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Stochastic Geometry Modeling and Analysis of

Multi-Tier Millimeter Wave Cellular Networks

Marco Di Renzo,Senior Member, |EEE

Abstract
In this paper, a new mathematical framework to the analyfsisikimeter wave cellular networks is

introduced. Its peculiarity lies in considering realigtiath-loss and blockage models, which are derived
from recently reported experimental data. The path-losdehaccounts for different distributions of
line-of-sight and non-line-of-sight propagation conalits and the blockage model includes an outage
state that provides a better representation of the outagglplities of millimeter wave communications.
By modeling the locations of the base stations as points aissBn point process and by relying on a
noise-limited approximation for typical millimeter wavetwork deployments, simple and exact integral
as well as approximated and closed-form formulas for comguthe coverage probability and the
average rate are obtained. With the aid of Monte Carlo sitimuig, the noise-limited approximation is
shown to be sufficiently accurate for typical network deasitThe proposed mathematical framework is
applicable to cell association criteria based on the siighath-loss and on the highest received power. It
accounts for beamforming alignment errors and for mudti-tiellular network deployments. Numerical
results confirm that sufficiently dense millimeter wave welt networks are capable of outperforming

micro wave cellular networks, both in terms of coverage phility and average rate.

Index Terms
Millimeter Wave Communications, Multi-Tier Cellular Netrks, Stochastic Geometry.

|. INTRODUCTION
In spite of common belief, recently conducted channel measants have shown that mil-

limeter wave (mmWave) frequencies may be suitable for @ellacommunications, provided
that the cell radius is of the order of 100-200 meters [1].d8laen these measurements, the
authors of [2] have recently investigated system-levelguarance of mmWave cellular networks
and have compared them against conventional micro waWiaye) cellular networks. The
obtained results have highlighted that mmWave cellularmoomications may outperformWave
cellular communications, by assuming similar cellulamwak densities, provided that a sufficient
beamforming gain is guaranteed between Base Stations @®k)Mobile Terminals (MTs).
Manuscript received October 14, 2014. M. Di Renzo is with GNBUPELEC-University of Paris—Sud XI, 3 rue Joliot—

Curie, 91192 Gif-sur-Yvette, France (e—mail: marco.diog®|ss.supelec.fr). This work is supported in part by theoRean
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These preliminary but encouraging results have motivameeral researchers to investigate
potential and challenges of mmWave cellular communication wireless access, in light of the
large and unused spectrum that is available at these frempsef3], [4].

System-level performance evaluation of cellular netwaskaidely recognized to be a math-
ematically intractable problem [5]. This is due to the ladkractable approaches for modeling
the locations of the BSs and the other-cell interferencely @ecently, a new mathematical
methodology has gained prominence due to its analyticetabdlity, its capability of capturing
the inherent performance trends of currently deployedutzlinetworks, and the possibility of
studying next-generation heterogeneous network deploisn&his emerging approach exploits
results from stochastic geometry and relies on modelingdbations of the BSs as points of
a point process [5]. Usually, the Poisson Point Process )(iP&sed due to its mathematical
tractability [6]. Recent results on cellular networks miaag based on stochastic geometry are
available in [7]-[10], to which the reader is referred for @mprehensive literature review.

Motivated by the mathematical flexibility of the PPP-basedteaction modeling, researchers
have recently turned their attention to study system-lgpgformance of mmWave cellular
networks with the aid of stochastic geometry. The aim is teettgp mathematical frameworks
specifically tailored to account for the peculiarities of kMawve propagation channels and trans-
mission schemes [11]-[14]. In fact, currently availabletineanatical frameworks for modeling
wWave cellular networks are not directly applicable to mm#/aellular networks. The main
reasons are related to the need of incorporating realistie-loss and blockage models, which
are significantly different fromuWave communications. For example, the authors of [1] and [2]
have pointed out that Line-Of-Sight (LOS) and Non-Line-&ht (NLOS) links need to be
appropriately modeled and may have different distribigjafue to the more prominent impact
of spatial blockages at mmWave frequencies compargdtave frequencies. Also, in mmWave
communications a new outage state may be present in adthtib®S and NLOS states, which
better reflects blockage effects at high frequencies anduats for the fact that a link may
be too weak to be established. In addition, large-scalenaatarrays are expected to be used
for directional beamforming in mmWave systems, in orderteroome the increased path-loss
at mmWave frequencies and to provide other-cell interfegeisolation. Therefore, directional
beamforming needs to be included in the mathematical magl@nd performance evaluation.

Recently reported results on stochastic geometry modelingmWave cellular communica-
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tions take these aspects into account only in part [13],.[ThE approach proposed in [13] is
mathematically tractable for dense cellular network dgplents and relies on an equivalent LOS
ball approximation. The interference-limited nature ad thmWave cellular networks analyzed in
[13] is, in part, due to the considered ultra-dense netwegday/ment and to the relatively small
transmission bandwidth used for the analysis.,(100 MHz). Larger transmission bandwidths
of the order of 1-2 GHz are, on the other hand, expected to ée usfuture mmWave cellular
systems [2], [4], [14], [15], which may enhance the impactitgrmal noise compared to the
other-cell interference. The approach proposed in [14% @ssimilar LOS ball approximation,
but is applicable to medium/sparse network deploymentghEtmore, it is validated by using
actual building locations from dense urban deploymentsiéncities of New York and Chicago.
The three-state link statistical model empirically dedive [2] is, however, not explicitly taken
into account either in [13] or in [14]. Also, the impact of kabksociation criteria, beamforming
alignment errors and multi-tier other-cell interference aot considered in [13] and [14]. Similar
comments apply to [16], which highlights the importanceaisidering realistic blockage models
for accurate system-level performance evaluation of mn@A@lular communications. Against
this background, in the present paper a new methodologyeatibchastic geometry modeling
and performance evaluation of mmWave cellular commurooatis proposed, which explicitly
accounts for the empirical path-loss and blockage modedsrted in [2], for different cell
association criteria, beamforming pointing errors andtintidr deployments.

The paper is organized as follows. In Secfidn II, system rhadeé modeling assumptions are
introduced. In Section lll, the statistical distributiohdeterministic and random transformations
of the path-loss is provided. In Sectibn] IV, the frameworls domputing coverage and rate of
cellular networks are described, by considering a cell@ason based on the smallest path-loss
and on the highest received power. In Secfidn V, the framiesvor Sectiori IV are generalized,
by incorporating beamforming alignment errors and mudti-tieployments. In Sectidn VI, the
analysis is validated via numerical simulations and thdgoerance of mmWave angWave

cellular networks are compared. Finally, Section] VIl cagigs this paper.

[I. SYSTEM MODEL
A. PPP-Based Abstraction Modeling

A bi-dimensional downlink cellular network is considereghere a probe MT is located,

without loss of generality thanks to the Slivnhyak theorer, [tol. 1, Th. 1.4.5], at the origin
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and the BSs are modeled as points of a homogeneous PPP,dlbgate of densityA. The MT
is assumed to be served by the BS providing either the srhalddk-loss (Section IV-A) or the
highest received power (Sectibn 1V¥-B) to it. The serving BSienoted byBS(). Similar to [5,
Sec. VI], full-frequency reuse is considered. For notalasimplicity, the set of interfering BSs
is denoted by(\) = ¥\BS(®. The distance from a generic BS to the MT is denoted-by

B. Directional Beamforming Modeling

Thanks to the small wavelength, mmWave cellular networkscapable of exploiting direc-
tional beamforming for compensating for the increased f@¢h at mmWave frequencies and
for overcoming the additional noise due to the large trassion bandwidth. As a desirable
bonus, directional beamforming provides interferencdaisan, which reduces the impact of
the other-cell interference. Thus, antenna arrays arenesswat both the BSs and the MT for
performing directional beamforming. For mathematicattahility and similar to [13], [14], the
actual antenna array patterns are approximated by a sécotenna model. In particular, the
antenna gain of a generic B&gs (+), and of the MT,Gyr (+), can be formulated as follows:

G it 0] < wy

Gy (0) = . 1)
G i 0] > w,

whereq € {BS,MT}, 6 € [0,2n) is the angle off the boresight direction, is the beamwidth

of the main lobe G{™™ and G{™™ are the array gains of main and side lobes, respectively.
The MT and its serving BSBS(?), are assumed to estimate the angles of arrival and to adjust

their antenna steering orientations accordingly. In theeabe of alignment errors, therefore,

the maximum directivity gain can be exploited on the intehtiek. Thus, the directivity gain

of the intended link isG(© = GUx>) G729 The beams of all non-intended links are assumed

to be randomly oriented with respect to each other and to liferonly distributed in |0, 27).

