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Abstract

A first-order asymptotic formulation of the electric field scattered by a small inclusion (with respect
to the wavelength in dielectric regime or to the skin depth in conductive regime) embedded in composite
material is given. It is validated by comparison with results obtained using a Method of Moments (MoM). A
non-iterative MUltiple SIgnal Classification (MUSIC) imaging method is utilized in the same configuration
to locate the position of small defects. The effectiveness of the imaging algorithm is illustrated through some
numerical examples.

1 Introduction

Non-destructive Testing-Evaluation (NdT-E) of damaged multi-layer structures like fiber-made composite
materials involved in aeronautic and automotive industries is a topic of great interest to solve problems of
viability and security.

From eddy currents to test graphite-based materials to microwaves and beyond to test glass-based composite
structures, one aims to obtain images of the possibly damaged parts with robust, fast inversion algorithms. In
this contribution, such algorithms are tailored to detect small (compared to the local wavelength in propagative
regime or skin depth in diffusive regime) inclusions affecting the structures mentioned above. These inclusions
may be voids, fluid-filled cavities (i.e., isotropic) or even uniaxial ones. Yet this requires proper models of the
layerings to compute their response due to electromagnetic sources, notably electric dipoles.

Based on (Zhong, Lambert, et al. 2014), it is proposed herein a method to compute in an effective fashion the
dyadic Green’s functions (DGF) in the spectral domain for such structures within the framework of contrast-
source integral equations. When the sources are far away from the origin, the spectrum of the DGF can
be fast-oscilltaing. Therefore, in order to compute in an efficent manner its inverse Fourier transform, the
Padua-Domı́nguez interpolation-integration technique is exploited (Caliari et al. 2011; Domı́nguez, Graham, and
Smyshlyaev 2011). A first-order solution of the forward problem involving possibly anisotropic defects described
by the so-called depolarization tensor (Sihvola 2005; Weiglhofer and Lakhtakia 1996) will be presented and the
results obtained will be compared to those provided by a Method of Moments (MoM) described in (Zhong,
Ding, et al. 2014).

The well-known MUltiple SIgnal Classification (MUSIC) imaging method described in (Ammari et al. 2007;
Iakovleva et al. 2007; Henriksson, Lambert, and Lesselier 2011), which uses such DGF, is here applied to retrieve
the position of small defects embedded in glass-epoxy composite laminate (Teo, Wang, and Chiu 2006). The
main drawback of MUSIC is its sensitiveness with respect to the noise, which perturbs the resolution of the
imaging method giving not good results. The introduction of MUSIC with enhanced resolution (Chen and
Zhong 2009) will overcome such a problem, providing quality results in presence of noise.

2 Method

The time-harmonic dependence e−iωt is assumed and dropped, all the calculations being carried at a single
angular frequency ω. For a vector r = (x,y,z), r = |r|. Let us consider the physical scenario sketched in Fig. 1
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Fig. 1: Geometry of the general planar multilayered composite medium (left). The local
and global coordinate systems (right).

(left), where a complex, multi-layer structure is depicted. Each n layer, (n = 1, · · · ,N), is assumed non-magnetic
(µ = µ0) homogeneous uniaxial, with different dielectric properties from one layer to the next. In the local
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in harmony with the uniaxial hypothesis. Thanks to the rotation transformation matrix
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, (3)

one is able to carry the local coordinate system to the global Cartesian one. The two matrices are functions of
the rotation Euler angle θn, as represented in Fig. 1 (right).

