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Adaptive Observer for Parabolic PDEs with Uncertain Parameter in the Boundary Condition

Tarek Ahmed-Ali, Fouad Giri, Miroslav Krstic, Laurent Burlion, Francoise Lamnabhi-Lagarrigue

Abstract. We are considering the problem of state
observation for a class of infinite dimensional systems. The
latter are modelled by a parabolic PDE and a boundary
condition involving an unknown parameter. The problem is
dealt with using an adaptive observer that provides online
estimates of the system (spatially distributed) state and the
unknown parameters. The observer is formally shown to be
exponentially convergent under an ad-hoc persistent excitation
condition.

Index Terms— parabolic PDE, state observation, parameter
estimation, adaptive observer.

I. INTRODUCTION

Practical implementation of control systems may necessitate,
not only online measurements of the system outputs, but also those
of the internal state variables. The point is that, in most situations,
it is not possible to have full information on the system state
variables, due to the fact that not all these variables are accessible
to measurements or the costs of implementing all the necessary
sensors are prohibitive. This is particularly the case when infinite
dimensional systems are involved. In such situations, the only
solution is to use state observers to get online estimates of all state
variables. One of the most known state estimators is the
Luenberger observer [1]. This established the structure that most
observers are based upon today. Surveys on observer design can
be found in [2,3], for finite-dimensional systems, and in [4] for
infinite dimensional systems.

In real-life control problems, the online state estimation issue is
usually faced in presence of large system parameter uncertainty.
Then, the problem is addressed by the design of adaptive state
observers which provide online estimates of both the states and the
unknown parameters. The first adaptive observers have been
developed for finite-dimensional continuous-time linear systems
and an extensive overview is found in [5,6]. The case of (finite-
dimensional) nonlinear systems has been extensively studied
leading to several solutions, e.g. [7-13].

The problem of observer design for infinite dimensional
systems (IDSs) has also been given a great deal of interest. Several
observer design techniques have been developed including the
infinite dimensional Luenberger observer for linear IDSs (e.g.
[4,14,15,16]), the boundary observer design of bilinear IDSs (e.g.
[17,18,19,27]), backstepping-based boundary observers for
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parabolic partial integro-differential [19], initial state recovery
algorithms for various linear and nonlinear IDSs [20-22].

In the last few years, much interest has been paid to
simultaneous parameter and state estimation for IDSs, within
various contexts. In [23], simultaneous state and parameter
estimation has been introduced to deal with output-feedback
adaptive control design for parabolic PDEs. In this context, the
unknown parameters are tuned by gradient-type laws while the
(spatially distributed) state is estimated using open-loop filters.
The convergence of the estimates to their true values is not
established. But, this is not required for the achievement of the
control objectives. In [24], simultaneous state and parameter
estimation has been performed to solve a parameter identification
problem for reaction-advection type systems involving a single
unknown parameter. Open- and closed-loop adaptive identifiers
have been proposed where the unknown parameter is estimated
using gradient-type estimators, while the (spatially distributed)
state is estimated using open-loop filters. It is shown that the
parameter estimate converges to its true values, by just using
constant exciting inputs. In [25], simultaneous parameter and state
estimation has been considered within the context of adaptive
stabilization for a wave equation subject to a boundary harmonic
disturbance linearly parameterized along a known set of functions.
An adaptive observer estimating the system state and the
(disturbance) unknown parameters is proposed and the estimation
error system is shown to be asymptotically stable.

In this paper, the problem of parameter and state estimation is
addressed for IDSs that are described by a parabolic PDE with a
boundary condition involving an uncertain parameter. This class
of systems has been well motivated in [24,28] where the emphasis
was made on the identification of the unknown parameter.
Presently, the objective is to accurately estimate both the state of
domain and parameter of the boundary condition. To this end, an
adaptive observer is designed that provides online estimates of the
state (along the domain) and the parameter. The observer design is
inspired from adaptive observer designs of nonlinear ODE systems
and PDE systems. Accordingly, the observer includes state and
parameter estimators as well as a gain adaptation law. A formal
analysis of the proposed adaptive observer is developed leading to
conditions on the input signal and the design parameter.
Interestingly, the input is allowed to be of any type but is must be
persistently exciting.  Under this condition, the state and
parameter estimation errors are made exponentially vanishing.

The paper is organized as follows: the observation problem
statement, including the class of IDSs, is described is Section 2;
the adaptive observer design and analysis are dealt with Sections 3
and 4, respectively; a conclusion and a reference list end the

paper.



