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Abstract—This paper considers a game theoretical approach to systems. The restriction to the first type of systems is made
study the problem of energy-efficient power control in cognitive deliberately in order to present the new ideas and results as
wireless networks where some hierarchy exists between cognltlvedea”y as possible. There are many motivations for stuglyin

devices. This hierarchical structure is introduced either to model hi hical wirel tworks. but th ti tantsd
cognitive networks where some transmitters have more sensing ierarchical wiréless neiworks, bl theé most imponansane

capabilities than the others (they can observe more transmit- the framework of this paper are: improving the global networ
ters) or networks for which the degrees of knowledge about efficiency and modeling aspect. As explained in the abstract
the network are different. The optimum selfish power control hjerarchy means that the knowledge levels of the transrmitte
policy under consideration is determined in two scenarios: 1. are gsymmetric. This would be a typical situation in wirsles
K transmitters with K hierarchy levels; 2. two hierarchy levels . . .
comprising K non-cognitive terminals and K — K, cognitive networks where only certain transmltter_s are cognitive _and
terminals. For both scenarios, it is shown that the derived the others are not. More generally, this is the case in a
equilibria Pareto-dominate the one obtained without hierarchy. network where a transmitter, say< {1, ..., K'} can sense or
Interestingly, in scenario 1 we show that following is better than  opserve N, transmitters and the sensing capability numbers
Ieadl_ng in terms of individual ener_gy-efflmency. In scenario2, N, are different. In[[4] the authors focus on a special case
considering the global network efficiency, we show that there . .
exists an optimum number of cognitive terminals to put in the with one leader who cannot observe anyone (ifé,, = 0)_
network. and K — 1 followers who can only observe the leader (i.e.,
N, = 1,Vk < 1). Here, we analyze two new scenarios which
are more general and useful to the application of cognitive

Over the past decade, more and more research works haieeless networks. In the first scenario (see Sedfidn \greh
been devoted to study decentralized or distributed wiselesre K hierarchy levels andv; =0, No =1,--- ,Ng = K—1
networks. There are many relevant concepts such as cagnitiveaning that the leader (transmittBris not equipped with
radio, unlicensed bands, ad hoc networks, scalable resourognitive radio, the follower at leve? (transmitter2) can
allocation and control policies, which play an importaniero observe the leader, ., and finally the follower at leveK — 1
in this development. In this paper, the problem of distelout (transmitter X' — 1) is the one who has the greatest sensing
power control is studied. The network is said to be distedut capability and can sense everyone. In the second scenario,
because each transmitter can choose freely his power tonwe assume thatv, = 0 for £ € {1,...., K;} and N, = 1
policy. As communications are mutually interfered at théor k£ € {K; + 1,..., K}, meaning that there ar&; non-
receiver side and transmitters are free to decide theteglies, cognitive transmitters who are observed Ky— K; cognitive
a natural analytical method is to model such a situation agransmitters (see Sectigd V).
game probleni[1]. In this game, transmitters are assumee to b The paper is organized in the following form: In Sectian I,
selfish and maximize their energy-efficiency utilities. Tliet we introduce the system model and state important assump-
work analyzing this non-cooperative energy-efficient poweions. In Sectior_1ll, we review the non-cooperative games.
control game is[[2], in which a block fading multiple accest Section 1V, we introduce the hierarchical game model and
channel is assumed and a static game model is used to madelcharacterize the hierarchical equilibrium. In Secfigrwé
the power control problem on each block. This scenario hesnsider the two-level power control game model. Finallg, w
been extended to single-carrier systems with pricingint8] close with some concluding remarks in Secfion] VII.
single-carrier systems under a Stackelberg formulatiof@in
and to multi-carrier systems ifl[5]. Il. SYSTEM MODEL

The purpose of the present work is to provide several We consider the uplink of a single-cell network, in whigh
new results on the hierarchical formulation of the problemsers are simultaneously sending information to one base st
for single-carrier systems introduced [A [4]. Note thatth® tion (BS) in a decentralized manner. We assume that the users
results can be generalized, as a second step, to multecartiansmit their data over block Rayleigh flat-fading chasnel
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and the receiver knows on each block all the channel gaiofall involved players. It is therefore important to predand
whereas each transmitter has only access to the knowledgetudracterize such points from the perspective of systeigrmles
its own channel. The latter assumption is realistic in syste It is shown in [2] that, under certain conditions (given
where the uplink-downlink channel reciprocity is valid aad below), the NE of the game with utility{{2) exists, and is
reliable feedback mechanism is available or if the BS sendiwen by

training sequences to the terminals. The signal receivatidy ) .

