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EFFICIENT MODEL CHOICE AND PARAMETER ESTIMATION BY USING NESTED
SAMPLING APPLIED IN EDDY-CURRENT TESTING

C. Cai', T. Rodet? and M. Lambert!

1 L2S UMR8506, CNRS-SUPELEC-Univ Paris-Sud, 3 rue Joliot-Curld. 92 Gif-sur-Yvette, France
2 SATIE, ENS-Cachan, 61 avenue dweBident Wilson, 94230 Cachan, France

ABSTRACT different model assumptions. However, approximating the

In many applications, such as Eddy-Current Testing (ECT)marglnaI likelihood is a very @fﬁcult task which is at Iea;t
. . - . a power factor more expensive than the parameter estima-
we are often interested in the joint model choice and param:

eter estimation. Nested Sampling (NS) is one of the pOSSiblﬁnir?r\?v?wliiLn ;Eecgmﬂgtgtlo?(?l (;::esé. tglfr; ;Ifr(?:n?r?hpeosrr?SItlir-]
methods. The key step that reflects the efficiency of the NS al-. prop

. . . . - _dimensional likelihood marginalization problem into agge
gorithm is how to get samples with hard ConStramtonthe“kedimension intearation broblem. This reduces sianificathit
lihood value. This contribution is based on the classicaaid 9 P ' 9

. o S computational cost. Parameter estimation can then beedarri
where the new sample is drawn within a hyper-ellipsoid, theOut easilv by averaging the posterior samoles which are by-
latter being located from Gaussian approximation. This-sam y by ging P P y

; . . products of evidence approximation in NS. The most difficult
pling strategy can automatically guarantee the hard cainstr step in NS is how to efficiently generate random samples from
on the likelihood. Meanwhile, it shows the best sampling effi P Y9 P

ciency for models which have Gaussian-like likelihoodrdist the given posterior law with the constraint that the likebls

. . . . . of the new samples are larger than a given threshold. Aiming
butions. We apply this method in ECT. The simulation results t this, the authors proposed an ellipsoidal NS method]in [

show that this method has high model choice ability and goog . N
parameter estimation accuracy, and low computational co nd extended later to multi-nested samplingfiyd] for mul-
Y. imodal likelihood distributions. Most of the problems afro

meanwhile. : o .
concern have unimodal likelihoods, so we are going to follow
Index Terms— Nested Sampling, metamodeling, modelthe same idea as in][to propose an efficient NS method for

choice, Bayesian, parameter estimation. joint model choice and parameter estimation for Eddy Cuirren
Testing (ECT) applications.
1. INTRODUCTION The first main contribution of this work is to introduce

metamodeling methodL[] into NS for improving the com-

In Non-Destuctive Testing (NDT), our main research areaputational efficiency. Secondly, a complementary disaussi
there are many demands for joint model choice and paran¥ill be given on the location of hyper-ellipsoidal contoums -
eter estimation. Take the flaw detection and charactevizati NS. Suggestions on varying the active samples in order to im-
problem [L, 2, 3, 4] for example, it will be very useful if the Prove Fhe convergence rate of the algorithm will be proposed
method can tell automatically what kind of flaw, a hole or ain particular.
crack, that we are dealing with and what are the correspond-
ing dimensions if it is a crack. The former is a model choice 2. PROBLEM STATEMENT
problem while the later is a parameter estimation problem.
Nested Sampling (NS) is one of those methods which ca.1. Bayesian inference for model choice
jointly solve both of them. Inf{], the author proposes several Lo : . L ;
alternative methods, most of them based on Markov ChaiEOr simplicity, the following d'SCUS.S'On is based on chp|ce
. etween two models. It can be directly extended to higher
Monte Carlo (MCMC) sampling method. Compared to NS,
T number of models.
MCMC-based methods are much more expensive in compu- .
. For a model of conceri; where the corresponding un-
tational cost. N
L : known parameters are denoted by € R*:, the forward
In Bayesian inference, the model choice can be made b|¥1 . ; . .
i : S X odel with a general Gaussian noise model can be described
comparing the marginal likelihoods, also called evidenoés by
This work is part of the research project ByPASS. Thanks ¢dRitench y=fm,(x;) +€ fori=1,2. Q)

