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Asymptotic analysis of precoded small cell networks

Sreenath RamandthMerouane Debbah Eitan Altmart, Vinod Kuma#?
HINRIA, Sophia-Antipolis, France?SUPELEC, Paris, FrancéAlcatel-lucent Bell-labs, Paris, France;

System model

Abstract—In this paper, we study precoded MIMO based
small cell networks. We derive the theoretical sum-rate cagcity,
when multi-antenna base stations transmit precoded inforration
to its multiple single-antenna users in the presence of inte
cell interference from neighboring cells. Due to an interfeence
limited scenario, increasing the number of antennas at the &se
stations does not yield necessarily a linear increase of tleapacity.
We assess exactly the effect of multi-cell interference onheé
capacity gain for a given interference level. We use recenibls
from random matrix theory to obtain the ergodic sum-rate
capacity, as the number of antennas at the base station, nurebof
users grow large. Simulations confirm the theoretical clains and
also indicate that in most scenarios the asymptotic derivadns Fig. 1. System model: multi-cell network. BS witl¥ antennas, servingd
applied to a finite number of users give good approximations fo users. Users aX experience nominal interference and user¥ axperience
the actual ergodic sum-rate capacity. high interference

Index Terms—Cellular networks; MIMO; Small cells; random
matrix theory; linear precoding.
In our contribution, we want to asses exactly the effect of
I. INTRODUCTION multi-cell interference in MIMO based small cell networks.

Small cell based wireless networks are gaining wide pop&mall cells being in close proximity experience higher lev-
larity to provide the end user with uniform coverage, synmnetels of interference, which would bring down the capacity
and throughput [15], [14]. Existing cellular networks ligsM gains significantly. We want to study the impact of muilti-
and WIMAX do not achieve expected throughput to ensufgll interference when base-stations employ linear priegod
seamless mobile broadband, owing to large coverage area tgsdiniques, such as channel inversion (Cl) at the baserstati
inability to reach indoor users. For a given radio architegt ~ As mentioned before, linear precoding techniques such
dividing a large (macro) cell into number of small (Pico)lsel as channel inversion(Cl) and regularized channel inversio
is one of the most effective ways to increase both systeffiCl) offer a convenient trade-off between complexity and
capacity [14] and coverage to bring the user a step closeraehievable sum-rate performance [7], [8]. The behavior bf C
any-place, any-time, any-device mobile broadband access.in uncorrelated MIMO broadcast channels (MIMO-BC) has

While, dividing a macro-cell into multiple small cells en-already been studied in [7], [8] for i.i.d. Gaussian chaanel
hances the capacity, the spatial dimension has been esgbloin particular, the authors in [7] showed that Cl achieveedin
in the recent past to enhance the capacity further. It is nelv wgrowth in multiplexing-gain. Further, authors in [2], enxteed
established that Multiple antenna at the transmitféy) (and the case to include antenna correlations due to dense jgackin
the receiver {V,) achieve capacity gains which grow linearlyof the antennas at the transmitter. The analysis carried out
asmin(Ny, N,.). considers single cell systems and they show that for the case

Recently, the MIMO broadcast channel [13], [6], [7], wheregf Cl, the sum-rate is maximized when the number of antennas
a multi-antenna base station, transmitting on M antennasté on the BS is equal to the number of uséfs
K single antenna users is shown to achieve capacity gaind-or the multi-cell case, the problem of interference co-
which grow linearly asnin(M, K), provided the transmitter ordination in uplink has been discussed at length in [4].
and receivers all know the channel [9]. To achieve thi§) [5], authors address downlink macro-diversity in celtul
several methods have been proposed among which linegstems. They study the potential benefit of base-stati®) (B
precoders offer a good compromise between complexity andoperation for downlink transmission in a modified Wyner-
performance trade-off [1],[8]. type multicell model. They compare various precoders and

