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ON THE CONTROLLABILITY OF THE ROLLING PROBLEM
ONTO THE HYPERBOLIC n-SPACE

YACINE CHITOUR Université Paris-Sud 11
MAURICIO GODOY MOLINA Universidad de La Frontera
PETRI KOKKONEN

ABSTRACT. In the present paper, we study the controllability of the control sys-
tem associated to rolling without slipping or spinning of a Riemannian manifold
(M, g) onto the hyperbolic n-space H". Our main result states that the system is
completely controllable if and only if (M, g) is not isometric to a warped product
of a special form, in analogy to the classical de Rham decomposition theorem for
Riemannian manifolds. The proof is based on the observations that the control-
lability issue in this case reduces to determine whether (M, g) admits a reducible
action of a hyperbolic analog of the holonomy group and a well-known fact about
connected subgroups of O(n, 1) acting irreducibly on the Lorentzian space R™*.
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1. INTRODUCTION

A major problem in geometric control theory is to give easy-to-check conditions
for the controllability of the system under study. In the general geometric setting,
the most common way to proceed is to verify the Lie Algebraic Rank Condition
(LARC) which is a well-known sufficient condition for controllability: all the Lie
brackets of the vector fields steering the dynamics have to span the tangent bundle
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of the state space. As simple as this algebraic condition may seem, in practice,
however, this condition turns out to be sometimes cumbersome to verify. Kalman’s
controllability rank condition is a celebrated result in linear control theory that can
be seen as the holy grail for this point of view: reducing a priori lengthy and difficult
Lie algebraic computations to checking that a matrix has full rank. In order to find
a simple criterion for controllability without computing Lie brackets, one is often
forced to use strongly the geometric structure of the problem at hand, therefore,
it is necessary to employ differential geometric language and tools to achieve that
goal.

Our aim is to give a good geometric setting to study the controllability of the
system consisting of an oriented connected Riemannian manifold of dimension n > 2
rolling without spinning or slipping against an n-dimensional space form of negative
sectional curvature. The study of the problem of two manifolds rolling in such
a way is old and provides surprisingly many difficulties. It is possible to trace
back the case of the ball rolling onto the plane to Chaplygin [8, 9] in the end of
the 19th century, though more modern accounts of the higher dimensional case
for embedded manifolds has been presented by Nomizu [22] and Sharpe [25]. A
coordinate-free definition for surfaces was introduced in [2, 7|, and later extended
to general manifolds in [11, 14]. A general procedure to study the controllability of
the rolling model has been studied in |11, 16].

It was observed in [12], that the structure of the affine holonomy group charac-
terizes the orbits of the rolling problem, when one of the manifolds involved is the
Euclidean space, thus one can fully address the problem of complete controllability
for the rolling model. To state this observation precisely, let us recall the definition
of the rolling problem. Let (M, g) and (M, §) be two oriented Riemannian manifolds
of dimension n. The configuration space of the rolling problem is the manifold

Q=QM,M)={A:T|,M—T|;M|zeM, iecl,
A linear isometry, det(A) > 0}.

An absolutely continuous curve ¢(t) = (v(t),5(t), A(t)) in @ is a rolling curve if
A(t)X (t) is parallel along §(t) for every vector field X (¢) that is parallel along ~(t)
(no twist condition) and if A(£)%(t) = 4(t) (no slip condition). There is a distribution
Dr on @), called the rolling distribution, such that the rolling curves in () are exactly
the integral curves of Dy. Lie brackets of vector fields spanning Dy are expressed in
terms of the curvature tensors R and R associated to the Riemannian metrics g on
M and ¢ on M respectively, together with the covariant derivatives of R and R. It
seems therefore impossible to solve for general dimension n the controllability issue
on the sole knowledge of the Lie algebraic structure of Dg, except for low dimensions
(for n = 2 this was achieved in |2, 7|, and for n = 3 in [11, Section 7|). Indeed, in
the case for instance where (M ,§) is the n-dimensional Euclidean space, it would
amount to determine Hol(VY), the holonomy group of the Levi-Civita connection
V9 associated to g, with the only knowledge of its curvature tensor and its covariant
derivatives. Instead, the latter issue can be successfully addressed by resorting on
group theoretic and algebraic arguments.

In general, it is not clear if there is a G-principal bundle structure on ) making Dg
a G-principal bundle connection. However, this is indeed the case for the projection
Q(M, M) — M, when (M,g) is a space form, as shown in [12]. More precisely,

if (M, §) has constant sectional curvature ¢, there is a Lie group G.(n) acting on
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() such that Dy is a G.(n)-principal bundle connection, and moreover, its fibers of
orbits are all conjugate to the holonomy group of Dg, which is a subgroup of G.(n).
In the case where ¢ = 0, we have Go(n) = SE(n) and this construction reduces to
study the affine holonomy group of M. One of the main results in [12] shows that,
provided (M, g) is complete and (M , §) is the Euclidean space R™ with the standard
Riemannian structure, then the rolling system is controllable if and only if M has
full holonomy, i.e., Hol(V9) = SO(n). This fact can be seen as a manifestation of
De Rham’s decomposition theorem since, if the holonomy of M is reducible, one can
detect the components of M via the irreducible orbits of the distribution Dg.

Up to rescaling, the cases remaining are when ¢ = +1 and, in these cases, G1(n) =
SO(n + 1) and G_1(n) = SOy(n,1), the identity component of O(n,1). In both
situations the controllability for the rolling system can be phrased in terms of the
holonomy of a connection. As shown in [12|, there is a metric h and an h-metric
connection V¢ on the vector bundle T'M & R over M such that the rolling system
is controllable if and only if H€, the holonomy group of V¢ is equal to G.(n). In
the case ¢ = 1, the aforementioned metric h is positive definite; whereas in the case
¢ = —1, the metric h has index one.

