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The effective thermal conductivity of a layered system due to the propagation of surface

phonon-polaritons is studied. We analytically demonstrate that the thermal conductivity of a set of

nanolayers can be described as one of a single layer with an effective permittivity, which does not

ordinarily appear in nature and depends on the permittivities and thicknesses of the individual

components. For a two-layer system of SiO2 and BaF2 surrounded by air, it is shown that: (i) the

propagation length of surfaces phonon-polaritons can be as high as 3.3 cm for a 200 nm-thick

system. (ii) The thermal conductivity of the system with total thickness of 50 nm is 3.4 W/m�K,

which is twice that of a single layer of SiO2, at 500 K. Higher values are found for higher

temperatures and thinner layers. The results show that an ensemble of layers provides more

channels than a single layer for the propagation of surface phonon-polaritons and therefore for the

enhancement of the thermal conductivity of common polar materials. VC 2014 AIP Publishing LLC.

[http://dx.doi.org/10.1063/1.4864430]

I. INTRODUCTION

The blossoming of nanotechnology through the miniaturi-

zation of devices with enhanced rates of operation requires a

profound understanding of their thermal performance. This is

particularly critical in nanomaterials, which are susceptible to

overheating, due to the reduction of their effective thermal

conductivity as their size is scaled-down. Over the past few

years, the surface phonon-polaritons (SPPs)1–3 have been

proposed as potential energy carriers to offset this reduction,

especially in materials with low phonon thermal conductivity,

as is the case of the amorphous SiO2 and crystalline SiC.

Various research groups have shown that the SPPs have prom-

ising applications on the thermal performance of nanoscale

devices,4–6 radiative heat transfer,7–10 high-density infrared

data storage,11 surface infrared absorption,12 coherent thermal

emission,13 and photonics.14,15 SPPs are electromagnetic

waves that propagate along the interface between two materi-

als, and therefore their energy transport is expected to signifi-

cantly increase as the system size reduces to nanoscales, due to

the predominance of the surface effects at these size scales.4,6

One key difference of SPPs with respect to phonons is

their comparatively long propagation length, which can be of

the order of a few centimeters on thin films.4–6 Based on the

Boltzmann transport equation, Chen et al.4 showed that the

SPP thermal conductivity of a 40 nm-thick thin film of amor-

phous SiO2 suspended in air is 4 W/m�K at 500 K. This

numerical result represents an increase of about 100% over

the intrinsic phonon thermal conductivity, has been con-

firmed by the fluctuation-dissipation theorem,16 and it is

consistent with experimental data for the propagation

length.5 More recently and under a fully analytical approach,

we showed that a substrate with a permittivity slightly differ-

ent than that of the superstrate of a nano thin film can gener-

ate large propagation lengths and therefore significantly

enhance its SPP thermal conductivity to values even higher

than those previously reported.4 The propagation of SPPs

along multilayered materials has been also theoretically

studied17–20 and their long propagation length has been

experimentally observed.21 However, to date and to our

knowledge, the quantification of the SPP thermal conductiv-

ity of these layered systems has not been explored yet.

Taking into account that the absorption of energy by a layer

is driven by its permittivity and that the SPP thermal conduc-

tivity depends strongly on the film thickness, it is expected

that an ensemble of thin films with different permittivities

and thicknesses can provide more variables and channels

than a single film to control and optimize the SPP energy

transport through an increase of the number of interfaces.

The purpose of this work is to analyze, quantify, and

optimize the thermal conductivity of a layered system due to

the propagation of SPPs. For layers with a thickness compa-

rable or smaller than a hundred of nanometers, explicit

expressions for the effective permittivity of the layers and

their SPP thermal conductivity as a function of total thick-

ness are obtained. Both of these relations provide clear phys-

ical insights on how the heat transport depends on the

permittivity of the layers and their thickness.

