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Hybrid Barankin-Weiss-Weinstein Bounds

Chengfang Ren, Jerome Galy, Eric Chaumette, Pascal Larzabal and Alexandre Renaux

Abstract—This letter investigates hybrid lower bounds on the
mean square error in order to predict the so-called threshold
effect. A new family of tighter hybrid large error bounds based
on linear transformations (discrete or integral) of a mixture of
the McAulay-Seidman bound and the Weiss-Weinstein bound
is provided in multivariate parameters case with multiple test
points. For use in applications, we give a closed-form expression
of the proposed bound for a set of Gaussian observation models
with parameterized mean, including tones estimation which
exemplifies the threshold prediction capability of the proposed
bound.

Index Terms—Parameter estimation, mean-square-error
bounds, threshold SNR, Hybrid bounds, MAPMLE.

I. INTRODUCTION

Since its introduction in the context of array shape cali-
bration [2], hybrid parameter estimation has given rise to a
growing interest as both random and nonrandom parameters
occur simultaneously in miscellaneous estimation problems
[21[31[4]1[51[6][71[81[9][10]. However, the hybrid estimation
framework is not just the simple concatenation of the Bayesian
and non-Bayesian techniques. Indeed, new estimator has to
be derived as one can generally no longer use the maximum
likelihood estimator (MLE) for the non-Bayesian part and
the maximum a posteriori estimator (MAP) for the Bayesian
part since the parameters are generally statistically linked
[11, §1.1]. Similarly, performance analysis method of such
estimators has to be modified accordingly, which is the aim
of hybrid lower bounds on the mean square error (MSE).

The first hybrid lower bound, the so-called Hybrid Cramér-
Rao bound (HCRB), has been introduced in the context of
random parameters with prior probability density function
(p.d.f.) independent of deterministic parameters [2]. This ini-
tial characterization of hybrid estimation has been general-
ized first in [4] where the so-called Hybrid Barankin Bound
(HBB) is derived in order to handle the threshold phenomena.
Additionally it is shown in [4] that one limiting form of
the HBB yields the HCRB. An extension of the HCRB
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where the prior p.d.f. of the random parameters depends on
deterministic parameters has been proposed in [8] and further
analyzed in [12] providing a necessary and sufficient condition
under which the HCRB of the nonrandom parameters is equal
to the CRB and asymptotically tight. All these works have
shown that in many estimation problems, like the deterministic
CRB and Bayesian CRB (BCRB), the HCRB is tight in the
asymptotic region only, i.e., when the signal-to-noise ratio
(SNR) is high and/or the number of independent observations
is large. Thus, since the knowledge of the particular value for
which this threshold appears is fundamental in order to define
estimators optimal operating area, others lower bounds of the
class of Large Error bounds, i.e. able to reveal the threshold
phenomena, have been studied to predict the threshold value
[7].

As a contribution, we proposed in [1], for a single determin-
istic parameter, a single random parameter and two test points,
a new hybrid lower bound which combines the McAulay-
Seidman bound (MSB) [13] and the Weiss-Weinstein bound
(WWB) [14]. This combination was motivated by the fact that,
among the Bayesian bounds [15][16], the WWB is known to
be one of the tightest, and, among the deterministic bounds,
the MSB is usually used to approximate the Barankin Bound
(BB) [13][17][18][19], the greatest lower bound on the MSE
on deterministic parameters. In the present letter, we deal
with the multivariate case, whatever the number of test points.
Additionally, we introduce a more general family of Hybrid
bounds (tighter that the existing ones [4][7]) which combines
the generalization of the HBB introduced in [7] and the WWB
in order to extend the family of Bayesian bounds introduced
in [16] to hybrid estimation. Last, for use in applications, we
give a closed-form expression of the proposed bound for a
set of Gaussian observation models with parameterized mean,
including tones estimation which exemplifies the threshold
prediction capability of the proposed bound.