The case ¢ = 1 was addressed in [12]: it is shown that if the action of H! on the
unit sphere is not transitive, then (M, g) is the unit sphere. As a consequence, it
holds that, for n > 16 and even, the rolling system Q = Q(M, S" ') is completely
controllable if and only if (M, g) is not isometric to the unit sphere. It is also impor-
tant to stress that the results we present here do not correspond to the ones obtained
in [26]. In that reference, the main result consists of an isometric decomposition of
a semi-Riemannian manifold into the direct product of semi-Riemannian irreducible
submanifolds.

In the present paper, we characterize the structure of a complete and simply
connected Riemannian manifold (M, ¢) in terms of the rolling system @ = Q(M, H").
Our main result states that the action of H™! is reducible if and only if there exists
a complete simply connected Riemannian manifold (M, ¢g1), so that (M,g) is a
warped product either of the form

(WP1): (R x M;,ds® ®.-s g1), or
(WP2) (Hk X Mlu glil @Cosh(d(')) gl))

where for each x € H*, d(z) is the distance between x and an arbitrary fixed point
79 € H*, and 1 < k < n. This can be seen as a “hyperbolic” analogue of the
classical de Rham decomposition theorem for Riemannian manifolds, see [19, 24].
By the classification theorem due to Berger in [5] (and also proved directly in [13]),
the only connected subgroup of the Lorentz group O(n, 1) that acts irreducibly on
the Lorentzian space R™! is its identity component SOg(n,1). This irreducibility
criterion, together with our results, implies that the rolling system @ = Q(M,H")
is not controllable if and only if (M, g) decomposes, up to isometry, into a warped
product of the form (WP1) or (WP2). An interesting fact is that related results have
been obtained in the study of cones over pseudo-Riemannian manifolds, see [4], with
differential geometric motivations. Note also that the embedded case of two spaces
of constant sectional curvature rolling on each other has been analyzed in [18].
The structure of the paper is the following. In Section 2 we collect results concern-
ing the rolling problem that will be relevant in the proof of the main result. We give
special emphasis to the extra symmetry that appears in the system when one of the
manifolds is a space form. In Section 3, we recall the definition of warped products,

how to detect them and how to find their warping functions through a criterion due
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to Hiepko [17]. Finally, in Section 4, we present the main results of the paper and
their proofs. These results, in global formulation, consist of the decomposition of
(M, g) into a warped product of the form (WP1) or (WP2) (see Theorem 4.1), under
the assumption that the action of H~! is reducible. Both proofs are divided in two
cases, depending whether a non-trivial subspace Vi of TM @ R, invariant under the
action of H~!, contains a lightlike vector or not.

2. NOTATIONS AND PREVIOUS RESULTS

Unless otherwise stated, all manifolds under consideration are smooth, connected,
oriented, of finite dimension n > 2 and endowed with a Riemannian metric. Simi-
larly, all frames will be assumed to be positively oriented.

We intend to formulate some of the results in this paper by means of the rolling
formalism presented in [11, 14]. In order to do this, we need to introduce the
state space Q@ = Q(M, M ) for the rolling problem of two n-dimensional connected,
oriented smooth Riemannian manifolds (M, g), (M, §) as

Q=QMM)={A:T|,M - T|;M|zeM, iecM,
A linear isometry, det(A) > 0}.

The case in which M = R" reduces to the study of the well-known concept of anti-
development of curves, as observed in [15]. The main idea is to lift appropriately
the information about the manifold M rolling onto R” to the frame bundle F'M. In
the general case, the situation is more complicated.

2.1. The rolling problem. For ¢ = (z,2;A) € Q and X € T|,M we define the
rolling lift £x(X)|, € T,Q as

_d
Cdt

Where 7,7 are any smooth curves in M, M , respectively, such that 4(0) = X and
4(0) = AX, and P’(v) (resp. P’(%)) denotes the parallel transport along v from

v(a) to y(b) (resp. along 4 from 4 (a) to Y(b)).
The rolling distribution Dg on () is the n-dimensional smooth distribution defined,
for ¢ = (z,; A) € Q, by

(2) Drly = (T M),

An absolutely continuous (a.c. for short) curve t — q(t) = (v(t),5(t); A(t)) is a
rolling curve if and only if it is a.e. tangent to the distribution Dg. See [11, 14] for a
description using local coordinates. We use Op, (q) to denote the Dgr-orbit passing
through ¢q. Also, if g9 = (2, Z0; Ag) € Q and 7 : [a,b] — M is a curve such that
v(a) = o, we let gpg (7, 0)(t), t € [a, V], to be the unique rolling curve through g
that projects to v on M Here O/ < b in general; if (M, g) is complete, then one can
take b =b'". See [12, 19].

(1) Zr(X)q [o(Po(3) 0 Ao P)(v)),

Remark 2.1 The use of the adjective “rolling” in the previous definitions has its origin
in the classical kinematic model of one Riemannian manifold rolling onto another one of
the same dimension, without spinning or slipping (cf. [2, 3, 11, 14, 25]). This kinematic
model can be traced back to the definition of holonomy by E. Cartan (cf. [6]) and has
important applications in robotics (e.g. the plate-ball problem [1, 20, 21]). The main
idea in this formulation is that each point (x,Z; A) of the state space () can be viewed

as describing a contact point of the two manifolds which is given by the points x and &
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of M and M, respectively, and an isometry A of the tangent spaces T'|, M, T\I]\}[ at
this contact point, measuring the relative orientation of these tangent spaces. An a.c.
curve t — q(t) = (y(t),4(t); A(t)) in Q is a rolling curve if the following constraints
(see e.g. [2], [3, Chapter 24], [10]) are satisfied
(i) The no-spinning condition: for every a.c. curve [a,b] — TM; t — X(t) of
vectors along t — (), we have

(3) VipX(t) =0 = Vi, (A)X (1) =0 forae tela,b].
(i) The no-slipping condition:
(4) A)A(t) =A(t) forae. t e a,bl.

