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Robust Stabilization of Nonlinear Globally
Lipschitz Delay Systems

Tarek Ahmed-Ali, Iasson Karafyllis, Miroslav Krstic
and Francoise Lamnabhi-Lagarrigue

Abstract This paper studies the application of a recently proposed control scheme
to globally Lipschitz nonlinear systems for which the input is delayed and applied
with zero order hold, the measurements are sampled and delayed, and only an output
is measured (i.e., the state vector is not available). The control scheme consists of an
observer for the delayed state vector, an inter-sample predictor for the output signal,
an approximate predictor for the future value of the state vector, and the nominal
feedback law applied with zero order hold and computed for the predicted value
of the future state vector. The resulting closed-loop system is robust with respect
to modeling and measurement errors and robust to perturbations of the sampling
schedule.

1 Introduction

Predictor feedback is used frequently in the literature for systems with large input
delays. The literature on predictor feedback under non-constant input delays is
reviewed in [1, 2] (where time-varying delays and state-dependent input delays
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are studied). For nonlinear systems with constant input delays, various forms of
predictors have been used:

Exact predictors based on the knowledge of the solution mapping [3-5].
Approximate predictors based on successive approximations [6, 7].
Approximate predictors based on numerical schemes [8, 9].

Approximate predictors for which the prediction is provided by the output of a
properly constructed control system [10-12].

Moreover, the literature on predictor feedback for nonlinear systems with constant
input delays has considered cases where the input is applied continuously (as in [1-3,
6, 8, 12], or [9]) or is applied with zero order hold or ZOH (as in [3] and [7]). There
is also a wide literature of predictor feedback design and implementation for linear
systems with constant input delays; see the references in [4] and [5].

This chapter considers the application of a recently proposed control scheme to
globally Lipschitz nonlinear systems for which the input is applied with ZOH, the
measurements are sampled and delayed, and only an output is measured (since the
state vector is not available). Moreover, we also consider the effect of possible mod-
eling errors and measurement noise. The control scheme consists of an observer for
the delayed state vector, an inter-sample predictor for the output signal, an approx-
imate predictor for the future value of the state vector, and the nominal feedback
law applied with ZOH and computed for the predicted value of the future state vec-
tor. The control scheme has been applied to globally Lipschitz nonlinear systems
previously (as in [7]) but in this work we have used a different prediction action,
namely, we are using approximate predictors for which the prediction is provided by
the output of a properly constructed control system (namely, dynamic approximate
predictors) instead of predictors that are based on successive approximations. The
chapter generalizes the results provided in [7] to various directions:

e We show that the convergence is independent of the lower diameter of the sampling
schedule (in contrast with [7], where the estimates depended on the lower diameter
of the sampling schedule).

e We provide assumptions which can be applied to general nonlinear globally Lip-
schitz systems (in contrast with [7], where only triangular single input systems
were considered).

e We provide explicit formulae for the asymptotic gains of various inputs (in contrast
with [7], where only qualitative estimates were provided).

e We provide explicit inequalities for the upper diameter of the sampling partition
and the holding period, which can be used in straightforward way by the potential
control practitioner.

The application of the proposed control scheme guarantees robustness with respect
to modeling errors, measurement noise and perturbations of the sampling schedule.
Prior to the submission of the present chapter, we were informed of the work
[13]. The results in [13] also deal with globally Lipschitz systems using the control
scheme proposed in [7]. The results [13] cover various cases of transmission proto-
cols and generalized the results of [7] to non-triangular globally Lipschitz systems.



The results of the present paper are less conservative than the results in [13] and
the main difference between the present work and the results of [13] is the use of
dynamic approximate predictors instead of predictors which are based on successive
approximations.

2 Notation

Throughout this chapter, we adopt the following notation:

e For a vector x € R" we denote by |x| its usual Euclidean norm, by x’ its
transpose. For a real matrix A € R"*™ A’ € R™*" denotes its transpose and
|A| = sup{ |Ax|; x € R", |x| =1 }isits induced norm. I € R"*" denotes the
identity matrix.

e R denotes the set of non-negative real numbers. For every r > 0, [¢] denotes the
integer part of t > 0, i.e., the largest integer being less or equal to r > 0. A partition
T = {Ti}?io of R is an increasing sequence with 7y = 0 and 7; — +00.

e Letx:[a—r,b) > R"withb > a > 0and r > 0. By x; we denote the “history”
of x from¢ —rtot,ie., (x;) (0) =x(t+86); 6 € [-r,0],fort € [a, b). By X; we
denote the “open history” of x fromz—rtot,i.e., (X;) (f) = x(t+6) ; 6 € [—r,0),
fort € [a, b).

e Let I € R, be an interval. By L*°(I; U) (Ly;.(I; U)) we denote the space of
measurable and (locally) bounded functions u( - ) defined on I and taking values
inU C R™. Notice that we do not identify functions in L*® (I;U) which differ on a
measure zero set. For L ([—r, 0]; R") or x € L*°([—r, 0); R") we define || x| =
SUPge[—r.01 1X(@)] or [lx[| = supye(_, o) [X(0)|. Notice that supyc(_, g [x ()] is
not the essential supremum but the actual supremum. By PC(I; R™) we denote
the space of piecewise continuous functions u( - ) defined on / and taking values
in R,

e By CY(A; 2), where A C R” and 2 C R™, we denote the class of con-
tinuous functions taking values in £2 C R™. A continuous mapping F
CO([—r, 0]; R! ) x R™ — R" is said to be Lipschitz on bounded sets if there
exists a non-decreasing function Q : Ry — Ry such that |F(x, u) — F(y,u)| <
O (Ixll + Iyl + lul) lx — y|l forall x, y € CO([—r, 0]; R?) and for all u € R™.