II. THE HYBRID MCAULAY-SEIDMAN-WEISS-WEINSTEIN
BOUND (HMSWWB)

Throughout the present letter x denotes the random obser-
vation vector, ) denotes the observations space. @ = (04;0,.)!
denotes a K-dimensional hybrid real parameter vector to
estimate (K = D + R), where 64 is a vector of unknown
deterministic parameters belonging to a subset I1; of R” and
6. is a vector of unknown random parameters belonging to
R, II, C R denotes the support of the prior p.d.f. of 6,
denoted f (6,]04). Let Ag, = {hg € RP | 85+ hy € 114},
Agr = {hr cRE | 0, +h, GHT} and Ag = Agd X Agr =
{heR¥ |0+hell;xIL}. f(x,0) = f(x,0,]0;) =

1>

'For L column vectors a;, (ai;as;...;ar) .,af)T

denotes the vertical concatenation.

(af,af,..



f(x]0.,84) f (0,]04) denotes the joint p.d.f. of x and 8,
parameterized by 64, and ® = {6: f(x,0) > 0,x € Q}.
Ex.0,10, (g (x,0,)] denotes the statistical expectation of the
vector of functions g(.) with respect to x and 6, param-

eterized by 64. We assume that for any non-empty couple
set (S,7) C Q x I1,, fs fT x,0,|0,4) dxd@, exists. Then,

for any joint estimator 6 2 0( ) = (5d; 5r> defined on €,
where Bd = Gd (x) is an estimator of 6, and 5,, £ @T (x) is

an estimator of 6,., for any N-dimensional real-valued vector
v (x,0) defined on Q x Iz x II, with a finite second order

moment, i.e. Eyx g g, {vn (x, B)iL < 00,1 <n < N, the
covariance inequality principle [20, p. 124] yields:

Exo,j0, [e(X)e(x)] = cvcT, M
V =Exp0,0., [v (x,0) v (x, B)T} , 2)
C =Ey 9,0, {e (x) v (%, 0)T} , (3)

where e (x) = 0 (x) — 0, and for two matrices, A = B means
that A — B is positive semi-definite. Note that one must
have N > K in order to have CV 'C7 positive definite.
Note also that C depends on the estimation scheme 6 in
general; however, some judicious choices of v (x,0) lead to
lower bounds on the MSE as previously shown in [4][7] and
exemplified hereinafter with the derivation a new hybrid lower
bound which combines the MSB and the WWB. Note that
the derivation is conducted in the multivariate context with
multiple test points. The starting point is the result provided
in [21, §III] showing that the class of estimators 6 satisfying:

Ex.6,10, € (x)] = (0;A)

& Eyo, [0(x)] “)

= (04;Eq, 10, [0-] + A) .

where A is an arbitrary vector independent of 6, which
includes wide-sense unbiased estimates [8][12], verifies:

Ex.0,6, e (x)v(x,0,h)] = h,

f(x,0+h)
v(x,0,h)=| [0 1.6¢€8, (5)

0, otherwise.

where h = (hg;h,) € RX, whatever the statistical link
between random and deterministic parameters provided that
the support of random parameters prior p.d.f. is of the form:

0if > (Z 1m0 (6
h.cA \leZ
1, otherwise,

r+ lhr)) =0,

1, (07“) = (6)

where 15 (0,) denotes the indicator function of subset S of
RZ and A and Hg are subsets of R, Thus II, may be a
discrete subset of R or a subset of intervals of R’*. However,
if the existence of the HCRB is required, h, must be free to
be infinitesimally small [4, III.A], compelling (6) to reduce to:
V0, € RE 1y, (6,) = 1, that is II, = R,

The key point allowing to obtain the HMSWWRB is the addi-
tional identity (9) regarding the vector of random parameters
6,. and which demonstration is given below. As 6, satisfies

(6), the change of variables O'T = 0,. — h, leads to:
J ™ (x,0, +h.|04) f1 7 (x,0,04)dO, =
11,

J ™ (x,0,|84) '~ (x,0, —h,[64)dO
11,
and:
f 0.f™(x,0,+h.|0,) fr=m (x,0,|04)d0, =
11,