2.2. Global properties of Dg-orbits. An important technical result shown in [12]
is the action of Riemannian isometries of M and M on the state space Q).

Proposition 2.2 Let F € Iso(M, g) and F' € Iso(M, §) be Riemannian isometries of
(M, g) and (M, g) respectively. Define smooth free right and left actions of Iso(M, g),
Iso(M, g) on @ by

Qo - F = (F ! (x0),20; Ao 0 Filr-1()),

F- q0 = (o, F(«’%o); F*\xo o A),

where gy = (g, Zo; Ag) € Q. We also set F. G- F = (F cqo) - F = a8 (qo - F). Then
for any qo = (2, Z0; A0) € Q, a.c. v :[0,1] — M, v(0) = zo, and F' € Iso(M,g),
F € Iso(M, ), one has, for all ¢t € [0, 1],

(5) E - qp (7,90)(t) - F = qp (F~' 07, F - o - F)(1).

In particular, F. Opy, () - F = ODR(F “qo - F).

An initial reduction of the problem is the fact that the controllability question
for the rolling problem for M and M is equivalent to study the controllability for
the rolling problem for Riemannian coverings of M and M (cf. [11]). An immediate
consequence, is that one can assume with no loss of generality that both manifolds
M and M are simply connected.

2.3. Space forms and their isometry groups. The n-dimensional space form
F" of curvature ¢ # 0 as a subset of R"™ n > 1, given by

F? = {(21,...,%ps1) ER™ (a4 +22) + 2, =1, an—l—H 0}.

Equip F? with a Riemannian metric g!' defined as the restriction to F} of the non-
degenerate symmetric (0, 2)-tensor s” := (dzq1)? + -+ + (dz,)* + ¢ ' (dwpy1)?. The
condition z,4+1 + ﬁ > 0 in the definition of F guarantees that F! is connected also
when ¢ < 0. We denote, as usual, F} and F”, by S™ and H" respectively.

Remark 2.3 Note that in the definition above there is an underlying continuity with
respect to the curvature parameter ¢, once we disregard the connectedness assumption.
More precisely, the set

{(xl,... Top1) € R [ e(af + -+ 22) +al,, = 1}

consists of the two hyperplanes z,,.1 = +1 when ¢ = 0, a two-sheeted hyperboloid with

fixed vertices (0,...,0,+£1) and foci (0 ,...,O,iccl) when ¢ < 0, and an ellipse with

vertices (0,...,0,%1) in the x,.;-axis and semiaxes of length % on the hyperplane
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Tpe1 = 0. This is in accordance with the definition of the tensor s” since, for it to
behave well when ¢ — 0" or ¢ — 07, one needs to impose dz,.; = 0 when ¢ = 0.

Let G.(n) be the identity component of the Lie group of linear maps R**! — R™+!
that leave invariant the bilinear form

(z,y). = Z Tl + ¢ T 1Ynt,s
i=1
for z = (z1,...,Zn21), ¥y = (Y1, -, Yns1). Observe that Gi(n) = SO(n + 1) and
G_1(n) = SOqy(n, 1), the identity component of O(n,1).

If ¢ = 0, the space form (F{, gf) is simply equal to R™ with the Euclidean metric,
Go(n) is set to be the group SE(n), the special Euclidean group of (Fy, gi). Recall
that SE(n) is equal to R™ x SO(n) as a set, and is equipped with the group operation
* given by

(v, L) * (u, K) := (Lu+v,Lo K).
The natural action, also written as x, of SO(n) on R™ is given by
(u, K) xv:= Kv+u, (u,K)é€SO(n), veR"

Finally recall that, with this notation, the identity component of the isometry group
of (F7,g") is equal to G.(n) for all ¢ € R (cf. [19]).

2.4. Reduction of the rolling problem. When rolling onto a space form it is
possible to reduce the controllability problem to the study of certain holonomy
groups. In other words, one can consider the change of the initial state of the
system after rolling along loops in the space 2,(M) of piecewise C'-loops in M
based at .

The fundamental feature of rolling onto a space form lies in the fact that there is a
G(n)-principal bundle structure for the state space compatible with the distribution
Dg, i.e. Dy is a G.(n)-principal bundle connection. This was proved in [12]| by using
Proposition 2.2, and it is provided below.

Proposition 2.4 (i) The bundle 7o = @ — M is a principal G.(n)-bundle
with a left action p: G.(n) x Q — @ defined for every ¢ = (z,%; A) by
(9, C),q) =(2,C + §;C o A), if ¢ =0,
u(B,q) =(z, B&: B o A), if ¢ £ 0.

Moreover, the action p preserves the distribution Dy i.e., for any ¢ € ) and
B € Gc(n), (1B)+«Drlq = Drlu(B,q Where up : Q — Q; ¢ — (B, q).
(ii) For any given ¢ = (7, %; A) € Q, there is a unique subgroup H; of G(n), called
the holonomy group of Dy, such that

u(Hy x {a}) = Opy(a) N g ().

Also, if ¢' = (z,2"; A") € Q is in the same g y/-fiber as ¢, then H{ and H, are
conjugate in G.(n) and all conjugacy classes of H{ in G(n) are of the form H,.