3 Statement of Main Results

We consider a time-invariant control system of the form

X(t) = fx(®), ult — 1)) + Gv(0)

xeR", uelR", velR? 120 M



where f : R" x R — R” is a continuous vector field with f(0,0) =0,7 > 0Oisa
constant, and G € R"*7 is a real constant matrix. The input v(¢) € R? quantifies the
effect of possible modeling errors. We assume that the following assumptions hold
for system (1).

(H1) There exist a continuous mapping k : R" — R™ with k(0) = 0, a constant
w > 0 and a symmetric, positive definite matrix P € R™*" such that the following
inequality holds for all x € R":

X' Pf(x, k(x)) < —4u |x|? (2)

(H2) There exist constants Ly, Lo, K > 0 such that the following inequalities hold
forall x,y e R", u,v e R™:

lk(x) — k(M| = K |x — y| 3)
|f e u) = f(y,w) < Lylx =yl “4)
|f(x,u) = f(x,v)| < Ly fu—v (&)

(H3) There exist matrices L € R"*P, H € RP*" a constant v > 0 and a symmetric,
positive definite matrix Q € R™" such that the following inequality holds for all
x,e € R", u e R"™:

e/Q(f()c+e,u)—f()c,u)+LHe)5—2a)|e|2 (6)

Discussion of the assumptions: Assumption (H1) guarantees that the “continuously
applied” feedback law u(t) = k(x(t)) would globally exponentially stabilize the
equilibrium point 0 € R" of system (1) if the input delay t were absent, i.e.,if t = 0.
Assumption (H2) guarantees that both the “nominal” feedback law k& : R* — R and
the mapping f : R” x R™ — R" are globally Lipschitz mappings. Assumption (H3)
guarantees that the system z(t) = f(z(¢), u(t — v)) + L (Hz(t) — y(¢)) would be
a global exponential observer for system (1) provided that the output y(¢) = Hx(t)
were available for all # > 0 and that no modeling errors were present.

System (1) under assumptions (H1), (H2), and (H3) would be globally expo-
nentially stabilized by the dynamic output feedback law z(t) = f(z(¢), u(t)) +
L (Hz(t) — y(t)) with u(t) = k(z(¢)) if (a) the input delay t were absent, (b) the
input u(¢) were allowed to be continuously adjusted, (c) no modeling errors were
present, and (d) the output y(¢#) = Hx(t) were available for all # > 0. In this work,
we will assume that none of the previous requirements hold. More specifically, we
assume that:

e The output measurement is sampled, corrupted and delayed, i.e., there is a partition
{ti}?io of R4 with sup;>o (ti+1 — ) < T where T; > 0 is a constant, an input
& € LpS (Ry; RP) and a constant r > 0 so that y(t) = Hx(z;) + &(t;), for all



t €lt, tiy1),i =0,1,2,.... The number 75 > 0 is called the upper diameter of
the partition and is known, while the sampling times {z;}7°, are not known.

e The input delay 7 is present and modeling errors are present as well.

e The input cannot be continuously adjusted and can only be applied with ZOH, i.e.,
there exists a constant 7y > 0 (the holding period) such that u(t) = u; € R™, for

allt € [ITy, I+ DTy),1=0,1,2, ...

One (or all) of the above complications are present when the control system is
networked and there are communication or computation delays along the operation
of the network; see the discussion in [3]. Furthermore, the existence of sampled,
corrupted and delayed measurements is common for (bio)chemical processes and
the inability of continuous adjustment of the input is also common for many systems.
Our main result is given next.

Theorem 1 Consider system (1) under assumptions (HI), (H2), and (H3). Let
Ts > 0, Ty > 0, and r > 0 be real constants and N > 0 be an integer that
satisfy the inequalities

exp(L1T)(L1+L2K)Th |P| LK < 2“ and

l—exp(L1Tp)(L1+L2K)Ty o
K QLIIHILITy <0, Li(r+7) < N

where K3 and K4 > 0 are constants that satisfy K3 x> < x'Ox < K4 |x|2f0r all
x € R™. Then for every ¢ > 0, there exist constants 0 > 0 and ® > 0 such that for
every partition {t;}7°, of Ry satisfying

sup (tj4+1 — 1) < T ®)

i=0

and for all choices of xo € CO([—r, 01; R"), zj,0 € C°([=8,01; R") (j =0, ..., N),
g € L®([—r —1,0); R™), v e L}y (Ry; RY), and & € Ly, (Ry; RP), the solution

loc
(x(0), 20(1), ooy Zn (1), u (@), w(1)) € R" x RV x R™ x R )
of the system (1) with the choices
20(t) = f(zo@), u(t — 7 —7r))+ L (Hzo(t) —w()), t >0 (10)
zj(t) = zj-1(2)