[ (6, —h,) f™(x,6,]64) f=™ (x,6, — h,|0,) d6

H’!"
Thus, for any h € Ag, Ag = {h = (0;

[ v(x,0,h,m) f (x,80)d6, =0,
H’V‘

hr) |hT S Aer}l

1—m x.0—
Exﬂrwd[efv(xagahaﬂﬂ]==—h¢ExﬂAed[177:%é352}7
where:
f(x,0+h) _ f17"(x,0—h)
v(x,0,h,m)=| T7(x0 e 0 €@ (g

0, otherwise,

which are extensions to f (x,6,.|6,) of properties satisfied by
functions of the Weiss-Weinsten family in Bayesian estimation
[22, (1)(2)] where f (x,6,|604) reduces to f(x,0,.). As a
consequence, for any real-valued function g (x,0,) defined
on  x IIy, Vh € Ag, and VO, € I1,:

Ex,97.|9d [g (X7 Hd) v (Xa 07 ha m)] = Oa (8)

yielding:
Ex.6,0,[e(x)v(x,0,h,m)] = (0;h.p(=h,m)), (9)
where:
_ ™ (x,60+h)
14 (hv m) - EX,O,«‘Qd |: fm (X, 0) :| (10)

Note that if we choose h ¢ Ag, then /\(8) does not hold and
the right-hand side of (9) depends on 6.

Finally, we can combine identities (5) and (9) to build the fol-
lowing N-dimensional real-valued vector v (x, @) partitioned
into two subvectors with respectively I and J components,
where I +J = N:

{V (Xv 0)}7, = Vv (X707hi)a
{vix,0)}; = v(x
where 0 < m; < 1. Indeed, by plugging (11) and (12) into
(1), identities (5) and (9) allow to show, that subject to (6),

the resulting matrix C in (3) is independent of any estimator
0 of class (4) yielding the HMSWWB defined as:

h; € Ag, 1<:< 1,

HMSWWB (6,) = sup {cv~'cT}, 13)
hy,--- hr€he
hri1,- hn€Ag
0<myry1,- ,mny<1
where matrices C (3) and V (2) are given by:
C=[hy---h; p(hry1,mrp)hryy - p(hy,my) hyl,
(14)

(11)
aeah]7m])ah] €A011+1 SJSN7 (]2)



ol<i<Tand 1< <1I:

{V}s Ex.0,10, [{V(x,0)},{v(x,0)},] (15)
- f(hiahi’alal)_la
ol<i<TandI+1<j<N:
Vi, = Exoos [{vc0)}{v(x0)},] (16)
= g(hivhjalamj)_g(hi’_hﬁl’l_mj)
—p (hy,my) + p(—hy, 1 —my),
{V}j,i = {V}i,j’ (17
ol+1<j<NandI+1<j <N:
Vhy = Exodo, [{v(0)} {v(x.0)},] (18)
= &(hy,hy,my,my) —§(=h;, hy, 1 —mj,my)
=& (hy, —hy,mj, 1 —my)
—|—§ (—hj, —hjl, 1-— mj, 1-— mj/) 5
and:

fF(x,0 +hy,) f' (x,0 + hy)

¢ (ho,hy, k1) = Ex 6,10, 75 (x, 0)

(19)
Note that since p (h,m) = £ (h, 0,m,0), only the calculation
of & (hy, hy, k,1) is required to assess the HMSWWB for a
particular hybrid estimation problem.

III. A NEW FAMILY OF HYBRID LARGE ERROR BOUNDS

As shown in [7] in the restricted case where f (0,.|604) =
f(8..), linear transformation on the centered likelihood-ratio
(CLR) function is the cornerstone to generate a large class
of hybrid bounds including any existing approximation of
the Barankin bound [18][19]. Actually, these results can be
extended to the class of estimators defined by (4) and the
general case where the random parameters prior p.d.f. depends
on the deterministic parameters, provided that the support II,.
of £(0,64) is of the form (6) (R if the existence of the
HCRB is required). As proposed below, a sketch of a proof
is readily obtained from the simplest case: a single unknown
deterministic parameter and a single unknown random param-
eter, i.e. @ = (04;0,), case for which (5) becomes:

h; = Ey 9,16, € (X) v (x,0,h;)], h;= (hpi;ha).