II. THERMAL CONDUCTIVITY MODELING

Let us consider a layered system supporting the propa-

gation of SPPs, as shown in Fig. 1(a). Each layer has a
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frequency-dependent permittivity en, for n ¼ 1; 2; :::;N. The

surrounding media on either sides have constant permittiv-

ities e0 and enþ1, as is the case of air or KBr, within a wide

range of frequency.22 The SPPs are generated within the

layers by the fluctuation of microscopic electrical dipoles,

which under a thermal excitation, oscillate and emit an elec-

tric field ~E. This field induces the excitation of neighboring

surface electrical dipoles, which keep the propagation of the

field (SPP) along the layers, as shown in Fig. 1(b). These

electrical dipoles are spontaneously present in polar materi-

als, such as SiO2 and SiC. The SPP dispersion relation is

necessary to determine the thermal conductivity of this sys-

tem.6 This relation can be found by solving the Maxwell

equations under proper boundary conditions for the trans-

verse magnetic polarization, which is required for the exis-

tence of SPPs.4 For two layers (n¼ 2), the following

dispersion relation for the wave vector b along the z axis is

obtained:

tanh p1d1ð Þ þ a01

1þ a01tanh p1d1ð Þ ¼ �a21

tanh p2d2ð Þ þ a32

1þ a32tanh p2d2ð Þ ; (1)

where anm ¼ enpm=empn, the transverse wave vectors pn

along the x axis are given by p2
n ¼ b2 � enk2

0, k0 ¼ x=c, x is

the excitation frequency, and c is the speed of light in vac-

uum. Note that for e1 ¼ e2, Eq. (1) reduces to our previous

result for one layer.6

Equation (1) can significantly be simplified for thin

layers (jpnjdn � 1), which is of interest in this work to

enhance the SPP propagation along the layers. For nano

layers of SiO2 and SiC, for instance, this condition is well

satisfied for dn � 300 nm. In this case and under a first-order

approximation on dn, Eq. (1) reduces to the symmetric

equation

p2
1

e1

d1 þ
p2

2

e2

d2 þ
p0

e0

þ p3

e3

¼ 0: (2)

Note that for thin layers (jpnjdn � 1) b! ffiffiffiffi
e0
p

k0, which

implies that p0 ! 0. Therefore, p2
n ¼ p2

0 þ e0 � enð Þk2
0

� e0 � enð Þk2
0 and Eq. (2) yields

p0

e0

þ p3

e3

¼ d 1� e0

e

� �
k2

0; (3a)

d

e
¼ d1

e1

þ d2

e2

; (3b)

where d ¼ d1 þ d2. Equation (3a) shows that the two-layer

system acts like a single layer with an effective permittivity

e. This result was previously derived for the propagation of

interface waves along periodic superlattices made up of uni-

axial crystals,23,24 and it holds for the permittivity compo-

nents along the optical axes only. Here, we are showing that

Eq. (3b) also applies for isotropic polar layers. When the two

surrounding media are equal e0 ¼ e3 (p0 ¼ p3), Eq. (3a) has

the same shape than our corresponding previous result for

one layer.6 Hence, based on the analytical expressions

for the real part bR of b ¼ bR þ ibI and propagation length

K ¼ 1= 2bIð Þ derived for a single layer,6 the SPP thermal

conductivity of the two-layer system can be written as

j ¼ A

d3
þ B

d
; (4)

where

A ¼ 1

2p

ð1
0

�hx

nk2
0

jej2

e2
0eI

@f

@T
dx; (5a)