BS can be expressed as PE=T T wkefl,..K ©)
P P g1 (K - 1)y ¢ J
y= Z hezy + 2 wherev* represents the SINR of uskr(which is the same for
k=1 all users) and is the positive solution of the first order ¢igna

wherez;, and hy, are the input signal and channel coeﬁicienﬁf/(x)_f(x) = 0. This type of equation has a unique solution

for user k. We denote byg, = |hx|? the fading channel the gfficiency fgnctionf(-) 's sigmoidal [[7], and we will
gain of userk, which varies over time but is assumed t¢!s€ this assumption throughout our paper. More precisedy, t

be constant over each transmission block. The quarnstity_ex'Ste_nC_e of a (pure) NE is insured 1|f the ‘?O”d'“@’“< ﬁ
represents a zero-mean additive white Gaussian noise (AwaRysatisfied. Note that when® > z—, this game sitill has
with variances2. The input signalz; can be further written &1 NE if the transmit power is limited, i.ep; € [0, P;"*].
asay = \/prsk Wherep, and s, are the transmit power andTherefo*re, if thg users havg nqt enough power to _reach the
data of usek. We will assume that the receiver applies singlg!/NR 7", they will all transmit with full power, which is also
user decoding throughout this paper. This assumption i v

equilibrium. For the sake of clarity, in this paper we will
relevant in practical wireless systems with limitationstae 0Ny consider the most interesting regime where the transmi
decoder complexity. Therefore, for any usee {1,..., K},

powers are lower than their maximal levels. In this regime,
the received single-user signal-to-noise plus interfezematio even if a user has an infinite transmit power he will not
(SINR) can be expressed as

necessarily use all of it. This is whdil (3) shows: each player
tunes its transmit power such that its SINR is equal to a icerta
L L — (1) value~*. In this paper, we will denote byt and u}F the
Zgjpj +0° SINR and utility that usek obtains at the NE, respectively.
£k
I1l. REVIEW OF THE STANDARD NON-COOPERATIVE
POWER CONTROL GAME

IV. MULTI-LEVEL POWER CONTROL GAME WITH ONE
PLAYER PER LEVEL

In [2] the power control problem is modeled as strategic- In this section, we introduce the hierarchy concept in

form non-cooperative game, which is given by: the set e described non-cooperative game. We consider different

playersk = {1, ..., K} who are the transmitters here, the sdiierarchical levels among the users, i.e., some userssioeci

of actions for each transmitteP, — [0, Pme] where pmax _ priority is higher/lower than the others. It is easy to seat th
c T '+ k ’ k . . . . . .

represents the transmit power constraint of playyeand the this hierarchy concept can be directly applied to the cagnit

utility functions uy,. In this game, the objective of a transmittefodi0 networks, where primary users can act in the most

is to choose his best power control policy (the best powasi le\Ffficient way, taking into account the behaviors and impacts
for each block) to maximize his utility function which is his®f Secondary users. Specifically, we assume that the wareles
energy-efficiency and is given by system hasik’ users andiK hierarchical levels, i.e., one user

per level. We also assume that the super leader is assigned
Rif (k) ) with level index1, and the last follower is assigned with level
Dk index K. Without loss of generality, we let the user index and

wheref(-) is called efficiency function representing the packe€v€! index be identical, i.e., uséris assigned to levet, for
success rate (which is assumed to be identical for all user Yk € L., K}

