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Improved Set-Membership Estimation Approach based on Zonotopes
and Ellipsoids

S. Ben Chabane, C. Stoica Maniu, T. Alamo, E.F. Camacho, D. Dumur

Abstract—This paper presents an improved approach for guar-
anteed state estimation combining set-membership estimation
techniques based on zonotopes and ellipsoids, applied on linear
discrete-time systems with unknown but bounded perturbations
and noises. The proposed approach starts with a zonotopic
approximation and continues with an ellipsoidal approximation;
this allows to manage the trade-off between the accuracy of the
zonotopic estimation and the reduced complexity of the ellipsoidal
estimation. A new criterion based on the P-radius of a zonotope
is proposed to make the transition from the zonotopic estimation
to the ellipsoidal estimation. An illustrative example is analyzed
to show the advantages of the proposed approach.

I. INTRODUCTION

More often, the state estimation problems are solved by
implementing a stochastic approach based on a probabilistic
description of the perturbations and measurement noises [1].
This requires to assume that the individual perturbations are
realizations of random variables characterized statistically by
their average, covariance, probability density etc. However,
sometimes the probabilistic assumptions are difficult to verify.
Thus, it may be more realistic to assume that the errors belong
to compact bounded sets. This corresponds to the deterministic
approach or the set-membership estimation [2], [3], [4], [5],
where perturbations are considered unknown but bounded.
The set-membership estimation method leads to an estimation
set containing the state vector. While their use was severely
restricted in the 80s due to the low capacity of available
computers, these approaches have been widely used over the
last two decades by many researchers [6], [7], [8], [9], [10].

There are several sets used to implement set-membership
estimation techniques: parallelotopes [8], [9], ellipsoids [2],
[6], [10], [11], [12], zonotopes [13], [14], [15], [16].

Ellipsoids have been used by different authors [11], [12],
[17] due the simplicity of formulation. To minimize the size
of the ellipsoidal estimation, two criteria are mainly considered
in the literature. Firstly, the minimization of the determinant
of the shape matrix of an ellipsoid is proposed. This is
equivalent to the minimization of the square of the volume of
the ellipsoid, but sometimes can lead to very narrow ellipsoids
corresponding to very large uncertainties in some states [11].
Secondly, the trace criterion, which is equal to the sum of

S. Ben Chabane, C. Stoica Maniu and D. Dumur are with SUPELEC
Systems Sciences (E3S) — Automatic Control Department, 3 rue Joliot Curie,
91192, Gif sur Yvette cedex, France (e-mail: {sofiane .benchabane;
cristina.stoica; didier.dumur}@supelec.fr).

T. Alamo and E.F. Camacho are with Department of Ingenieria de
Sistemas y Automadtica, Universidad de Sevilla, Camino de los Des-
cubrimientos, 41092 Sevilla, Spain (e-mail: alamo@cartuja.us.es,
eduardo@esi.us.es).

squares of the half lengths of the axes of the ellipsoid, leads
to better conditioned ellipsoids [11].

In addition, zonotopes are proposed to obtain a better
estimation accuracy than ellipsoids. To minimize the size of
the zonotopic estimation, several methods are proposed in
the literature. In [14], a method based on the Singular Value
Decomposition is used in order to obtain a zonotopic outer
approximation of the intersection of the uncertain trajectory
and the region which is consistent with the measured output.
In [15], the minimization of the segments and the volume of
the zonotope are used. The segments minimization method is
faster but less accurate than the minimization of the volume
of the zonotope. In [16], the minimization of the P-radius of
the zonotope leads to a good trade-off between the rapidity
of the segments minimization and the accuracy of the volume
minimization of a zonotope.

This paper proposes an improved method which combines
the advantages of the zonotopic set-membership state esti-
mation (i.e. accuracy) and of the ellipsoidal set-membership
estimation (i.e. reduced complexity). This is formulated as
an optimization problem which starts with the zonotopic
estimation and continues with the ellipsoidal estimation. A
new criterion based on the P-radius of the zonotopic estimation
is used to make the transition. In fact, when the P-radius of
the zonotope is decreasing very slowly in the last iterations,
an outer ellipsoidal approximation of the zonotope is consid-
ered to continue the state estimation with the ellipsoidal set-
membership technique. This ellipsoid is obtained by scaling
the ellipsoid related to the P-radius of the zonotope. This
combined method (which is the novelty of this paper) leads to
a less complex estimation than the zonotopic estimation based
on the minimization of the P-radius and more accurate than
the ellipsoidal estimation.