Accordingly, the directivity gains of the interfering liskG® for i €¢ ¥(\9 are randomly

distributed. Based o (1), their Probability Density Fimet{PDF) can be formulated as follows:

feo (9) = 226 (9 = G + (1= 22) 5 (9 - Gim) @

whereq € {BS,MT} and (-) is the Kronecker’s delta function.
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C. Beamforming Alignment Errors Modeling

The maximum directivity gain offered by directional beamfing, i.e., G = GUn™ G,
can be achieved only in the absence of beamsteering erroms.t® practical considerations,
however, perfectly aligning the transmitter and the reseiwmay be difficult, especially if the
beamwidth of the main lobe is quite small, as in mmWave systéon enhancing other-cell
interference isolation. Indeed, the authors of [18] hawemndy reported that several tradeoffs
affecting the performance of directional networks emengethe presence of beamforming
alignment errors. In the present paper, a beamsteering mwdel similar to [18] is considered.

Let 0; for ¢ € {BS,MT} be the angles corresponding to error-free beamsteerirtg: Lier
q € {BS,MT} denote the additive beamsteering errors. In particular,and syt are assumed
to be randomly distributed, to be independent of each othérta have a symmetric distribution
arounddig and oy, respectively. LetF). | (z) = Pr {|e4| < z} be the Cumulative Distribution
Function (CDF) ofle,| for ¢ € {BS, MT}. Then, the PDF of the directivity gain of the intended
link, G, can be formulated a&;« (9) = (fons @ four) (9), Where® denotes the convolution
operator, andfg,,. (-) and fq,,. (-) are the PDFs of the directivity gains of serving BS3,
and MT, which, from[(IL), can be explicitly written as followg € {BS, MT}):

W

o) = g (22) 50— G 4 (1= By (2)) 50— ) @)

For example, if the beamsteering errors follow a Gaussiatriblition with mean equal to
zero and variance equal tf g, for ¢ € {BS, MT}, then|ey| follows a half-normal distribution
and, thusF. | (z) = erf (z/(V20,5r)) and1 — F. | (z) = erfc (z/(v20,5r)), Whereerf (-)
anderfc (-) denote the error function and the complementary error fanctespectively.

D. Link State Modeling

Let an arbitrary link of lengthr, i.e,, the distance from a generic BS to the MT is equal to
r. Motivated by recent experimental findings on mmWave cheammeling [2, Sec. 1lI-D], a
three-state statistical model for each link is assumedyrdaag to which a link can be in a LOS,
NLOS or in an outage (OUT) state. A LOS state occurs if theradsblockage between BS
and MT. A NLOS state, on the other hand, occurs if the BS-todMK is blocked. An outage
state occurs if the path-loss between BS and MT is so highribdink between them can be

established. In this latter case, the path-loss of the lnkssumed to be infinite. In practice,
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outages occur implicitly when the path-loss in either a LOSadNLOS state is sufficiently
large. In [2, Fig. 7], with the aid of experimental resultsisi proved that adding an outage state,
which is usually not observed for transmissiorn.dtave frequencies, provides a more accurate
statistical description of the inherent coverage postdsl at mmWave frequencies.

From [2, Eqg. 8], the probabilities of occurrenpeos (+), pnros (+), pour (+) of LOS, NLOS
and outage states, respectively, as a function of the distacan be formulated as follows:

bout (T) = max {0, 1-— ’YOUT6_50UTT}
pros (r) = (1 = pour (7)) yLose 05" 4)
pneos (1) = (1 = pour (1)) (1 — 7L056_5LOST)

where (0105, 7Los) and (dout, YouT) are parameters that depend on the propagation scenario
and on the carrier frequency being considered. Examplea\aiéable in [2, Table I].

Under the assumption that the BSs are modeled as points ofmademeous PPP and that
the events that the BS-to-MT links are in LOS, NLOS or outaigg¢esare independent; can
be partitioned into three (one for each link state) indepah@nd non-homogeneous PPPRs,
U108, Ynros andWoyur, such thatl = W osUWn,0s UV our. This originates from the thinning

property of the PPPs [17]. Froml (4), the densities of the PPRs, Un1.0s and ¥ our are equal

to )\LOS (7’) = )\pLOS (7“), )\NLOS (7’) = )\pNLOS (’I“) and )\OUT (7’) = )\p()UT (7“), respectively.

E. Path-Loss Modeling

Based on the channel measurements in [2], the path-loss $fdrd NLOS links is as follows:

Ios (1) = (kLost)™°%,  Invos (1) = (kxposr) o8 (5)

wherer denotes a generic BS-to-MT distanegos and kx1,0os can be interpreted as the path-
loss of LOS and NLOS links at a distance of 1 meter, respdgtivieos and fnr.os denote the
power path-loss exponents of LOS and NLOS links, respdygti®es mentioned in Section II-D,
the path-loss of the links that are in an outage state is asduonbe infinitej.e., lour (1) = oo.
This model is usually known as the “close-in” path-loss mdde], [20].

The path-loss model in{5) is general enough for modelingeisdvpractical propagation
conditions. For example, it can be linked to the widespresed(«, 5) or “floating-intercept”
path-loss model [1], [2], by setting,os = 102t0s/(108Los) and kg = 1028tos/(108xLos) \where

ar,0s andangos are defined in [2, Table I]. It is worth mentioning that in theafing-intercept
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model, unlike the close-in model, the parameters5) have no physical interpretation and they

denote only the floating intercept and the slope of the beeali fit of empirical data [19], [20].

F. Fading Modeling

In addition to the distance-dependent path-loss model cfi@€ll-E|, each link is subject to a
random complex channel gain, which, for a generic BS-to-MK,lis denoted by:. According
to [2], the power gair‘h|2 is assumed to follow a Log-Normal distribution with mean @B)
equal toy(™® and standard deviation (in dB) equald6™. Thus,|A|* takes into account large-
scale shadowing. In general{™® and¢(@®) for LOS and NLOS links are different [2]. In what
follows, they are denoted by!™® ands!™®, wheres = {LOS, NLOS} denotes the link state.

As mentioned in Sectidn II-D, for mathematical tractakjliishadowing) correlations between
links are ignored. Thus, the fading power gains of LOS and SLdks are assumed to be
independent but non-identically distributed. As receméynarked and verified with the aid of
simulations in [13], this assumption usually causes a miass of accuracy in the evaluation
of the statistics of the Signal-to-Interference-plus$¢sRatio (SINR). For ease of description,

fast-fading is neglected in the present paper, but it mayebéily incorporated.

G. Cdl Association Criterion

Two cell association criteria are considered. In Sedtio\]\the MT is assumed to be served
by the BS providing the smallest path-loss to it. In Secti@iB] the MT is assumed to be served
by the BS providing the highest received power to it. In thstfoase study, thus, shadowing is
not taken into account for cell association. The second sas#y, on the other hand, provides
the best achievable performance at the cost of estimatigg-kcale shadowing [22].

