimate.

Consider now the case where ¢ # j. Using notation x;, inequalities (11) and (12) can be conveniently merged
as follows : There exists a constant C' such that for 1 <1 < p,

sup |vl”, (@) <nFC (41)
TEA; »

For n large enough, we obtain, using (8) :

(a) g") (n) + gn) (n)
Moa®) £ (spind) g PEISOTE REOIS 6]

AcA () €A XA 0 |z —yl

(b) 1—r; , 1=K 2

< <sup\>\i)n 2t 20 ,
AeA inf(; yyen, .xa,, [2 =Yl

(C) 1_N1',+Nj

< Cn =,

where (a) follows from (8), (b) from (41) and (c) from the fact that

lim inf inf g —ul = lw — il > 0.
o ("Evy)eAi,nXAjm/‘ y‘ ’Ml H]|

Proposition 4 is proved.



C. Proof of Proposition 5

Let A = {A} be fixed. We drop, in the rest of the proof, the dependence in A in the notations. The mere
definition of |S,,|*) yields :

0< 18, M () < / 1o (2, 0)] X |S| D (ut, )

- Z/ % %D (a1, )l

From the above inequality, the following is straightforward :

P
V(ac,y) € Am,n X Aé,nv ’Sn’(k)(xay) S Z |A, mxi,nMgizjg .
i=1
Using Proposition 4, we obtain :
(k) -1 (k—1) 1_M (k—1)
meé,n < mef n ta Z ( Mix@,n ’ (42)
i#m
where o := max(C|A1],---,C|A,|). Now take 5 > R~ and € € (0, l . Property (25) holds for k£ = 1 since
P perty
mem,n < Riln“im < ﬂn:‘im and MmXZ,n < Cn(l_hm%{[) < Cn(H_e_ ""*'W)
for every m # £ by Proposition 4. Assume that the same holds at step k& — 1.
Consider first the case where m = £. Eq. (42) becomes
ng)xmn < RGF1pEm 4 q0gF2 Z p (1= =250 ) (e — =2
i#Em
< ﬁknnm + Z 2+6—2I€m—2fﬂ)
z;ém
< pFnfm for n large enough ,

where the last inequality follows from the fact that 2 + € — 2k, — 2r; < 0, which implies that n?*¢=2rfm =28 _, (),
which in turn implies that the term inside the parentheses is lower than one for n large enough.
Now if m # ¢, Eq. (42) becomes :

MW, < RTOp 0 gl (055) 1 N Cagh 2 (1mm) p(1het5)
7 i#Em, L
Kptrm R71 « o
_ Cﬂkqn(ue— tom ) TR Z L2
6 Cn ﬂi#m,f
rptemy (RT1 « ap?
< it )( Lo )

< Cﬁk—ln(H»efw%)

I

where the last inequality follows from the fact that the term inside the parentheses is lower than one for n large
enough. Therefore, (25) holds for each k£ > 1 and for n large enough.



D. Proof of Proposition 6
Define Uy, (k,A) := [g

det {Sn (@i, z;; M)}, oy k‘ dzxy - - - dzg. Using Hadamard’s inequality,

|Sn (4, 253 N)|2dzy - - - dxy

k k
=1

UnlkA) < /RHl\

J

2
| Ko (i, ) |2dxy - - - day,

Z A 1Amn l‘l)

IA
%\
\":]
_—
\M»

Therefore,

k
Unk,A) < / H(ZA 1Am<wz>> > | Kn(ai, 3)Pday - - day

i=1 j=1

k
- /Rk Z H)\U(z ]'A'T(UW $Z Z|Kn Ty Tj | dry---dzy

oe{l--p}ri=1 j=1
k
= > / > Doy lasa,, (@) K@i, ;) 2dey - - day,
oe{l--p}* j=1

In the above equation, integral ka clearly reduces to an integral on the set Ay (1), X -+ X Ay(p) n- Thus,

k
sup Uy (k,A) < Z / H

AEA Ue{l p}k U(l)mXH-XAU(mm i=1

- dxy,

v [k
= Z H Z (’Aa(z’),n|Ma(i)><o(j)(A))2 (43)

oe{l-piri=1 \ j=1

We now use Proposition 4 to bound the right-hand side. Clearly, when o (i) = o(j), Proposition 4 implies that
1Ag (i) 0 Mo (i) xo(iyn(A) < RxlAmax, where Apax = maxi<i<p |A;|. This inequality still holds when o (i) # o(j)
as a simple application of Proposition 4. Therefore,

A
Sup Un(kvA) < Z k= A]n%axRA/_xk = (Z)M()

Ach oe{l - p}* fia
Using this inequality, it is straightforward to show that the serie ), W*E"kﬂ k converges for every z € C
and every compact set A. Parts 1) and 2) of the proposition are proved. Based on the definition of D, (z,A) and
D; (2, \;), we obtain :

o0

max (| Dy (2, X) — 1|, |Din(z,Ai) — 1], 1 <i<p) < |z A,

k=
which completes the proof of Proposition 6.
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