.th'S paper), an_de Is the transmission rate of us@r A_n_ A. Characterization of hierarchical equilibria

important solution concept of the game under considerasion
the Nash equilibrium (NE)]6], which is a fundamental corticep The equilibrium of this game is called hierarchical equi-
in non-cooperative strategic games. It is a vector of ggiage librium (HE). In the following context, we will denote by
(or actions in our casep™E = {p\E ... pE}, one for each P}F, 7;F andwu;F the transmit power, SINR and utility of user
player, such that no player has incentive to unilateralgnge & at the HE, respectively. To characterize HE, we shall first
his strategy, i.e.u; (P}, pS.) > wk (pr, P"S.), Vpi € Pp, ook at the last follower (usek’) who "makes the first move”
where the—k subscript on vectop stands for “except usér’, to decide his transmit powerf, according to the following
i€, Pk = {P1,- ' Pr_1,Phs1,-..,PK}. From above, it is maximization problem:

clear that an NE simply represents a particular “steadytesta

for a system which is stable to unilateral deviations. In ynan f (%)

cases, an NE represents the result of learning and evolution max PK )

uk(plv apK) -




whose solutionp'E satisfies and from [[9), we have
9KPK HE

=T 32=7 ®)
Sk gipi+o?

where +tE is the solution of equation: f/(z) — f(z) = 0

Equation [[b) implies that: at the HE, the last follower'sgus This shows that the relatiof {L0) holds for some
K) best response is to tune his SINR4F, which is equal ~ Then, we show that{11) is the exact expression dpr

k—1
2z = dg H(dj + 1)wi7 Vi <k
Jj=t

to the SINR at the NE, i.eqtE = ANE, Whenk = K, (@) givesd;, = +%E; Whenk < K, we have
For the sake of simplicity of our presentation, we introduce
2, andwy, to simplify the notations:
b F plify 2, = YE sz+02 = 1E wk+sz (14)
2% 2 gepfE (6) i#k ik
wp 2 gpiF+ o’ (7) By using [10) to[[T4), we obtain
i<k

Then, [$) can be simply expressed as 2k = " Wk + brwig1) = % [+ be(wi +2)] - (15)

ox = 1wk, ©) where
and the similar expression holds for the second last followe be=> |dj [[ (dn+1)
(userK —1): >k k<n<j
—1 (1 + From [I5), we have
- {M} ok (13)
TR _AE( b
In fact, this recursion can be proceeded until the superlead k= ~TEby, W

(user1), and it can be further verified that such a relation

always holds for some parametég (which will be defined This confirms[(IL). _
later on): Finally, we prove that uset’s SINR +E must satisfy[(IB3).

From [I%), we observe that the power-efficiency maximizatio

problem of any usek < K is given by
It turns out that this reasoning can be generalized by math-

ZE = dkwk (9)

ematical induction, which is the purpose of the following f (W—pjmm)
proposition. max o (16)
Proposition 1. At the hierarchical equilibrium, the power Let r — 9kDPk then is equivalent to
allocation p"* satisfies the following condition, for arkyand T T THbenttrgnpe” (16) is eq
any i with k& > ¢ i (1 —=brz)f () (17)
HE { drwi/ gk i=k (10) o (1 + bg)wrz
Pr de [1=) L+ dy)wif/gr i<k The first order condition of{17) implies thaf® should satisfy
where
L E by " 21— bya) f' () = f() =0

Ok This completes the proof. ]

where From [12), we can observe that = (1+dg11)bkr1+dkr1-

This implies thab; > b; for anys and;j with < < j. Then from
b — d: 14+d,)| . Vk<K 12y @ simple geome'trlcal argument, tf > b, holdsz the sollutlon
i Z ’ H (1+dn) (12) 7 of the equationr(1 — b;x) f/(z) — f(x) = 0 is not higher
than the solutiomf of (1 — b;z)f'(x) — f(x) = 0, i.e.,
with b = 0, and~E is the solution of 71 < »%E. This means that, at the hierarchical equilibrium, a
- R _ follower has better (or the same) SINR than a leader. Then,
(1= bpr) (@) = fw) =0 (13) from equation[(b), we can conclude that the SINR values of
Proof: First, from [8), [T) and[{9), we observe that the K users at the hierarchical equilibrium are organized from
the lower level to the higher level of hierarchy, i.e.,

i>k k<n<j

Wp = We—1 + 2k—1 = (dr—1 + 1)wi—1

HE < BB < < APE = 4N 18

which implies T == (18)
k1 Proposition 2. At the hierarchical equilibrium, any user can
W = H(dﬂ' + Dw;, Vi<k obtain a better energy-efficient utilitiZl(2) by being in a Ew

j=i hierarchical level.