1) Cell Association Based on the Smallest Path-Loss: Let L(LO())S, Ll(\?ﬁos and LS)I)JT be the
smallest path-loss of LOS, NLOS and OUT links, respectivéhey can be formulated as:

min {1, (r™ if W, £0)
L) = { nevs ) : LE%T = rginT {iour (7“("))} = +00 (6)

+00 if U,=10 nefou
where s = {LOS,NLOS}, r™ denotes the distance from a generic BS to the MT, @énd

denotes an empty set. Hence, the path-loss of the servingBBSY), can be formulated as
: 0 0 0
L = min {L£%57 Ll(\H)JOSv LE)I)JT}'
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2) Cell Association Based on the Highest Received Power: Let PL((QS, PIEIOL)OS andPC()OI}T be the
inverse of the highest normalized received power of LOS, SBL&mhd OUT links, respectively.
The received powers are normalized with respect to therrdqmwer of the BSs, since it is the
same for all active BSs, and with respect to the directiviiyngof BSs and MT, since they are
the same in the absence of beamsteering errors. The impaeaaisteering errors is not taken
into account during cell association. In Sectlon V-B, diffiet transmit powers and directivity
gains are considered for each tier of BSs (heterogeneolidacahetwork) and, thus, they will

be included in the cell association. Thu%I(fgs, PIEI(BOS and P(()OL)IT can be formulated as follows:
(n)
hs (@) lout (r™)

2
min < [ (7’("))/ } if W, £
PO = { nels { , P(()OI}T = min 5 =400 (7)

new n
+00 if W,=10 rour hE)I)JT)

(n)

2
where a notation similar ta {6) is useng for s = {LOS,NLOS, OUT} denotes the fading

2
power gain related to LOS, NLOS and OUT BSs, respectively,(apholds becau#é;g%T‘ #0
almost surely. Hence, the inverse of the normalized redep@ver of the serving BSBS,
can be formulated a®©® = min {PL((QS, PO, PC()OI}T}.

Remark 1. Based on the link state model of Section II-D, a link may be rinoaitage state.

Accordingly, the event that all the available BSs are in afage state may occur with a non-zero
probability. By using the notation in(6) andl (7), this oifr U o5 = Unros = 0. In this case,

no BSs are available to serve the MT and it is said to be ¢goramunication blockage state. []

H. Problem Formulation

Let U be the intended received powee., the power received at the MT and transmitted
by the serving BSBS(. If the MT is in a communication blockage state, thef?) = 0.
OtherwiseU(®) > 0 and it depends on the cell association being used. ThusLittiser detailed
in Section_IV. The SINR of the downlink cellular network umdmalysis can be formulated as
SINR = U (0% + L,,) ', Whereo? is the noise power and,,, is the aggregate other-cell
interferencej.e, the total interference generated by the BS#ii). In particular,o?, is defined
aso?, = 10°VBm/10 wheree?, (dBm) = —174+10 log,, (BW)+Fys, BW is the transmission
bandwidth andF4z is the noise figure in dB. The aggregate other-cell intenfeeeis defined as
Lige = > icq0) (PG(“ \h(")\z/l (r(i))), whereP is the transmit power of the BSs anid) is
the path-loss of Sectidn II}E, which depends on a BS beingli®8, NLOS or outage state.
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From the SINR, coverage probability () and average rat&k can be formulated as [10]:

P¥) (T) = Pr{SINR > T} (8)

BW e (cov) (.t
R = ESINR {BW 1Og2 (1 + SINR)} = preoY (6 - 1) dt
In(2) Jo
+00 cov Ngoq (cov) ()
_ BW / P( ) (t)d U’é) BW Z w(u) P (ZE’ )
In(2) J, t+1 In(2) £ z® +1

(9)

whereT > 0 is a reliability threshold antL {-} denotes the expectation operator. The approxima-
tion in (a) follows from the Gauss-Chebyshev Quadrature@gile [21, Eq. (25.4.39)], where
w® andz™ for u = 1,2,...,Ngcq are weights and abscissas of the quadrature, respectively,
which are available in closed-form in [7, Eq. (13)]. The appmation in (a) is especially useful
when the coverage probability cannot be formulated in aetlderm expression.

In the next sections, new mathematical expressionsPfet) are provided. The analytical
formulation is based on the noise-limited approximatiomwhWave cellular communications,
i.e, SINR ~ SNR = U /0%, which has been observed in recent studies, both with the aid
of numerical simulations and field measurements [2], [18%][In Sectiori VI, the validity and
the accuracy of the noise-limited approximation are suttsteed with the aid of Monte Carlo
simulations, which account for the other-cell interfereras well. Therefore, for simplicity, in
the rest of the manuscript the SINR is not used anymore andtbalSNR is considered. From
the coverage probability, the average rate is obtained {@mThus, less emphasis is put on it.

Remark 2: If a communication blockage occurise.,, U(®) = 0, thenSNR = 0 and coverage

probability and average rate are equal to zero. The covesagero regardless of > 0. [

I1l. ANALYSIS AND APPROXIMATIONS OFTRANSFORMATIONS OF THEPATH-LOSS

In this section, we provide general results for the distrduof transformations of the path-
loss of mmWave systems, which account for LOS, NLOS and eutagtes. These results are
useful for computing the coverage probability and the ayenate in Sectioh IV.

Lemma L: Let & = {®105, Bxios, Pour}, whereros = {los (1) / Alds, n € Bros},
Pnros = {ZNLOS (T("))/Al(\%zos, n e ‘I’NLOS} and oyt = {ZOUT (T(”))/AS%T, n e ‘I’OUT}
are transformations of the path-loss of LOS, NLOS and OUT, B&spectively, which is defined
in Sectiond 1D andT=E. Letd!™ for n € W, ands € {LOS,NLOS,OUT} be:

1) A set of equal constantgge,, Aé") = A; for n € Vg, or
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2) a set of independent and identically distributed randariables with.A; denoting a

random variable having the same distribution as aléﬁ) for n € Vs,

Let the link state model if{4). Thed is a PPP with intensity as follows:

As ([0, if  (Apos, A tant
Aa ((0,2)) = _q>([ x)) if  (Apos, AxvLos) areconstants (10)

As ([0,2)) if (Apos, Anpos) arerandom variables

where the following definitions hold:

Ag ([0,2)) = Aros ([0, Arosz)) + Anvos ([0, Axrosz))
Aq) ([07 SL’)) = EALOS {ALOS ([07 ALOS$>>} + EANLOS {ANLOS ([07 ANLOSJJ))} (11)

Aros ([0,z)) = Yo (z;s = LOS), Anros ([0,2)) = Ty (z;5s = NLOS) — T (z; s = NLOS)
To (x;8) = Ko (e_W FWe W — g Ve 1/8:171/556_‘/“’“’”1/&) H(x—Z,)

+ ICl (1 _ e_Qsml/ﬁs . stl/ﬁse_stl/ﬁs> ,)Lz (ﬂj . ZS> + ]Cl (1 o e—R _ Re—R) f}_[ (.I _ Zs)
(12)
Y1 (x;5) = w22 P H (x — Z) + 7\ (Soup In (’YOUT))2 H(x— Zs)

_ - — _Tuxl/Bs s —Tsal/Bs
+ 27 Ao 0rYouT (7011JT +our In (Your) — e — Ty /Pre™t ) H(z—Z,)

whereH (-) is the Heaviside functior (z) = 1—H (z), K1 = 2mAML0s01.5s, Ko = 27 M LosYouT
x (Oos + dour) %, R = drosdour In (Your), W = (dros + dour) dgur In (Yout), Qs = dLosky
T, = doutk; ', Vi = (dros + dour) Ky 1y Zs = (nsé&le In (VOUT))BS for s = {LOS, NLOS}.
Proof: See Appendix |I. O
Corollary 1: Let dour = 0, vour = 1, i-€, pour (r) = 0 in (4). A (-) in (X0) holds with
Yo (z;8) = Ky (1 — @'/ _ stl/BSe‘QsmUBS), T (z;8) = TAk; 20?/Ps, s = {LOS, NLOS}.
Proof: It follows directly from [12), sinceZ, — +oo for s = {LOS, NLOS}. O
Lemma 2: Let ®(© = min {®} be the smallest element of the PRPintroduced inLemma
[ Its CDF,i.e, Fyw () = Pr{®© <z}, can be formulated as follows:

Fpo () =1 —exp(—As ([0,2))) (13)

whereA¢ (+) is defined in[(ID).
Proof: It follows by applying the void probability theorem of PP28, Corollary 6]. U

Remark 3: The transformation of the path-loss remma [I accounts for cell associations
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based on both the smallest path-loss and the highest rdceoweer. In particular, the first case
study is obtained by settingALos, AxLos) = (1,1), while the second case study follows by
2

setting (A7, Allos) = (|1t
Remark 4: In [23], the intensity of the PPP of the path-loss is computeder the assumption

Y

2
hl(\?L)OS) ) for n € U105 andn € ¥yr,0s. O

of a single-state link modei,e., no outage state exists and the distributions of LOS and NLOS
links are the same. Thusemma [1 generalizes the results in [23], by taking into account the
peculiarities of mmWave communications. Also, it reduaef2B] under the same assumptions.
In [23], it is shown that the impact of Log-Normal shadowing the cell association based on
the highest received power criterion consists of a scalaaof of the PPP density, which is a
function of the fractional moments of the Log-Normal distrtion. Lemmal[I, on the other hand,

shows that Log-Normal shadowing has a more complicated étnpanmWave systems. [

A. Two-Ball Approximation

From (10) and[(11), it is apparent that the intensityfofs available in closed-form ifd;og
and Axp0s are constants. The expectation [nl(11), on the other haretisn® be computed if
they are random variables. To the best of the author’s kraigdehowever, the expectation in[11)
cannot be computed in closed-form if the channel power daliev a Log-Normal distribution.
The computation of the expectation may be possible, howéseother fading distributions. This
originates from the mathematical intractability of the Edgrmal distribution and from the fact
that no closed-form expression for its Laplace transformstexin order to overcome this issue,
we propose an approximation for modeling the state of limkk®S, NLOS and outage.