An open problem related to the proposition above asks for the extent to which
this result holds. More precisely, given two Riemannian manifolds M and M of
dimension n > 2 and the canonical projection Q = Q(M, M ) — M, can one give
conditions on the manifolds so that there exists a G-principal bundle structure for
some Lie group G so that the rolling distribution Dy is G-equivariant? For instance,

this is true if one of the manifolds is a space form.
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For the case ¢ = 0, one can take advantage of the semi-direct product structure
of SE(n) by considering the projection of the fiber of an orbit onto SO(n), which is
nothing but the Riemannian holonomy group of M. As a result, it is proved in [12]
that complete controllability holds if and only if M has full holonomy.

For the case when ¢ # 0, the problem is more subtle. It was shown in [12] that this
principal G.(n)-bundle structure implies the existence of a vector bundle connection
V¢ on the vector bundle mryar : TM & R — M, called the rolling connection,
defined as follows: for every x € M, X € T|,M, (Y,s) € VF(M) x C*(M),

(6) V&Y, s) = (VXY + s(2) X, X(s) — cg(Y., X))

Here we have canonically identified the space of smooth sections I'(m7par) of Trarer
with VF(M) x C*(M).

The connection V¢ is a metric connection with respect to the fiber inner product
h. on TM & R defined by

he((X,7), (Y, ) = g(X,Y) + s,

where X, Y € T|, M, r,s € R. Its holonomy group is denoted by H°.

After a trivial scaling, it is enough to consider only the cases ¢ = +1. The use of
the rolling connection V¢ on the vector bundle "M & R has the advantage that it
allows one to prove that complete controllability of the rolling system is equivalent
to the fact that H¢ equals SO(n + 1) for the spherical case ¢ = 1, or SOg(n, 1) for
the hyperbolic case ¢ = —1.

3. WARPED PRODUCTS

In order to present our results, we need some standard material on warped prod-
ucts, as presented for example in [23], as well as means to detect when a manifold can
be decomposed as the warping of two (or more) manifolds. To set the terminology,
we recall the following definition.

Definition 3.1 (i) Let (N, h), (M, g) be Riemannian manifolds and f € C*°(N)
a non-vanishing function. Then the manifold N x M equipped with the metric

(h Dy g)l(y,w) = h‘y + f(y>2g’wa (y,z) € N x M,

is a Riemannian manifold called the warped product of (N, h) and (M, g) with
warping function f.

(ii) Let (N,h), (M, 1), (M, g2) be Riemannian manifolds and f, fo € C°(N).
Denote by pr; : N x M; — N the canonical projection. Then (N x M; x
My, (h®y, g1) Ppr: (1) g2) is called the doubly warped product of (N, g), (M, g1)
and (Mj, g2) with warping functions fi, fo. We denote its metric simply by

h @y, g1 Dy, g

Remark 3.2 Note that the metric of the above doubly warped product at (y, 21, x2) €
N x M, x M, has the form

(h EBf1 q @fQ 92)|(y,x1,x2) = h|y + fl(y)291|x1 + fQ(y)Qg2|1’2'

Therefore, it is easy to see that (INV x My x My, h& ¢, g1 B, g2) and (N x My x My, hy,
g2 Dy, g1) are isometric.

The main purpose of this section is to introduce a technical result due to Hiepko,
(see Theorem 3.4 below) that we use later in order to detect warped products. In

order to state this theorem, we need to introduce some terminology.
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Definition 3.3 A submanifold N of a Riemannian manifold (), g) is said to be:
e umbilical if there is a local section v of the normal bundle TN* such that the
second fundamental form IIy of NV has the form
Iy(X,Y)=9g(X,Y)v, VXY €T|.N, z € N;
e spherical if (M, g) is umbilical and, in addition, the section v satisfies

(7) VxveTN, VX eTN.

The last condition (7) means that v is parallel with respect to the normal con-
nection of V. With this at hand, the following well-known theorem holds.

Theorem 3.4 ([17]) Let (M, g) be a Riemannian manifold and suppose there is a
smooth constant rank distribution D on M with the following properties:

(i) Both D and D+ are integrable.
(i) The integral manifolds of D are totally geodesic.
(iii) The integral manifolds of D are spherical.

Then (M, g) is locally a warped product. If moreover (M, g) is complete and simply
connected, then (M, g) is globally a warped product. Finally, if f is the warping function
and v is a section of the bundle D+ as in Definitions 3.1 and 3.3, then

v/
=

Remark 3.5 More precisely, as explained in [17] (see Eqgs. (11) and (17) there),
under the assumptions of the above theorem, every x € M has a neighbourhood U and
integral manifolds IV, N* through = of D, D+, respectively, such that U is diffeomorphic
to N+ x N which maps g|ir to g|x1 @/ h, where h is a certain metric on N. If (M, g)
is complete and simply connected, one may take U = M.

UV =

4. PRESENTATION OF THE MAIN RESULTS

We now present the main global result of the present paper.

Theorem 4.1 Let (M, g) be a complete and simply connected Riemannian manifold.
For ¢ < 0, the rolling holonomy group #° is reducible if and only if there exists a
complete simply connected Riemannian manifold (M3, g;) such that (M, g) is a warped
product either of the form
(WP1): (R x My, ds? Bees g1), or
(WP2): (FF X My, 8% Beoen(y—cay 91), Where 1 < k < n and for each = € FF ,
d(x) is the distance between x and an arbitrary fixed point xy € F*.

From the previous result one immediately deduces the following characterization
of complete controllability of the rolling problem onto the hyperbolic space H".