Further, MIMO based systems have been studied in tbhbtain analytical sum rate expressions for both the fading
framework of multi-cell networks. In a multi-cell scenarioand the non-fading case. They demonstrate via monte-carlo
the achievable sum-rate in the downlink, diminishes due simulations the effectiveness of linear precoding. Aushior
interference from neighboring base stations. Thus inargas[13] suggests that asymptotically, equal power allocai®n
the number of antennas at the base-stations does not neoptimal when the channel is i.i.d. Gaussian.
sarily yield a linear increase in capacity. Frequency reuse  In our work, we are interested in studying the impact
various forms of interference co-ordination [3], [5] haveeh of interference from adjacent base stations, which is more
proposed to achieve linear growth in capacity. pronounced in MIMO based small cell networks on the achiev-



able sum-rate capacity. We consider multiple-input midtip respectivelyk x K and M x M Hermitian nonnegative definite
output (MIMO) multi-cell systems, each cell composed of eatrices with eigenvalue distributiopsc anduq. We impose
transmitter equipped witld/ antennas and( single-antenna further that the largest eigenvalues ¥fand Q are bounded
receivers. We consider Wyner-type cellular models in oumdependently ofK, M. Let Y be an K x K Hermitian
study. We neglect the effects of channel correlation due moatrix with the same eigenvectors % and let f be some
densely packed antennas at the base-station transmitter, viunction mapping the eigenvalues & to those ofY. Let
a view to keep the analysis tractable. z € Ct =C\R". Then, forM, K large with K/M =1/,
The analytic expressions of the sum-rates for Cl are derivétk Stieltjes transfornSy () of H = X12WQWHX1/2 1y
by applying recent tools from random matrix theory (RMT)is approximately
These expressions are independent of the specific channel

-1
realizations. q - pqlq)dg
In our study, we find that Su(z) = / <f(x) * x/ 1+ 2qTu(z) px()dz
o The achievable sum-rate is significantly diminished by ¢ )

the effect of multi-cell interference in MIMO based Sma'bvhereTH is a solution of the fixed-point equation
cell networks.

o The sum-rate capacity tends to grow sub-linearly with ¢- 1o (g)dg -1
increasing interference. Ta(z) = /x f(x) + /ﬁ —z |  px(z)dr
« Also, there is an optimal number of users for a given + 50T () 3
number of antennas at the transmitter, which maximizes (3)

the sum-capacity. This depends on the interference |ever°\n_d|mrr(;edm;eldcorollary,” Whe? ”only right-correlation is
and the transmit power at the base-station. considered, unfolds haturally as Toflows,

The remainder of this paper is organized as follows: Secti Corollary 111: [L1] Let the entries of thé x M matrix W

Il briefly reviews various tools of random matrix theory whic I.d. Gaussian with zero mean and varianga/. Let Y
y y be anK x K Hermitian non-negative matrix with eigenvalue

will _be used in later derivations. _Sect|on IV introduces th istributionuy (). Moreover, letQ be alM x M nonnegative
multi-cell system model. In Section V we study channe| .. . LN . S
efinite matrix with eigenvalue distributiofag (), such that

inversion precoding. Section VI provides simulation re.al“x,ulthe eigenvalues of) are bounded irrespectively dff. Then,

W.h'Ch are shqwn to corroborate the theoreycal denvauoq%r large K, M, such thatK/M = «, the Stieltjes transform
Finally in Section VII we provide our conclusions. on C+ of the matrix

Notations: In the following, boldface lower-case symbols
represent vectors, capital boldface characters denotecemt H=wWQW" 1Y (4)
(Iy is the N x N identity matrix). The Hermitian transpose )
is denoted(-)". The operatortr[X] represents the trace ofVerifies approximately
matrix X. The eigenvalue distribution of an Hermitian random q
matrix X is ux (r). The symbolE[-] denotes expectation. The Su(z) = Sy (Z - / 1+ agSu(z)
derivative of a functionf(x) of a single variabler is denoted
f/(x). All logarithms are base-logarithms.

uq(q)dq) (5)