National Agency of ResearciANR) for funding it andCEA-LIST for pro- M . . .
viding metamodel databases. Useful comments of D. Lesseliecarewl- Y € C are the Ok)_servatlons anf, (x;) is the funCt!On
edged. describing the physical phenomenon framto y regarding
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to the modelM;. In Eq. (1), N; is the number of unknown by summing up sub-areas surrounded by the likelihoods and
parameters in modeW1;; M is the total dimension of obser- the prior mass values. One of the main challenges of NS
vations;e ~ N (0, Y) is the complex Gaussian noise wh&fe method is to get proper samples which can result in a good

is the covariance matrix.

approximation for Eq.§) and meanwhile to have high com-

Bayes law indicates that the posterior distributigg|x;, M, putational efficiency.

can be rewritten as
p (ylz:i, M;) p (x| M)
P (y|M;)

where p(y|xz;|M;) is the Gaussian likelihood function.
p(x;|M,) is the prior distribution of parameters.int,;. With

p(ylzi, M;) =

(@)

b

no further information, it can be assumed to be uniformly

distributed. p(y| M) is the evidence of modeM; and the
marginal probability ofy within the model of concern also.

In Bayesian inference, model evidence is often used totselec?

the correct forward model. However, it is very difficult to
obtain in practice. One way, most likely the only way, is to
integrate the product of the likelihood and the prior disii

tion over the entire parameter space which gives the evaenc

for model M; as

Zi = p(y|M;) =/ p(ylzi, M;)p(x;|M;) dz;. (3)

€T;

A general NS algorithm scheme is presented in Algjo.
where J is the number of active samples at each iteration,
k is the iteration index. For the above sampling procedure,

Algorithm 1 a general nested sampling method.

1: Initializing J active sample$a’};_. ... s from the prior distri-

bUtiOﬂp (:BZ‘M»L), Z»L =0, k=1.

Locating the sample among all active samples which gives the

minimum likelihoodLmin = min{Lrq, (2!),j=1,--,J}.

Generating a new independent sample from the rest prior vol-

ume whereL (z;|M;) > Lmin and using it to replace the one

located in step.

4: Up-dating the model evidenc& = Z; + Lmin AX" where the
prior mass ste\ X * = 0.5 (X! — X! '), k=k + 1.

XF Lmax
Z

2:

5. Repeating step®-4 until < 715 Where Liyax =
max {Lu, (2]),j =1, ,J7} andr, is a threshold indicat-
ing the tolerance on maximal updating ratio {6y.

 IncreasingZ; by L X/ 37| L, (F), whereK is the total
number of iterations after terminating the loop fr@rto 5.

This is the reason for which model evidence is also called

marginal likelihood. The model which has the maximal evi-
dence can then be selected as the correct one.

2.2. Principle of nested sampling

The evidence given in Eq3) is a multi-dimensional integra-
tion problem. Itis still a very difficult problem to approxate

it. Many methods 1, 12, , 6] have been proposed for
this objective, NS being one of them. It transforms the multi
dimension intergration into a single-dimension integratby
introducing the prior masX defined as

/ p (wz|Mz) da;,
L (Ti)>A

whereLq, (z;) = p (y|x;, M;) is the likelihood as a func-

Xi (V) (4)

the prior mass can be approximated ¥y ~ exp (—%) (see
[6]). Itis sorted out in descending order automatically. The
trapezoidal increasing stepX* used in stept is for better
approximating the integration compared to the classical on
AXF = XF - xFL,

Samples from the posterior distribution are by-products of
the evidence approximation. The Posterior Mean (PM) esti-
mation and the corresponding uncertainty for the parameter
can then be approximated by the average and the variance of
all samples. In order to get correct uncertainty approxima-
tion, over-sampling near the likelihood maximum should be
avoided. For this reason, a proper valuerfpishould be used
in stepb.

2.3. Main difficulties and contributions

tion of x; regarding taM;. The prior mass can be seen as the

hyper-volume of the prior distribution for parameters wdos
corresponding likelihoods are larger than a given valuso,

it is a scalar function decreasing frotmto 0 when the like-
lihood increases fron to its maximum. Given the prior
mass defined as in E¢g)( the evidence in Eq.3] can then
be rewritten as

K
STL(XFM) AXE, (5)

k=1

~
~

1
Z, - / L(Xi| M) dX,
0

whereL(X;|M,) is the same likelihood function dsu, ()
but as a function of the prior mass;. It becomes an one-