B ¼ 1

8p

ð1
0

�hx
n

e0eI
� e0eI

n

� �
@f

@T
dx; (5b)

f being the Bose-Einstein distribution function, T is the tem-

perature, e ¼ eR � ieI and n ¼ jej2 � e0eR, which must be

positive for any x > 0, to guarantee the propagation of SPPs

(K > 0).6 Within the thin film limit (jpnjdn � 1), the simple

Eq. (4) establishes that the increase of the SPP thermal con-

ductivity as the film thickness decreases is fully driven by

the material-dependent parameters A and B. The smaller

values of the layer thicknesses dn are set by the surface

roughness height and peak-to-peak distance, which are typi-

cally of the order of 1 nm.4

For e0 6¼ e3, as is the case of thin films deposited over a

substrate, the solution of Eq. (3a) for p0 is

p0 ¼
d

2
1� e0

e

� �
e0k2

0 �
D
2d

e0

e2
3

e
e� e0

; (6)

where D ¼ e0 � e3. Note that the first term of Eq. (6) is the

same than Eq. (3a) for the symmetric case (e0 ¼ e3), while

the second term contains the contribution of the asymmetry

(e0 6¼ e3) of the surrounding media. Equation (6) coincides

with our previous result for a single layer between two media

of different permittivity, provided that its permittivity e is

given by Eq. (3b).6 Therefore, the thermal conductivity of

this asymmetric system can also be determined with the ana-

lytical expression previously derived.6

FIG. 1. (a) Cross-section of the layered system under consideration and (b)

generation of SPPs by the fluctuation of electrical dipoles.
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The generalization of Eq. (3b) for a system of n > 2

layers can easily be done by following a similar procedure as

the one presented for the two-layer system. The final and

expected result is

d

e
¼ d1

e1

þ d2

e2

þ :::þ dn

en
; (7)

where d ¼ d1 þ d2 þ :::þ dn. In this case, the validity of

Eqs. (3a) and (6) holds, provided that the effective permittiv-

ity of the layers is given by Eq. (7) and e3 ! enþ1. Note that

the effective permittivity e does not depend on the absolute

thicknesses of the layers, but rather on their relative values.

III. RESULTS AND DISCUSSIONS

The SPP contribution to the effective thermal conductiv-

ity of the layered system shown in Fig. 1(a) is quantified and

analyzed in this section. Special emphasis is put on the

effects of the layers’ size and permittivities of the surround-

ing media.

Figure 2 shows the frequency dependence of the real

(eR) and imaginary (eI) parts of the permittivity of SiO2,6,22

in comparison with the effective permittivity of two layers of

SiO2 and BaF2 with equal thickness. The first of these mate-

rials is amorphous and opaque, while the second one is a

transparent crystal with permittivity e1 ¼ 2.22 Note that the

peaks of eI for the two-layer system are smaller and sharper

than the ones of a single layer of SiO2. This indicates that

the energy absorption by SiO2 reduces when it is in contact

with BaF2 and therefore the SPP energy transport is expected

to be more efficient along the SiO2/BaF2 system than the one

through SiO2. On the other hand, the reduction of the peaks

of eR is associated with a modification of the dispersion rela-

tion of SPPs. Given that we are considering nano layers

(b! ffiffiffiffi
e0
p

k0), these modifications are expected to be small.

The normalized real bR and imaginary bI parts of the

wave vector b along the SPP propagation direction are

shown in Fig. 3(a), at each frequency point shown in Fig. 2.

For the SiO2/BaF2 system, both bR and bI reduce signifi-

cantly in comparison with the corresponding ones of a single

layer of SiO2. The reduction of bI implies the increase of the
SPP propagation length K ¼ 1=2bI,

4,6 and hence an

enhancement of the energy transport by SPPs. The range of

frequencies for which bI > 0 determines the condition for

the propagation of SPPs. The dispersion relation and propa-

gation length of SPPs traveling along the SiO2 and

SiO2/BaF2 layers are shown in Figs. 3(a) and 3(b), respec-

tively. The displayed range of frequencies is determined by

the conditions of existence (ReðpnÞ > 0, for n ¼ 0; 1; 2) and

propagation (K > 0) of SPPs. Note that for both the single

and two layer system, bR is rather close to the light line,

especially at low frequencies. This indicates a photon-like

nature of the SPPs. As the frequency increases, the disper-

sion relation separates from the light line and tends to a

phonon-like behavior. This behavior strengthens when the

film thickness increases. The corresponding propagation

lengths in Fig. 3(c) take larger values at the frequencies

where the absorption of energy is minimal (Fig. 2). For the

single- and two-layer systems, the largest propagation length

FIG. 2. Real (eR) and imaginary (eI) parts of the effective permittivity of two

layers as a function of frequency. Calculations were performed for layers of

SiO2 and BaF2 with equal thickness.