Then, if {...,a(7,h;),...} is a set of samples of a parametric
function o (7,h),7 € ® C R,h = (hy; ha), then subject to
(4)(6), 0 satisfies:

Yoa(r,hy)h; =By 9, |€(x) > a(r,h)v(x,60,h;)|.

K3 1 (20)
If a (7, h) is integrable over Ag, V7 € ®, then (20) is, up to a
scale factor (differential element dh = dh,dhg), a numerical
approximation (with rectangle rule) of the following identity:

Exﬂrled [e (X) N (Xa 0, T)] =T, (T) = C, 2D

where 7, (x,0,7) = [ a(r,h)v(x,0,h)dh and T, (1) =
Ao

| a(7,h) hdh. Moreover, subject to (21), (2) becomes:

A

o

\%

Ex.0.104 {7704 (x,0, 7)2]

[[ a(r,h)K (h,h’)a(r,h’)dhdh’ (22)
Ae XAQ

where K (h,h') = E,g, 9, [v(x,0,h)v(x,0,h')], which
corresponds to [7, (18)(19)] in the case of a single function
a (7,h) (QED).

We can now extrapolate a bit further: similarly, by resorting to
the numerical approximation with rectangle rule of integrals,
we can state that proper linear transformations of v (x,0)
defined by (11)(12) associated with an ad hoc number of test
points (I and J) allows to generate:

e if I 40, J = 0, 8 = 0,4, any approximation of the
deterministic BB [19][18][23],

oif I #0,J=0,0=(6y;0,), the CCRB introduced in [7],
oif [ £0,J #0, 0 = 86,, the family of Bayesian bounds
introduced in [16, (38)],

oif I £0,J #0,0 =(6y;0,), the extension of the family of
Bayesian bounds introduced in [16, (38)] to hybrid estimation,
for the class of hybrid estimators defined by (4) whatever the
statistical link between random and deterministic parameters,
provided that the support of f (0,.|6,) is of the form (6) (RF
if the existence of the HCRB is required).

Logically, this family of bounds should be called the Hybrid
Barankin-Weiss-Weinstein bounds (HBWWB) family.

Last, let us remind that there is an equivalence between the
covariance inequality and the minimization of a Gram matrix
under linear constraints [15][18], i.e. (3) in the current setting.
As mentioned in [15][18], the effect of adding constraints, that
is components in v (x, 0) (1)(11)(12), is to increase (or leave
unchanged) the associated lower bound CV ~'C7.
Therefore, as the HBWWB family derive from choices of
v (x, 0) including components (11), it allows to define bounds
tighter that the existing ones [4][7].

IV. GAUSSIAN OBSERVATIONS WITH PARAMETERIZED
MEAN

As previously mentioned, the only quantity to assess is
¢ (hg, hy, k, 1) given by (19) which generally requires a numer-
ical evaluation. However for some observation models, further
analysis on £ (h,, hy, k, 1) lead to analytical expressions with a
reduced computational cost and even to closed-forms for some
cases of interest. As an illustration, we consider the Gaussian
observation model with parameterized mean:

x=1(0)+n, xecC”, (23)

where 1 (.) € C? is a known deterministic function and
n € CF is an additional noise which is assumed to be
complex zero-mean Gaussian circular with a known covariance
matrix 021, yielding: x|6 ~ CN (¢ () ,02I). This model
is widely met in a plethora of signal processing problems
such as: spectral analysis [24], array processing [3], digital



communications [25], etc. Under (23):

€ (ha, by, K, 1) = Eg [A(60, B, by, b, ) OO |
k(% DF(x
A(0,hy,hy, k1) = Expe {f ( ‘g}r:iz)({d(g)mhb)} )
(24)

where [26, (15)]:

o2InA(0,h,, hy k1) =

[kt (8 +ha) + 13 0+ o) = (k1 =D (O)°—

ke (6 4+ ha)[|” + Lep (0 + hy)||” — (k+1—1) [l4 (0)]
As A(6,h, hy k1) depends on 6 generally, then