The proposed approach consists of computing the link stateapilities based on a “two-ball”

approximation of[(4). More specifically, the probabilities(4)) are approximated as follows:

approx D Dy,D Da,00
ps (1) = pLPPre) (r) = ¢? 1]1[07131) (r) + gt 2]1(1:)17132) (r) + gt ]1[D2,+oo) (1)
S sy e s e @
5€{LOS,NLOS,0UT} 5€{LOS,NLOS,0UT} 5€{LOS,NLOS,0UT}

wheres € {LOS,NLOS,OUT}, D, > D; > 0 are the radii of the approximating balik, ;) (-)
is the indicator function, which is defined ds,;) () = 1 if r € [a,b) and 1) (1) = 0 if
r ¢ [a,b), and qL-“’b} denotes the probability that a link of lengthe [a,b) is in states. The
second equality in_(14) guarantees that each link of lengghonly in one of the three possible

statess € {LOS, NLOS, OUT}. In what follows, it is referred to aapproximation constraint.
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Remark 5: The rationale behind (14) originates from the visual insipecof [2, Fig. 7]. It is
apparent from [2, Fig. 7], in fact, that two breaking distes@); and D) emerge for arbitrary
values of the link lengthr, which result in three connectivity regions: the first, foe [0, D),
where the links are most likely to be either in LOS or NLOS; #ezond, forr € (Dy, D),
where the links can be in any state; and the third,[foy, +00), where the links are most likely
to be in outage. Equation _(f14) accounts for this empiricaleoation for any;“b]. O

Remark 6: The two-ball approximation if.(14) may be seen as a genataiz of the single-
ball approximation introduced in [12], [14]. Compared t@sk papers, in particular, it accounts
for the outage state that emerges in mmWave communicationsddition, the approach for
estimating the parameters of the approximation is diffeegn based on a technique introduced
in the present paper for the first time, which is referred t@ath-loss intensity matching. [

Before describing the path-loss intensity matching apgrdar computing the parameters of
the approximation in[{14)i.e., (D Dy, 0P glPrD2] Do, °°> for 5 € {LOS,NLOS, OUT},
Lemma [1l needs to be generalized based on the link state modeLlin (14).

Lemma 3: Let b9 = {5, ofPbe) o}, whered (5 = {105 <r<n ) /Al
ne W L S = {Invos () /Axios.n € WSS 1 @68 = {lour (1) [ AG.
n e wggr;“’x are transformations of the path-loss of LOS, NLOS and OUT, B&spectively,
where the path-loss model is defined in Secfionlll-E and thie dtate model is given by (114),
i.e, WP for 5 € {LOS,NLOS,OUT} has the same definition ak, except that[{4) is
replaced by[(14). LeJAg”) for n € ¥z ands € {LOS,NLOS, OUT} be defined as ihemma 1.
Then, ®(@pPrrox) js g PPP with intensity given if_(1.0) and {11), which are aidiby replacing
A, (+) for s € {LOS,NLOS} with AP (.) defined as follows:

Agapprox) ([07 .CL’)) _ _g§3) + (gg 2/55 g(3 ) <.T . (HSD1)58> + g£4)H <.T — (HSD1)55>

(15)
_I_ g 2/5& (:E _ (KSDZ)ﬁs) + (g§6)x2/ﬁa _I_ g§5)) ’}.[ (:L. _ (K/SDQ)ﬁS)
where GV = TAK; 2 (qLO Dul q[Dl’Dﬂ), @ _ TAKS 2qs [D1Da] - g(38) W)\D%qul’Dﬂ, W =

TAD2OPY g = rAD?2 ( [D1Da] qLDz’OO]> andG® = rar2glP>>,
Proof : The proof follows the same steps as the proot.eima [l The only difference lies
in replacingp, (-) in @0) with p{*™ (-) in (I4) and by computing the related integrals ]
Corollary 2: Let A{™ (.} in (I8) for s € {LOS, NLOS}. Let A, be a Log-NormaI random

variable with mean (in dB) and standard deviation (in dB)ada /,LS ) ando!®® respectlvely
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Then, the following holds forx € {LOS, NLOS}:
REPPo) (10, ) = Ba, {ALPP) (0, A,2)) }
= GV, (2/6,, (5D [2) + GPa* P, (2/B,, (5:D2)* [3) = GO Fa, ((5,D1)* /)

B (002 60 () 65 o8 5.0
(16)

wherem, (v, y) = (1/2) exp {vp, + (1/2) 20} erfc (vo, /V2 — (In(y) — 1)/ (V20,)), Fa, ()
= 1/2+ (1/2) exf (1 (y) — 1)/ (V20.)), i, (v.9) = exp {vpue + (1/2) 1202} = ma, (),
Fa (y)=1—=Fu (), s = 110 (10)/10 and o, = 0"®In (10)/10.

Proof: See Appendix I. O

Remark 7: Based onLemma [3 and Corollary [2, the intensityAq (-) in (II) can be ex-
pressed in closed-form a&; ([0,2)) ~ AF™ ([0,2)) = AR ([0, 2)) + AP ([0, z)).
This shows the usefulness of the two-ball approximatiorhm presence of a realistic channel
model. Likewise, the approximatiofs ([0,2)) ~ AP (0, z)) = AL (j0, A osz)) +
AGPE) (10, Anrose)) holds. Thus, the CDF afiin { &)1 follows from Lemma 2 and the
approximationF ) (r) ~ 1 — exp <—]\E§ppr°x) ([0,;5))) holds. O

We are now in the position of describing the procedure for mating the 15 parameters of
the approximation inL(14)i.e., <D1,D2,q£O’D”,qul’DQ],quz’”]) for s € {LOS,NLOS, OUT}.
Let the PPP of the path-lost = {Lio0s, Lxvos, Lour} based on[{4). Fronbemma [I and
Remark[3, its intensity isA;, ([0, 2)) = Ag ([0, 2)) ™ Aros ([0, 2))+Axvos ([0, x)),
where Aros () and Axros () are defined in[(11). Let the PPP of the path-lds®rro) =
{Lgaggm),nggrS?X),ngl;m)} based on[{14). Froniemma [3 and Remark [7, its intensity is
ATPP ([0, 2)) = AGP ([0, ) = ALSEY ((0,2)) + ARES™ ([0, 2)), where

Aros=ANLOs=

ALPPeS) () and AP (1) are in [I5). The proposed matching procedure consists ofsteus:

1) The first step lies in computing the 15 parameters ih (14h@dest fit of theunconstrained
optimization problem as followst(e [0, +00), § € {LOS, NLOS, OUT}):
: 1 _ (approx) 2
min {5 [ Az (0.2 = (AL (0,0)))|| ¢ @D)

0,D Dq,D Do,
(D17D27q£ U glP1.P2l g1bo w])

where ||-|| . denotes the Frobenius norm. The initial point for solvih@)(is randomly

chosen. The optimization problem is unconstrained, siheeapproximation constraint in
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TABLE I: Three-state link and path-loss models from [2, Baljland corresponding two-ball approximation obtained biyng the

[0,D1] _ [0,Dq]

algorithm described in Sectibn 1IIA. The probabilitiesksing in an outage state are, by definitiqﬁbDT‘] =1—qros" —aNLOS »

[D1,D2]

D1,D
dour  =1- qIEols 2l

[D2,00] [Dg,00]

Do,
2 and quzToo] =1l-qod  —dids -

Carrier frequency K.) | Three-state link and path-loss models ([2, Table[d], @) (F

Two-ball approximation

aros = 61.4 dB, Bros = 2 D; = 56.9945, Dy = 201.4371
28 GHz anLos = 72 dB, AxLos = 2.92 g% = 0.8282, g% = 0.1718

SLos = 1/67.1, yLos = 1 a25P2 = 0.1216, ¢{1552) = 0.7424

dout = 5.2 your = 1/30 g2t =0, P2l — o

aros = 69.8 dB, Bros = 2 D; = 53.6287, Dy = 195.3275
73 GHz anLos = 82.7 dB, Bxros = 2.69 g% = 0.8670, ¢%24 = 0.1330

dros = 1/67.1, ypos = 1 q[L%]S’Dﬂ = 0.1339, ql[\ﬁj(’)gz] = 0.7889

dout = 5.2 yout = 1/30 g2t =0, P2l — o

(@2) is neglected. The solution df {17) is denoted (b@l, 152,ch-O’D”,qL-Dl’Dﬂ,ch-DQ’OO]).