FIG. 3. (a) Contour plot of the complex wave vector b ¼ bR � ibI , (b) dis-

persion relation, and (c) propagation length as a function of frequency, for

the SiO2/BaF2 system surrounded by air (e0 ¼ e3 ¼ 1). Calculations were

done for d¼ 200 nm.
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occurs at 174 Trad/s and their values are 13.8 mm and

33.4 mm, respectively. This sizeable increase of the propaga-

tion length is due to the significant reduction of the energy

absorption, as shown in Fig. 2. Therefore, the SiO2/BaF2 sys-

tem of two layers is more efficient for the SPP propagation

than the single layer of SiO2.

Fig. 4(a) shows that the real parts ReðpnÞ of the trans-

verse wave vectors inside and outside the SiO2/BaF2 system

are positive, and take larger values inside the SiO2 layer, due

to its relatively high absorption. The larger the values of

ReðpnÞ, the more concentrated is the electromagnetic field

along the interface of the layers. The fact that ReðpnÞ > 0

establishes the existence of SPPs, which propagate over the

distance shown in Fig. 3(c), in a broad band of frequencies.

This is further confirmed by the energy distribution through

the Poynting vector shown in Fig. 4(b). The energy flux

propagating inside the SiO2 and BaF2 layers is close to zero

and negligible in comparison with that outside of them, due

to the very small absorption by the surrounding air. The high

concentration of energy at the interface enables the propaga-

tion of SPPs along the SiO2/BaF2 system. As a result of the

coupling of the electromagnetic fields traveling along the

interfaces, the energy flux increases as the film thickness

decreases. This indicates that the SPP thermal conductivity

should increase as the film thickness reduces, which is con-

sistent with Eq. (4).

The integrand of the SPP thermal conductivity j defined

in Eq. (4) as a function of the frequency is shown in

Fig. 5(a), for SPPs propagation along the single- and two-

layer systems of SiO2 and SiO2/BaF2, respectively. Note that

the oscillatory behavior of these spectra is determined by the

permittivity of the absorbing SiO2, and their maxima coin-

cide with the corresponding ones of the propagation lengths

shown in Fig. 3(c). The major contributions to j (area under

the curve) arise from the vicinity of these peaks, as shown by

the cumulative thermal conductivity in Fig. 5(b). The

increase of j exhibits an inflection point at the frequency

where the maxima of K occur. j increases as the total thick-

ness of the layers decreases and it can be much larger than

the phonon counterpart of SiO2 for a thickness smaller than

175 nm, as shown in Fig. 5(c). It is clear that j becomes

significant for nano thin films and negligible for micro thin

films, as found previously for single layers.4,6 For a given

FIG. 4. Frequency dependence of ReðpnÞ inside and outside a 200 nm-thick

system of SiO2/BaF2 surrounded by air. (b) Poynting vector distribution at

x¼ 0 and x ¼ 174 Trad/s, for SPPs propagating along the z axis. The verti-

cal axis scale was lengthened 50 times between �0.1 and 0.1 lm.