This paper is organized as follows. In Section II, the class
of the uncertain systems used in this paper and the estimation
problem are formulated. Section III and Section IV present
the methods used in ellipsoidal state estimation and zonotopic
state estimation, respectively. The next section presents the
proposed method based on both zonotopes and ellipsoids to
estimate the state. Section VI proposes an illustrative exam-
ple which allows comparing the results obtained with ellip-
soidal set-membership estimation techniques, zonotopic set-
membership estimation and the proposed approach. Finally,
some concluding remarks and perspectives are drawn.

Notations and definitions
An ellipsoid is defined by E(c, P) = {z: (x — )" P~ (z —
¢) < 1}, where ¢ € R™ is the center of the ellipsoid and the
matrix P = PT = 0 characterizes its shape and size. This



ellipsoid is non-empty bounded (i.e. IP~1).

A strip is defined by the following set S(y,d) = {z € R™ :
ly —d x| <1}

The unitary interval is defined by B = [—1,1].

The Minkovsky sum of two sets A and B is defined by
AeB={a+b:ac Abe B}

A m-zonotope in R"™ is defined by Z = {z ¢ R" : z =
p+ Hz,z € B™}, where the vector p € R™ is the center
of the zonotope, the matrix H € R™*" represents the linear
transformation and B™ is a box (interval vector) composed by
m unitary intervals.

Given a zonotope Z, denote by Vz the set of its vertices.

The P-radius of a m-zonotope Z is a distance d(x) =
max |z — p||%, with P = PT > 0.

II. PROBLEM STATEMENT

Consider the following linear discrete-time invariant system
with the state and measurement equations:
Tpy1 = Axy + Fuwy, 1)

yr = c' T + oy,

where xj, € R™ is the state vector, y; € R is the measurement
output, wr € R™ and v, € R represent the state disturbances
and the measurement noises, respectively. Here, A, ¢, F
and o have the appropriate dimensions, with the additional
hypothesis that the pair (c', A) is detectable. It is assumed
that the initial state xy belongs to the bounded set Aj, and
the perturbations and measurement noises are bounded by the
compacts sets wy € W and v, € V, respectively.

With these assumptions, using the set-membership theory
and assuming that x € éﬁk (bounded set), the system state is
contained in the set /’lA’kH, which is computed in two steps.
The first is the prediction step, where the predicted state set
X1 is given by:

X1 = AX, UFW (2)

The second is the correction step, where the guaranteed state
set Xy is given by:

Xip1 N Xy, ., C X 3)

k41

where

Xyor = {zrp1 ER™ e app1 — g1l <0} D)

is the consistent state set using the output measurement 1.

The aim is to find the optimal set &H that contains the
state vector xx1. In the following, two methods to compute
this set using ellipsoids and zonotopes are presented.

III. ELLIPSOIDAL STATE ESTIMATION

This section considers an ellipsoidal state estimation [11]
for the system (1). The initial state vector x(y belongs to the
ellipsoid &y (co, Po), WV is the ellipsoid £(0, ) and V = B.

The size of an ellipsoid is measured by either its volume or
by the sum of squares of the length of its semiaxes. The first
is proportional to the square of the product of the length of its

axes, which corresponds to the determinant criterion and the
second corresponds to the trace criterion [11].

In the following, the two-step estimation procedure (pre-
diction and correction) is addressed using the trace and the
determinant criteria.

