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TxQ	S*QRT�B�l/¸Ue [ÁQu¸Ue C*?F¸U¶*B­S�e TUB�m�¸Ue ´	C�º{´RÂ�º(QRTUTUe duQRO�¾�Eg_0K�¿$´RÂaQ^¸xQRTU?	B�¸½QRCNSÓ¸U¶*B­m�´	[�¼*O B�PÓTxQ	S*QRT�º(m�TU´�lUl/º(l�B�m�¸Ue ´	C&¾�I0iab*¿�e C
¸U¶*Bgb5³�BDTUO e C*?<8\mDQ	l�B	ÄW_2@*TaTUB�l�@*O ¸xl�QRTUB$S�BDTUe d	B�SÁe C^¸U¶*B$mDQ	l�B�´RÂ�O e C*B�QRT$¾Ã¼c´�lUl�e Ì*O AÁC*´	C�º{@*C*e ÂÃ´	TU[­¿Wm�´	O ´�mDQu¸UB�S^QRTUTxQ
A�l#Qu¸
BD[�e~lUl�e ´	CFQRCNS^TUB�m�BD¼�¸Ue ´	C7Ä
Ga¶*BgTUB�l/¸0´RÂ1¸U¶*e~lJ¼NQR¼cBDT0e~l0´	TU?�QRC*e ÐDB�S^Q	laÂÃ´	O O ´u³0lDö�b5B�m�¸Ue ´	Chò·¼*TUB�l�BDC�¸xla¸U¶*B½?	BDC*BDTxQRO-¼*TU´	Ì*O BD[ l�B�¸U@*¼¹³Je ¸U¶hm�´	O ´�mDQu¸UB�S
O e C*B�QRT#QRTUTxQ
A�lDÄ7»(C^b5B�m�¸Ue ´	CÁó*M	³�B0mDQRO~m�@*O~Qu¸UBa¸U¶*B2m�´	TUTUB�l�¼c´	CNS�e C*?$Ô�ÔÖ]4[ÁQu¸UTUe P\ÂÃ´	Tk¸U¶*B0Eg_0KÖQRCNS\¸U¶*B2m�´	[�¼*O B�P�I0iab
QRCNSF³�B½¼*TU´ud	Bge ¸xl2S�e~QR?	´	CNQRO�l/¸UTU@Nm�¸U@*TUB	ÄJ»(C�b5B�m�¸Ue ´	C=-NM=l�e [\@*O~Qu¸Ue ´	CNl0QRTUB½¼*TUB�l�BDC�¸UB�S^¸U´Hm�´	C�ÒNTU[Ø¸U¶*B\?	´5´�S¹QRÌ*e O e ¸/AH´RÂ
Ô�ÔÖ]ä¸U´F¼*TUB�S�e~m�¸$¸U¶*B�[�B�QRCÏlUÍ�@NQRTUB·BDTUTU´	T�¾�fÓb5V�¿�´RÂW¸U¶*B�[ÁQuP�e [\@*[ÇÆ\ÈNË
Ü�Ý(Þ�É�Ê�ËuÉ�Ê�¾�fhK0j�¿�e CÏQRO OkTxQRC*?	B·´RÂJb�>2I
¾�Q	l�A5[�¼�¸U´R¸Ue~m�QRCNSÁ¸U¶*TUB�l�¶*´	O~SÁTUBD?	e ´	CNlx¿�Äk>0@*[�BDTUe~mDQROc¼*TU´�m�B�S�@*TUB�e~l�e C�¸UTU´�S�@Nm�B�SÁ¸U´�QRCNQRO A5ÐDB0¸U¶*Bgf¹»/f�_ÕTxQ	S*QRT�l�A�l/¸UBD[
e C^¸UBDTU[ÁlJ´RÂ1QRC�¸UBDC*CNQ·?	BD´	[�B�¸UTUA	ÄkÑ3e CNQRO O A	MNb5B�m�¸Ue ´	C>/·S�TxQ
³0lW¸U¶*B½m�´	CNm�O @Nl�e ´	CNlDÄ

ò



?-æA@ °uéN¬CB�DFEHG�D�¯�ë�I

Ô�B�m�´	CNl�e~S�BDT^Q8l�e C*?	O B�º�¸xQRTU?	B�¸­O ´�mDQRO e Ð�Qu¸Ue ´	C�lUm�BDCNQRTUe ´Ï³Je ¸U¶ Q8f¹»/f�_ÙTxQ	S*QRT­l�A�l/¸UBD[ ÂÃ´	TU[�B�S'³Je ¸U¶ m�´	O ´�mDQu¸UB�S
O e C*B�QRT2¾Ã¼c´�lUl�e Ì*O A·C*´	C�º{@*C*e ÂÃ´	TU[­¿3¸UTxQRCNl�[�e ¸�¸Ue C*?\QRCNS�TUB�m�BDe d5e C*?½QRTUTxQ
A�l3³Je ¸U¶

M
QRCNS

N
QRC�¸UBDC*CNQ	lDM	TUB�l�¼cB�m�¸Ue d	BDO A	Ä�VWQ	mx¶

¸UTxQRCNl�[�e ¸�¸Ue C*?·QRC�¸UBDC*CNQ½l�BDCNS*lW´	@�¸JQ\S�e À=BDTUBDC�¸�³aQ
d	B�ÂÃ´	TU[FM	³J¶*e~mx¶­e~lWµ5C*´u³JC7ÄkGa¶*B
N × 1
m�´	[�¼*O B�PÁTUB�m�BDe d	B�SÁl�e ?	CNQRONe~l