+f(zj@),ut+jé—r—1)) — f(z;t —=8),u(t+(—1)8§—r—1))
—e (20 = -1 = [y Fj (), us + j6 = r = T)ds)
t>0, j=1,..,N

an
wit)=Hf (@), ult —t—r)),telt, t41),i =0,1,2, ... (12)



w(t;) = Hx(zi — )+ &(7),i =0, 1,2, ... (13)

ut) =k @yUTy)),t € ITy, I+ 1)Ty),l =0,1,2,... (14)

and § = (r + t)/N, and with the initial conditions x(s) = (xo)(s) for s € [—r, 0],
zj () = (2j,0)(s) for s € [=8,0], and u(s) = (iip)(s) for s € [—r — 7, 0) corre-

sponding to any inputs v € L7° (Ry;R?) and & € L}, (Ry; RP), is unique, exists
for all t > 0 and satisfies the following estimates:

x(0] < /&2 exp (=6 — ) sup (Ix(s))

0<s<t
+81 5,2 AN CHETEIETID sup (1% (s)])
0<s<t
— N+1_
+& (|PG|+|G||P|C+.Qexp(6 Tp) 454 |G|) exp (1) sup ([v(s)])
0<s<t
+515,02 AV 2O (10G| x exp(=07) + |QLI|HG| Ty) sup (Iv(s)])

0<s<t

+E1Rexp (—6 (1 — T — Tpp) A4 (L25 liioll +3 max_(1z0!)
LEIRexp(—0(t—r —1—Ty)) sup (x (s +17) —zn())
0<s<r

+EI2exp(—0(—r—7— T, — Ty) A% /K sup (x5 =) — 20 )

-8 T r<s<r+T;

FEIQexp (=60 (t —r — 1 — Tpy)) A=

—5<s<r

X maxN( sup ('x (s —r4jd) —z; (s)l))
(15)
and
el + 20 V24 il = © (exp (=0.0) (Ioll + X V210" + liioll) +

SUPg<s<t (v(s)h + SUPg<s<t (1& (S)D) ,
(16)

where

o / K
2 =|P|L,K(1+C), E1 = Wz_gl(z)a
_ K _ 0
2= 2wK3(w4—0K4)’ A= 0—L(exp(@o)—1)°

_ [/« exp(0 Ty)—1 _ expLiTw)LoK Ty
&= 2wK3(a)4—0K4) |QL||H| L; 0 »and C = T—exp(L1 T) L1+ L2 K) T *
(17)

6]

Inequality (16) guarantees the input-to-state stability property (as defined in [14])
for the closed-loop system given by (1), (10)—(14) with respect to modeling errors
and measurement noise. More specifically, estimate (16) shows that the gain function
for the external inputs v and £ is linear. On the other hand, inequality (15) allow us to



estimate explicitly the asymptotic gains of the external inputs v and & to the output
Y (¢t) = x(t): the asymptotic gain of the modeling error v is guaranteed to be any
number greater than

AN+ 7 Gl + B2 AN 06| + E,2 AN
A—1 1—g 1—g

& (IPG|+\G||P|C+Q IQLIIHGITS)

and the asymptotic gain of the measurement error & is guaranteed to be any number
greater than

L
ElEQQANM, where
l-¢
2 =IPILK(1+0), &1 = 1\/3%, B2= 5/3% A= =5
(18)
g =52 |QL||H| L1T;, and C = —oB LI Tt bl

I—exp(L1Th)(L1+L2K)Ty *

Robustness to perturbations of the sampling schedule is also guaranteed.

Estimates (15) and (16) are independent of the lower diameter of the sampling
partition (i.e., of inf;>0(7;+1 — 7;). This feature is in sharp contrast with the result
in [7]. This difference is explained by a different methodology in the proof; if the
same methodology were followed in [7] then a similar result would be proved. A
few words are needed for the explanation of the hybrid dynamic feedback given by
(10)-(14).

e (10) is an observer for the delayed state vector x(¢ — ). However, (10) does not
use the continuous signal y(t) = Hx (¢ — r), which is not available. The signal
w(t) replaces the output signal y(¢t) = Hx(t —r).

e (12), (13) is an inter-sample predictor for the non-available output signal; it uses
the output values at the sampling times and “tries” to predict the output signal
between two consecutive sampling times.

e System (11) is an approximate predictor of the future value of the state vector
x(t 4 7). The approximate predictor uses the estimated value z(¢) of the delayed
state vector x (f —r), which is provided by the observer, and provides zy (¢), which
is an approximation of x (f + 7).

e Finally, (14) is the “nominal” feedback law computed at the predicted value of the
future state vector x (¢ + 7) applied with ZOH (emulation).