In NS, the first difficulty that arises is steépin Algo. 1:

how to generate new independent sample subject to the con-
straint that the corresponding likelihood is greater than a
given threshold? To deal with it, Skilling et al5][proposed

to use an algorithm based on MCMC method which has the
disadvantage of producing correlated samples. As pointed o

in [5], the evidence approximation accuracy from correlated
samples is still an open question. If},[the authors suggest to
use a so-called ellipsoidal nested sampling algorithm iickvh

the hard constraint on the likelihood value is approximated
by a hyper-ellipsoid. An enlarging factor is then employed t
make sure that the parameter space is completely traversed.

dimensional integration problem which can be approximatedn addition, a rejection procedure is performed to ensuae th



the new sample satisfies the constraint on the likelihool. Fo  As addressed in7], . can be set at the center of active

lowing the same approach, our contribution is completet wit samplesR can be estimated by inversing the covariance ma-

a detailed discussion on localization of the hyper-elligab  trix of active samples. As faok., itis said in [/] thatcreate an

contour and an analysis of the convergence speed with theblipsoid that just touches the maximum coordinate values of

aim of improving the computational efficiency. the existing points. If it means that’; should pass through the
The second difficulty is the high computational cost duefarthest active sample from the center, then it will be inapp

to the likelihood evaluation for each sample. As seen fronpriate since one cannot make sure to have all active samples

the NS algorithm scheme (Algd), without considering the insideC;. We suggest to usk, located as follows

rejected sampleg,J + K) samples from the posterior law T

are available by the end. Each sample requires a likelihood .. — max { (mg _ wc) R (w{ _ 330) =1, 7{]}.

evaluation, each needing a forward projection frepto y as ©)

?heeS (;r(;tr)r?p?u?gtitct]: (f)l;r:[tllzy;gt}(il)l(lr)] fi?ngd Lh;iier?s?utjis: This method is equivalent to approximate the likelihood

fortunately, in many applications, the forward model evalu by a Gaussian distribution which leads to a computationally

ation can be computationally expensive, such as in ECT Lfficient algorithm for Gaussian-like likelihood distriiens.

discussed ir§ 3 and§ 4. To overcome this difficulty, we To.get.ind_ependent samples unifor.mly distributed in ahypgr
propose to use a metamodeling method][ A database is ellipsoid, it can pe d_one by generating random samplesen5|d
pre-trained by using a simulation softwa@VA where an Of @ -sphere first 6, 17], then performing dilatation and
accurate modeling method ] is employed for the forward "otation according ta calculated by Eq6. We are going
model. Then, at each forward model evaluation in NS, only do use the Ggu_SS|an projection method dIS.C.USSGd feind
Kriging interpolation is needed which drastically redutiess  Proven later in ] to be one of the most efficient.
computational burden. As shown§n, the evidence approx-

imation for a three-parameter model can be performed withi$-2. Discussion on convergence rate

minutes instead of hours with thezact model. It should be 0.02
mentioned that this metamodel-based NS method is efficient
only for low-dimensional modelsN; < 20). Since most

of the problems that we are dealing with are non-linear, for
large-dimensional ones, both the database pre-trainiththan
kriging interpolation can become computationally unfbkesi

o
o)
Py
a

o
o)
o
a

Prior mass desceasing step
o
o
P

3. METHOD %

o 60 800 1000
Iteration

3.1. Hyper-ellipsoidal contour location Fig. 1. convergence rate in terms of prior mass{X/) v.s. itera-

A new sample generation in ellipsoidal NS includes the fol-tions forJ = 50, 100, 200 and500.

lowing steps. The decreasing step per iteration for the prior mass is
Sl1. Locating the parametess., R and L. which define the k
hyper-ellipsoidal contour re(XF) = XF - XF = O(J) exp {—J}, (7)
Ci: (@ —x.)" R(xi —x.) = Le.

) o where J is the number of active samples. The first term

S2. Generating a new sampig®" insideC;. C(J) = 1 — exp{—1} depends on the number of active

samples, the second depends also on the iteration ihdex

In brief, the convergence rate decreases rapidly along the

iterations. As shown in Figl.(a) for several common used
For a given evidence approximation problem, the compuvalues for.J, the convergence rate in terms of the prior mass

tational efficiency and the approximation accuracy depend odescends so rapidly that(X*) becomes less thah1% of

the choice of the hyper-ellipsoid in stép There are two cri- the initial prior massX*=° = 1 whenk > 200. In situations

teria to verify whether the located} is a good one. First;;  with sharp likelihood distributions, such as th® flaw char-

needs to béarge enough to cover all regions thai, (z;) <  acterization discussed &4, the consequence of this rapid