¸U¶*BDCF?	e d	BDC^Ì5AÓí 5Dï{ö

y(t) = βb(θ)aT (θ)x(t) + n(t) = βC(θ)x(t) + n(t)
M
t = 1 . . . T,

¾/î
¿

³J¶*BDTUB
T
e~l0¸U¶*B·C5@*[\ÌcBDT�´RÂ�l�CNQR¼Nl�¶*´R¸xlDÄ$b5e CNm�B·Ìc´R¸U¶h¸UTxQRCNl�[�e ¸�¸Ue C*?HQRCNS¹TUB�m�BDe d5e C*?^QRTUTxQ
A�l0QRTUB\O e C*B�QRT�MN¸U¶*B�l/¸UBDBDTUe C*?

d	B�m�¸U´	Txl�¶NQ
d	B2¸U¶*B$ÂÃ´	O O ´u³Je C*?\ÂÃ´	TU[Ál

a(θ) =

[

exp(−j
2π

λ
a1 sin θ), . . . , exp(−j

2π

λ
aM sin θ)

]T

,
¾�ò	¿

b(θ) =

[

exp(−j
2π

λ
b1 sin θ), . . . , exp(−j

2π

λ
bN sin θ)

]T

,
¾�ó�¿

³J¶*BDTUB
λ
S�BDC*´R¸UB�lk¸U¶*B�³aQ
d	BDO BDC*?R¸U¶7MR³J¶*BDTUB

ai
M
i = 1 . . .M

M�QRCNS
bj
M
j = 1 . . .N

M5QRTUBJ¸U¶*B2¼c´�l�e ¸Ue ´	CNlW´RÂ-¸U¶*B2BDO BD[�BDC�¸xl
¾Ã³gÄ T�Ä ¸�ÄkQ·TUB�ÂÃBDTUBDCNm�B2¼c´	e C�¸�¿W´RÂ�¸U¶*B�¸UTxQRCNl�[�e ¸�¸Ue C*?�QRCNS^TUB�m�BDe d5e C*?·QRTUTxQ
A�lDM�TUB�l�¼cB�m�¸Ue d	BDO A	Ä1>0´R¸UB�¸U¶NQu¸aÂÃ´	T�¸U¶*Bgm�´	O ´�mDQu¸UB�S
lUm�BDCNQRTUe ´NM=¸U¶*B­Eg_0KÛe~l�¸U¶*B­lUQR[�BÁQ	l$¸U¶*B­S�e TUB�m�¸Ue ´	C�º{´RÂ�º(S�BD¼NQRT�¸U@*TUBH¾�Eg_�E$¿�M�¶*BDCNm�B

θ
e~l$¸U¶*BÁ´	C*O Ah´	C*BÁO ´�mDQu¸Ue ´	C�¼NQuº

TxQR[�B�¸UBDT$´RÂ�¸U¶*B�¸xQRTU?	B�¸�Ä­f¹´	TUBD´ud	BDT�M
θ
e~l½Q	lUl�@*[�B�Sh¸U´¹¶NQ
d	B�QRCÖÆ·È=É�Ê�ËuÉ�Ê�@*C*e ÂÃ´	TU[�S�e~l/¸UTUe Ì*@�¸Ue ´	CÏ´ud	BDT�¸U¶*B­l�@*¼*¼c´	T�¸

[0, π]
ÄWÑ*´	T2l�e [�¼*O e~m�e ¸/A^e CH¸U¶*B\S�BDTUe duQu¸Ue ´	C7M*³�BgS�B�ÒNC*B

u = sin(θ)
Q	la¸U¶*Bg¼NQRTxQR[�B�¸UBDTJ´RÂ1e C�¸UBDTUB�l/¸0e CNl/¸UB�Q	SH´RÂ1³�´	TUµ5e C*?

S�e TUB�m�¸UO AF³Je ¸U¶
θ
Ä\>0´R¸UB\¸U¶NQu¸�M-¸U¶*B·¼=S5ÂWÂÃ´	T

u
e~l

p(u) = 1
π
√
1−u2

Ä½Ô�BÁS�BDC*´R¸UB
C(θ) = b(θ)aT (θ) ∈ CN×M

Ä\Ga¶*B
BDO BD[�BDC�¸xlJ´RÂ

C(θ)
QRTUB$?	e d	BDCHÌ5A

[C(θ)]k,l =
[

exp(−j 2π
λ
(al + bk) sin θ)

] Ä
x(t)
e~la¸U¶*Bgd	B�m�¸U´	TJ´RÂ1B�Q	mx¶^¸UTxQRCNl�[�e ¸�¸UB�S

³aQ
d	B�ÂÃ´	TU[FÄ0Ô�B·l�@*¼*¼c´�l�B½¸U¶NQu¸�¸U¶*B�l�B\³aQ
d	B�ÂÃ´	TU[Ál0QRTUB½e CNS�BD¼cBDCNS�BDC�¸gQRCNSh¶NQ
d	Bg¸U¶*B½ÂÃ´	O O ´u³Je C*?^BD[�¼*e TUe~mDQRO3m�´uduQRTUe~QRCNm�B
[ÁQu¸UTUe P-ö