II. OBSERVATION PROBLEM STATEMENT

The system under study is described by a parabolic PDE of the
form:

U (X, t)=u, (Xt), 0<x<1,t=0 (1la)
with the boundary condition:

u, (0,t) =—qu(0,t) (1b)
and:

u(l,t) =U(t) (control input) (lc)
y(t)=u(0,t) (system output) (1d)

where gqeR is a fixed unknown parameter. It is only assumed
that q <1 for the system (1a-d) to be (BIBO) stable.

The goal is to generate accurate online estimates, U(X,t) and
G(t), of the system state u(x,t) (0<x<1; t>0) and the
parameter (, based only on the
U (1), y(t); t=0). To achieve this objective, it is assumed that the
state variable u(x,t) (0<x<l; t>0) as well as the input

derivative U (t) = uy(1,t) are bounded.

output measurements

III. ADAPTIVE OBSERVER DESIGN

The system model (la-c) suggests the following observer
structure:

GI(X,t):GXX(X,t)-FV(X,t) (33)
U, (0,t) =—qu(0,t) — L(G(0,t) - y(1)) (3b)
a(Ln=U() (3¢)

where ((t) is a parameter estimate, V(X,t) is an additional

correction term. A suitable choice of these quantities will be made
on the basis of the subsequent analysis. First, introduce the
following errors:

U(x,t) =G(x,t) —u(x,t) (state estimation error)
qm=4M-q

(42)

(parameter estimation error) (4b)

Then, subtracting equation (la) to (3a), it follows that T(x,t)
undergoes the following equation:

U (%, 1) = U, (X, 1) +V(X,1) (5a)
with the following boundary conditions:

T, (0,t) = —Gu(0,t)— LT(0,1)
Tt =0

(5b)
(50)

using (1b-c) and (3b-c). Now, let us introduce the following
coordinate change:

z(x,t) =T (x,t) = A(x,1)q(t), 6)

where A(X,t)e R is an auxiliary function to be defined later.
Then, it follows from (6) that z(x,t) undergoes the following

equation:

2,(x,1) = Ty (XD V() 4 (DO - ACDFD) , 120 (7)
using (5a). Equation (7) suggests the following choice of v(x,t) :

VOt = A DF (1) ®)
Doing so, equation (7) simplifies to:
z (%) = U (%) -4 (x,1J(t), t=0 )

In view of (6), z(x,t)+A(X,t){J(t) can be substituted to U (X,t)
on the right side of (9). Then, one gets:

(X1 = Z (XD + 4, 6DTAM) =4 (CHT(D)

= 2, (60 +A (D - 4 (D), 120 (10)

Equation (10) suggests the following trajectory for the auxiliary
state vector A(X,t):
A (X,0) = A4, (X,1) (11a)

This is completed with the following boundary and initial
conditions which will prove to be judicious:

ALY =0, A(x,0)=0, 4,(0,t) =-u(0,1) (11b)
Doing so, equation (10) boils down to:
Z,(X, 1) =27, (X,1);t>0, (12a)

In view of (11b) and (5b), one get from (6) the following
boundary conditions:

(LY =T(1LH - ALDHEF) =0 (12b)

z,(0,t) = U, (0,) - 4,(0,H)q (1)
= —qu(0,t) - LT(0,t) — 2, (0,H)q (1)
=—Gu(0,) - L(Z(0,t) + A0,DF (1)) A, (0,)T(1)
=—LZ(0,0)=G(u(0,t) + LA(0,) + A, (0,1))

=—L2(0,t) - GLA(0,1) (12¢)

where the last equality is obtained using the last part of (11b).
Owing to the unknown parameter, the following adaptive law is
proposed:



4t =-p, rHAO.HY () (132)
i) =, rO-r2®20.0); rt)eR (13b)
y(t) =0(0,t) - y(t) =T(0,1) (13¢)

where the gains p, >0 and p,>0 as well as the initial

conditions G(0)eR and r(0)>0 are all arbitrarily chosen. The
observer thus designed is constituted of equations (3a-c), (11a-b)
and (13a-c). For convenience, these equations are recapitulated in
the following table:

Table 1. Adaptive observer

State observer:

G, (1) = G, (1) + A D() (14a)
G, (0,) = -Gu(0,t) — L0, — y(t)), G(LH=U(t) (14b)
Parameter estimator:

A (D)= A, () ; AR ER (14c)
A0 =0, Ax0)=0, and  4,(0,t) = —u(0,t) (14d)
Gt = - rOAO,DY M), ¥(1)=0(0,1) - y(t) (14e)
E(D) = o rO - F2O20.0): r®)eR ; r0)>0 (149)

It is worth noticing that equations (14c-d) are similar to the filter
(62)-(64) in [24]. However, the parameter adaptive law (14e-f) is
different from the adaptive law (61) in [24]. The main feature of
the former, compared to the latter, is that it offers the possibility of
tuning independently the dynamics of the state estimator (14a-b),
using the design parameter L, and those of the parameter adaptive
law (14e), which is tuned by the parameters p,,p,. In [24], the
dynamics of the state estimator and the parameter law can not be
independently tuned.