A. Prediction step

The prediction set, computed by considering ellipsoidal sets
for X1, A and W in (2), is given by:

Eryi(Crir, Pes1) = Ap(ck, Pr) U FE(0, I) )

such that xj belongs to the guaranteed state set Er (ck, Px).
Equation (5) can be rewritten as:

gk-&-l(ck-i-l,Pk-i-l) = ék(ACk,APkAT) UE:(O,FFT) (6)

Applying the property of the sum of ellipsoids [11] means that
there exists ¢ € (0,1) such that:

{ Chy1 = Acy 7
Poy1=0¢7 P+ (1—9¢)'P

with P, = AP,A" and P, = FFT.
The objective is to find ¢ which minimizes either the trace
criterion:

¢" = argy. sy mintr(Peiq) ®)

or the determinant criterion:

¢* = argy 4 minlogdet(Py41) )

These two cases are detailed below.

1) Trace criterion: The advantage of this method consists
in providing an explicit solution for ¢* (see [11] for the proof
of concept):

P Py
Pri1 = (\/“'(Pl) + \/tr(P2)> <\/tr(P1) ! \/tT(P2)>
(10)

leading to the following optimal value:

6t = (VIR +V/ir(B)) V()

2) Determinant criterion [11]: There is no explicit solution
for this minimization problem. The recursive algorithm gives:

Y

Poy1=¢ P+ (1 — ¢)" Py, such that ¢ € (0,1) (12)

The optimal value ¢* is obtained by solving a convex
optimization problem of one dimension:
¢* = arg 4., minlogdet(¢™" P+ (1 —¢)"'Pp) (13)

Then, standard iterative methods for solving convex con-
strained optimization problems can be applied.



B. Correction step

The goal of the correction step is to compute the intersection
between the ellipsoid resulting after the prediction step and
the strip representing the measured output. For this, the Outer
Bounding Ellipsoid (OBE) algorithm [6] is used based on the
minimal volume (determinant criterion) and minimal trace.
In this step, the set ék+1(ék+1,Pk+1> is found. This set
is consistent with the measurement and it is computed by
considering ellipsoidal sets for é%k+1 and QE;H_l in (3), i.e.:

Ert1(Cht1, Pog1) N Xy oy € Eng1 (1, Pitr) (14)
with the measurement consistent state set X, ., = {zx41 €

R : (Ypyq — T @py1)? < 1}, with g | = ypy10 and ¢ =
co. From the intersection between an ellipsoid and a strip [6],
it leads to:

)
1+1g

X 62
Popr =0+ - 1""‘/}9)(Pk+1 “1tug

A !
Cht1 = Ckt1 + Ppiic

Pk+1C/C/TPk+1)

15)
with g = ¢/ T Py, 0 = Yyp1 — cdTeppr and ¢ > 0.

The new ellipsoid contains the free parameter i) > 0, which
actually defines its position, size and orientation. Several
criteria were developed to calculate this parameter. In the
following, the determinant criterion and the trace criterion [6]
will be presented.

1) Trace criterion [6]: Applying the fact that ¢r(M +
w') = tr(M) +v'u with M = Py, u = Pryic and

V= —ﬁ"—wngHc’ to the trace of Pk+1 in (15) leads to:
- Pd° ) ( al )
tr(P, =1+ — — 16
7(Pry1) ( P 1+ g M 1+ g (16)

with 1 = tr(Pey1) and v = ¢/ T P2, | .
The minimal trace ellipsoid is obtained by solving the
following optimization problem:

Y* = arg,~omin tr(Pry1). (17
The optimal value of v is the solution of:
P2 (1)
—F= =0. 18
@ (18)

As 1 has to verify a condition of positivity (¢ > 0) while
satisfying (18), 1 is the unique positive real root (Descartes’s
Rule of Signs [18]) of the following third degree polynomial:

Wo@¢3+ﬂlw2+ﬂzw+ﬂso (19)
with
51:§>0
1-42) — 2 — (1 — 42
g% (g —)
g = 1 =0%) —
T g (gu—)

where B3 and (3 have the same sign.