Rx = 1
T

∑T
t=1 x(t)x

H (t) = Diag(σ2
s)
M-³J¶*BDTUB

σ
2
s = [σ2

1 , . . . , σ
2
M ]T
Ä�Ô�B�QRO~l�´^S�B�ÒNC*B {n(t)}Tt=1

Q	l0¸U¶*B
C*´	e~l�B0d	B�m�¸U´	TxlDM	³J¶*e~mx¶HQRTUB2Q	lUl�@*[�B�S·¸U´\ÌcB�e CNS�BD¼cBDCNS�BDC�¸JQRCNSÁe~S�BDC�¸Ue~mDQRO O AÁS�e~l/¸UTUe Ì*@�¸UB�S^m�e Txm�@*O~QRTUO A·m�´	[�¼*O B�P^Î$QR@NlUl�e~QRC
³Je ¸U¶hÐDBDTU´Rº{[�B�QRC¹QRCNShm�´uduQRTUe~QRCNm�B$[ÁQu¸UTUe P

R = σ2
nI
Ä
β
e~l0¸U¶*B½¸xQRTU?	B�¸�m�´	[�¼*O B�P¹QR[�¼*O e ¸U@NS�B\TUBDO~Qu¸UB�SF¸U´Á¸U¶*B·I0iabF´RÂ

¸U¶*Ba¸xQRTU?	B�¸#e C·¸U¶*B�b5³�BDTUO e C*?J8gmDQ	l�B	M	QRCNS·¶NQ	l#QRChÆaÈ=É�Ê�ËuÉ�Êkm�e Txm�@*O~QRT#m�´	[�¼*O B�PÁÎ$QR@NlUl�e~QRC�S�e~l/¸UTUe Ì*@�¸Ue ´	C�³Je ¸U¶ÁÐDBDTU´$[�B�QRC
QRCNSFduQRTUe~QRCNm�B

σ2
β

McCNQR[�BDO A
β ∼ CN (0, σ2

β)
Ä�Ga¶*B½BDO BD[�BDC�¸xl2´RÂ1¸U¶*B\@*C*µ5C*´u³JC¹¼NQRTxQR[�B�¸UBDT0d	B�m�¸U´	T

Θ = [u, βR, βI ]
T

³Je ¸U¶
βR = Re{β}, βI = Im{β} MJQRTUBhm�´	CNl�e~S�BDTUB�S4¸U´8ÌcBÓl/¸xQu¸Ue~l/¸Ue~mDQRO O A4e CNS�BD¼cBDCNS�BDC�¸Fl�@Nmx¶'¸U¶NQu¸­¸U¶*BAK/´	e C�¸^¼=S5Â

p(Θ) = p(u)p(βR)p(βI )
Ä

X0CNS�BDTH¸U¶*B8Q	lUl�@*[�¼�¸Ue ´	C ´RÂ\e CNS�BD¼cBDCNS�BDC�¸h´	ÌNl�BDTUduQu¸Ue ´	CNlDM0¸U¶*BÏO e µ	BDO e ¶*´5´�SÖ´RÂ\¸U¶*B�ÂÃ@*O O\l�B�¸F´RÂ·´	ÌNl�BDTUduQu¸Ue ´	CNl
Y =

[y(1),y(2), . . . ,y(T )]
e~la?	e d	BDCHÌ5A

p(Y;Θ) =
1

πNTσNT
n

exp

(

− 1

σ2
n

T
∑

t=1

(y(t) − βC(θ)x(t))H (y(t) − βC(θ)x(t))

)

.
¾L-5¿

ó



M7æ<N D5ì�®�®�O N D5ì è ®D¯,D5ì èQP écë è êSR{éN°UT ç TWV�°u±*ê3±�°YX ®ZI1±�°u±%EQD�¯,D�°UD5®D¯�ì�E8±�¯�ì�é è

Ga¶*BaÔ�BDe~lUl/º{Ô�BDe CNl/¸UBDe C�Ìc´	@*CNS^í î;-uï{M	S�BDC*´R¸UB�S·Ì5A
WWB

MR´RÂN¸U¶*BJ@*C*µ5C*´u³JC½¸xQRTU?	B�¸k¼NQRTxQR[�B�¸UBDTxl
Θ = [u, βR, βI ]

T

e~lJQ
3× 3
[ÁQu¸UTUe PHl�@Nmx¶H¸U¶NQu¸a¸U¶*B$ÂÃ´	O O ´u³Je C*?�TUBDO~Qu¸Ue ´	C^¶*´	O~S*l