2) The second step lies in computing the 15 parameters_ind44he best fit of theon-
strained optimization problem still formulated as ib_(17), but by i@ into account the
approximation constraint if_(14) and by assuming as théalnioint of the search the

solution of the first stepi.e., (Dl, Dg,qéo’Dl},qul’DQ},qéDQ’m]>.

Remark 8: In practice, the unconstrained and constrained optinuagiroblems can be solved
by using the Matlab built-in functiontsqcurvefit and fmincon. The reason why a two-step
approach is proposed is that we have found that solving firstiraconstrained optimization
problem provides results that are (almost) independeriefritial starting point of the search.
The reason why the logarithm of the intensity instead of titensity itself is matched is due
to the possibility of better controlling the accuracy of #gonential functions in\, (). O

By applying the proposed two-step approximation techniguthe empirical three-state link
model proposed in [2, Table I], the approximation in Tdble bbtained. The accuracy of this
approximation is studied in SectianIVI. Besides being mowmhmmatically tractable without
loosing in accuracy, the two-ball approximation allows agitaw some interesting conclusions
about the connectivity potential of mmWave communicatidngarticular:

1) If the BS-to-MT distance- is less than (about) 50 meteisg.,, » < D;, we note that

no link outage occurs. In other words, a link can be either InG& or a NLOS state.
Furthermore, the probability of being in a LOS state is gre#itan 80%.

2) If the BS-to-MT distance- is greater than (about) 50 meters but less than (about) 200

meters,i.e,, r € [Dy, D], we note that a link can be in any of the three possible states.

Furthermore, most likely, the MT is served by a NLOS BS.
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3) If the BS-to-MT distance is greater than (about) 200 meterg,, » > D,, we note that
the link is most likely to be in outage: no communication betw BS and MT is possible.

4) The distanceD, identifies a critical operating regime, which is specific ofmkvave
communications and that it is not observed@ave communications that are characterized
by a two-state link model. It is worth noting thax, is approximately equal to 200 meters,
which is in agreement with the conclusions drawn in [1] and [2

5) The link state probabilities originating from the twoHkepproximation in Tabléll provide
useful guidelines on how to choose the average cell radiusm¥Wave systems. Radii of
the order of 50 meters are expected to guarantee a very gootechvity, at the cost of
a denser deployment. Radii larger than 200 meters, on thex btind, are expected to be
too big for establishing a sufficiently reliable connectiogtween BS and MT.

6) TablelJ shows that the connectivity properties of mmWagsworks operating at 28 GHz
and 73 GHz are very similar. This is an important finding, si®8 GHz and 73 GHz
represent the lower- and the upper-end, respectivelyeofrédguency range currently being

considered for mmWave cellular communications.

B. Communication Blockage Probability

As mentioned inRemark [I, the peculiarity of the three-state link model in SectioiDllies
is the presence of communication blockages if no BSs ardaiaifor serving the MT. The
following lemma provides a closed-form expression of thebability that this event occurs.

Lemma 4: The probability Pyiockage = Pr{¥ros = 0 N Unros = 0} that a communication

blockage occurs can be formulated g, ckage = €XP (—Ablockage)» Where:

Ablockage = TA (0507 In (“YOUT))2 + 2m Ao orour (Your + Your In (Your)) (18)

Proof: See Appendix |I. O

Remark 9: The communication blockage probability in {18) is indepamtdof the cell asso-
ciation criterion. AlS0,Ppiockage = 0 If dour = 0, i.e, pour (r) = 0 in (4). In general, thus,
let PLos and Pxros be the probabilities that the MT is served by a LOS and a NLOS BS
respectively, we hav®;,os + Pnros + Phiockage = 1 aNd Pros + Prros < 1. This implies that
the coverage probability may be zero even 1o 0. This occurs ifPros = Pxros = 0 and

Phiockage = 1. A similar comment applies to the average rate. By diregbéction of [18), this
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occurs ifopyr — +00, Which corresponds tpos (1) = pnros (1) = 0 andpour (1) = 1 in (4).
As discussed in Sectidn IIl[A, there is a critical distandeeve this operating regime emerges,

which corresponds to 200 meters for the considered mmWaaeneh model. O

V. MODELING COVERAGE PROBABILITY AND AVERAGE RATE
A. Smallest Path-Loss Cell Association

Assume a cell association based on the smallest path-lasea@ibeamsteering errors. From
2
@), U = PGO ‘hgo)‘ /L(°>, wheres = LOS or s = NLOS if the MT is served by a LOS
or a NLOS BS, respectively, and® = 0 if a communication blockage occurs. Then, the SNR

can be formulated as follows:

2
0 0
(a) PG ’higs PG ‘hl(\II)JOS

= _ 1777 0 _ 70 (0) _ 7(0)
SNRE — 0 {LO - 13} + o {L9- Qo) @9
where (a) takes into account that the distribution of LOS Bh®S links is different.
Proposition 1: Let the SNR in[(IB). The coverage probability [0 (8) can berfolated as

follows:

‘ 2

P (T) = P{%9¢ (T) + Plirgs (T)

pe ()= [ " erte (m (Tx%@) - MS) AP ([0, 2)) exp (~ Ay ((0,2)) da

wheres = {LOS,NLOS}, 4 = PG /0%, 1, ando, are defined irCorollary A, ([0, z)) =
ALOS ([0, x))"_ANLOS ([0, Z’)), WhereALos () andANLOS () are defined Irtemma[:[], A(l) ([0, l’)) =

Lios
Tgl) (z; LOS), whereTf)l) (+;-) is the first derivative off, (+; -) defined inLemmal[l] i.e,, Tgl) (r;8) =
Yo (z;8)/dz, AL ([0,2)) = T (2;NLOS) — T (2;NLOS), whereT{" (;-) is the first

derivative of T, (-; -) defined inLemmall, i.e, T{" (z;s) = dy (z;5)/dz. T () and TV (-5 )

can be formulated as follows:

(20)

T (@35) = 1y (W 4 WeW — eVt gtV 5 ()

- K <1 _ e—stws _ Qsml/ﬁse—stws) 5 (m _ Zs) + Ky (1 _ R Re_R) 5@ . Zs)
(21)

K, (Vf/ﬁs) p2/Bs=1=Vea!/Poq (z— Z,) + K, (Qi/ﬁs) p2/Bs—1=Qsa!/Po gy (z — Z,)

@ ICQ (V92//88) x?/ﬁs—le—stl/ﬁsH (..'lf _ ZS) + ICl (Qg/ﬂs) xz/ﬁs—le—stl/ﬁs,}_—[ (..'23' . ZS)
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_ 2
Tgl) (25 8) = —TAK; 20?56 (v — Z,) + A (5OUT In (VOUT)) o (z—Z)

_ - - _Tyl/Bs o —Toz/Bs
+ 27 AdourouT <7011JT + 700t In (Your) — e — Tyat/Fee " ) 6 (x—Zs)

(22)
+ 2m AR 2B BT VH (= Z) + 27 MO Epvour T8 Pt e T R (1 — Z,)
b ) 7 S
O oAk 2B P (1 — Z,) + 27r)\55%T70UTT8253_1x2/68_16_Tsx1/6 H(x — Z)
Proof: See Appendix II. O

Proposition [1 provides an exact single-integral expression of the caesnarobability. In
particular, the two-ball approximation in Section Ill-A,hweh may be obtained by replacing
Aros (+) and Axros (+) with Agaggmx) () and Aﬁgggf’x) (-) in (@5), respectively, is not used. The
average rate can be computed fronh (8)3., by using the GCQ formulation. In the most
general setup considered in this paper] (20) cannot beeiusimplified, even using the two-ball
approximation. A simplified formulation can be obtainedwiewer, in some special cases.