& (hg,hy, k1) must be numerically assessed according
to (24). However, if A (0,h,, hy, k1) is independent of ,.,
which is encountered in some cases of interest, e.g. [11]
and [26] (and references herein), the following closed-form
expression of £ (h,, hy, k,1) can be obtained when the prior
p.d.f. f(6,) is Gaussian N (6,0,03 I) and does not depend
on the deterministic parameter [26, (25)]:

¢ (hg, hy, k1) = A((64;0) ,hy, hy, k1) x
_ 1 2 2_ 2
I (Klhar |2+ hpr |2 = | khar+ihy, | ). 25)

Actually it is possible to formalize further this result by
noticing that if Vh, IW (0,.) a square matrix and q (04, h) a
vector such that:

¥ (0 +h) =W (8,)q(8s,h), W’ (6,)W (6,) = S,
(26)

where S is a matrix independent of ., then:

o? lnA(e,ha,hb,k ) = A((04;0) ,hy, hy, k1) =
k(k—1)q" (64,1 )Sq (9d7 )+
l(l — 1) (Bd,hb) Sq (gdahb)
2kl Re {q 0d, hb Sq 0d, } —
2(k+l—1)Re{( (6.1

kq'! a) +
Sq(04,0) ;.
la” (6., h) ) a6 )}
27)
A. Estimation of a single tone

We consider a particular case of (23) which is a reference
problem in threshold analysis [15][18][7][16][19]:

x =s¢/*b (W) +n, b(w) = (1;€j“;--- ;ej(P‘”w) . (28)
We assume that the phase ¢ € |—m,n] and the amplitude
s € R are the deterministic unknown parameters and that the
frequency w is a random unknown parameter with a Gaussian

centred prlor p.d.f. with variance 2. Therefore 8 = (04;w),
64 = (s;¢)". Since for all h = (hy; h o3 he):
¥ (6 +h) = Diag (b (w)) (s + hs) @b (hy,), (29)

where Diag (b (w)) is a P x P diagonal matrix with the
elements of vector b (w) on the main diagonal, the condition

(26) is satisfied and £ (k, 1, h,, hy) can computed via (25) and
(27) given by:

02InA(60,hy, hy, k1) =
k(k—1)(s+has)> +1(1 —1) (s + hps)”
+(k+1)(k+1—1)s?
+ 2K1 (8 + has) (5 + hos) T (haw — Pbw, hap — hy)
B B k(5 + has) T (haw, hay)
2(k+1 1)8( (s + o) T (s o) ) OO

Sin L
where T (hy,hy) = cos((P Yhy +h )5(7,}:“))

where h, = (has; Rag; Raw) and hy = (hes; hoe; how)-

As an application example, we present a comparison of the
HMSWWB (13) with the HCRB, the HBB and the CCLRB
and the empirical MSE of the maximum a posteriori maximum
likelihood estimator (MAPMLE) [27][11, p12]. The scenario
is the following: s = 1, ¢ = %, 02 = 1 and P = 2°. The
expressions of the HCRB, the HBB and the CCLRB are given
in [7] Section 5. The HBB and the proposed bound denoted
HMSWWB are computed with h; € [—1;1]x{0} x {0} where
the sampling interval for the first component is dh; = 0.01,
hy € {0} x]—m; 7] x {0} where the sampling interval for the
second component is §h, = 2% and h3 € {0} x {0} x |—m; 7]
where the sampling interval for the second component is
6h, = Z5. The CCLRB (J =2) is computed with 2'°
test points where the test points are selected following the
configuration proposed in [7] and using 2 eigenvectors and the
same sampling interval as for the HMSWWB. The MAPMLE
is obtained by searching the value of 8 maximizing the joint
p.d.f. [11, (176)]:

)r

and

2
_in g(,Jtpb(w)” _ o w?