Remarks:

e Contrary to the approach in [15], no tradeoff between the delays (in the input and
the output) and the upper diameter of the sampling partition and the holding period
is present for our control scheme.

e From (7), we see that for long delays, we can use sufficiently many predictors that
ensure the robustness properties (15) and (16). The counterpart of this is that the
gains corresponding to measurement and modeling errors will increase.



4 Key Lemmas

The proof of Theorem 1 is in the following section and is demanding because even
the existence/uniqueness of the solution of the overall closed-loop system is not
trivial, since the closed-loop system is a hybrid system with delays. For the proof of
Theorem 1, we need the following two lemmas, which are stated below. Their proofs
are simple and are omitted.

Lemmal Let r > 0 be a constant and F CO([—r, 0]; R") x R" — R" be
a continuous mapping that is Lipschitz on bounded sets and satisfies the inequal-
ity |F(x,u)| < L|x| + M |u| for all (x,u) € C°([—r,0]; R") x R™ for cer-
tain constants L > 0 and M > 0. Then for every to > 0, b € (tp, +00),
xXg € CO([—r, 0L R™), and u € L*°([ty — r,b); R™), the unique solution of
X(t) = F(x¢, u(t)) with initial condition x(ty + s) = (x0)(s) for all s € [—r, 0]
exists for all t € [ty, b] and satisfies the estimate

t
x|l < exp (L(r — t0)) (”xto I+ M/ Iu(S)IdS) (19)
0]

forallt € [ty, b].

Lemma 2 Let P € R™" be a symmetric, positive definite matrix and K| > 0 and
K> > 0 be constants such that the inequality K |x|2 <x'Px <K, |x|2 holds for
all x € R". Let x : [ty, b) — R" be an absolutely continuous mapping that satisfies
the inequality

X (OPi(@) < —clx @) + D a; v;0)’ (20)
j=1

fort € (19, D) a.e., wherety > 0, b € (tp, +o0], ¢ > 0,anda; >0(j =1,....,m)

are constants, p;j > 1 are integers and v; € L}’(fc(R+; RPi) (j = 1,...,m) are

measurable and locally essentially bounded functions. Then for every pu € (0, c¢/K>3)
and for every t € [y, b), the estimate

SUpP; <5<, ([X(s)[exp (us)) <

" 21
VB 10500+ s 3 a7 s (s o) Y
o 0=s<

holds.



5 Proof of Theorem 1

We divide the proof into the following three parts:

Part I: Existence and Uniqueness of Solutions

In this part of the proof, we show that for every xo € CO([=r,0]: RM), z j,0 €
CO[—68,0; R") (j = 0,...,N), tig € L®([—r — 7,0); R™), v € Ly (Ry; RY),
and & € L7P (Ry; RP), the closed-loop system given by (1), (10)-(14) has a unique
solution with initial condition x(s) = (xo)(s) for s € [—7,0], z;(s) = (2j,0)(s)
for s € [-4,0], and u(s) = (ig)(s) for s € [—r — 7, 0) corresponding to inputs
veL® Ry;RY) and & € LSS (R4 ; RP), and defined for all ¢ > 0.

loc loc

Part I1: Proof of (15)
In this part of the proof, we show that estimate (15) holds for an appropriate
constant 6 > 0.

Part Il1: Proof of (16)
In this part of the proof, we show that estimate (16) holds.

Part I: Existence and Uniqueness of Solutions

First we prove that for every xg € CO([—r, O1; R™M), Zj,0 € CO[—68,0; R (j =
0,..,N),iip € L®([-r —7,0);R™), v € L% (R4 ;RY), and & € L} (Ry; RP),
the closed-loop system given by (1)—(14) has a unique solution with initial condition
x(s) = (xo)(s) for s € [—r,0], zj(s) = (zj0)(s) for s € [=45,0], and u(s) =
(1) (s) for s € [-r — 7,0) corresponding to inputs v € L;> (Ry;RY) and & €
L7 (R ; R?). The solution is defined for all # > 0 and is constructed step-by-step
using the following claim:

Claim 1 Assume that there exist an integer a > 0 and x € C 0([—r, aTyl; R™)
and z; € CY([=8,aTy];: R") for Jj = 0, ..., N that are absolutely continuous on
[0,aTy),andw € PC([0,aTy]; RP) andu € L®°([—r — 1, aTy); R™) that satisfy
x(s) = (xo)(s) for s € [-r,0] and z;(s) = (z;0)(s) for all s € [-6,0] and
u(s) = (ug)(s) forall s € [—r — 7, 0), as well as Egs. (1), (10), (11), and (12) for
t € [0,aTy) a.e., Eq.(13) for all integers i > 0 with t; < aTy, and Eq.(14) for
[=0,....a— 1 (only when a > 0). Then there exist x € CO([—r, (a + 1)Tx1; R")
andz; € CY([=6, (a+ DTy]: RY) (j =0, ..., N) that are absolutely continuous on
[0, (a+1)Tyl,we PC(0, (a+1)Ty]); RP),andu € L*®([—r—r1, (a+1)Ty); R™)
that satisfy x(s) = (xo)(s) for s € [-r,0], z;(s) = (zj,0)(s) for s € [-4,0],
u(s) = (itg)(s) fors € [—r — 1,0), Egs. (1), (10)=(12) for z € [0, (@ + 1)Tx) ae.,
Eq. (13) for all integers i > 0 with t; < (a 4+ 1)Tx, and Eq.(14) forl =0, ..., a.