Corollary 3: Let the SNR in[(IB) under the assumption t*‘iaﬁf())s‘ and }hl(\?ﬁos} are indepen-

(dB) (dB) (dB) (dB)

dent and identically distributed,e., 1% = ;54 = tnrog @and o8 = 0;0¢ = oxrog- The

coverage probability in{8) can be formulated as follows:

pleov) (T) — /O+oo o (%x) o (2)da (23)
where F; o (+) follows from (I3) with L(©) = Q(O)\ALOS_ANLOS_I, f|h<0)‘ f’h@ 2 (&) =
f]hfvoﬁosf &) = (x/ﬂam)_lexp (—(In (z) — w)?/20?) is the PDF of‘hLOS‘ and ‘hNLOS‘ with
p = 1% (In (10)/10) ando = o® (In (10)/10).

Proof: See Appendix II. O

Remark 10: In Corollary [3, only the fading parameters of LOS and NLOS channels are
assumed to be the same. The path-loss model and the linkpstdtability of LOS and NLOS
links are, on the other hand, still different and formulatec general manner. Similar tb_(20),
(23) is still formulated in an integral form. The latter mathatical formulation has, however,
two main advantages: i) it is simpler to be computed numbyiand ii) it is provided in a
general form that is applicable to any distributions,, f\h<0)|2 (+), of the fading power gaing.

Proposition 2: Let the SNR in [(IB) under the assumption thdt = PG®) /o3, > 1. The
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average rate i {9) can be formulatedras: Ryos + Rxros, Where ¢ = {LOS, NLOS}):

T, (@) = LeXp <— (ln (x/V(O)) — MS)2> - (ln ($/V(O)) - Ms) erfc <ln (9:/7(0)) _ MS)
(24)

V20,
R, = (1/2) / 70 (@) AD (0, 2)) exp (A ([0, 1)) de

Proof: See Appendix II. O
Remark 11: The approximation in[(24) provides a single-integral espren of the average
rate. Its accuracy is expected to increase as the dirgctigin, G(*), of the intended link and
the density,\, of the BSs increase. In this case, in f&&iNR ~ SNR > 1 (see proof). O
Remark 12: By direct inspection ofe.g., (23), it follows that coverage probability and average
rate increase aB, G°) and ) increase. They decrease, on the other hands2asncreases.
Therefore, the performance of mmWave cellular networksrawgs by increasing the transmit
power, the directivity gain of the intended link and the dgnef BSs. O
Remark 13: FromLemmas[I andZ, it follows thatProposition[I], Corollary[3 andProposition
[2 still hold if pour (r) =0 in (). Yo (+;-) and Yy (+;-) in Corollary [ can be used. d

B. Highest Received Power Cell Association

Assume a cell association based on the highest receivedrmwieno beamsteering errors.
From (), U = PG©®/P©® and the SNR can be written &\NR =PG® /(0% P"). In
particular,SNR = 0 if a communication blockage occurs.

Proposition 3: Let SNR =PG) /(5% PV)). The coverage probability if(8) is equal to:

PE)(T) = Fpo (PG(O)/<012VT)) = 1 —exp (Ap ([0, PG(O)/(UJQVT))))

y ( | (25)
~1—exp (A;pprox ([07 PG(O)/(U?VT))))

whereAp ([0, 7)) = Ag ([0, %)) and AP ([0, 2)) = AP ([0, 2)) are defined in[{21) and
Remark [7, respectively.
Proof : (a) follows fromLemma[dl by noting thatP© = ®© if A; s and Axros are random
variables and (b) follows from the two-ball approximationSectiorI[=A. O
Remark 14: The equality in (a) provides an exact single-integral egpi@n of the coverage
probability. Hence, the average ratelin (9) is formulatettirms of a two-fold integral. The two-

ball approximation in (b), on the other hand, provides anreximated closed-form expression
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of the coverage probability, which results in a single-gmé expression of the average rafe.
Remark 15. Denote the coverage probabilities i §(23) and] (25) By path—loss) () and
p(eov.pover) () - respectively. With the aid of the Jensen inequality applie the exponential
function, it follows, as expected, th&fcov:path—loss) (T) < pleov.power) (T) The price to be paid
for the better performance provided by the cell associdbi@ased on the highest received power
is the need of knowing the instantaneous shadowing pow@&sgai similar performance trend
is expected to hold when LOS and NLOS links have differentrithistions. The proof of this
trend is, however, not straightforward from_{20). As for therformance trends that originate
from (28), the same comments asRemark [12 apply. d

V. GENERALIZATIONS

In Section[1V, new frameworks for computing coverage ané maft mmWave systems are
provided, under the assumptions of no beamsteering ermisaasingle tier of BSs. With
these assumptions, coverage and rate are formulated inaot gxgle and two-fold integral
expressions, respectively. A closed-form expression efdbverage is provided for high-SNR
and by assuming a cell association based on the smallesigssthA closed-form expression
of the coverage is provided by relying on a two-ball appradion for modeling the link state
and by assuming a cell association based on the highesvedcpbwer. In this section, the

assumptions of Sectidn 1V are removed, without increasivgdomplexity of the frameworks.

A. Beamforming Alignment Errors

By direct inspection of the frameworks for computing cogergrobability and average rate
in Section1V, it is apparent that they depend Gf) = Gg]s)Gfg)T. In mathematical terms, this
dependency can be highlighted by using the notali6f”) (T; G) andR (G?).

Proposition 4: Let P(*") (-;G©) and R (G”) be coverage probability and average rate,
respectively, available in Section ]IV for cell associaidmased on the smallest path-loss and

the highest received power. Let the beamforming alignmemtr enodel in Section I[[-C. The
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coverage probability can be formulated as follows:

+00
P (T) = Ego) {P“Y (T;G7) } = / P (T; g) fow (9) dg
0
= Flegs) (5/2) Fleyer| (nir/2) P (T3 G GHY)

+ E5B8| (wBS/2> \aMT\ (wMT/2) pleov) <T; Ggrslax (min )

+ Flep) (/2) Pl (w/2) P (T GRSV G

(26)

o Flegs| (@85/2) Floyr (wnin/2) PO (T3 GREV G

whereF). | (w,/2) = 1— F. | (wy/2) for ¢ = {BS,MT}. A similar expression holds for the rate.
Proof: The proof immediately follows from Section 1I:C and (3). O
Remark 16: The coverage probability in_(26) reduces to that compute8edntion[TV in the

absence of beamsteering errors. In this case, in fagt= ey = 0 and F|. | (w,/2) = 1 for

q = {BS,MT}. Thus, as expecte® (") (T) = P(co) (T Gl G{ﬁ”). O

B. Multi-Tier Cellular Deployment

Consider a multi-tier mmWave cellular network, which is reaaf y tiers of BSs. The BSs
of each tier are distributed according to a homogeneous PREnsity A\, for £ =1,2,..., x.
The PPP of thetth tier is denoted by,. Each tier of BSs is characterized by a different
transmit powelP;, and by different maximum and minimum directivity ga.@%m“ and Gg’;?,
respectively, fork = 1,2, ..., y. Beamsteering errors are not considered, since the geaatiah
immediately follows from Section VAA. The MT is served by tiBS providing the highest
received power to it, by taking the transmit power and thedlivity gain of the BSs into account.
The BSs of each tier use the same carrier frequency (fulieacy reuse). Accordingly, path-
loss, link state and fading models are the same for all tlarsathematical terms, and similar
to Sectior [I-G.2, the received SNR, under a noise-limitgdraximation, can be formulated as
SNR :G&“;‘X)/(JJZVP(O)), where:

b% X X
. (0) (0) (0)
PO = min {U Pk,LOS’ U Pk,NLOS’ U Pk,OUT}

k=1 k=1 k=1

i L) ' 27)
P(O) TLIGH\I}QS { ‘h(k ”)‘ P G(max) lf \Ijk‘,s ?é @
k

,S

+0o0 lf \Ilk,s == (Z)
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ands = {LOS, NLOS}, P,i%UT = +oo for k = 1,2,...,x, and ¥, , denotes the PPP of the
BSs of tierk that are in state.
Proposition 5: Let SNR :Gﬁlﬁx)/(a?vP(o)), whereP© is defined in[(2I7). Assume no beam-

steering errors. The coverage probability[ih (8) can be tdated as follows:

P (1) = Fpo (G [ (0T) ) = 1= exp (45 (0.6 /(437) ) ))

(28)
~1—exp (Agfppwx) ([0, G&“ﬁ“/(d?ﬂ))))
whereAp (-) and AP () are defined as follows:
M@= 3w {a (R )
k=1 s={LOS,NLOS} (29)

Agjppm")([o,x)):zx: S Al (Jo, PGl ) )

k=1 s={LOS,NLOS}

and A, (-) and A¥PP™ (.) are defined in[{J1) and {1L6), respectively.

Proof: The proof follows by using the same line of though as that@hma[ll Since they
PPPs are independent, the intensity ff | Péos) for s = {LOS,NLOS, OUT} is the summation
of the intensities of the( tiers. The intensity of each tier can be computed as in thefprb
a |’
random variable for each tier. The proof is concluded by kg Lemma [2. O

(max)

Lemma [I, by taking into account tha, and Gg,’ act as constants an acts a as

In summary, by capitalizing on the two-ball approximationiroduced in Section IlI-A, an
approximated closed-form expression of the coverage oemérmulti-tier mmWave cellular
networks is provided. With the aid dProposition 4, beamsteering errors can be taken into
account, by still having a closed-form expression. The fallews from (9) and, in general, a
single integral needs to be computed. The closed-form matieal formulation inProposition
is based on two main assumptions: 1) mmWave systems are-limoissd and 2) empirically
derived link state models are approximated by a two-ball $itate model. The accuracy of these

two approximations is investigated in the next section Wl aid of Monte Carlo simulations.

VI. NUMERICAL AND SIMULATION RESULTS

In this section, we illustrate some numerical examples falidating the accuracy of the
proposed mathematical frameworks and for comparing mmVaadg:Wave cellular networks.

The frameworks are substantiated with the aid of Monte Cantwlations, where some modeling
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assumptions used for analytical tractability are not esd@drin the system simulator. Notably,

coverage and rate are computed under the noise-limitedngsigun in Sectiom IV. This approxi-

mation isnot retained in the system simulator, in order to show to whidiemixthe noise-limited

assumption holds for mmWave systems. Monte Carlo simulagsults are obtained by using

the system simulator described in [7]-[10], to which thedezas referred for further information.

Unless otherwise stated, the following setup is considéredbtaining the numerical exam-

ples, which agrees with previous studies in this field [2B][114]. In particular, channel and

blockage models are taken from [2]. In addition:

Two mmWave cellular networks are studied, which operatecrger frequencyf.., equal
to F, = 28 GHz andF, = 73 GHz. The transmission bandwidth BW = 2 GHz. The
noise figure is\Vgg = 10. The transmit power for single-tier networks 5= 30 dBm. The
setup for multi-tier networks is summarized in the captidrihe figures.

The path-loss model is as follows [2, Table d};os = 61.4 dB, fros = 2 andani,os = 72
dB, Onros = 2.92 if F, = 28 GHz anday,os = 69.8 dB, fros = 2 and anros = 82.7 dB,
Bnros = 2.69 if F. =73 GHz.

The shadowing model is as follows [2, Table 45 = 5.8, o\9 = 8.7 if F. = 28 GHz
ando\T) = 5.8, o0 = 8.7 if F, =73 GHz. On the other hang,®® is assumed to be
equal to zero for both LOS and NLOS scenarios.

The blockage model is as follows [2, Table b:0s = 1/67.1, v0s = 1 and dpuyr = 5.2,
vout = exp (1/30), for both F, = 28 GHz andF,. = 73 GHz scenarios.

The directional beamforming model for single-tier netwsoik as follows [13]:G1(3“§a") =
Gm) = 20 dB, G = UMY = —10 dB andwgs = wyr = 30 degrees. The setup for
multi-tier networks is summarized in the caption of the fegur

Similar to [13], the density of BSs), is represented as a function of the average cell radius,
i.e, R.=+/1/(mA).

As for yWave cellular networks, a setup similar to [2] is considerkd particular, we
setF, = 2.5 GHz, BW = 40 MHz, G = g™ — 0 dB andwyr = 360 degrees.
The channel model is chosen as in [2, Eq. (1L, [ (r)"® = 22.7 + 36.7log,, (r) +
26 log,, (2.5). All channels are assumed to be in a NLOS state, with a shadostandard
deviation equal tory,0s = 4. NO outage state is consideréa, poyr (r) = 0. The rest of

the paraments is the same as for the mmWave cellular netvedulp.s
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« As for the results obtained with the mathematical framewptke following holds. The
curves related to the cell association based on the smpabdistloss are obtained by using
the formulas inProposition[ll for the coverage and](9) for the rate. The curves relatedeo th
cell association based on the highest received power aegneblt by using the formulas in
Proposition 3 for the coverage and(9) for the rate. In this second casg, tbel formulas
obtained by using the two-ball approximation are shown.@sglie setups in Sectidnl V, the
formulas inProposition [4l and Proposition 5 are used. In all cases, the formulas obtained

from the two-ball approximation are used.

Selected numerical results are illustrated in Figs. [1-X@mFthese figures, we observe that
the proposed noise-limited approximation is quite aceufar practical densities of BSs. If
R. > 100 meters for the considered setup, in particular, we obsdraé inmWave cellular
networks can be assumed to be noise-limited. If the dengitBSs increases, on the other
hand, this approximation may no longer hold. The perforreagap compared to Monte Carlo
simulations is, however, tolerable and this shows thatpninaase, mmWave cellular networks are
likely not to be interference-limited. This finding is in @g@ment with recent published papers
that considered a simplified blockage model [14]. The figws® show that, in general, the
presence of an outage state reduces the coverage propdliig is noticeable, in particular, for
small values of the reliability thresholfl. Furthermore, as expected, the performance gets better
as the average cell radiudg. decreasesd,e., for denser network deployments. Cell associations
based on the smallest path-loss and the highest receivedrpmavide, in general, very close
performance. Some figures deserve some additional comments

In Fig.[4, mmWave andWave cellular networks are compared by assuming a cell egsnt
based on the smallest path-loss. This figure shows that me\&stems have the potential of
outperforminguWave systems, provided that the network density is suffilyigngh. Otherwise,
wWave systems are still to be preferred, especially for svallies of the reliability threshold
T. As expected, mmWave transmissionfat= 28 GHz slightly outperforms its counterpart at
F. =173 GHz due to a smaller path-loss.

In Figs.[3 and b, the rate of mmWave aptlVave networks is compared. They show that
mmWave networks are capable of significantly enhancing veeage rate. This is mainly due to
the larger transmission bandwidth, which is 50 times larngethe considered setup, for mmWave

systems. The figure shows, however, that the gain can be ldrge the ratio of the bandwidths,
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especially for medium/dense cellular deployments. Fiishows an interesting phenomenon:
for dense network deploymentse., R. < 100 meters, the average rate may be larger in the
presence of an outage state. This is because the BSs that aunéage do not contribute to the
other-cell interference. On the other hand, the outage siagatively affects the rate if the BSs
are sparely deployed. A similar trend emerges in Eig. 7 ferdbverage probability.

In Figs.[9 and_1l0, the impact of beamsteering errors is ifyasd. The figures confirm that
beamsteering errors degrade, in general, the achievalitaipance. In the considered setup, the
degradation is noticeable if the standard deviation of thietpg error is greater than 6 degrees.