E

{

(

Θ̂−Θ
)(

Θ̂−Θ
)T
}

≥ WWB = sup
hi,si

i=1,2,3

HG−1HT ,
¾�/	¿

³J¶*BDTUB
E

{

(

Θ̂−Θ
)(

Θ̂−Θ
)T
} e~lW¸U¶*B$fÓb5V4´RÂ3QRC5AÁ]aQ
A	B�l�e~QRCÁB�l/¸Ue [ÁQu¸U´	T

Θ̂
QRCNS

H = [h1,h2,h3]
e~lW¸U¶*B

3× 3
[ÁQu¸UTUe P^´RÂ�¸UB�l/¸�º{¼c´	e C�¸xlDÄ#Ga¶*B$BDO BD[�BDC�¸xlJ´RÂ�¸U¶*B

3× 3
[ÁQu¸UTUe P

G
QRTUB$?	e d	BDC^Ì5A

Gkl =
E
{

[Lsk (Y;Θ+ hk,Θ)− L1−sk(Y;Θ − hk,Θ)][Lsl(Y;Θ + hl,Θ)− L1−sl(Y;Θ − hl,Θ)]
}

E {Lsk(Y;Θ + hk,Θ)}E {Lsl(Y;Θ+ hl,Θ)} ,
¾�0�¿

³J¶*BDTUB
L(Y;Θ + hi,Θ) = p(Y,Θ+hi)

p(Y,Θ)

M�QRCNS
si ∈ [0, 1], i = 1, 2, 3

Ä½Ga¶*B·B�P�¼cB�m�¸xQu¸Ue ´	CNl$QRTUB\¸xQRµ	BDCÓ´ud	BDT0¸U¶*B[K/´	e C�¸
¼=S5Â

p(Y,Θ)
Ä

IJe ?	´	TU´	@Nl�O A	MR¸U¶*B$Í�@NQRC�¸Ue ¸/A
HG−1HT [\@Nl/¸�ÌcB�[ÁQuP�e [�e ÐDB�SÁ³gÄ T�Ä ¸�Ä hi

QRCNS
si
O B�Q	S�e C*?g¸U´�Q½¶*e ?	¶^m�´	[�¼*@�¸xQu¸Ue ´	CNQRO

m�´	[�¼*O B�P�e ¸/A	Ä1Å0´u³�BDd	BDT�MRe ¸a¶NQ	l#ÌcBDBDC^l�¶*´u³JC¹í î,7
ï1í ò(8uïc¸U¶NQu¸amx¶*´5´�l�e C*?
si =

1
2 , ∀i = 1, 2, 3

M�QRCNSÁQ\S�e~QR?	´	CNQRO*[ÁQu¸UTUe P
H

O B�Q	S*l#¸U´�Q\Ìc´	@*CNSHl/¸Ue O Oc¸Ue ?	¶�¸�Ä#Ga¶*BDTUB�ÂÃ´	TUB	M�³�B$Q	lUl�@*[�B�¶*BDTUB0¸U¶NQu¸
si = 1/2

M ∀i M*QRCNSÁ¸U¶NQu¸ H = Diag([h1, h2, h3]
T )
Ä

»(C^¸U¶*e~l0mDQ	l�B	M5¸U¶*BgBDO BD[�BDC�¸xla´RÂ3¸U¶*Bg[ÁQu¸UTUe P
G
mDQRCFÌcBg³JTUe ¸�¸UBDCFQ	l

Gkl =
η(hk ,hl) + η(−hk,−hl)− η(hk ,−hl)− η(−hk,hl)

η(hk ,0)η(hl,0)
,

¾:5R¿

³J¶*BDTUB$³�BgS�B�ÒNC*B

η(α,γ) =

∫

Υ

∫

Ω

p(Y,Θ+α)
1

2 p(Y,Θ+ γ)
1

2 dYdΘ,
¾�6�¿

³J¶*BDTUB
Ω
QRCNS

Υ
QRTUB2¸U¶*Bg´	ÌNl�BDTUduQu¸Ue ´	CHQRCNSH¼NQRTxQR[�B�¸UBDTJl�¼NQ	m�B�lDM5TUB�l�¼cB�m�¸Ue d	BDO A	Ä

]�A^S�BDC*´R¸Ue C*?

η′(Θ,α,γ) =

∫

Ω

p(Y;Θ+α)
1

2 p(Y;Θ+ γ)
1

2 dY,
¾�7�¿

η(α,γ)
mDQRCFÌcBgTUBD³JTUe ¸�¸UBDCFQ	l

η(α,γ) =

∫

Υ

η′(Θ,α,γ)p(Θ +α)
1

2 p(Θ+ γ)
1

2 dΘ.
¾/î,8�¿

j#O @*?	?	e C*?F¾L-5¿#e C�¸U´F¾�7�¿�M�³�B�´	Ì�¸xQRe CHQ·m�O ´�l�B�S5º�ÂÃ´	TU[ðB�P�¼*TUB�lUl�e ´	CÁÂÃ´	T
η′
¾�¸U¶*BgS�B�¸xQRe O~laQRTUB2?	e d	BDC­e C «\I]I�D è ê3ìL^ 0*Ä î
¿

η′(Θ,α,γ) = exp

(

− 1

4σ2
n

T
∑

t=1

[f(Θ+ α, t)− f(Θ + γ, t)]
H
[f(Θ+α, t)− f(Θ+ γ, t)]

)

,
¾/î	î
¿

-



³J¶*BDTUB
f(Θ, t) = βC(θ)x(t)

Äa>0B�P5¸�MNQRCHe C�¸UBD?	TxQu¸Ue ´	CH´ud	BDT�¸U¶*B½l�@*¼*¼c´	T�¸0´RÂ�¸U¶*Bg¼NQRTxQR[�B�¸UBDTxl�e~lJTUB�Í�@*e TUB�S^e CF´	TxS�BDT�¸U´
S�BDTUe d	B