It is possible to compute the electromagnetic response of the structure sketched in Fig. 1 with the eigen-
value analysis of the so-called propagator matrix as presented in (Zhong, Lambert, et al. 2014) and references
therein. In particular, given the position r of a known excitation source (with polarization β) in the n-th layer
(n = 1, · · · ,N), one is able to compute the electromagnetic fields at a position r′ in the q-th layer (q = 1, · · · ,N).
One consequently obtains the dyadic Green’s function ¯̄G (r,r ′) from the source position r in the n-th layer to
the observation point r′ in the q-th layer. Since one is considering non-magnetic media, the equality

¯̄G
(

r,r ′
)

=

(

¯̄G
(

r
′,r
)

)T
(4)

is true (Iakovleva et al. 2007), T stands for the transpose. ¯̄G (r,r ′) is the solution of the equation

∇×∇× ¯̄G
(

r,r ′
)

− k2 ¯̄G
(

r,r ′
)

=
¯̄Iδ
(

r− r
′) , (5)

which satisfies the radiation condition at infinity (the Sommerfeld condition) and in a complex multi-layer
continuity conditions at each interface. In this contribution, one refers to the electric-electric dyadic Green’s
function ¯̄Gee (r,r ′) to compute the electric field in r ′ due to an elementary electric dipole in r with current
density J0 (r) = βIlδ (r− r′), where the constant Il is the current moment.

If an inclusion with permittivity tensor ¯̄ǫi and volume V affects the background medium, the difference
between the total electric field in the presence of the inclusion Etot (r) and the field without the presence of the
inclusion Einc (r) gives the scattered field Esca (r). The integral equation which follows is the Lippman-Schwinger
one

E
sca (r) = iωµ0

∫

V

¯̄Gee
(

r,r ′
)

· ¯̄χ
(

r
′) ·Etot

(

r
′)dr
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where
¯̄χ (r) = −iωǫ0

¯̄
Ξ
−1 (θn) ·

(
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(n)
e

)

· ¯̄Ξ (θn) (7)

is the contrast function. The incident field is defined as

E
inc (r) = iωµ0

∫
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·J0
(
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′

= iωµ0
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·βIl, (8)

since one assumes the source as elementary.

2.1 Asymptotic formula of the scattered field in stratified media

If one considers that the inclusion mentioned above is characterized by a diagonal permittivity tensor ¯̄ǫi =
¯̄Iǫi

and it is small with respect to the wavelength of the free-space, equation (6) can be simplified into the so-called
asymptotic formulation of the scattered field, which reads as

E
sca (r) = iωµ0

¯̄Gee (r,rm) · ¯̺̄ ·Einc (rm) ; (9)

rm is the position of the inclusion. The polarization tensor ¯̺̄ for an inclusion with volume V is defined as
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where its longitudinal and tangential components read as
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respectively (Sihvola 2005). For a cubic inclusion of side a and volume V = a3, Ll = carctan
(

c /
√
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)

et
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11
/ ǫ
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22
(Weiglhofer and Lakhtakia 1996).

2.2 The Padua-Domı́nguez interpolation-integration technique

To calculate the spatial Green’s function ¯̄Gee (r,rm), it is inevitable to process a time-consuming two-
dimensional inverse Fourier transform of its spectral response. In this paper, one employs the Padua-Domı́nguez
interpolation-integration technique to reduce the computational cost.

The spectral response of a multilayered structure due to a source placed at (xs,ys) is assumed to be written
as

η̃(ξ1, ξ2) = η̃0(ξ1, ξ2)e−i(ξ1 xs+ξ2ys), (13)

where η̃0 (ξ1, ξ2) is the spectral response due to the source placed at the origin of the reference system and it is
the stable (or, better said, the non-oscillatory part) of η̃(ξ1, ξ2).

By applying the inverse Fourier transform, (13) can be written in the following form:
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1

4π2

∫ b
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)
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where f̃
(

ξ′
1
, ξ′

2

)

is a non-oscillatory function related to η̃0(ξ1, ξ2).

Based on the Padua point technique (Caliari et al. 2011), (15) can be approximated as
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where Padn is the Padua points degree chosen for the interpolation. Here, T̂ j is the scaled Chebyshev polynomial
of degree j. The coefficients c j,k− j are computed in (Caliari et al. 2011). One term of the integrals in (16) can
be written as
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the result of which can be obtained in (Domı́nguez, Graham, and Smyshlyaev 2011).