IV. SYSTEM MODEL AND ASSUMPTIONS

II. RANDOM MATRIX THEORY TOOLS We discuss the system model in this section. We consider a

In this work, we are interested in the behavior of |argg1ulti-cell_\/\/yr_1gr-type model, for example as show_n in figure
random Hermitian matrices, and particularly in the asyripto (1). For s_lmpI|C|ty and to be able to keep the analysis tltaie_ta
distribution of their eigenvalues. Specifically, the eigaine we consider a three-c_ell ne;twork. The gell at.the center s ou
distribution of large Hermitian matrices converges, in gnarf€f€rence. The users in this cell experience interfererae f
practical cases, to a definite probability distributiontezgter 1€ neighboring base stations as shown. Each cell séives

called theempirical distribution of the random matrix, when users from a _base-statlon witli’ antennas. We assume that_
the matrix dimensions grow to infinity. the base station antennas are uncorrelated. The informatio

A tool of particular interest in this work is th&tieltjes from the base-station to its user set is precoded assuming

transform Sx of a large Hermitian nonnegative definite matri>Perfect channel sta.te information at the transmitter (GSIT
X, defined on the half the spa&— R* = {z € C, Re(z) < I.e, each base station knows perfectly the channel towards

0}, as the users in its cell, but not the interfering channels. Eser
+oo q receive desired signal plus interference signals fromcadija
Sx(z) = / px (A)dA (1) base stations. The signal to interference noise (SINR) Eti
o A-% the user depends on its relative position with respect to its
whereux is the empirical distribution oX. base station and adjacent base stations. We assume channel

Couillet et al. [10] derived a fixed-point expression of th@version (Cl) precoding at the transmitter. The transelitt
Stieltjes transform for Gaussian matrices with left- alghti  signals from the base stations undergo Rayleigh fading and
side correlations in the following theorem, path-loss. Further, we assume that the channel is constant f

Theorem 1: Let the entries of thé( x M matrix W be i.i.d. some interval long enough for the transmitter to learn ared us
Gaussian with zero mean and variarigé/. Let X andQ be it until it changes to a new value. We are interested in the



behavior of the system and its sum-rate capacity. Many Bf Asymptotic analysis for a single-cell

our results are obtained for large limits, because theilit ., js a function of H and asM, K — oo, « tends to a
results are often tractable. Nevertheless, we often censidgnstant. Thus the sum-rate can be written as

M, K small in our simulation examples. Further, all users

are assumed to have the same average (but not instantaneous) Rei = Klog (14 ) (13)
received signal power, so our model assumes that the user, ;1 ’ 1

are similar distances from the base station and are not in d?eEet us denoteH” = WH and H, \/_WH“" It follows
shadow fades. rom (9) that

o = P (14)

Ly (H’H’H)_l
M

V. CHANNEL INVERSION PRECODING

When M is large with M/K = 3, the denominator of

Channel inversion precoding, also referred to as zerasfgrc Equation (14) verifies

(ZF) precoding, annihilates all the inter-user interfeerby

performing an inversion of the channel mat®l at the 1 (H’H’H)_l _ l/l v = Ls oo
transmitter. We begin our analysis with the single cell case M 3 ) HuH oy rn (0)
where the results are well documented ([7], [2]) and further (15)
we shall consider the multi-cell case. As a consequence, for largé(, M)

o? pB

ﬁ - SH/H/H (O)

Eﬂnd the sum-rate is approximately

, wherep = P/o? (16)
A. Single cell

Without loss of generality, we consider cell 0. The sign
received by users in this cell is

Rei = K log (1 _m ) (17)
y = Hx+n. (6)

+
SH/H/H (O)

where, H is the K x M channel matrix with zero-mean According to Corollary 111, Sgpn(0) is the solution of

unit-variance i.i.d complex Gaussian entriass= Gs is the

transmit vector obtained by linear precoding of the symbol A -1
vectors with the precoding matrixG. Symbols;, € s for any Spun(0) = </ mu&(A)dA)
userk is complex Gaussian with zero mean and unit variance. Th mrmk (0)
The M x K linear precoding matrix is defined as A S(A—1) -
G = oH" (HH") . @) - </ 1+ %SH/Hm(O))
where « is chosen appropriately to satisfy the total transmit _ (1 + SH’H/H(O)) (18)
power constraintr(E[xx"]) < tr(GGH) < P. p
Now the received vector in Cell 0 Solving for Sgp g (0) vields
y = as+n. (8)
The parametery which satisfies the transmit power con- Sgan(0) = Ll (29)
straint and depends only on the channel realizakibis given (5-1)
by and the sum-rate is re-written as
P
2 _
a” = o (HENT) 9) Rei=Klog(1+p(f—1)) forg>1 (20)
. . . . , That is,
The SNR (signal to noise ratio) for any ugers defined as
Rei 1
Eq[las?] o2 y 2 = gls B -1) (21)
Ve = W =5z (10)

defines the rate per antenna.
As 3 — 1, R.;/M — 0, which implies that the sum rate of

is independent of the selected uset.is the noise variance. , ¢ ; ;
channel inversion does not increase linearly with(or K)