FIG. 5. (a) Thermal conductivity spectrum, (b) its cumulative values for

d¼ 100 nm, and (c) thermal conductivity as a function of the total thickness for

T¼ 500 K. Calculations were performed for the layers of SiO2 and SiO2/BaF2.
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total thickness, j is significantly higher for the SiO2/BaF2

system than that of the SiO2 layer, due to the comparatively

smaller absorption and larger propagation length shown in

Figs. 2 and 3(c), for the two-layer system. This enhancement

increases for smaller thicknesses, such that for d¼ 50 nm,

j ¼ 3:4 W/m�K, which is 100% higher than the SPP thermal

conductivity of the SiO2 layer and its phonon counterpart, at

T¼ 500 K. This shows that the layered systems have the

potential not only to enhance their phonon thermal conduc-

tivity but also the SPP one of single layers. It is important to

keep in mind that the source of the high SPP thermal conduc-

tivity is the propagation length at wavevectors close to the

light line, as shown in Figs. 3(b) and 3(c). The largest propa-

gation length is about 3.3 cm for a 200 nm-thick system. This

implies that the length of the layers has to be comparable or

longer than this length to enhance their thermal performance

through the SPP thermal conductivity.

Figures 6(a) and 6(b) show the SPP thermal conductivity

j as a function of the total thickness of the SiO2/BaF2 system

surrounded by air, for three different temperatures and thick-

nesses, respectively. Note that when both layers of SiO2 and

BaF2 are suspended in air (e0 ¼ e3 ¼ 1) and are of the same

thickness (d2 ¼ 0:5d), j increases with the temperature, espe-

cially when the layer thickness is scaled down. The SPP

thermal conductivity reaches the phonon level for a layers

thickness of about 50 nm (75 nm) at the temperature

T¼ 300 K (T¼ 500 K). For d¼ 50 nm, j passes from

1.6 W/m�K at T¼ 300 K to 3.4 W/m�K at T¼ 500 K and to

4.1 W/m�K at T¼ 700 K, which represents enhancements of

100% and 256% with respect to the SPP thermal conductivity

at room temperature. The dashed lines in Fig. 6(a) also shows

that these values for the SPP thermal conductivity increases

slightly when the surrounding air on one side of the layers is

replaced by a substrate of KBr (e0 ¼ 1:24e3 ¼ 1:24). This is

expected given that a small difference on the permittivities

(e0 � e3 ¼ 0:24) of the surrounding media does not signifi-

cantly modify the SPP dispersion relation, as shown in Eqs.

(2) and (6). By properly choosing the total thickness of the

layers, substrates with higher permittivities can still increase

the SPP thermal conductivity, although the increase is shifted

to smaller layer thicknesses.4,6 This shows that with and with-

out the effect of the substrate, the SPPs have the potential to

diminish the overheating of layered systems under high tem-

peratures of operation, by increasing their thermal conductiv-

ity. This increase can significantly be optimized by decreasing

the thickness of the absorbing layer, as shown in Fig. 6(b).

The SPP contribution to the thermal conductivity of a

single- or multiple-layer system can be measured via the

generation of SPPs by thermal excitation at one side of the

system and detecting their diffraction at the other side, which

is in yellow color in Fig. 1(a). This diffracted signal contains

information about the SPP and phonon contributions to the

heat flux along the layered system and it can be recorded

through an IR microscope, over a wide range of frequencies

and temperatures. Given that the phonon dispersion relations

and the phonon thermal conductivity of a wide variety of

polar materials, as SiO2 and SiC, are well studied and reported

in the literature,25,26 these experimental data are expected to

allow the measurement of the SPP thermal conductivity.

IV. CONCLUSIONS

Based on the dispersion relations predicted by the

Maxwell equations, the contribution of surface phonon-

polaritons to the in-plane thermal conductivity of a layered

system has been investigated. We have obtained an analyti-

cal expression for the thermal conductivity, which depends

on the total thickness of the layers and the effective permit-

tivity of the component layers. A thermal conductivity of

3.4 W/m�K has been obtained for a two-layer system of SiO2

and BaF2, with a total thickness of 50 nm and at 500 K. This

thermal conductivity represents an enhancement of 100%

with respect to its value for a single layer of SiO2 or for the

phonon counterpart. It has been shown that higher values can

be obtained by reducing the thickness of the absorbing layer

of SiO2. These results show that an ensemble of layers is

more efficient than one layer to enhance the heat transport

by surface phonon-polaritons.
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