203,
(ra2)P \/271'0'3

2 Po? o
)X‘ - 2Ug’w )

OMAPMLE:argmaX =

8,p,w

WMAPMLE = argmax { ’bH (w
w

and its empirical MSE is assessed with 103 Monte-Carlo trials.

10°%-%- 6 sesese x MAPMLE
X —HCRB
s S " x ~+HBB i
1 ™ X
TR S CCRLB (J=2).
= X~ +~HMSWWB |
< X ’k‘ X
£ 402 AN X x
w ) o
g x
M 7Y x =
10° M "'\'1-,‘_,_
i =
L ™
10* “\\\&%
-20 15 -10 5 0 5
SNR [dB]
Fig. 1. Comparison of hybrid lower bounds on the MSE and the empirical

MSE of the MAPMLE versus SNR.



We superimpose on the figure (1) the HCRB, the HBB, the
CCRLB (J = 2), the HMSWWAB, and the empirical MSE of
the MAPMLE for the random parameter w for which a SNR
threshold phenomenon occurs [7]. As predicted by the theory,
a significant better SNR threshold prediction is provided by
the HMSWWB in comparison with other existing hybrid lower
bound.

V. CONCLUSION

In this letter, a tighter family of hybrid lower bounds on the
MSE has been proposed in the general context of multivariate
parameters estimation. This family can be applied to a wide
class of estimators including the case when random parameters
prior p.d.f. depends on the deterministic parameters.

REFERENCES

[1] C. Ren, J. Galy, E. Chaumette, P. Larzabal, and A. Renaux, “Hybrid
lower bound on the MSE based on the Barankin and Weiss-Weinstein
bounds,” in Proc. of IEEE International Conference on Acoustics,
Speech, and Signal Processing (ICASSP), Vancouver, Canada, May
2013, pp. 5534-5538.

[2] Y. Rockah and P. Schultheiss, “Array shape calibration using sources
in unknown locations—part I: Far-field sources,” IEEE Transactions on
Acoustics, Speech, and Signal Processing, vol. 35, no. 3, pp. 286-299,
Mar. 1987.

[31 H.L. Van Trees, Detection, Estimation and Modulation theory: Optimum
Array Processing. New-York, NY, USA: John Wiley & Sons, Mar.
2002, vol. 4.

[4] 1. Reuven and H. Messer, “A Barankin-type lower bound on the
estimation error of a hybrid parameter vector,” IEEE Transactions on
Information Theory, vol. 43, no. 3, pp. 1084-1093, May 1997.

[5] P. Tichavsky and K. Wong, “Quasi-fluid-mecanics based quasi-Bayesian
Cramér-Rao bounds for towed-array direction finding,” IEEE Transac-
tions on Signal Processing, vol. 52, no. 1, pp. 36-47, Jan. 2007.

[6] S. Buzzi, M. Lops, and S. Sardellitti, “Further result on Cramér-Rao
bounds for parameter estimation in long-code DS/CDMA systems,”
IEEE Transactions on Signal Processing, vol. 53, no. 3, pp. 1216-1221,
Mar. 2005.

[7]1 K. Todros and J. Tabrikian, “Hybrid lower bound via compression of
the sampled CLR function,” in Proc. of IEEE Workshop on Statistical
Signal Processing (SSP), Cardiff, Wales, UK, Aug. 2009, pp. 602-605.

[8] S. Bay, B. Geller, A. Renaux, J.-P. Barbot, and J.-M. Brossier, “On
the hybrid Cramér-Rao bound and its application to dynamical phase
estimation,” IEEE Signal Processing Letters, vol. 15, pp. 453456, 2008.

[9] J. Yang, B. Geller, and S. Bay, “Bayesian and hybrid Cramér-Rao bounds

for the carrier recovery under dynamic phase uncertain channels,” IEEE

Transactions on Signal Processing, vol. 59, no. 2, pp. 667-680, 2011.

J. Vila-Valls, L. Ros, and J. M. Brossier, “Joint oversampled carrier and

time-delay synchronization in digital communications with large excess

bandwidth,” ELSEVIER Signal Processing, vol. 92, no. 1, pp. 76-88,

Jan. 2012.