η
Ä#>0´R¸UB�¸U¶NQu¸�M*e Â1³�BgQ	lUl�@*[�B$Q·@*C*e ÂÃ´	TU[�Æ�È=É�Ê�ËuÉ�ÊW¼=S5Âk´	C

θ
M5¸U¶*Bg¼=S5Â3ÂÃ´	T

u
e~l
p(u) = 1

π
√
1−u2

³J¶*e~mx¶FmDQR@Nl�B�l
QRCÓQRCNQRO A�¸Ue~mDQRO1S�BDd	BDO ´	¼*[�BDC�¸�´RÂ#¸U¶*B·TUB�Í�@*e TUB�S¹e C�¸UBD?	TxQu¸Ue ´	C¹@*C*´	Ì�¸xQRe CNQRÌ*O B	ÄgGa¶*e~l�O B�Q	S*l0¸U´FQ^C5@*[�BDTUe~mDQRO3e C�¸UBD?	TxQu¸Ue ´	C
¸U´�mDQRO~m�@*O~Qu¸UBÁ¸U¶*BFm�´	CNl�e~S�BDTUe C*?¹Ìc´	@*CNS8³J¶*e~mx¶8e~l\d	BDTUAÓ¸Ue [�B�º(m�´	CNl�@*[�e C*?NÄ�f¹´	TUBD´ud	BDT�M3QÓm�O ´�l�B�S5º�ÂÃ´	TU[�B�P�¼*TUB�lUl�e ´	CÏe~l
QRO ³aQ
A�l#e C�¸UBDTUB�l/¸Ue C*?\ÌcB�mDQR@Nl�B�e ¸0QRO O ´u³0l�QRC^B�Q	l�A�e C�¸UBDTU¼*TUB�¸xQu¸Ue ´	C^´RÂ7¸U¶*B$Ìc´	@*CNS-M5e�Ä B	Ä M�³�B$mDQRCHl/¸U@NS�AÁ¸U¶*B�¼cBDT�ÂÃ´	TU[ÁQRCNm�B
´RÂ#¸U¶*BÁf¹»/f�_ðTxQ	S*QRT$l�A�l/¸UBD[�³gÄ T�Ä ¸�Ä·l�´	[�B�S�B�l�e ?	CÓ¼NQRTxQR[�B�¸UBDTxlDÄ·iW´	CNl�B�Í�@*BDC�¸UO A	M-³Je ¸U¶Ó¸U¶*B�e C�¸UBDC�¸Ue ´	CÓ´RÂ�´	Ì�¸xQRe C*e C*?
m�O ´�l�B�S5º�ÂÃ´	TU[ØB�P�¼*TUB�lUl�e ´	CH´RÂkÔ�ÔÖ]�Mc³�B½¼*TU´	¼c´�l�BgQ­S�e À=BDTUBDC�¸�QR¼*¼*TU´�Q	mx¶H³J¶*BDTUBg³�B\Q	lUl�@*[�B½QÁ@*C*e ÂÃ´	TU[ ÆgÈ=É�Ê�ËuÉ�Êa¼=S5Â
´	C

u
¾�l�BDB\QRO~l�´Fí ò�î�ï�³J¶*BDTUB$¸U¶*B\lUQR[�B�¸U¶*e C*?^QR¼*¼cB�QRTxlae CH¸U¶*B\m�´	C�¸UB�P5¸0´RÂkm�O~Q	lUl�e~mDQRO-ÌcB�QRTUe C*?�B�l/¸Ue [ÁQu¸Ue ´	Cc¿�Ä�f¹´	TUBD´ud	BDT�M

³J¶NQu¸UBDd	BDT2¸U¶*B¹Æ\È=É�Ê�ËuÉ�Ê0¼=S5Â�´	C
u
M-e ¸ge~l2¸U¶*BD´	TUB�¸Ue~mDQRO O AF¼*TU´ud	B�SF¸U¶NQu¸$³�B�l/¸Ue O O1´	Ì�¸xQRe C�QHl/¸UTUe~m�¸$Ìc´	@*CNSÓ´	Ch¸U¶*B�fÓb5V0Ä
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e C�¸UBDTUB�l/¸�¼*TU´ud5e~S�B�l2Q^?	´5´�S¹¼*TUB�S�e~m�¸Ue ´	Ch´RÂ#¸U¶*B�fÓb5VÕe C�QRO O3TUBD?	e ´	CNlDÄ�»{¸gQRO~l�´^¼*TUB�S�e~m�¸xl0¸U¶*B\¸U¶*TUB�l�¶*´	O~SÓb�>2IÚO ´�mDQu¸Ue ´	C
C*B�QRT0¸U¶*B\¸U¶*TUB�l�¶*´	O~Shb�>2I e CNS�e~mDQu¸UB�ShÌ5AH¸U¶*B�fhK0j1Ä=Ô�B·¶NQ
d	B\QRO~l�´­e C5d	B�l/¸Ue ?�Qu¸UB�SH¸U¶*B·e C�õN@*BDCNm�B\´RÂ�QRTUTxQ
A­?	BD´	[�B�¸UTUA
´	C^¸U¶*BgÌcBD¶NQ
d5e ´	Ta´RÂ3¸U¶*B$Ô�BDe~lUl/º{Ô�BDe CNl/¸UBDe CFÌc´	@*CNS-Ä