Corollary 4.2 Let (M, g) be a complete, oriented and simply connected Riemannian
n-manifold rolling onto the space form (H", g",) of curvature —1. Then the associated
rolling problem is completely controllable if and only if (M, g) is not isometric to a
warped product of the form (WP1) or (WP2).

Proof of Corollary 4.2. With the notations of Theorem 4.1, and according to Sub-
section 2.4, studying the rolling problem reduces to determining the holonomy group
H~!. Assume that (M, g) is of the form (WP1) or (WP2), then H~! is a proper

subgroup of SOg(n,1), i.e., the rolling is not controllable according to [12]. On
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the other hand, if (M,g) is not of the form (WP1) or (WP2), then the action of
H~! must be irreducible. Since M is simply connected, H ™! is connected, and thus
it is a connected subgroup of O(n,1). Therefore it equals SOg(n, 1), according to
[5, 13]. O

4.1. Proof of the main result. The study of reducibility of H¢ in the case ¢ =0
corresponds to the classical de Rham theorem, and for ¢ = 1 this was done in
[12]. The rest of the present paper is devoted to the proof of Theorem 4.1. By a
trivial rescaling argument, we may assume without loss of generality, that ¢ = —1.
Theorem 4.1 is a consequence of the following two propositions.

Proposition 4.3 With the notation above, assume that the holonomy group H ! is
reducible. Then M is locally of one of the following forms:

(LW1) a warped product (I x My, ds? @.-s g1), where I C R is a certain interval, or

(LW2) a doubly warped product (I x My x My, ds® @ginn(s) 92 Peosh(s) g1), OF

(LW3) a warped product (O x My, g", @Bcosh(d(-)) 91), Where O C HF is a normal
neighbourhood of some x5y € O and d is the distance function from z in HF.

Here (M, ¢1), (M, go) are some Riemannian manifolds.

Proposition 4.4 Suppose (M, g) is a doubly warped product of one of the above
forms (LW1), (LW2) or (LW3). Then the holonomy group H ! is reducible.

Remark 4.5 In the previous propositions, it is possible to replace (I x My, ds*®.-s g1)
by (—Ix My, ds?*@®.s g1 ), since the map (s, 1) — (—s,x;) provides an isometry between
them.
Note that both propositions are of local nature. Along the respective arguments,
we will provide the necessary modifications to derive the full proof of Theorem 4.1
Before starting with the proofs, we need to introduce some more notations. The
metric h := h_; associated to the bundle mryqer : TTM & R — M is then

R(X,7),(Y,s)) =g(X,Y)—rs, (X,r),(Y,s)eT|.MR.

Moreover, for any X,Y € VF(M), s € C°°(M), the linear connection V™! is given
by

Vi (Y, s) = (VxY +sX,X(s) +g(X,Y)).

In particular, if 7 is a unit speed geodesic on M and (Y (¢), s(t)) is parallel along =,
then

VWY + S’.}/ = O,
$4+9(,Y)=0,

and differentiating once more we get
V;ViY + 54 =0,
5+ 9(77 V’YY) = 07
which simplifies to
VLY = g(4,Y)7,
s—s5=0.

9



4.2. Proof of Proposition 4.3. In this section we provide the proofs of the “only
if” parts of Proposition 4.3 and of Theorem 4.1. The proofs of the “if” parts of them
is postponed to Section 4.3.

Let (V,h) be a Lorentzian vector space. For a vector subspace W C V' we define

W ={v eV | h(v,w) =0,Yw € W},

the h-orthogonal space to W. We will occasionally use a notation |[v[|; := h(v,v),
when v € V.

Let V; be a vector subbundle of TM @R invariant under the holonomy group H !
of V7! and set V5 = Vi**. This is again invariant under 7!, since V! is metric
with respect to h. Since dim(V; N'V,) € {0,1}, the argument is divided into two
cases.

4.2.1. Case ViNVy ={0}. We have TM &R =V, & V,. For a = 1,2, define subsets
N, of M by

Noy={ze M| (0,1) € V,|.}.

The restrictions of A to V7 and V5 are both non-degenerate, and since h has signa-
ture (n,1), h is positive definite on one of them, which we assume without loss of
generality to be V5. Let us assume hly, has signature (n — m,0), for some m s.t.
0 < m < n. Therefore h is Lorentzian on Vi, i.e., hly, has signature (m,1). In
particular, V] intersects transversally the light cone. To this end, notice that since
V~!is a metric connection, it preserves the signatures of invariant subbundles V;, V5
so the above claims are well established.

First we prove that N; is non-empty and N, is empty in the case where M is
complete.

Lemma 4.6 One has N, = () and if M is complete, then Ny # ().
Proof. The fact that Ny = () is trivial because
h((oa 1)7 (07 1)) = ”(07 1)”% =-1

and h is positive definite on V5.

Suppose that M is complete and fix zyp € M. Since h is Lorentzian on Vi,
there is a (Xo,70) € Vils, such that ||(Xo,70)||; < 0. By scaling we may assume
that ||(Xo,70)|; = —1, ie., ||X0||§ — 12 = —1. Moreover, we may assume that
ro > 0. If Xg =0, then 0 = 1 and (0,1) € Vi|,, and we are done. Hence assume
that Xo # 0. Let v be a unit speed geodesic with velocity Xo/ || Xof, and write

(X(t),r(t)) for the V~1-parallel transport of (Xy, 7o) along v. Since 7(0) = 7 and
7(0) = —g(7(0), Xo) = — [| Xo|[,, and because #* —r = 0, we get

r(t) = rocosh(t) — || Xo, sinh(t).
Since rg — ||X0||§ = 1 and ro > 0, there exists a unique ¢; € R such that
(cosh(ty),sinh(t1)) = (ro, ||X0||g).
Hence r(ty) =13 — HX0H§ = 1. But then
IX(E0)ll; = 1= 11X 0, — () = (X ), r(@)ll = [1(Xo, o)l = —1,

which implies that HX(tl)HE = 0 and hence (0,1) = (X(t1),7(t1)) € Vilyw) i-e.

v(t1) € Ny. This finishes the proof. O
10



For a = 1,2, let my, = mrmaerly, : Vo — M and define smooth sections
(Wa,wq) € I'(my,), such that at every point x € M,

(0,1) = (Wi, wi) + (Wa, wa).