2) Determinant criterion [6]: Applying the fact that
det(0K) = 6" det(K), with § = 1+ ¢ — 12>~ € R and
K € R"™™ and the fact that det(] + uv') = 1+ v u, with
u= Pgyic and v = — ¢/, then the determinant of Py

in (15) can be computed as follows:

6?2 )n det(Pyt1)
1+g 1+1g

The minimal volume ellipsoid is obtained by solving the
following optimization problem:

det(Pri1) = (1 +o— 1)

V" = arg,,min h(y) (22)
with h () = <1—|—w— ¥ )n/(l—l-w )
B 1+4yg 9
A sufficient condition for 1 is that:
dh () :

which leads to the following solution (see [6] for more details):

—(2n—g—1+52)+\/g
2(n—1)g ’
0, otherwise

if A>0

vt = (24)

with A = (9 —1— 52)2 + 462 (6% — 1) and n equal to the
dimension of z. It can be noticed that ¢* = 0 means that the
ellipsoid does not change (€41 = Ex41)-

IV. ZONOTOPIC STATE ESTIMATION

This section considers a zonotopic state estimation for the
system (1). In this approach, it is assumed that the initial state
z belongs to the zonotope Zy, the perturbations are bounded
by the box WW C B? and the measurement noise is bounded
by the unitary interval V C B. Suppose that the guaranteed
state estimation set at time k is a known zonotope:

Z, = pr ® HB" C R" (25)
ie. )Ek in (2) is equal to Z}k.

As shown in the previous sections, a similar two-step
procedure (prediction and correction) is applied in order to
compute the set containing the state.

A. Prediction step
The predicted state set Xy 1 = Zj41 in (2) is determined
as [16]:

Zy = AZ @ FW = Ap, @ [H, F]B™™". (26

Note that the union of two zonotopes is equal to the Minkovsky
sum of these two zonotopes.



B. Correction step

The guaranteed state estimation ()Ek—&-l = 2k+1 in (3)) at
time instant &+ 1 is the outer approximation of 21N X, -
It is parametrized by the vector A (see [16] for more details),
leading to the following family of zonotopes:

Zi11(N) = Pryr(N) & Hepr (BT 27)

with
Prr1(A) = Apr, + A (yrg1 — ¢ Apy,) -
Hea(N) = [(T=AeT) ABy, (I=2¢T)F o) (25)

The vector A € R™ is then determined in order to minimize
the size of the zonotope Zj1()).
In the literature, there are several methods for minimizing
a zonotope based on its segments minimization [15], on its
volume minimization [15] or on its P-radius minimization
[16]. The first method offers a reduced complexity, while the
second method leads to the most accurate result. The P-radius
minimization method allows managing the trade-off between
computational complexity and accuracy of the estimation. It
is based on the minimization of the P-radius of the zonotope
Z,41(\). The idea is to compute a matrix P = PT = 0 and
a vector A € R"” such that, at each iteration the P-radius of
the zonotopic state estimation set is not increased.
Consider the P-radius of the state estimation set at time
instant k:
Ly = max |z —pillp = max (z—px)" Ple—pr) (29)
2€Z,(N) z€Z,(N)
Note that the ellipsoid related to the P-radius of the zonotopic
state estimation Zj, is represented by:

Epr, LkP™Y) = {z e R : ||z — pp||% < Ly} (30)

The non-increasing condition of the P-radius can be expressed
as follows [16]:

Lys1 < BLy + max || Fw]3 + o 31)
with 8 € (0,1).
Expression (31) is equivalent to:

max

]? 112 < }? 2 F 2 2
Jcax (| His1 2llp < max B Hyz | + max [[Fwllz + o

(32)
with 2 = [z2Tw'y]T € BT, 2 e B, w e B", € B
and 5 € (0,1). A sufficient condition for the inequality (32)
is given in [16]. This consists in finding the smallest value of
B € (0,1) (for instance via the bisection algorithm) such that
the following optimization is feasible:

max T
T,P,3,Y
subject to
(1-pP
o2+const = 71
B8P 0 0 ATP—ATeYT
x F'F 0 F'P-FTc¢YT (33)
* * o2 YTo -
* * * P

with const = max || Fwl||3. The decision variables are 7 > 0,
weB™

PeR™™, ge(0,1) and Y = P\ € R™.