�7æ «\I]I�D è ê3ìL^

� 4�bc4��·Þ�É�Ê��uÆuÝ�Ê�Ë3iÏË�e
η′(Θ,α,γ)

>0´R¸UB$¸U¶NQu¸

p(Y;Θ+α)
1

2 p(Y;Θ+ γ)
1

2 =
1

πNTσNT
n

exp

(

−
T
∑

t=1

ζ(Θ,α,γ, t)

)

,
¾/î�/	¿

³J¶*BDTUB

ζ(Θ,α,γ, t) =
1

2σ2
n

[y − f(Θ +α, t)]H [y − f(Θ+α, t)] +
1

2σ2
n

[y − f(Θ + γ, t)]H [y − f(Θ+ γ, t)]

=
1

σ2
n

[

yHy − 1

2
yH f(Θ+α, t)− 1

2
yH f(Θ+ γ, t)− 1

2
f(Θ+α, t)Hy − 1

2
f(Θ+ γ, t)Hy

+
1

2
f(Θ +α, t)H f(Θ+α, t) +

1

2
f(Θ + γ, t)H f(Θ+ γ, t)

]

.

¾/î,0�¿

E2B�ÒNC*B
z = y − 1

2 f(Θ+α, t)− 1
2 f(Θ+ γ, t)

M*³�B$¶NQ
d	B

5



ζ(Θ,α,γ, t) =
1

σ2
n

zHz+
1

4
ζ ′(Θ,α,γ, t),

¾/î35R¿

³J¶*BDTUB
ζ ′(Θ,α,γ, t) = 1

σ2
n
[f(Θ+α, t)− f(Θ+ γ, t)]H [f(Θ +α, t)− f(Θ + γ, t)]

ÄkiW´	CNl�B�Í�@*BDC�¸UO A	M
ζ ′(Θ,α,γ, t)

S�´5B�laC*´R¸0S�BD¼cBDCNSF´	C
Y
MNQRCNS

η′(Θ,α,γ) =
1

πNTσNT
n

∫

Ω

exp

(

−
T
∑

t=1

(
1

σ2
n

zHz+
1

4
ζ ′(Θ,α,γ, t))

)

dY

=exp

(

−
T
∑

t=1

1

4
ζ ′(Θ,α,γ, t))

)

.
¾/î,6�¿

� 4 jF4��·Þ�É�Ê��uÆuÝ�Ê�Ë3iÏË�eJnÁÆuÝ�É�Ê �
WWB

Ñ*TU´	[Ù¾/î,6�¿�M�¸U¶*Bgl�B�¸0´RÂ3ÂÃ@*CNm�¸Ue ´	CNlae C5d	´	O d	B�S­e C
G11
QRTUB$?	e d	BDCHÌ5A































η′(Θ,h1,h1) = 1,

η′(Θ,−h1,−h1) = 1,

η′(Θ,h1,−h1) = exp
{

− 1
2 (β

2
R + β2

I )T
∑M

k=1

∑N

r=1
σ2

k

σ2
n

[

1− cos
(

4π
λ
h1(ak + br)

)]

}

,

η′(Θ,h1, 0) = exp
{

− 1
2 (β

2
R + β2

I )2T
∑M

k=1

∑N
r=1

σ2

k

σ2
n

[

1− cos
(

2π
λ
h1(ak + br)

)]

}

.

¾/î,7�¿

Ga¶*BDC7MNl�e CNm�BgQRO O-¸U¶*B�ÂÃ@*CNm�¸Ue ´	CNl
η′
S�´ÁC*´R¸0S�BD¼cBDCNSF´	C

u
M�Ì5A­e C�¸UBD?	TxQu¸Ue C*?·³gÄ T�Ä ¸�Ä

Θ
M*³�B$´	Ì�¸xQRe C







































η(h1,h1) =
2−h1

2 ,

η(−h1,−h1) =
2−h1

2 ,

η(h1,−h1) =
1−h1

σ2

β
1

2
T

∑
M
k=1

∑
N
r=1

σ2

k

σ2
n
[1−cos( 4π

λ
h1(ak+br))]+1

,

η(h1, 0) =
2−h1

2
1

σ2

β
1

2
T

∑
M
k=1

∑
N
r=1

σ2
k

σ2
n
[1−cos( 2π

λ
h1(ak+br))]+1

.

¾�ò(8�¿

Ga¶*B½l�B�¸J´RÂ3ÂÃ@*CNm�¸Ue ´	CNlJe C5d	´	O d	B�S­e C
Gkk, k = 2, 3

QRTUB$?	e d	BDCHÌ5A






























η′(Θ,hk,hk) = 1,

η′(Θ,−hk,−hk) = 1,

η′(Θ,hk,−hk) = exp
(

−h2
kNT

∑
M
k=1

σ2

k

σ2
n

)

,

η′(Θ,hk, 0) = exp
(

− 1
4h

2
kNT

∑M
k=1

σ2

k

σ2
n

)

.