Clearly then W, = —W,, w; + wy = 1. The fact Ny = () means that w; never
vanishes on M. Indeed, if w; = 0 at some point, then w, = 1 and

—1= (0, 1)l = (W1, 0) Iy + [1(We, DIl = WAl + [[Wall; — 1,

hence W7 =0, Wy = 0 and V5, 3 (Ws,wy) = (0, 1), a contradiction.
A simple calculation shows that the curvature RV of the rolling connection V!
is given by

RY (X, r),(Y,s))(Z,u) = (R(X,Y)Z + B(X,Y)Z,0),
where B(X,Y)Z :=g(Y,Z2)X — g(X,2)Y.

Lemma 4.7 For all z € M and X,Y € T|,M, one has
R(X, Y)W, = —B(X,Y)W,, a=12
Proof. Notice that for any (X,r), (Y,s) € T'|,M @ R one has
RY (X, r),(Y,5))(0,1) = (R(X,Y)0 + B(X,Y)0,0) = (0,0).

On the other hand, if 1|, denotes the Lie algebra of H~!|,, by the Ambrose-Singer
theorem RY ' ((X,7),(Y,s)) € h~'|,, so

RY((X,7), (Y, ) Vale CValsy, a=1,2,
Hence
(0,0) =RY (X, 7),(Y,9))(0, 1)
=RV ((X.r), (Yes)) (W, w) +ﬁvjl((X> r), (Y, 5))(Wa, ws),

eV eVa

because (W, w,) € V,, o = 1,2. Therefore, since V; NV, = {0}, we have
RY ™ ((X,7), (Y, 9) (Wao wa) = (0,0), a=1,2,

which means that
R(X, Y)W, + B(X, Y)W, =0, a=1,2,
and hence the claim has been established. O

Define for every x € M,
VM ={X | (X,r) €V} CT.M, a=1,2.

Clearly VM is a smooth distribution on M \ N, with rank VM = rank V,. In
particular, V; is a smooth constant rank distribution on all of M, since Ny = {).
Moreover, it is clear that VM is a smooth non-constant rank distribution and that
rank VlM =rank V; — 1 =m at points x € N;.

Lemma 4.8 For every z € M, the intersection VM NV is spanned by W, (= —W5)
and so is one dimensional on M \ N; and zero on N;.
11



Proof. Indeed, if X € VM NVM, then there are ri,7, € R such that (X,r,) € V,,
o = 1,2. But then one has

(X, Tl) — (X,T’Q) = (O,T’l —7’2) = (7’1 — 7”2)(0,1)
—— =
%1 eVa
= (r1 —r2) (Wi, wy) +(r1 — r2) (Wa, ws),
T T/
eV 2

and since V; NV, = {0}, one has

(r1 = r2) (Wi, w1) = (X, 71),
(ro — r1)(Wa,wy) = (X, 12).

In particular, X = (r; — )W, which shows that V¥ N V¥ ¢ RW,. Finally, since
Wi € VlM, Wy € VQM and W; = —W,, we have that RW; C VlM N VQM. O

Define Dy = (VM) and Dy := (VM)+ ie. the orthogonal complements of V;
and V; with respect to g. Notice that D, C V,, for a = 1,2. Since V! is a smooth
constant rank distribution on M then so is D; as well and rank D; = m. Similarly,
D, has constant rank n —m — 1 on M \ N; and rank n —m on Nj. It is obvious
that D, is a smooth distribution on M \ N;. However, it is not continuous at points
of z € N;. Indeed, as will be proved in Lemma 4.9 below, N; is a submanifold
of M positive codimension (it has dimension m). But the rank of a continuous
distribution is lower semicontinuous and hence can only locally increase, while D,
has rank n —m on the nowhere dense set N; which is higher than its rank n —m — 1
on M \ Ny, so Dy cannot be continuous at points of Nj.

Lemma 4.9 Let {a,(} = {1,2}. The distribution D, is integrable on M \ Nz and
the set N; is an integral manifold of D; which is embedded in M. Moreover, if O is
an integral manifold of D, and if Ily is its second fundamental form, then for every
X, Y €T|,0, x € M\ Ng,

XY
o(X,Y) = 9y

Wa

In particular, each integral manifold of D, is umbilical and V; is totally geodesic.