Finally, Figs[11 an@ 12 confirm that multi-tier networks yide better performance, especially
for small values of the reliability thresholfl and for large cell radii of the higher tier of BSs. In
spite of the large number of deployed BSs in this setup andniedl cell radius for the lowest
tier of BSs (R. = 50 meters for Tier-3), the results confirm that the noise-kaiapproximation
still holds for mmWave cellular networks. This occurs evanugh the directivity gain of the
lower tiers of BSs and of the MT is not that high.

VIlI. CONCLUSION

In the present paper, a new analytical framework for conmgutioverage probability and
average rate of mmWave cellular networks has been propdtsedovelty lies in taking into
account realistic channel and blockage models for mmWaugpagwation, which are based on
empirical data available in the literature. A systematio4vall approximation for modeling the
link-state of mmWave communications is introduced, whilhased on matching the intensities
of the PPPs of empirical three-state and approximated w@illoimk models. The proposed
mathematical methodology relies on the noise-limited extion for modeling mmWave cellular
systems, which is shown to be sufficiently accurate for tgpaensities of BSs and for envi-
sioned transmission bandwidths. The proposed approagipigable to different cell association
criteria, to multi-tier cellular deployments and it acctaifor beamforming pointing errors. The
numerical examples have confirmed that sufficiently densé\ave cellular networks have the

inherent capability of outperforming theirlWave counterpart.
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APPENDIX | — PROOFS OF THERESULTS IN SECTION [[T]
A. Proof of Lemma [I]

The proof follows by using a methodology similar to [23, S&@\]. In particular, by invoking
the displacement theorem of PPPs [17, Th. 1.10], the proofe® scaled propagation losses
® = {I(r™)/A™ n e ¥} can be interpreted as a transformationdofwhich is still a PPP
on R*. From Sectior_I[-:D, we know thall = ;o5 U Unros U Your. Since ¥ios, Ynros
and oyt are independent, the density (or intensityy, (), of @ = {I (r™)/A™ n e ¥} is
equal to the summation of the intensities®fos, Pni.os and @oyr. Since the path-loss of the
links in outage is infinite, by definition its intensity is exjuo zero. The intensities\s, . (-)
and Ag, s (-) Of @105 and Ony0s, respectively, on the other hand, can be computed by using
mathematical steps similar to the proof of [23, Lemma 1]. &epecifically, we have:

Ao, (0.2) = 200, { [ T (A = ) 9 0) rar (30)

wherep; () for s = {LOS,NLOS} is defined in[(4).
Equation [(ID) follows by inserting; () of (@) in (30) and by computing the integrals with
the aid of the notable resuﬁab e~rdr = (1)) (e + ae™* — = — be~?).

B. Proof of Corollary 2

It follows by calculating the expectation df (15), wherds replaced withA4,x, with respect
to A, by using the results:

Fa ) =Prid <0} = [ g ©de =172 121t () - )/ (V22
ma, ) = [ € Fa ©1d¢ = /2exp (v + (1720707}

x erfc (Vas/f — (In(y) — Ms)/(ﬂ%))

+o0
Ma, (V,y)z/ & fa, (€) d€ = exp {vps + (1/2) 02} — ma, (v,y)

(31)

where £, (€) = (V2r0.€) " exp (—(In (€) — )/ (202).
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C. Proof of Lemma 4

Since U105 and Unios are independent, theRyiockage = Pr{¥ros = 0 N Unros =0} =
Pr{Uros = 0} Pr{¥nLos = 0}. From the void probability theorem of PPPs [17], we have:

Pr{¥, = 0} = exp (—zm /0 m Py (1) rdr) (32)

for s = {LOS,NLOS} and p; () is defined in [(#). The integral in_(82) can be computed
in closed-form from [(30) by letting: — +oo for A, = 1. The proof follows with the aid
of some simplifications. Alternatively, the proof may be aibed directly fromLemma [I By
definition of communication blockage, in fact, the equeditPyocmge = Pr{®® = 400} =

Pr{L > 400} =1— Fy ) (z — +00) hold, from which the proof follows settingl, = 1.

APPENDIX Il — PROOFS OF THERESULTS IN SECTION[V]
D. Proof of Proposition [
From (8) and[(19), the coverage probability can be formdlaby definition, as follows:

2
PG Rl

P(cov) (T) EL(O) Pr >T Lioc))s Pr {L( NLOS > LLOS‘ LLOS}

ros UJ2VL£O())S
(33)
I ‘
+E o Pr ’ LS > T| LY Pr{L( ) o> LY ‘L }
ACH 2 LNI)JOS NLOS LOS NLOS | “NLOS

Denote the first and second addends[in (33)Pl§°37v , Wheres = LOS ands = NLOS,

respectively. It can be computed by using the foIIowmg ltssu

Pr { B > LOT /W’ Lg0>} D12~ (1/2)ert ((1n (LOT /4O = ) / (\/io—))
(b)
Pr { Ll(\IIZOS > LLOS‘ LLOS} — exXp (_ANLOS ([07 ngs))) (34)
0 0 (0 0
Pr { Ligs > Ll(\IIZOS‘ Ll(\nios} = exp <_ALOS ([O> L%IIIOS)))

where (a) follows from[(31), and (b) and (c) follow frolremma I, Lemma [2 and Remark 3,

. . 0 0 0 0 0
sinceL” = O, = mln{LiC))&Ll(\II)JOS}’ Lids = ®f3s Aot and Ly} o5 =
‘1)1(\?%05 . The proof follows by explicitly writing the expectation thi respect toL(L(gS

Anvos=1

andLl(\IﬁOS in terms of their PDFs, which can be formulated, similar tpgbd (c), ast<o> (&) =
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aPr{Ll" < ¢} [dg = A" (0,€)) exp (~A, ((0,€)), sincePr { 1 < €} = exp (A, ([0,€)).
The equalities in (a) and (b) in_(R1) and [22), respectivédylow by noting that the terms
multiplying the Kronecker’s delta function simplify withaeh other.

E. Proof of Corollary

Since LOS and NLOS links have the same distribution, the SNR1B) can be equiv-
alently re-written asSNR = PG®©) \h(m\z (6% L). Thus, the coverage can be written as
P(eov) (T) = Pr {L(O) < PGO [p©)]? / <U§VT>} = E}, 0 {FL@ (PG<0> h©)|? / @%T)) } The

proof follows fromLemma I, Lemma 2 and Remark 3, since L = ¢, .

F. Proof of Proposition[2

If PG /0% > 1, the average rate can be approximategt as Esxr {BW log, (1 + SNR)} ~
Esnr {BW log, (SNR)}, where the SNR is defined in_(19). Thu§] (9) can be simplified as
R ~ (BW/In(2)) 0+°° Py (¢')dt. By inserting the coverage in_(20) in this approximated
expression of the rate, the proof follows by swapping theepraf integration and by using

the following notable integral:

1 Foo In (etx/y(o)) — Us 1 Foo In (x/y(o)) — s+t
Js () = 5 /0 erfc ( N dt = 5 /0 erfc N dt
(35)

whose closed-form solution is available in{(24).
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Fig. 8: Coverage probability (a, b) and average rate (c) of a mmway@ @). Solid lines: mathematical framework. Markers: Mertarlo
simulations. Setup. Tier-1R. = 150 m, P = 30 dBm, Ggga") =20

dB, G — 10 dB, wps = 30°. Tier-2: R = 100 m, P = 10

dBm,

B

=10 dB, GUE™ = 0 dB, wpg = 40°. Tier-3: R, =

50 m, P = 5 dBm, G2 = 5 dB, GUZ™ = 0 dB, wps = 50°.
Also, G{) — 5 dB, G = 0 dB, whir = 50°.
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Fig. 9: Coverage probability of a mmWave cellular network withFig. 12: Average rate of a mmWave cellular network Bt = 28
GHz (a) andF, = 73 GHz (b). Cell association iT(27pouT(-)
in @). Solid lines: mathematical framework. Markers: Mertarlo

R. = 150 m at F, = 28 GHz (a) andF. = 73 GHz (b): Impact of
beamsteering errors. Highest received power cell assutigiouT(-)
in @). Solid lines: mathematical framework. Markers: MerCarlo

simulations.

simulations. The same setup as in Hig] 11 is considered with a
exception. The values d®. shown in the figure are related to Tier-1.

The cell radii of Tier-2 and Tier-3 are kept fixed to 100 and 5&ters.
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