IV. ADAPTIVE OBSERVER ANALYSIS

The observer analysis relies on the study of the error system:

Z, (X, =2,(Xt);t=>0, (15a)
q(1) =—p, rOAO.HY (D) (15b)
§(t) =0(0,t) = 2(0,t) + A(0,1)G () (15¢)
z,(0,t) = —Lz(0,H) = LGA(0,1) , z(1,t)=0 (15d)
A (X,1) = A (X,1) (15¢)
ALD=0, A(x0)=0, A,(0,t)=—-u(0,t) (151)

Clearly, (15a) is a simple copy of (12a); (15b) is obtained from
(13a) and (4b); (15c) is obtained from (13c) and (6); (15d) is
obtained from (12b-c); (15e-f) are copies of (1la-b). Before
embarking in the analysis of the system (15a-b), recall the
following Wirtinger's inequalities [26] as these will be repeatedly
used:

1 5 4 o 5, 2 1 5
JO¢ (X)dXS?J.OgoX(X)dX and max ¢ (X)Sjogox(x)dx (16)

whatever @eH'(0,]) such that @(0)=0 or @(1)=0, where
H'(0,l) is the Sobolev space of absolutely continuous scalar
functions ¢ such that ¢, € L,(0,1).

The stability analysis relies upon
excitation assumption:

the following persistent

38,606 > 0,91 > 0 £,< [ 22 (0,9)ds < &, (18)

It can be shown (see e.g. [6,7]) that, the time-varying scalar r(t)
(solution of (14f)) does exist, is positive and stays bounded away
from 0, provided A(0,t) is bounded and satisfies the PE (18). The

boundedness of A(0,t) is formally established in the following
proposition:

Proposition 1. The signal A(0,t) is bounded [J

Proof. see Appendix A.

In the latter, the notation,
Ay = suplﬁ(O,tl .
=0

‘max

is used. Proposition 1 and condition (18) ensure that, in turn the

inverse r™' is bounded, is positive and stays bounded away from

0. Specifically, there are two positive real numbers (r,r), such
that:

rp<r'@<r, forall t>0

(19)

with ry =inf r'(t) and I, =sup r='(t) . In the sequel, condition
20 0

(18) is supposed to be true, so that one can make use of (19).
Then, the following Lyapunov function is defined:

V(@2.0)=r"g"+ [ 22 (x.t)dx (20)

Theorem 1. Consider the adaptive observer of Table 1 and let
its design parameters be selected as follows:
0<L<l, p :%,and P, <2L

When applied to the system (la-b)-(2a-b) then, the adaptive
observer is exponentially convergent in the sense that

'[; 02(x,t)dx and G(t) both converge exponentially to zero,

whatever the initial conditions §(0) and (U(x,0),0<x<1) m

Proof. From (20) one gets the following time-derivative:
V@) =8O (0)+250r " OFM) + [ 26Dz, (xHdx (1)

Using (15b) and (14f), one immediately gets:



2O ®+2a0r " OF©)
= 2T O+ 2(0.0)-2pF®AO0.DT (D)

=—p, 02 Or "+ p, 32 (A (0.1)
2, G(H)A(0,1)(2(0,) + 20,0 (1)) (using (15¢)

==p, 0 (Or " +(p, —2p)T> (A (0,1)
=2p,G(1)A(0,t)2(0,1)
<=paly T2 (1) +(p, —2p)F° (DA (0,)

~2p,G(1A(0,)2(0,t) (using (19)) (22)

On the other hand, using (15a) the third term on the right side of
(21) develops as follows:

j; 2(x,t)z, (x,t)dx = IOI Z(X,1)Z, (X, 1)dX

= [z(x,t)zx(x,t)k —j;zi(x,t)dx

where the last equality is obtained using an integration by part.
The above equality yields, successively:

[12x.02 (xtydx = ~2(0,),(0.) - [} 22 (x.H)dx (using (15d)
=2(0,t)(LZ(0,t) + LG (t)A(0,1)) - j;zﬁ(x,t)dx (by (15d))

= Lz2(0,t) + LG (t)A(0,t)2(0,t) — j;zf(x,t)dx 23)

Using (22) and (23), equation (21) implies:

V <—p, @7 )+ (p, =297 (O (0,) -2, (1) A(0,)2(0,1)
+Lz2(0,t) + LG (t)A(0,1)z(0,1) —j;zi(x,t)dx
<=paf @7 (V) +(py —2p)T° (A (0,1)
+Lz°(0,t) + (L —20,)G (1) A(0,t)z(0,1) - j;zf(x,t)dx
<=pf @ (1) +(py —22)T° (DA (0,1)
+L2%(0,t) +(L-2p, )Gﬂ(o,t)z(o,t)—;j;zf(x,t)dx
~(1=)fz2(x.dx  (whatever 0< ¢ <1)
<=pafg@* (V) +(py —2p)T° (A (0,1)
+(L=O)Z2(0,) + (L -2,)G A(0,1)2(0,1)

-(1-0) j; 22(x,t)dx (using the second part in (16))

<=pah 8O- (1= 2> (x t)dx

L-2
{aﬂ(o,tT Cpi=p2) - zpl Pﬂ(o,t)}
B L-2
200,t) | |_ 2/31 _(L-g) |20

(23)

where the last inequality is obtained using the first part in (16).
The matrix in the last quantity of (23) is made positive semi-
definite iff:

2
=20
4

2p=p,>0 and —(L-9)2p, - p,)

It is readily checked that, the above inequalities hold if the
following conditions are satisfied:

L=2p,=¢ and p, <24

where 0<¢ <1 is arbitrary. It turns out that, the adaptive

observer parameters must be selected as follows:

O<L<l, plzg,and Py <2L (24)

Doing so, inequality (23) gives:
j ~ 1
V <-pynd* () - (1= 2 (x

which shows that V is negative definite which, in view of (20),
implies that both G(t) and I;ZZ(X,t)dX are exponentially
convergent to zero.

Now, from (6) one has:

T(x,t) =z(x,t) + A(x,H)g(t)

Since I;/?.Z(X,t)dx is bounded (by Proposition 1), it readily

follows that, in turn, j;ﬁz(x,t)dx exponentially converges to

zero. This completes the proof of Theorem 1 m

V. CONCLUSION

The problem of state observation and parameter estimation has
been addressed of IDSs described by the model (1a-c)-(2a-b). The
latter is basically a parabolic PDE with uncertainty in the
boundary condition. The problem is coped with using the adaptive
observer (14a-f) which is shown to enjoy the exponential
convergence feature of Theorem 1, in presence of the persistent
excitation property (18).

APPENDIX A. PROOF OF PROPOSITION 1

Part 1. Following a similar proof in [24], let us consider the
transformation:

e=u-gi-7g (Al)



with 7 defined by:

e () =1, (X,1) (A2)
n(,t)=u(,t), and 7,(0,t)=0 (A3)

It is easily checked that e undergoes the following equations:

€ (X,t) = exx(xst)
e, (0,)=0, and e(l,t)=0

(A4)
(AS5)
It is shown in many places that the system (A4)-(AS) is
exponentially stable (e.g. [29]). Then, it readily follows from (A1)

that, A(0,t) is bounded if and only if 77(0,t) is so. To show this,
consider the Lyapunov function candidate:

W(t) = % [y72 (x.ydx (A6)
Time-derivative of W , along the system (A2)-(A3), yields:
W (1) = [[ 7, (X, D7, (x, )k

= I(;nx(x,t)ntx(x,t)dx (because 7 is smooth)

= [, ot 0], - [ 2 oty

=7, (L7, (LD - [ 7 (b (A7)

using successively an integration by part and the fact that
7,(0,t)=0. Furthermore, the first condition in (A3) gives

1. (L,t) =u,(1,t) . Then, (A7) implies, using Young inequality:

[ &, 2 d
FUE (LY + =7 (L) = [ 75 (%,

WOzt 0y

1 2 .
< ?uf 1Lt + %IO na (x,t)dx— _[0 72 (x,t)dx

1 2
S?Uf(l,t)—(1—%)j:77x2x(x,t)dx A

whatever 0<¢& < \/E , where the second inequality is obtained
using (the second part in) (16). Again, using the first inequality in
(16), one gets from (A8):

y [ 52 1 2
W (t) s?ul (1,t)—(1—7)j0nx (x,t)dx

1 £
s?ut L) —(1-2>2)W (A9)

2

This implies that Iolnf(x,t)dx is bounded, because

u (1,t)y= U(t) is bounded by assumption. Furthermore, one has:

r0:0] = 1.0~ {7, (x.06 = u.0 - [,

<Jub)|+

j(;ﬂx (x,t)dx‘

1, 1/2
< |u(1,t)|+( N5 (x,t)dx) (A10)

where we have used Schwartz inequality to get the last inequality.
Clearly, inequality (A10) shows that |77(0,t)| is bounded. This

establishes that |/1(0,t)| is bounded and completes the proof of

Proposition 1 =
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