Luin. This is to make sure that all regions are traversed durdescending rate makes the prior mass step very small before

ing the iterations so that the final approximated evidense haburning-up.

high accuracy. Second; needs to bamall enough so that Considering the significant influence éfon the conver-

the rejection ratio can be low enough for what concerns thgence rate, the convergence rate can be improved by vary-

computational cost. ing the active numbers during the iterations for the aim of

S3. Rejecting the sample if v, (1Y) < Luyin and re-
peating 3.
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reducing the first term in Eq7) to compensate the fast de- Table 2 nested sampling results of model evidence and pa-
scent of the second term. However, attention must be paid di@meter estimation by using simulated data from mou#l

the choice of/, because the evidence approximation error igvith Gaussian noise SNR 20 dB.

dominated stochastically by a tet@(%) as shown infj].

Model ./\/l1 ./\/lz
true value (mm)
Estimated d=0.85 0.85+0.06 0.83:0.06
parameters =18 18.08:£0.44 17.83t0.46
w=0.15  0.15+0.02 0.140.02

4. SIMULATIONS

4.1. Example in Eddy-Current Testing

&+ o, (Mmm)
To test our metamodel-based NS method, an ECT example as ° 1o, =0.303  0.31+0.06 -
shown in Fig.2 is going to be used. The goal is to retrieve Estimated evidence 14x10-985 8 1x10-1100
the widthw and the lengthi of a single crack from the mea- Z
surement of the variation of impedance of a coil moving at Time ¢ (min.) 40 5
a height ofly above the plate.The configurations for the two Lxa0°
models under discussion are listed in Tab. o o= zoom-in
S ok i m
N e 1 P2 : %—1’- _____ T ~1000A——t——a o~y
' liftoff 1, fay i,
| ! _g B n+ model M1 ‘; 1200
: -z profile E £ e = 1400
inspected zone E-4 60—k
Wao s : ltoft Lo (mmn) :
width w Ienqthl =

8.3 04 05 06 07 08 0.9
liftoff used in simulation with model A4, (mm)

Fig. 2. test example in Eddy-Current Testing: an opening crack
present in a plate of InconéD0 with thickness ofl.55 mm. The  Fig. 3: estimated logarithm model evidences v.s. varying liflpff
y — z profile is shown at the top right from 0.3 mm to1.0 mm used in data simulation with mod#f(; .

By varying the liftoff used in the data simulation and per-
forming the same model choice, we obtain the curve shown
in Fig. 3. We see that the evidence difference becomes larger

Table 1: model configurations for the simulation test.

Model unknown parameter fixed parameter and larger whei, goes far away fromd, = 0.303 mm. The
M, d, 1 andw I, = 0.303 mm model choice becomes also much easier.
M d,l, wandl, —

5. CONCLUSION

4.2. Model choice and flaw characterization results . .

In this work, we have discussed the metamodel-based NS
In order to test our model choice, we first simulate the datanethod for joint model choice and parameter estimation. A
y by using the modeM; where Gaussian noises are addeddetailed description on generation of random samples in el-
as well based on Eql). Then, we estimate the model evi- lipsoidal NS with constraint on the likelihood value by ugin
dences fotM; and M- by using the ellipsoidal NS method Gaussian approximation is given. To analyze the performanc
discussed ir§ 3. Unknown parameters and the correspond-of this metamodel-based NS method, simulation tests are per
ing estimation uncertainties are estimated from NS sampldermed based on an ECT example. The results show that the
at the end. The results are given in T@bwhere the better method has high selection ability for model choice, sin@ev
results are marked in bold. We see that the model evidence small difference caused by metamodel interpolations can
for M, is larger than that foM,, which means that; is  be distinguished, and it has high estimation accuracy fer un
thecorrect model, even thougly is simulated using the same known parameters. In terms of the computational cost, the
l, = 0.303 mm as inM,. In terms of computational time, latter increases exponentially as a function of the unknown
M costs five times less thait;. This is because the com- parameter dimension. This shows that this algorithm is only
putational cost for metamodel kriging interpolation graaxs  efficient for solving low-dimension problems. However, our
ponentially as a function of the dimension of unknown pa-analysis shows that the computational efficiency can be im-
rameters. This is also why this metamodel-based NS methqgatoved by varying the active samples in NS. This will be one
is only suitable for small dimensional problems. of our future works.
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