The optimization problem (33) is computed off-line which
leads to a small computation complexity compared to the
zonotope volume minimization [16] for a similar accuracy.
However this P-radius based problem is still enough complex
compared to the ellipsoidal minimization. This motivates the
improved approach proposed in the next section.

V. PROPOSED APPROACH

This section proposes an improved method which takes
advantage of the good estimation accuracy obtained via the
zonotopic minimization and the low complexity proven by the
ellipsoidal minimization.

In fact, when the P-radius is decreasing slowly during the
last iterations of the zonotopic estimation, (i.e. the solution is
close enough to an optimum), we propose to outer approximate
the zonotopic estimation set by an ellipsoid and to continue
the procedure via the ellipsoidal set-membership estimation.
This leads to gain in rapidity of the estimation, while keeping
an acceptable level of accuracy. The design of this outer
ellipsoidal approximation of the zonotopic state set is further
detailed. Computing the zonotopic state estimation set via the
minimization of the P-radius (i.e. solving the optimization
problem (33)) allows computing the P-radius of the zonotope
and its associated ellipsoid. The ellipsoid related to the P-
radius is usually an inner approximation of the zonotope,
with the same center and direction as the zonotope (e.g. the
blue dashed ellipsoid in Fig. (1)). In order to obtain an outer
ellipsoid that will outer approximate the zonotope, the ellipsoid
related to the P-radius will be scaled by a scalar a (leading
to the red ellipsoid in Fig. (1)). The parameter o € (0,1)
has to be found in order to minimize the size of the ellipsoid
& = {zp € R" : (a2 — pr) a(LpP~ 1) Yay — pr) < 1},
where pj is the center of the zonotope (computed using
expression (28)) to be outer bounded and Lj its P-radius.
This can be formulated as a optimization problem that has
to be verified for all the vertices of the zonotope Zi

max o

subject to
0<ax<l1 (34)
(zk — pr) " aPL (wn — pr) < 1, Vap € Vs

To compute «, equation (34) has to be verified for all the
vertices Vz of the zonotope 2, which requires a large
computation time. It is suitable to find a method reducing
the number of vertices to be checked. Thus, let us denote by
T 2 the furthest vertex from the center of the zonotope. Then,
the following proposition avoids the vertex enumeration when
solving the optimization problem (34):

Proposition 1: Consider a matrix P = PT = 0 € R*"*",
a scalar « € (0,1), the state vector x; € R™ belonging to
the zonotope 2k =pr D H B, with the associated P-radius
Li > 0 and the furthest vertex Tz, € R™ with respect to its
center. If (5 — ﬁk)TaPL,;l(;%ZAk — pr) < 1, then (z —
pe)TaPL (e —pr) <1, Vo € Vg .



Proof:
Expression (29) can be formulated as follows:
(zz, —pn)" P&z, —pr) = Lk, (39)

with 2 the furthest vertex from the center of ﬁk. This means
that:

(zr—pr) " Plex—pr) < (Tz —Pr) P(Zz, —Pr), Yaor € Vs, .

k

(36)
Assume that o € (0,1) such that:
(Tz, —pr) aPLy (25, —pr) < 1. (37)
This inequality can be rewritten as:
_ . _ R Ly
(2, —P6) T P(Es, —pr) < . (38)
From (36) and (38) it is inferred that:
. R L
(zx — pr) | Plar — pr) < ;k, Vo € Vs, (39
which is equivalent to:
(zx — p) aPL (ap —pr) <1, Yz € V5 . (40)
O

This proposition avoids solving the optimization problem (34)
for all the vertices of the zonotope (only the furthest vertex will
be now considered in (34)) and gives a reduced computation
time.

The following algorithm formulates the proposed method.

Algorithm I:

Inputs:
N: length of the simulation horizon;
e: desired level of accuracy of the P-radius;
To: initial state vector;
20: initial state set;
l: length of the horizon of slow variation of the P-radius.