The ergodic capacity for usér is

Cr = log(1 + k). (11) c. optimizer 3* for the single cell

and the sum-rate is Following [7] we now look for a valug* of the ratioM /K
such that, for a fixed number of transmit antendds the

K
Rei = Z log(1 + k). (12) 1it is important to note here that we slightly misapply Caaofl Il since
i=1 the result is only proven valid outside for aay> 0.



sum-rateR.;(3) is maximized. By differentiating eqn (21) We can write,
with respect to3 and setting the derivative to zer@? is the

K
solution of the implicit equation E[lnkl = ZE |n ]
k=1
pB' = (1+p(8 = D))log (1 +p(8"=1))  (22) %tr Eln'n™) (30)

/ 1
E —t Hy, BY (H,H)2H, H}]
D. Multi-cell [In] = 2o tr (vaiHo HY (H HY) " H, H,

+ 7o Ho_HY (H_,H" )7?H_,H}_,)
In this section, we study the effect of multi-cell interfece. o’ (31)
Without loss of generality, we consider users in Cell O d#dc
by interference from adjacent base-stations. We consider a
cell Wyner-type model as shown in figure 1. C€Y is at the
center. Adjacent cells are designated Cglland CellC_;.

Following our analysis of the single cell case, the received We can show that
vector for users of cell’y, is

Yy = H()GQSQ + \/'_YHOlGlsl + ﬁH0,1G71571 + n. (23)

As before,H, is the channel matrix from base station in cel
Cy to its usersHy; andHg_; are interfering channels from
cell C; and C_4, respectively.G; and G_; are precoding
matrices for users in cell’; andC_1, respectively:y is the
signal (interference) attenuation.

As stated earlier, all users in ce€ll, are assumed to have . a3
. ! Rei = Klog 5 5 (34)
the same average received signal power, so our model assumes aiy+ oy + o028

that the users are similar distances from the base statidn an

E. Asymptotic analysis for the multi-cell

1 1
—tr (Ho HY (H,HY") ?H,Hf,) — 3 asK, M — oo (32)
| Now the expectation reduces to,
/ 1 1
E[|ng[*) — G%WB + 042—175 +0° (33)

And hence, the sum-rate is

are not in deep shadow fades. Following 16, for large(K, M),
The precoding matrices in cellcan be written as 2 2 2
P ° W _9_ % P \vherep=Plo? (35)
G, = aiH;-' (HiHIi-I)—l (24) g o (o SH/H/H (O)

. . . Thus the above sum-rate expression can be simplified as
The ergodic capacity for usek is expressed as

pp

2 Ri=Klog (14— PP 36

Oy, = log (1 + %) (25) o8 < S (0) F 27p> (36)
Ellng[?]

. . . Substituting forSgg1(0),
Where,n;, is the k — th element of the covariance matrix

The expectation of this matrix can be written as Rui = K log ( - fﬁz(ﬁ (j@l) 1))) (37)
E[?’L,an] = ’yHOlGlGHHgl . P
4 AHo G GH HY +0°1  (26) Rewniting,
| implifyi Rei _ 1 pB(B-1)
Expanding and simplifying, =—lo (1 + 38
= 5\ G- ) %9
roHy 2 H Hy—2 H
Elnn™] = ~yaiHoHy(H:HY)™"H Hg We observe that when = 0, that is when there is no
+ ~o2 Ho H" (H_H")?H_H | interference, the capacity formula is that of the singlkazese.
+ o2 (27) Asf —1, R_Ci/M — 0, WhiCh implie§ that the sum rate of
channel inversion does not increase linearly with(or K)
Eln'n'"] = ~alHgHY(H,HY) 2H,H},