¾�ò�î
¿

Ga¶*BDC7M































η(hk,hk) = 1,

η(−hk,−hk) = 1,

η(hk,−hk) = exp
(

−h2
kNT

∑
M
k=1

σ2

k

σ2
n

)

exp
(

−h2

k

σ2

β

)

,

η(hk, 0) = exp
(

− 1
4h

2
kNT

∑
M
k=1

σ2

k

σ2
n

)

exp
(

− h2

k

4σ2

β

)

.

¾�ò	ò	¿
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Ga¶*B½l�B�¸J´RÂ3ÂÃ@*CNm�¸Ue ´	CNlJe C5d	´	O d	B�S­e C
G12
QRTUB�?	e d	BDCHÌ5A



















































































































































η′(Θ,h1,h2) = exp

{

2T
M
∑

k=1

N
∑

r=1

σ2
k

σ2
n

[

β2
R

(

1− cos

(

2π

λ
h1(ak + br)

))

+ βRh2

(

1− cos

(

2π

λ
h1(ak + br)

))

+

β2
I

(

1− cos

(

2π

λ
h1(ak + br)

))

− βIh2 sin

(

2π

λ
h1(ak + br)

)

+
1

2
h2
2

]

}

,

η′(Θ,−h1,−h2) = exp

{

2T
M
∑

k=1

N
∑

r=1

σ2
k

σ2
n

[

β2
R

(

1− cos

(

2π

λ
h1(ak + br)

))

− βRh2

(

1− cos

(

2π

λ
h1(ak + br)

))

+

β2
I

(

1− cos

(

2π

λ
h1(ak + br)

))

+ βIh2 sin

(

2π

λ
h1(ak + br)

)

+
1

2
h2
2

]

exp

}

,

η′(Θ,−h1,h2) = exp

{

2T
M
∑

k=1

N
∑

r=1

σ2
k

σ2
n

[

β2
R

(

1− cos

(

2π

λ
h1(ak + br)

))

+ βRh2

(

1− cos

(

2π

λ
h1(ak + br)

))

+

β2
I

(

1− cos

(

2π

λ
h1(ak + br)

))

+ βIh2 sin

(

2π

λ
h1(ak + br)

)

+
1

2
h2
2

]

exp

}

,

η′(Θ,−h1,−h2) = exp

{

2T
M
∑

k=1

N
∑

r=1

σ2
k

σ2
n

[

β2
R

(

1− cos

(

2π

λ
h1(ak + br)

))

− βRh2

(

1− cos

(

2π

λ
h1(ak + br)

))

+

β2
I

(

1− cos

(

2π

λ
h1(ak + br)

))

− βIh2 sin

(

2π

λ
h1(ak + br)

)

+
1

2
h2
2

]

exp

}

.

¾�òRó�¿

iW´	CNl�B�Í�@*BDC�¸UO A	M

η(h1,h2) = η(−h1,h2) =
2− h1

2
t1t2,

¾�ò3-5¿

³J¶*BDTUB

t1 = exp

(

− h2
2

2σ2
β

)

exp

{

h2
2

4

[

T

2

M
∑

k=1

N
∑

r=1

σ2
k

σ2
n

(

1− cos

(

2π

λ
h1(ak + br)

))

+
1

σ2
β

]}

×
√
πσβ

4
{

σ2

β

2

[

T
2

∑M

k=1

∑N

r=1
σ2

k

σ2
n

(

1− cos
(

2π
λ
h1(ak + br)

))

+ 1
σ2

β

]}

1

2

,

¾�òc/	¿

t2 = exp











[

h2
T
2

∑M
k=1

∑N
r=1

σ2

k

σ2
n
sin
(

2π
λ
h1(ak + br)

)

]2

4
[

T
2

∑M

k=1

∑N

r=1
σ2

k

σ2
n

(

1− cos
(

2π
λ
h1(ak + br)

))

+ 1
σ2

β

]











×
√
πσβ

4
{

σ2

β

2

[

T
2

∑M
k=1

∑N
r=1

σ2

k

σ2
n

(

1− cos
(

2π
λ
h1(ak + br)

))

+ 1
σ2

β

]}
1

2

.

¾�ò(0�¿

b5e [�e O~QRTUO A	Mke ¸�e~l�l/¸UTxQRe ?	¶�¸�ÂÃ´	TU³aQRTxSÓ¸U´�l�BDB^¸U¶NQu¸
η(h1,−h2) = η(−h1,−h2)

³J¶*e~mx¶7Mk¸U´	?	B�¸U¶*BDT·³Je ¸U¶Õ¾�ò3-5¿�M#O B�Q	SÏ¸U´

G12 = 0
ÄgÔ�BÁQRO~l�´^¶NQ
d	B

G21 = 0
M
G13 = 0

M
G31 = 0

M
G23 = 0

M7QRCNS
G32 = 0

Ä\Ga¶*BDTUB�ÂÃ´	TUB	Mc¸U¶*B·[ÁQu¸UTUe P
G
e~l

7



S�e~QR?	´	CNQRO=³Je ¸U¶FBDO BD[�BDC�¸xla?	e d	BDCHÌ5A

G11 = 2

2−h1

2 − 1−h1

σ2

β

σ2
n

1

2
T

∑
M
k=1

∑
N
r=1

σ2

k[1−cos( 4π
λ

h1(ak+br))]+1





2−h1

2
1

σ2

β

σ2
n

1

2
T

∑
M
k=1

∑
N
r=1

σ2

k[1−cos( 2π
λ

h1(ak+br))]+1





2 ,
¾�ò{5R¿

G22 = 2
1− exp

(

−h2
2NT

∑M
k=1

σ2

k

σ2
n

)