Outputs:
test = 1;
fork=1:N

if (|Lx — Lg—i| > € and test = 1) or (k <) then
Compute the zonotope estimation Zj and its P-radius

Ly;
test = 1;
else if |Lyp — Lix—;| <€ and test = 1 then
Compute the scaled ellipsoid &
test = 0;
else

Compute the ellipsoid estimation &), via the trace
minimization estimation;
test = 0;
end
Collect the measurement yy1;
end

Fig. 1. Ellispoidal outer-bounding approximation of a zonotope

It means that if the P-radius does not change after [
iterations, a transition to the ellipsoidal estimation is made
and the algorithm continues with the ellipsoidal estimation to
end of the simulation. In addition, the scalar € is fixing the
speed of transition to the ellipsoidal estimation method (i.e.
it is inversely proportional to the speed of this transition). At
the moment of transition, the ellipsoidal outer approximation
is chosen as an outer bound of the zonotopic estimation
with the same center and direction (given by the P matrix)
as the ellipsoid related to the P-radius of the zonotopic
estimation. An illustrative example showing the performance
of the proposed approach is presented in the next section.

VI. ILLUSTRATIVE EXAMPLE

Consider the following linear discrete-time invariant system:
1 1 —0.24
TR =g 0.8 | 0.04 |

Y = [72 l]l‘k + 0.4vy,

(41)

with ||vg]leo < 1, ||wk|loo < 1. The initial state belongs to the
box 3B?. The order of the zonotope is limited to m < 20 in
order to have a fast simulation.

Figures 2 and 3 illustrate the bounds of x; and x5 after 120
iterations obtained with the three estimation methods: the P-
radius based zonotopic estimation, the trace-based ellipsoidal

estimation and the proposed method.

The bounds |:|f>g1

— — —P-radius-based zonotopic estimation
0 —— -Trace-based ellipsoidal estimation

Froposed method

B L L 1 1 N
0 20 40 =1 a0 100 120
Sample time k

Fig. 2. Bounds of x1 using the three methods

The magenta dashdot lines are obtained by the ellipsoidal
estimation using the trace minimization criterion. The blue
dashed lines are obtained by the zonotopic estimation based
on the P-radius minimization and the black solid lines are



T T T T T 1

— — —P-radius-based zonotopic estimation
2 — — - Trace-based ellipsoidal estimation
Proposed method

The bounds of %

L |
20 40 =i1] a0 100 120
Sample time k

Fig. 3. Bounds of x2 using the three methods

obtained using the proposed method. The red stars represent
the real state of the system, which is inside the estimated sets.

The computation time after N = 120 iterations is 0.27s for
P-radius-based zonotopic estimation, 0.08s for the trace-based
ellipsoidal estimation and 0.15s for the proposed method,
which is a good trade-off. This results are obtained using an
Intel Core Duo E8500 3.16GHz. The tuning parameters used
in Algorithm 1 are: ¢ = 107° and [ = 5.

Figure 4 compares the volume of the state estimation sets
obtained by the considered approaches. The minimal volume
is obtained by the P-radius-based method, while with the
proposed method the volume is the same until just before the
transition and it does not degrade too much after the transition.
The proposed method permits to gain 45% in computation
time compared to the P-radius-based zonotopic estimation
with a degradation of the volume of 36% compared to the P-
radius-based zonotopic estimation, which remains reasonable.
This confirms the objective of the proposed algorithm offering
good accuracy compared to the ellipsoidal estimation, while
reducing the complexity compared to the zonotopic estimation.

VII. CONCLUSION

The aim of this paper is twofold: comparing zonotopic and
ellipsoidal set-membership estimation techniques, and propos-
ing a new approach allowing a trade-off between zonotopic
and ellipsoidal estimation approaches.

An improved approach for guaranteed set-membership state
estimation based on zonotopes and ellipsoids for linear sys-
tems with bounded perturbations and measurement noise has
been proposed. It starts with the P-radius-based zonotopic
state estimation and continues with the ellipsoidal state es-
timation. A new criterion based on the P-radius is proposed in
order to make the transition from the zonotopic estimation
to the ellipsoidal estimation. This method offers a good
accuracy compared to the ellipsoidal estimation with reduced
complexity compared to the zonotopic estimation. An example
has been provided to motivate and clarify the choice of
this method. Current work consists in applying the proposed
method to fault detection and fault tolerant control purposes.
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