Proof: We consider a uset and compare his utility if he where the cognitive transmitters are the followers. Thigety
is in the hierarchical level or in the levelj with i < j. We of game leads to the concept of Stackelberg equilibrium [8].

haveg, = ¢g; = g; and we compare the two utilities: Moreover, within each group, non-cognitive and cognitive,
HE N _ _ N there exists a non-cooperative game that leads to the concep
u@E = 7 (0)/ps = 1 (%i)/ 9xpi = 1)/ gipi of Nash equilibrium. We denote by (resp.F) the set of
j FOi /i FOu)/gwpi F(vi)/ 950 mobiles that are in the group of leaders (resp. followerk)s T
_ SO A 4+v)/vi b)) (4 ) means that the size af (resp.F) is K, (resp.K — K).
FOv) X+7) /v h(y) A+75;)° We have the first result that shows the existence and unique-

ness of a stable decision between all the transmitters. This
stable decision is a Stackelberg equilibrium of the hidvigal
non-cooperative game.

whereh(z) £ f(x)/z, which is a strictly increasing function
on the intervall0, 7] wherey"® = arg max, h(z) [7]. Then
combining with~}& <+, we have thats < 1. This proves
the result. ’ m Proposition 4. (Existence and uniqueness of Stackelberg equi-

Considering the multi-level hierarchical game, we knoWorium) There e_xists a unique Stackelberg equilibripF in
that if the first player (the super leader) plays the Nadhe Proposed hierarchical game where:
equ!l?br?um, all other play_ers will r_eact by playing the Nas _ o2 (1 + %) vier
equilibrium. Then, the utility perceived by the super leade Pi = ;7 27 _ OV akk _ o VL E

. . S ) |hi|? 1 — (K — 1)v5y; — (K — K1 — 1)v;

the hierarchical equilibrium is almost equal to the one ioletz
at the Nash equilibrium of the system. Moreover, we haveg: o? Y1+ 9%)
shown than the utility perceived is better for players at low/s ~ |1 — (K — 1)v3ys — (K — Ky — 1)v;
levels than the super leader, their utility will be also betit
the hierarchical equilibrium than at the Nash equilibrium.

VjeF

if the following (sufficient) conditions hold:
" . _ . ) (K—K1)v7
Proposition 3. (Comparison to Nash equilibrium) At the hier- (1) 70y = 21—(K—K1—1£)72’ and
archical equilibrium, all users’ transmit powers are redst (2): p(z) =z |1 — %x} F(z) — f(x)
Moreover,_?hg hier_archical equilibrium Pareto-dominatese has a single maximunlw poiﬁt i, %)
Nash equilibrium, ity > 4* = arg max, f(z)/x holds.

where~} is the positive solution of f'(z) — f(x) = 0 and

Proof: We have 75 is the positive solution ap(z) = 0.

i 1 Zle (02 + 2k gkpk) Proof: Using the utility function defined by equatiodl (2),
T+ 5 K we obtain from equation of the NEI(3) that for all vecigr
k=1 ot L g;;pk the optimal decision of a followej # i, given the power of
- K—1+ - {K (19) the leaders, is to choose the power
0+ Q=1 9kPk
- SE(p;) = g (0% + Yier 9ipi) (21)

From [I8) and[(19), we have Py \pi) = 7 (K — Ky, — s 9 :

K NE K HE 20 This equation is given by a non-cooperative game between

;g’“pk = ’;gkpk (20) followers where the power of the leaders are included in the

noise. Note that th& — K; — 1 term comes from interferences
Suppose thap}F < ptF for some usetk. Then from [20), we generated by all other followers than ugeThe SINR of one
have leaderi € L is expressed by:
S ol =Y gpfE = E < HfF 9ip;

: ; SINR; = .
G 7k Yo+ (K = KO)gipSE (i) + Yoker) iy 9EPE

which is contradict to[(18). This implies that the assumptio KK
of p)E < ptE is not true. Therefore, we hay®® > ptE for all We denote) = ﬁ and then the SINR of a leader

ke{l,...,K}, ie., the power level of any usérat the HE transmitter: is
is not greater than that at the NE. This proves our first claim. B 9iDi
The following proof is not given in this paper due to lack of ST = o (L+0) + 0gipi + (1 +0) X pc /iy 9kPE

space. . . . - .
Plugging this value in the utility function of one leaderysa
V. TWO-LEVEL POWER CONTROL GAME WITHK useri, we obtain:

LEADERS AND K — K| FOLLOWERS
We consider the second scenario wilfy non-cognitive wilps) = if o2(14+0)+0gipi+(1+0) Xy c 2 /iy I1PE
1 (] - )

transmitters who are observed Wy — K cognitive trans- Di
mitters. In this context, the non-cognitive transmitteas de Rif [9(pisp—i)]
considered as leaders of a hierarchical non-cooperatineega Di )

lI>



With respect to the action of the other leaders;, we VI. NUMERICAL ILLUSTRATIONS

havae that ”;e power used by the leadepi® has to verify  \yg jllustrate the second scenario with the impact of the
PSE g( Pz P=i) f1g (pl- ,P—:)] = f9(pE, p_i)]. This equation number of cognitive transmitters on the global metric of the
is equwalent to finding; such that system which is the social welfare, i.e. the summation of the
9(pi, p—i) (1 — 0g(pi, p—)) ' l9pi p—i)] = £ lg(pi, p—i)], utilities of aII_EI?%/(?rs. We consuder the efficiency funmo

5 : f(z) = (1—e"*)19 K =10 transmitters totally symmetric,
becausq“% = g(pr, pi) (1 —0g(pi®, p—i)). We i.e.all transmitters have the same channel conditions aies r

A

definez = 2(1+0)+0glp7+(1+9 DO = g(pi, P-i),
then studying the existence and uniqueness issueg;f@s
equivalent to analyzing those ef, such thato(zy) = 0 with

2.8751 ~

o(x) =2(1 — 0z) f'(x) — f(x) where: 7
1) f is continuous ovef0, +o0); E
2) f(0)=0;
3) Vx>0, f'(z) >0; e
4) f is S-shaped, and there exists ah such thatvxy < : 5 i S 7 : : o
a*, f"(x) > 0andVa > a*, f’(x) <0
5) IEIEOO f(x) = const Fig. 1. Social welfare depending on the number of cognitisagmitters.

6) lim u;(p;) = 0.

Recall thatconstf 1in [5]. This property is essential to insure;
the existence and uniqueness-gf. Therefore our problem
reduces to find the sign ef (x) for 2 > 0.

Existence ofzy: We know ¢(0) = 0 and ¢(zx) <
0, Vx > 6. Therefore, if we can prove thaf is lo-
cally strictly positive on the interval0,6), the existence

We observe on figulld 1 that the social welfare of the system
is maximized when there al€ — K, = 4 cognitive transmit-
ters andK; = 6 non-cognitive ones. This simple result hints
that the choice of the number of cognitive transmitters has
an impact on the global network performance, and apparently
there exists an optimum choice for this number.

of zo will be guaranteed. A sufficient condition for the VII. CONCLUSION
existence ofz, is }} & > 20. To check this, us&/(z) =  This paper studies the hierarchical equilibria in the cente
=20f"(z) + " () + f 40f"(z) + (1 — 0z) f"(x)] and call of cognitive networks where multiple cognitive and non-

for the Taylor-Lagrange theorem, i.e., there exists a @mst cognitive transmitters coexist and competitively maxieniz

¢ € (0,2) such thaig(z) = ¢"(0)5 +¢"(c )< . The quantity their individual energy efficiencies. In the case of mudipl
<& < x can be made arbitrary small in the neighborhood dfierarchy levels, an interesting result showed that fodlisv

zero The proposed sufficient condition insures the cotyexinon-cognitive users) can obtain better energy efficieheynt

of ¢ and ¢ is therefore locally strictly positive. leaders (cognitive users). In the case of two hierarchyldeve
Uniqueness of: It follows from the existence and the factit was shown that there exists an optimal partition betwden a

that ¢ is assumed to have a single stationary pointim). users in the networks. These results provide some insights t
Each leader’s transmit power at the equilibrium must satisthe system design perspective of future cognitive networks

gipSE = gpiE, for any leader index andk with i # k. Then,
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