F. Optimizer g* for the multi-cell
va? Ho HY (H_ HY,)"?H_ Hf

+

) Following on similar lines of the single-cell case, we now
ol (28) look for a value 3* of the ratio M/K such that, for a
fixed number of transmit antenndd, the sum-rateR;(3)
is maximized. By differentiating eqgn (38) with respect fo
E[ni|?] = E[|ny)?] ... = E[[n,,|?] (29) and setting the derivative to zerg; is the solution of the

+

Since,
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implicit equation 1). The capacity tends to increase at a constant rate when

% . % wlax . 8 = g%, irrespective of whether there is interference or not,
(6" + 2yp(B” — DI[B" +p5*(6" = 1) + 29p(5" — 1)] albeit at a very slow rate with high interference.

((5*)2 + 2yp(B* — 1)2) 2). We also see that the sum-rate tends to saturate if we
P (5" — 1) deviate from the optimab, i.e, 5*.
3"+ 29p(5" — 1)]] (393). The saturation occurs sooner when the interference is

higher.
One can observe that by setting= 0, we fall back to the
implicit equation (22) of the single cell case.

pp" =

log [1 +

H. Single cell and multi-cell with power constraint

G. Some observations: The sum-rate per antenna in the case of single-cell is given

. . . . b
Following our single cell and multi-cell analysis, we plot y R.
C1l

in figure 2, the optimal3, i.e, 3* (refer equation 39), which T %bg(l +pip(B—1))

maximizes the sum rate and in figure 3 the corresponding

optimal number of user&* = M/g* for M = 16 and different Wherep; = P/M.

SNR. We observe that, For the multi-cell case, we re-write the ergodic capacity eq
1). With increasing SNR more and more users should & for userk when base-stations use equal power constraint

served to maximize the sum rate. po = Po/M as
2). Also, the number of users required to maximize the sum 9

rate tends to increase with an increase in the interferexmterf Cr = log <1 + %) (40)

7. "
Next, we plot the optimal sum rate (refer equation 38Where,

i.e, the sum rate achieved wheh = §* in figure 4. We .,

compare this for example witl = 2, shown in figure 5. Enn"] = ~yHuG,P,GHg,

We obtain the sum-rate by computing the sum-rate per user in + WHO—lG—lP—lG:Hg,1

the asymptotic regime and then multiplying this with a finite 9

number of antennas/ at the BS. For this example we have + ol (41)

usedM = 2. After suitable simplification similar to the multi-cell ayais
There are some interesting observations here: in the previous section, we can re-write the above expressio




as . ‘Rate per ant‘enna vs B (%NR =20 dB)‘
"2 1 H H H H 35f Tﬁg.l l
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It is shown that in the asymptotic regime 51-5 S
1 1 - S R —
=t (Ho HY (H,HY)P,(H;H)H,HY) — Btr(Pl) N B S e TS SR
Therefore, the expectation can be written as, k! 2 3 6 a 5 6
E[|n;€|2] = va%%tr(Pl) + wﬂ%tr(P—l) +0%I.  (43) figt. 6. Rate per antenna v& at SNR of 20 dB for various interference
actors-y
And hence, the Sum'rate iS Rate per antenna vs y (SNR = 20 dB)
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Q 5170 Tl
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Following 16, for large(K, M), £ s
€ 1.5-
2 2 2 g .
Q g —1 pB 2 s
o _ A _T1 PP wherep=P 45 g 1 d
0'2 0'2 0'2 - SH/H/H(O)’ P /U ( ) © ¢ 8 8 s s .
0.5f : k.
Now, the sum-rate can be written as,
G0 012 014 016 018 1
Rei v

M Fig. 7. Rate per antenna vg when,3 = 2, SNR p = 20 dB for various
pB (5 - 1)1)0 ) ( 46)interference factorsy

(B+p(B = Vtr(Py) +~p(B — 1)tr(P-1))