2.3 Multistatic response matrix and MUSIC imaging

Let us consider a source network, made by Ns sources at the positions rs, (s = 1, · · · ,Ns) all having the same
orientation β. No receiving dipoles at the positions ro, (o = 1, · · · ,No) form the receiver set-up. A cubic inclusion
is present at rm. From (9), the No×Ns Multistatic Response matrix ¯̄A (Henriksson, Lambert, and Lesselier 2011)
reads as

¯̄A = ¯̄Gee (ro,rm) · ¯̺̄ · ¯̄Gee (rm,rs) , (18)

with ¯̄Gee (ro,rm) =
(

¯̄Gee (rm,rs)
)T
. It is possible to apply the Singular Value Decomposition (SVD) on the matrix

¯̄A. As a result, ¯̄A reads as

¯̄A = ¯̄U ¯̄
Σ

¯̄V∗, (19)

where ∗ denotes transpose conjugation. Depending upon the rank of the matrices ¯̄Gee (ro,rm) and ¯̄Gee (rm,rs)

(Ammari et al. 2007), the matrix ¯̄
Σ will have s non-zero singular values. For a dielectric inclusion, the number

of non-zero singular values is s = 3. The right and left orthogonal projections on the noise sub-space are defined
as

Pr =
¯̄I −
(

UsU
∗
s

)

(20)

and

Pl =
¯̄I−
(

VsV
∗
s

)

, (21)

respectively. Us and Vs denote the s columns of the matrices ¯̄U and ¯̄V and they form the signal subspace. The
estimation function W (x) which has a peak when the test position point x is the same as the position of the
inclusion rm is defined as

W (x) =
1

∣
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∣
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∣

∣
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)

·a
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∣

∣

∣

∣

∣

∣

∣

2
, (22)

with a = [1,1,1]T (Ammari et al. 2007) is a proper value to choose. The vector a might be seen as the direction
of an electric dipole induced at the test position x.
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2.3.1 MUSIC with enhanced resolution

The standard MUSIC algorithm seen above relies on the analysis of the singular values projected in the
noise subspace. When the measured scattered field is contaminated by some noise, which is often the case in
real-life applications, the performances of the presented imaging algorithm drop inevitably. One needs to find
an optimal test dipole direction a also. In the studies carried on in (Chen and Zhong 2009), one chooses the
optimal direction atest as

atest = argmaxa

∑L
i=1

∣

∣

∣

∣
u∗

i
· ¯̄Gee (x,rs) ·a

∣

∣

∣

∣

2

∣

∣

∣

∣

¯̄Gee (x,rs) ·a
∣

∣

∣

∣

2
, (23)

where L is the total number of dominant singular values, i.e., those which are not too much corrupted by the
noise. ui is the i−th (i = 1,2, · · ·L) column of the matrix ¯̄U, i.e., its i−th eigenvector. The estimation function
with enhanced resolution will therefore read as

W (x) =
1

1−
∑L

i=1

∣

∣

∣

∣

u∗
i
· ¯̄Gee (x,rs) ·atest

∣

∣

∣

∣

2
. (24)

3 Numerical results

This section is to investigate and discuss the accuracy of the proposed method for electromagnetic scattering
problems. First, the scattered field computed with the asymptotic formulation will be compared with the one
obtained by a Method of Moments (MoM) (Zhong, Ding, et al. 2014). Then, one compares the results obtained
with the standard MUSIC method with those obtained with the enhanced resolution in the presence of an
additive white Gaussian noise (AWGN) for detecting and locating a given number of scatters inside the region
of interest.
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Fig. 2: Configuration set-up for the scattered field.

The study involves a half-space glass-fiber composite material shown in Fig. 2. The operating frequency
in the free space is 6 GHz. The relative permittivity along the principle axis of the anisotropic medium is
¯̄ǫ1 = diag[5.46+ i2.29,5.21+ i2.08,5.21+ i2.08] with the rotation angle θ1 = 0◦ with respect to the x axis. The
scatterer is an air cube of side 0.1λ0, placed at rm = (0,0,−λ0). λ0 is the wavelength in free space. An array
made of Ns = No = 13 electric dipoles polarized along the x− y axes illuminates the half-space from 0.3λ0 height
with respect to the origin of the reference system.