Proof (Claim 1) Using (14) for I = a, we can (uniquely) define u on [aTy,
(a + 1)Tg). Since u is constant on [aTy, (a + 1)Ty), we know that u € L™
([=r =7, (a+ DTy); R™).

Since the right-hand side of (1) satisfies a linear growth condition and since u
is defined on [—r — 7, (a + 1)Tg), it follows from Lemma 1 that we can uniquely
define x on [aTy, (a + 1)Ty]. The extended mapping x : [—r, (a + 1)Tg] — R”



satisfies x € CO([—r, (a + DTy1; RY), is absolutely continuous on [0, (a + 1)Ty],
and satisfies (1) for ¢t € [0, (a + 1)Ty) a.e.

Since lim;_, o 7; = 400, there are only a finite number of sampling times 7; in the
interval [aTy, (a+1)Tx] (and possibly none). The right-hand sides of (10) and (12)
satisfy a linear growth condition and since u is defined on [—r — 7, (a+ 1)Ty) and x
is defined on [—r, (a + 1)Ty], it follows from Lemma 1 that we can uniquely define
(zo,w) on [aTy, (a + 1)Ty]. The extended mapping zg : [—5, (a + 1)Ty] — R”
satisfies zg € CO([—(S, (a + 1)Ty]; R™), is absolutely continuous on [0, (a + 1)Tx]
and satisfies (10) and (12) for r € [0, (a + 1)Ty) a.e.. Moreover, the extended
mapping w : [0, (a + 1)Tg] — R? satisfiesw € PC([0, (a + 1)Tgy]; R?).

Finally, using (11) and Lemma 1, we can define z; and next z»,...,zy on
[aTy, (a + 1)Ty]. The extended mappings z; : [-8, (@ + DTy] — R" (for
J = 1,..,N) satisfy z; € CY([=6, (a + DTy]; R, are absolutely continuous
on [0, (a + 1)Ty] and satisty (11) for r € [0, (@ + 1)Tg) a.e.

Therefore, the claim holds. <

Part II: Proof of (15)
We next present three inequalities, which are direct consequences of (1), (2), (6)
and (10):

(zo() —x(t —r1)) Q% (z0(t) — x(t — 1)) < =20 |z0(t) — x(t — r)|?
—(z0(t) = x(t = 1)) QGv(t —r) — (zo(t) — x(t — 1)) QL (w(t) — Hx(t —r))
forae. t > T,
(22)

X' (H)Px(t) <

—4p X1 + X' OV PGv(t) — X' ()P (f (x (1), k(x(1))) — f(x(0), u(t — 1)),
fora.e.t > 0, and
(23)

21 Q20(1) < =20 |20()* + () Qf (0, u(t —r — 1)) — 25 () QLw(1),

24
forae.t >0, 24)

where T = min{t; : 7; >r, i =1, 2, ...} is the smallest sampling time for which
7; > r holds.

The following equations hold for all j = 1, ..., N, t > 0 and are direct conse-
quences of (11):

2 () = zj 1O + [y Fzj(s),uls + j§ —r — T)ds+
exp (=e) (20 = 2j-10) = [ F i) uGs +j6 —r —D)ds)  (25)
forallt >0

10



x(t—r+jé) =
X(t—r+(j — 1)5)_|-fl’7(3 fx(s—r4jd),u(s+ jé —r —1))ds (26)

+ [ Gu(s)ds forall £ > 1

Completing the squares in (22) and (24), and using (23) and (5), we get:

(zo(t) —x(t — 1)) Q% (z0(t) —x(t — 1)) <
—o|z0(t) — x(t =) + 5= |0GP [v(t — r)|? 27)
+o |QLP lw(t) — Hx(t —r)* forae.t > T

X(t+)Px(t+1) <
—4n |x(t+r)|2+|PG||v(t+t)| |x(t 4+ 1)| (28)
+|P| Ly |x(t + )| |k(x(t + 7)) —u(t)| forae.t > 0.

2, (1) 0%0(t) < —wlzo®* + 2 10 L Ju(t —r — D)

2
+ﬁ |OL* [w(1)|?, fora.e. t > 0. (29)

For all t > 0, we can use (14) to get u(t) = k(zy(Ty)), where [ = [t/Ty]. It
follows from Eq. (1) that

lx( + 1) —x(Tyg +7)| <

T T 30)
S |f(x(9), u(s — D)l ds + 1G] [T Iv(s)] ds. (

Therefore, we get the following for all + > 0, where [ = [t/ Ty]:

lx(t + 1) —x(UTyg +7)| < Ly fltTH |x(s + 1) — x(Ty + 7)|ds
+ (L1 + LK) Ty |x(ITy + 1)
+LoK Ty |znUTH) — x(UTH + )| + |G| THSup;7;, <5< (IV(s + 7))