exp
(

− h2

2

σ2

β

)

exp
(

− 1
2h

2
2NT

∑
M
k=1

σ2

k

σ2
n

)

exp
(

− h2

2

2σ2

β

) ,
¾�ò(6�¿

G33 = 2
1− exp

(

−h2
3NT

∑M
k=1

σ2

k

σ2
n

)

exp
(

− h2

3

σ2

β

)

exp
(

− 1
2h

2
3NT

∑
M
k=1

σ2

k

σ2
n

)

exp
(

− h2

3

2σ2

β

) ,
¾�ò(7�¿

Ga¶NQRC*µ�l#¸U´½¸U¶*B$S�B�ÒNC*e ¸Ue ´	C^´RÂ
f(ϕ, h1)

e C�¾/î;-5¿�M
G11
mDQRC­ÌcB�TUBD³JTUe ¸�¸UBDC^Q	lWe C�¾/î�ó�¿�ÄkX2l�e C*?·QRO Oc¸U¶*B$Q	lUl�@*[�¼�¸Ue ´	CNlWQRCNS

TUB�l�@*O ¸xlJQRÌc´ud	B	M�¸U¶*B½m�O ´�l�B�S5º�ÂÃ´	TU[ B�P�¼*TUB�lUl�e ´	C^´RÂ�¸U¶*Bg[ÁQu¸UTUe P
WWB

mDQRCHÌcBg³JTUe ¸�¸UBDC¹Q	l

WWB = Diag

(

sup
h1

h2
1

G11
, sup

h2

h2
2

G22
, sup

h3

h2
3

G33

)

,
¾�óc8�¿

³Je ¸U¶
G11,G22,G33

?	e d	BDCHe C&¾/î�ó�¿�M7¾�ò(6�¿�M*QRCNSÏ¾�ò(7�¿�M�TUB�l�¼cB�m�¸Ue d	BDO A	Ä
>0´R¸UB\¸U¶NQu¸½e CÓ¸U¶*B�´	TUe ?	e CNQRO�ÂÃ´	TU[,´RÂW¸U¶*B�Ô�BDe~lUl/º{Ô�BDe CNl/¸UBDe C�Ìc´	@*CNS"¾�/	¿�M7³�B�¶NQ
d	B½¸U´F´	¼�¸Ue [�e ÐDB·¸U¶*B�[ÁQu¸UTUe P

WWB
³gÄ T�Ä ¸�Ä

h1, h2,
QRCNS

h3
Ägb5e CNm�B

Gii

S�BD¼cBDCNS*l�´	C*O AH´	C
hi

Mc¸U¶*B\´	¼�¸Ue [�e Ð�Qu¸Ue ´	C¹¸xQ	l�µHe~l2TUB�S�@Nm�B�SF¸U´
sup
hk

h2

k

Gkk
, ∀k ³J¶*e~mx¶

e~la[�´	TUB�¸UTxQ	m�¸xQRÌ*O B	Äk>0B�P5¸�M*³�B$?	e d	BgQ�m�O ´�l�B�S5º�ÂÃ´	TU[ B�P�¼*TUB�lUl�e ´	C­ÂÃ´	T
sup
hk

h2

k

Gkk

M
k = 2, 3

M

WWBkk = sup
x≥0

x exp(−ax)

2[1− exp(−2ax)]
, a > 0,

¾�ó*î
¿

³J¶*BDTUB
x = h2

k

QRCNS
a = NT

∑M
k=1

σ2

k

2σ2
n

+ 1
2σ2

β

Äk»{Â1³�BgS�BDC*´R¸UB
g(x) = x exp(−ax)

2[1−exp(−2ax)]

M�¸U¶*BDC

dg(x)

dx
=

exp(−ax) [1− ax− exp(−2ax)− ax exp(−2ax)]

4[1− exp(−2ax)]2
,

¾�ó�ò	¿

³J¶*e~mx¶&e~l·QRO ³aQ
A�l$C*BD?�Qu¸Ue d	B ∀x > 0
Ä�iW´	CNl�B�Í�@*BDC�¸UO A	M

g(x)
e~l·Q¹[�´	C*´R¸U´	C*e~mDQRO O A�S�B�m�TUB�Q	l�e C*?FÂÃ@*CNm�¸Ue ´	C4QRCNS&¶NQ	l½e ¸xl

[ÁQuP�e [\@*[ Qu¸
x = 0
ÄkÑ3e CNQRO O A	M*³�B$´	Ì�¸xQRe C7ö

sup
hk

h2
k

Gkk

=
1

2
(

NT
∑

M
k=1

σ2

k

σ2
n

+ 1
σ2

β

) , k = 2, 3,
¾�ó	ó�¿

³J¶*e~mx¶Fm�´	CNm�O @NS�B�l�¸U¶*Bg¼*TU´5´RÂ/Ä

î,8
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