Thus, one can conclude that in the equal power regime,
if some of the users in the adjacent base stations are #Hwat the achievable rate is very sensitive to interferefite
being serviced, i.e, their respective antenna at the triresm drop in rate is very steep in the beginning and tends to
is switched-off, for exampletr(P;) < Pi, the interference normalize for higher interference. This seems to indichét t

comes down and hence the capacity scales up. the high amount of interference envisaged in small cells
might not be as harmful. Many of the proposed interference

management and co-ordination schemes might work well even

in thi . | by simulation h . ; in the case of small cells.
n this section we evaluate by simulation how interference iii.) Next we show how the sum-rate increases with increas-

from neighboring base stations impacts the behavior of tn’?g number of base-station antenridsat SNR ( — 0, 20dB)
sum-rate of linearly precoded MIMO small cell networks Whefbr various interference factors, when 3 — 2. We c;ompute

the antenna array at the transmitter is deqse. We compare §it& rate per antenna from equation 38 for the asymptotic part
merical results obtained by Monte-Carlo simulations with o ; compare it with monte-carlo simulations. The observegio
previously derived asymptotic expressions for firfé, M). are plotted in figures 8, 9. We observe that the increase in

In particular, we have the following cases. _ sum-rate is linear when interference is nil. The increase is
1.) We fix the SNR f = 20 dB) and calculate rate achieveds, 1, jinear for other interference factors. Since the numbe
per an_ten_na_as we vary = _M/K_ (refer equation 38). We of antennas at the base station and number of users are

plot this in figure 6 for various interference factoys We increasing simultaneously, the capacity is expected tavgro

observe thgt the rate per antenna is maximized for a Certm%roportion tomin(M, K ), scaled by a factor, that depends
8 = [*. This matches with thgg* computed by solving the on the interference factor and the SNRy.

implicit equation 39. It is also interesting to observe that In all the cases, we observe that in all simulations the

decre:?\ses with Increasing mterfgrence. Also, bey/_ﬁ’n,dthe asymptotic results closely match the numerical results1eve
capacity growth is not in proportion to the growth in numbefrOr small values of i, M)

of antennas at the base statidh

ii.) We fix the SNR p = 20 dB) and the ratioM /K =
8 = 2. We compute the rate achieved per antenna as we vary
the interference facto. We compare asymptotic results via We looked at the problem of inter-cell interference in MIMO
monte-carlo simulations. We plot this in figure 7. We obsendgased small cell networks. We started our analysis with a

1
B

log (1 +

VI. SIMULATIONS RESULTS:

VII. CONCLUSIONS



Sum-rate vs M (SNR = 0 dB)

(1]
(2]

Rc‘(bits/sec/hz)

(3]

Fig. 8. Sum rate per antenna as a functionMéffor 8* at SNR of 0 dB
for various interference factors

(4

Sum-rate vs M (SNR = 20 dB)

(5]

1001

(6]

@
=]

[
=}

Rm(bits/sec/hz)

(7]

401

201

(8]

Fig. 9. Sum rate per antenna as a functionMéffor * at SNR of 20 dB
for various interference factors

[9]

[10]
single cell, where multi-antenna base station employ cblann
inversion precoding to communicate with multiple single- [11]
antenna users. We extended the case to multi-cell scenario,
using a simple wyner-type model. We derived the sum-rat?lz]
capacity in the asymptotic regime, i.e, when the number o
antennas at the base station and number of user grow latge, bu
with a fixed ratio. We used recent tools from random matrix -
theory, which have proven to give reliable results even when
the quantities involved are practical and finite. We further[14]
derived3*, the ratio of number of transmit antennas to users, ;5
which maximizes the achievable sum-rate. The asymptotic
analysis was validated with monte-carlo simulations in the
finite regime.

We conclude that the achievable sum-rate is significantly
diminished by the effect of multi-cell interference in MIMO
based small cell networks. The sum-rate capacity tends to
grow sub-linearly with increasing interference. Also, rihés
an optimal number of users for a given nhumber of antennas
at the transmitter, which maximizes the sum-capacity. This
depends on the interference level and the transmit powbeat t
base-station. For a given number of transmit antenna, rgovin
away from the optimal,5*, tends to saturate the capacity
growth at high SNR. The saturation occurs sooner with higher
interference.
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