Proof. Recall that D, = (VﬂM)L and TM & R =V, & V3. Suppose X,Y are vector
fields tangent to D, on M \ Ng. Then

{0} = g({Y} x V5") = h({(Y, 0)} x V3),
so (Y,0) € V,, and similarly (X,0) € V,. Hence
Va 2 Vi (Y,0) = (VXY g(X,Y)).
Similarly, (Vy X, g(Y, X)) € V,, and thus
(X, Y], 0) = (VxY, g(X,Y)) = (Vy X, g(Y, X)) € V.
Therefore
g({IX, Y} x V") = h({([X, Y],0)} x V3) = {0},

so [X,Y] is tangent to (V') = D,. This proves that D, is involutive and hence

integrable on M \ Nj.
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Let O be an integral manifold of D, in M \ N3 and let X,Y be tangent to O. By
what we have shown above,

Va 2 VX' (Y,0) =(VxY,g(X,Y)) = (VxY,0) + g(X,Y)(0, 1)
=(VxY,0) + g(X,Y)(Wa, wa) + 9(X,Y) (W, ws)
=(VxY 4+ g(X, Y)W, g(X, Y)ws) + g(X,Y)(Wa, wa),
and so
(VxY + g(X,Y)W;s,9(X,Y)wg) € V,.
Since also wg(VxY,9(X,Y)) € V,, it follows that
(1 —wp)VxY +g(X,Y)W;,0) € V,,
and hence, because 1 — wg = w, and Wz = —W,,
0=h{(waVxY —g(X,Y)W,,0)} x Vi) = g({wa.VxY — g(X, Y)W, } x VﬁM).
Thus w,VxY — g(X, Y)W, € D,. Since W, = —Wj3 € VﬁM = Di, this proves that

[Ip(X,Y) = MWQ.
wOé

We show that N; is an integral manifold of D;. Indeed, let z; € N; and let
(Y;,s:),i=1,...,n —m, be a local basis of V5, on an open set U > x;. Since h is
positive definite on V5, we may assume that the basis (V;,s;), i1 =1,...,n—m is h-
orthonormal. Moreover, if x € Ny, then for all i, s;,(x) = —h((0, 1), (Yi|, si(x))) =0
since (0,1) € Vi|,.

Define F : U — R"™™ by

F = (h(Y1,),(0,1)), .., B((Yomy $nm), (0, 1)),

and notice that F~1(0) = N;NU. To show that N; is a smooth embedded subman-
ifold of dimension m, it thus suffices to show that F' is a submersion at every point
re N NU. Butifz e NNyNU and k=1,...,n —m, then

i=1 7
because V! is metric w.r.t. h. Since V;kl‘z(Y;-,si) € Wz, and (0,1) € V4|, the
term h(V;:II(Y;-, si), (0,1)) vanishes. Moreover

W(Yiles 5(2)), Vy (0,1)) =h((Yile, 5:(2)), (Yelz, 0))
=h((Yila, 5i(s)), (Yile, s(2))) = it

since si(x) = 0. Hence if e;, 7 = 1,...,n—m, is the canonical basis of R"~™, then for
allz € NNU, Fy|.(Yy) = e, k =1,...,n—m and so they are linearly independent.
Hence F' is submersive at every point of Ny N U.

To show that T'|,N; = Dy, for all z € U N Ny, notice that if X € D/, then by
computation as above,

Flo(X) = (M(V' (Yi5:), (0,1)) + 9(Yil., X)), =0,

i=1
because V' (Y, si) € Vals, (0,1) € Vi|, and Y|, € VM|, while X € Dy|, =
(VM|,)t. This shows that D;|, C T|,N; for all z € N; N U and since both lin-
ear spaces have dimension m, we have the equality i.e. Nj is an integral manifold

of Dl.
13



Finally, since N; is an integral manifold of D; and since (W7, w;) = (0,1) on Ny,
one has that the second fundamental form IIy, vanishes on N;. Therefore N; is
totally geodesic. 0

In particular, at every x € N; one has VM|, = Dy|, = T|,N;.

Lemma 4.10 Let {«a,5} = {1,2}. The integral manifolds of D, in M \ Ny are
spherical.

Proof. We need to show that Vy(w,'W,) € D, for all X € D, on M \ Ns. In-
deed, g(W,, X) = 0 because W, = —Wj3 € V¥ = D and since (w,'W,,1) =
w ' (W, ws) € Vi, we have
Vo 3 Vil (wy'Wa, 1) = (Vx(w,'Wa) + X, 0+ g(X,w, ' W,))
= (Vx(w,'W,) + X, 0).
Because X € (V3)*, it then follows that
0 =A({(Vx(w;'Wa) + X,0)} x Vi) = g({Vx(wg ' Wa) + X)} x V3")
=g({Vx (wg ' Wa)} x V3),
ie., Vx(wy'W,) € (Vi')" = Da. O

Lemma 4.11 The distributions V™ and V,¥ are integrable and their integral mani-
folds are totally geodesic.

Proof. Fix a = 1,2 and let x € M \ N,. Since VM has constant rank around z, the
integrability of it in a neighborhood U of x which does not intersect N,, is equivalent
to the involutivity of VM on U.

Thus take X,Y € VF(U) which are tangent to VM. Then there is a unique
s € C*°(U) such that (Y,s) € V,, on U. But then

Vo 2 VY, s) = (VxY +sX, X(s) + g(X,Y)),
which implies that on U
VxY +sX e VM

Since X is also tangent to V.M on U, we get that VxY € VM on U as well.

But since V is torsion free and since by the above VxY,Vy X € VM on U, one
has that [X,Y] =VxY —VyX € VM on U, i.e. VM is involutive on U.

Moreover, if O is an integral manifold of VM through y € U, and if X, Y € VF(O),
then on some neighborhood U’ C U of i in M, there are X,Y € VF(U’) which
restrict to X, Y on O and are tangent to VM on U’. Then VxY = VY on O and
by what was shown above, this is tangent to VM i.e. tangent to O. Thus O is totally
geodesic.