(using the triangle inequality, (4) and (5) and the fact that t € [[Ty, (I + 1)Ty)) and

x(t + 1) —x(Tg + 1) <exp(L1Ty) (L1 + L2K) Ty |x(Ty + 1)|
+exp(L1Ty) LoKTy |zn(TH) — x(ITy + 7)|
+exp (L1Ty) |G| Tisupyp,, <<, (v(s + 1))

(using the Gronwall-Bellman lemma and the fact that r € [[Ty, (I + 1)Ty)), and

exXp(L1TH)(L1+L2K)TH
(@ +7) = xUTH + O = e LTy X0+

exp(L1TH)L> KT,
SBT3 (1Tiy) = X(Ty + )

exp(L1Ty)|G|TH
e L T (L R L BTy SUPI Ty <s <0 (W(s +T)D)

(using the triangle inequality and the fact that exp (L1Txy) (L1 + L2K) Ty < 1).

11



The above inequality in conjunction with the triangle inequality, (3), (28) and (14)
(which implies that u(t) = k (zy ({Tg)), where [ = [t/ Ty]) and the inequality

exp(L1 Ty)(L1+L2K)Ty
oo Tt Ty | Pl L2K =21 (3D

give
X(t+1)Pi(t+1) < 2u|xt+ 1)
P|LyK(1-L Ty exp(L1Ty))

+ LKA LT ST |x (¢ + )] [x (I Ty + 7) — e (T (32)

LiTi)|GlIPIL KT,
+ (13X£<(p(lLIF£:|)(!h|LL22K)¥H + |PG|) Ix(r + D)l supyr, <5<, (Iv(s + 7))

fort > 0 a.e. and [ = [t/ Ty]. Completing the squares in (32), we get

Xt +1)Px(t+1) <

2
P|LoK(1—L1T, LT,
—plr e+ 1) o (S e TN (1T + ) — 2y (U Tw) P

2
_ 1 exp(L1Ty)|G||P|LoK Ty 2
=+t (l—exp(LlTH)(L1+L2K)TH + |PG|) SUP; Ty <s<t (|V(S + 1)l )

(33)

fort > 0a.e.and! = [t/ Ty]. Combining (25) and (26), we obtain the following for
all j=1,...,Nandt > r:

|Zj(t) —x(—r +j8)| < I1GIsup; 4 (j—1s<s<i—rtjs (VD +
lZj1 @) —x(t—r+G=DO + Ly [ lzj(s) —x(s —r +j&)lds  (34)
+exp (—ct) |2;(0) = 2;-10) — [ F(z;(s), uts + j& — r — 1))ds]

It follows from (34) that the following inequalities hold for all 6 € (0,c], j =
1,....,N,and t > r:

sup, << (12(s) = x(s = r + j&)|exp(@ 5)) <
SUp, <y (|2j-1(5) = x(s = r + (j — D)| exp(@5))
+L %supr,agg (|Zj(S) —x(s—r+ j6)| exp(f s)) (35)
20 = 210 = [% £ (), uls + j§ = r = ©))ds|
+1Glexp(@ 1)supg<;<; 1 js (V)

Since L1 < 1,thereisasmall enough8 € (0, c]suchthat L (exp(8 ) — 1) < 6.

It follows from (35) that the following inequalities hold for all 6 € (0, c] sufficiently
small, j =1,..., Nand ¢ > r:

12



sup,<s<; (1zj(s) —x(s —r + j&)| exp(6 5)) <
Asup, <y, (|zj-1(5) = x(s =7+ (j = D&)| exp(6 )
+sup, _s<s<, (|2j(s) — x(s —r + j&)| exp(0 5)) (36)
+A |G| exp(0 1)supg<s<;—r4js (IV($)])
+Alzj0) = 21 0) = [ Fz(s) uls + j6 — r — T))ds]

where

A= 0 .
0 — Ly (exp(08) — 1)

(37

Using (4), (5), (36), the fact that L6 < 1, and induction, we conclude that the
following inequalities hold for all sufficiently small & € (0,c]andall j =1,..., N
andt > r:

Sup, << (|2 (5) = x(s =7 + j&)| exp (89)) <
ATsup, << ([20(s) = x(s = )| exp (6 5)

HT P Or) max (sup, o< (120(8) =X —r +1OD) 50

+AL (L25 luoll +3 max (||ZZ’OII))
= J

.....

+ AL G exp(8 Dsupg<y<; 1y js (IV(S)])

Using Lemma 2 and inequalities (27) and (33) we obtain:

K
Supg<s<; (IX(s + 7)lexp (05)) </ &% [x(D)]
K exp(L1 T)|G|| P|LyK Ty
TV 2K =0k (lPG| + l—exp(LlTH)(L1+L2K)TH)CXP (91)1<§lg)+r (v(s))
+\/K—2 |P|LyK (=L Ty exp(L1Tp))
20K (1—0K2) \ T—exp(LiTr)(Li+L2K) Ty

xexp (0 Ty) sup (Ix (s + 1) — zn ()] exp (6 5))