Figs. 3 and 4 show the scattered field collected by the receivers when the central dipole illuminates the
scenario. The solid lines represent the scattered field obtained with the asymptotic formula, while the reference
results obtained by the method of moments (MoM) are represented by the discrete points. It can be observed
that the results based on the proposed method are in good agreement with the MoM-based results.

For MUSIC in order to have good resolution for the images one improves the transmitting-receiving network
as represented in Fig. 5. The array is now made of 7× 7 transceivers, covering a square surface of side 6λ0

centered at the origin of the x− y plane. The lift-off is the same as before. One assumes that two air-cube
inclusions are present inside a cubic research domain of side 2λ0, extending from z = −0.25λ0 to z = −2.25λ0

along the z axis. The region of interest is discretized into 21×21×21 voxels. One builds the MSR matrix with
the scatters placed in rm1 = (0.25λ0,0.12λ0,−0.74λ0) and rm2 = (−0.65λ0,0.32λ0,−0.74λ0), respectively.

A white Gaussian noise with signal to noise ratio SNR = 30dB is injected into the scattered field measured
at the receivers’ position: this will simulate to some extent the noise which may perturb the acquisition of
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Fig. 3: Dipole along the x axis: Ex (— MoM, -•- asymptotic), Ey (— MoM, -•- asymp-
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Fig. 4: Dipole along the y axis: Ex (— MoM, -•- asymptotic), Ey (— MoM, -•- asymp-
totic), Ez (— MoM, -•- asymptotic).

experimental data.. One of the key parameters of the MUSIC algorithm is the choice of the number of singular
values s which is used to define the signal and the noise subspace. As exemplified in Fig. 6 the evolution of the
amplitude of the singular values is typical of a classical L-curve which can be found in the regularized inversion
techniques leading to the use of a corner detection method developed in such a framework (Hansen, Jensen, and
Rodriguez 2007) to automatically estimate s. As shown in Fig. 6 such an approach seems to be efficient since
it provides s = 6 which is the expected value for two defects.

The imaging through isosurface representation of the two scatterers is shown in Fig. 7. As one can notice
first, the two scatterers are correctly spotted by the MUSIC with enhanced resolution whereas the standard
MUSIC fails.

However, one can notice that such a representation does not provide a complete representation of the results
obtained. Thus, the normalized full pseudo-spectrum representation of the two imaging functions is displayed
in Fig. 8 and Fig. 9. By comparing those figures to Fig. 7 it appears that the pseudo-spectrum representation
provides a better understanding of the results obtained.

4 Conclusion and perspectives

A method based on the first-order approximation to compute the electric field scattered by inclusions embed-
ded in composite material (glass-fiber like) has been presented and validated. The Lippman-Schwinger equation
based on the polarization tensor, which depends upon the geometrical shape of the inclusion, is exploited in
harmony with the Padua-Domı́nguez interpolation-integration technique. Such a technique has been revealed
to be effective to treat fast-oscillating spectrum, which may occur in imaging applications if one considers the
emitting source far away with respect to the origin of the reference system. MUSIC with enhanced resolution
turned out to provide imaging results of better quality with respect to the standard ones. The scenario presented
in the numerical examples is still far from real-life application. Yet the implementation of the proposed method
in multi-layer structures is straightforward. The implementation of the proposed method in the low frequency
realm (eddy-current testing) is being investigated.
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Fig. 5: Configuration for inverse imaging testing. Side view (left) and 3D view (right);
x,y,z/λ0.
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Fig. 6: Singular values obtained withe the 30 dB noise data. In red the s first values used
to define the signal space.
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Fig. 7: Imaging results of two scatterers in the region of interest with 30 dB noise. Stan-
dard (left) and enhanced (right) MUSIC; x,y,z/λ0.
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Fig. 8: Normalized spectrum of the imaging function corrupted with 30 dB noise. Standard
MUSIC.
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Fig. 9: Normalized spectrum of the imaging function corrupted with 30 dB noise. En-
hanced MUSIC.
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