H. L. Van Trees and K. L. Bell, Eds., Bayesian Bounds for Parameter

Estimation and Nonlinear Filtering/Tracking. New-York, NY, USA:

Wiley/IEEE Press, Sep. 2007.

Y. Noam and H. Messer, “Notes on the tightness of the hybrid Cramér-

Rao lower bound,” IEEE Transactions on Signal Processing, vol. 57,

no. 6, pp. 2074-2084, 2009.

R.J. McAulay and L. P. Seidman, “A useful form of the Barankin lower

bound and its application to PPM threshold analysis,” IEEE Transactions

on Information Theory, vol. 15, no. 2, pp. 273-279, Mar. 1969.

E. Weinstein and A. J. Weiss, “A general class of lower bounds

in parameter estimation,” IEEE Transactions on Information Theory,

vol. 34, no. 2, pp. 338-342, Mar. 1988.

A. Renaux, P. Forster, P. Larzabal, C. D. Richmond, and A. Nehorai, “A

fresh look at the Bayesian bounds of the Weiss-Weinstein family,” IEEE

Transactions on Signal Processing, vol. 56, no. 11, pp. 5334-5352, Nov.

2008.

K. Todros and J. Tabrikian, “General classes of performance lower

bounds for parameter estimation - part II: Bayesian bounds,” IEEE

Transactions on Information Theory, vol. 56, no. 10, pp. 5064-5082,

Oct. 2010.

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]
[25]

[26]

[27]

E. W. Barankin, “Locally best unbiased estimates,” The Annals of
Mathematical Statistics, vol. 20, no. 4, pp. 477-501, Dec. 1949.

E. Chaumette, J. Galy, A. Quinlan, and P. Larzabal, “A new Barankin
bound approximation for the prediction of the threshold region perfor-
mance of maximum likelihood estimators,” IEEE Transactions on Signal
Processing, vol. 56, no. 11, pp. 5319-5333, Nov. 2008.

K. Todros and J. Tabrikian, “General classes of performance lower
bounds for parameter estimation - part I: non-Bayesian bounds for
unbiased estimators,” IEEE Transactions on Information Theory, vol. 56,
no. 10, pp. 5045-5063, Oct. 2010.

E. L. Lehmann and G. Casella, Theory of Point Estimation, 2nd ed., ser.
Springer Texts in Statistics. New-York, NY, USA: Springer, Sep. 2003.
C. Ren, J. Galy, E. Chaumette, F. Vincent, P. Larzabal, and A. Renaux,
“Recursive hybrid Cramer-Rao bound for discrete-time Markovian dy-
namic systems,” IEEE Signal Processing Letters, vol. 22, no. 10, pp.
1543-1547, Oct. 2015.

A. J. Weiss and E. Weinstein, “A lower bound on the mean square error
in random parameter estimation,” IEEE Transactions on Information
Theory, vol. 31, no. 5, pp. 680—-682, Sep. 1985.

E. Chaumette, A. Renaux, and P. Larzabal, “Lower bounds on the mean
square error derived from mixture of linear and non-linear transforma-
tions of the unbiasedness definition,” in Proc. of IEEE International
Conference on Acoustics, Speech, and Signal Processing (ICASSP),
Taipei, Taiwan, Apr. 2009.

P. Stoica and R. Moses, Spetral analysis of signals.
River, New Jersey: Prentice-Hall, Inc., 2005.

J. G. Proakis and M. Salehi, Digital Communications (5th Ed.).
McGraw-Hill, 2008.

D. T. Vu, A. Renaux, R. Boyer, and S. Marcos, “Some results on the
Weiss-Weinstein bound for conditional and unconditional signal models
in array processing,” ELSEVIER Signal Processing, vol. 95, no. 2, pp.
126148, Feb. 2014.

A. Yeredor, “The Joint MAP-ML criterion and its relation to ML and
to Extended Least-Squares,” IEEE Transactions on Signal Processing,
vol. 48, no. 12, pp. 3484-3492, Dec. 2000.

Upper Saddle