0<s<t

(39)
forallt > 0and @ € (0, u/K>), where K and K> > 0 are constants such that the
inequality K| |x|?> < x'Px < K> |x|* holds for all x € R” and

supr <<, (I120(s) —x(s —r)fexp (0'5)) < %‘ 120(T) —x(T —r)[exp (0 T)

+y 2u)K3(1§)476K4) QG| supy<s<,—, (Iv(s)|exp (6s5))
+ otz | QLI supr s, (Iw(s) — Hx(s — )l exp (6 5))

(40)
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forallt > T and 0 € (0,w/K4), where T = min{r; : 7, >r,i=1,2,..}.
Combining (39) and (38) for j = N, we obtain the following for all + > 0 and
sufficiently small 6 > 0O:

SUP) <, (15 + D)l exp (05)) < \/R2 |x(7))]
e exp(L1Ty)|GI|P|Lo KTy
+\/r =T ('PG| + I*eXP(LlTH)(L1+L2K)TH)
X exp (01) sup, <<,y (V(s)])
+\/T(|P|L2K(1—L1TH exp(LiTH))
2uk(u—0K2) \ 1—exp(L1Ty)(L1+L2K)Ty
x exp (0 (r + Th)) supg<s<, (Ix (s + 1) — 2y ()]
K |P|LyK(1=L1 Ty exp(L1TH))
+m( T—exp(LiTr)(L1+L2K) T )eXp ©Tn)

N_
x AL (L23 luoll +3 max (V219 “)) (41)

[k |PILoK (1~ L1 Ty exp(LiT))
T A=y ( T=exp(L1 Tr) (L1+L2K) Ty )eXp ©Th)
x ANsup, - -, (Ix (s — r) — 20 (s)| exp (0 5))
K |PILoK (1= L1 Ty exp(LiT))
+ kKD ( T=exp(L1 Tr)(L1 +L2K) T )eXp O+ Tw))
AN—1

XS j:nllaxN (sup_afssr ('x (s —r+jo)—z; (s)'))

K |PILyK (1= L1 Ty exp(Li Tr))
BT ar=Te ( T—exp(L i Ti)(L1+L2K) T )‘”‘p © @+ Tu)

N_
x A= Gl supg <<y yr (I (9)])

Combining (1) and (12), we obtain the following forall ¢ € [1;, 7;41) witht; > T

w(t) — Hx(t — )| < [w(t) — Hx(t; — )| + [H| Ly [} 120(s) — x(s = r)|ds
+ |HG| [} Iv(s —r)lds
(42)
Using (13), (42) and the facts that ¢ € [7;, Tj41), T > T, and sup;» (Ti+1 — &) <
T, we get the following for all 6§ > 0:

lw(t) — Hx(t —r)|exp(0¢t) <
()| exp (0 1) + |HG| Ty exp (0 1) sup, — ., (Iv(s —r)]) 43)
+H| L1sup, <, (20(s) — x(s — r)| exp (8 5)) Z2CLI=1

Estimate (43) implies the following estimate forallt > T and 6 > 0O:
Supr <5<, (Iw(s) — Hx(s — r)lexp (0 s)) < exp (6 1) supy ;- (I5(s)])

+H| Lisupy s, (Iz0(s) — x(s — r)| exp (6 5)) 221 (44)
+|HG| Ty exp (0 1) supg<s<,—, ([v(s)])
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Since 2’% |QL||H| L Ts; < w, it follows that there exists & > 0 such that

K 0 T,)—1
8=\/%IQLIIH|L1%<1. (45)

Combining (40) and (44), we get this for all r > T and for all sufficiently small
0> 0:

supy<s< (120(s) — x(s —r)[exp (65)) =

ey & 20(T) = x(T = r)lexp (0 T)

+EPCD e 510Gl exp (—07) + QLI IHG| Ty) sup (Iv(s)])

0<s<t
+1 e 1QLlexp 01) sup (IE(s)])

T<s<t

(46)

Combining (41) and (46) and using the fact that sup;( (ti+1 — 7)) < Ty (which
implies that 7 = min{ry; : 7; >r,i = 1,2, ..} satisfies T < r + T;), we obtain
estimate (15) for all # > 0 and sufficiently small 6 > 0.

Part I11: Proof of (16)

Our strategy for the proof of estimate (16) is described next.

Using (38), (46) and (15) in conjunction with a standard causality argument, we
conclude that there exists a constant k > 0 such that the following inequality holds
forallt > 0:

N v N
ol + 2 120l = K exp (—=6.0) supgy <y, (1651 + Nitsll + 20 12 1)

+x (supg<y<; (1€ ($)) + supg<,<; (v ($)]))
(47)

Using (3), (14) and the fact that k(0) = 0, we obtain the following for all r > 0:
llits ]l < llitoll exp (—0(t —r — 1))

+Kexp (=0 (t —r — 1 — Th)) supy<,<, (|zn(s)| exp(s))
(43)

Therefore, inequalities (47) and (48) allow us to conclude the existence of a
constant k > 0 such that the following inequality holds for all # > 0:

e = Nt I+ 30 llze ) <
Rexp (—=01) supyzyzciriry (Il + il + 200 125T)  49)
+ (SuPgy<; (& (9)]) + supg<s<, ([v (5)]))
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To show (16), we use inequality (49) and the following claim:

Claim 2 For every integer i > 0 there exists a constant M; > 0 such that

EARS A ST
Mi (||x0|| + Z;'V:O ”Zj,O” + ”ﬁOH + sup0§s§1 (|V(S)|) + Sup0§s§t (|‘§(S)|)) (50)
forallt € [0,iTy]

Indeed, if Claim 2 holds, then inequality (16) is a direct consequence of (49). There-

fore, the rest of the proof is devoted to the proof of Claim 2.
Using Lemma 2 and inequality (29) we obtain for all # > 0:

supg<y<r (120(5) exp (65)) < /£ 120(0)]

+ ke |l Losupo <<, (u(s —r = Dlexp©@s) (5D
+ oty | QLI supo<y < (IW(s) exp (€ 5))

Using (4), (5) and (12) we obtain the following for all # € [7;, 7;41) and i =
0,1,2,...:

—6 7;)—exp(—6
W) < lw(t)| + |H| L S2Ee0CE 0 gy (Jz0(5) exp(d 5))

N —exp(— 52
+|H|L2wsupn§sft (lu(s —r — )| exp(@ s)) (>2)

Combining the estimate (52) with (13) and using the facts that r € [t;, 7;41) and
sup;>q (ti+1 — 7)) < Ty, we obtain:

suPgy<; (IW(s)| exp(d 5)) < supg,, ([&(s)]) exp(6 1)+
|H|exp(6 (r + Ty)sup_, <, (1x(s)| exp(@ 5))
+H| L 220 supg_ ., (Izo(s)| exp(6 5))
+|H| Ly SUPg<s<; (Ju(s — 7 — )| exp(6 )

(53)
exp(8 T)—1
0
for all + > 0. Using our bound (45), the combination of (51) and (53) implies the

existence of constants ®; > 0 (i = 1, 2, 3, 4) such that the following estimate holds
forallt > 0O:

supg<s<; (Izo(s)exp (05)) <
O1120(0)| 4+ Oasupys<, (lu(s —r — )| exp (6 5)) (54)
+O38up_, <<, (|x(s)|exp (8'5)) + Ogexp (0 1) supy<,<, (15(s)])

Combining (53) and (54), we obtain:

SUPg.<q<; (120() | €XP (65)) + suPo, <, (IW(5)|exp (©15)) <
61 120(0)] + Orsupg<,<; (lu(s —r = D)l exp (§5)) (55)
+635up_, <, (1) exp (0.5)) + Oy exp (01) supy—, < (E(5))

for all + > 0, for appropriate constants @i >0G=1,2,3,4).
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Inequality (4) implies the following estimates forall j =1, ..., N and ¢t > 0:

il = @ +2L18) 0] + 25upg<s < (J2j-1())

; (56)
+Ly fy Vzj sV ds + 2L28supy_y <, llis]l

Using (56) and the Gronwall lemma, we get this forall j =1, ..., N and t > O:

g <
exp (L1t) ((1 +2L16) “zj,o” + 28upg<y <, ('zj_l(s)l) + 2L288upg<y< ||I:ZS||)
(57
Using (55) and (57) repeatedly, we obtain the following for all # > 0:
Z?’ZO Iz; /< @explor) (Z?’zo Wzj0M +sup_, s (u(s)D) (58)

+Sup—r§s§t (Ix(s)) + SUPg<s<t (|§(S)|))

for appropriate constants @ > 0 and o > 0. We are now ready to prove Claim 2.

Proof (Claim 2) We use induction. The claim holds automatically for i = 0. Using
(3), (14), and (50) for a certain integer i > 0 and the fact that k(0) = 0, we get:

SUP_, e <ycr (D) = (1 K)M; (Jlxoll + 200 201 + ol

(59)
+SUPy <5< (v(s)D) + SUPp<s<¢ (|§(S)|))
forall t € [0, (i + 1)Ty]. Using (4), (5), Lemma 1 and (59), we obtain
sup_, <<, () = Ri (Ivoll + X0 V20" + il (©0)

+SUP) << (v + SUPg<s<t (|$(S)|))

for all ¥ € [0, (i + 1)Tx] for an appropriate constant R; > 0. Inequality (50) for
i 4+ 1 and an appropriate constant M;; > 0 is a direct consequence of (58), (59),
and (60). The proof of Claim 2 is complete, so the proof of Theorem 1 is complete.

6 Concluding Remarks

In this chapter, we proposed a novel control scheme for nonlinear globally Lipschitz
systems for which the input is delayed and applied with zero order hold, the mea-
surements are sampled and delayed, and only an output is measured. The novelty of
our work is in the use of a chain of approximate (dynamic) predictors to handle long
delays in both input and output. Using small gain arguments, sufficient conditions on
both the upper diameter of the sampling partition and the holding period, and a suffi-
cient number of predictors in the chain, we proved that the closed loop is robust with
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respect to measurements and modelling errors. We also provided explicit estimates
of the asymptotic gains of the external inputs v and &. This can be extended easily o
networked control systems with uniformly globally exponentially stable scheduling
protocols.
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