This proves that VM is involutive on M \ N, and that its integral manifolds are
totally geodesic. Since N, = (), the only thing left is to notice that by Lemma 4.9,
N is an integral manifold of V{* because Dy, = VM|, for all y € N;. O

Lemma 4.12 For every x € M and every unit vector u € T'|, M, one has

(PY)5(7)(0,1) = (= sinh(t)4,(t), cosh(t)),
where 7, () = exp,(tu). In particular, if z € Ny and u € Vy¥,, [lull, = 1, then
Fu(t) € VM N VM for all t # 0.
14



Proof. Let (X (t),r(t)) := (—sinh(¢)%,(t), cosh(t)). Then (X (0),7(0)) = (0,1) and

v—l

Fu (1)

(X,7)

= (v"yu(t) ( - Sinh(t)’yU(t» + COSh(t)’yu(t)a % COSh(t) + g(_ Sinh(t)/yu(t)a ’Vu(t)>

=(— cosh(t)7,(t) + cosh(t)7,(t), sinh(t) — sinh(¢)g(u, u)) = (0,0),

where at the last equality we used that [[u|, = 1. This proves that

(X(®),r(1) = (P¥)j(7)(0,1).

We prove the second claim. Let x € Ny and u € Vi, [lull, = 1. Since V5" is
integrable and its integral manifolds are totally geodesic by Lemma 4.11, it follows
that 4, (t) € V¥ for all t. On the other hand, since (0,1) € V;|, by the definition of
the set Ny, we have (PY)4(7,,)(0,1) € V; for all t i.e. (—sinh(t)4,(t), cosh(t)) € V4
for all ¢ and this implies that — sinh(¢)¥,(t) € V}M for all . Hence 4,(t) € VM if
t£0. [

Lemma 4.13 (i) Let {o,8} = {1,2}. Then if x ¢ M\Njg, then there is an
integral manifold O, of V' through z such that (O,,glo,) is isometric to
(I x My,ds® @y, (s) go) Where I C R is an open interval and f, € C>(I)
satisfies f — f, = 0.
(i) If x € N; then there exists an integral manifold Oy of VM through z and
(O3, 9lo,) has constant curvature —1 if rank V¥ > 2.

Proof. (i) Without loss of generality, one may assume that o = 2, § = 1, since the
proof of the other case is completely symmetric. Assume that = ¢ N; and let O,
be an integral manifold of V, through z € M such that O, N N; = (). Clearly
one can assume that dim Oy > 2. In this case, the 1-dimensional integral manifolds
of the distribution RW, = V¥ N VM spanned by W, on O, are geodesics since
they are (locally) the intersections of integral manifolds of VM and VM, which are
totally geodesic by Lemma 4.11. Moreover, integral manifolds of Dy are spherical
by Lemma 4.9 and T'|,05 = RWs|, & Dy, for all y € Oy, so Oy is locally a warped
product (see Theorem 3.4) of the form (I x My, ds* @y,(s) g2) where I C R is an open
interval and f, € C°°(I). Moreover, for y € Oy and X € D, = T'|,M,, we have

H2(Wy, W 4
g(Wa, W)X = B(X, Wa)Wo = —R(X, W)Wy = HE(Wa, Wa) f2 2)X — f—29(W2, W)X,
2 2

where the second equality follows from Lemma 4.7 and third equality follows from
[23], Proposition 42, case (2) (here H' is the Hessian of f;). Taking any non-zero
X € Dsl, (there exist one since rank D, > 1) and noticing that Ws|, # 0 since
y ¢ Ny, we get the claimed equation fj = f; for fo. This establishes the first part
of the lemma.

(ii) Assume that z € N;. Let k := rank V;¥ = n —m and let ¢ > 0 be small
enough such that exp, is a diffeomorphism from B := {X € VM|, | X, < €} onto
its image and so that B N N; = {z} (this is possible since N; is embedded in M).
Since integral manifolds of V; are totally geodesic, it follows that O, := exp, B is

an integral manifold of VM.
15



Suppose that u, X € V;"|, are such that u L X and |lul|, = 1 and define for
te0,¢,
Yu(t) := exp, (tu),
Y, x(t) := sinh(t) P (7.,) X.
We claim that Y, x is the Jacobi field Y along v, such that Y(0) =0, V,Y(0) = X.
The claims about initial values being obviously true for Y,, x, it remains to show
that Y, x satisfies the Jacobi-equation. Notice that 4, (t) L Y, x(¢) for all ¢ and recall

that by Lemmas 4.8 and 4.12, 4, (t) € V™ N V¥ = RW; when t # 0. Therefore
Lemma 4.7 implies that

R(Yu(t), Yux () V() = =B(u(t), Yux () Fu(t) = 9(Fu(t), %u(t))Yux () = Yo x (1),
while
Viu) Vi Yux (t) = Vi, ) (cosh(t) Py (1) X) = sinh(t) Py (7.) X = Yo x ().

Hence the claim has been established.
Let S*~! be the (k — 1)-dimensional unit sphere {X € VY[, | [ X]|, = 1} of V3",
and define

F (0, e[xS*7, ds” @siun(s) glsi-1) = (M, g); F(s, X) = exp,(sX).
Then F is a diffeomorphism onto O;\{z} = exp,(B\{0}) and
Fil(su)(@0s + X) = ayu(s) + Y x(s),

whence

2 .
Fu s (@ds + X)) =0 [[ull; + [[Yax ()], = o® + sinh®(s) [| X ]|,
= HOéaS +XH(215

Q@Sinh(s)g‘skf 1’

This means that the mapping F' is an isometry from (]0, €[x S*71, ds® @ginn(s) g|sr-1)
onto (O2\{x}, glo,\{z})- Since the former Riemannian manifold has constant curva-
ture —1, if & > 2, it follows that (Oa, g|o,) has constant curvature —1, if £ > 2. O

We now finish the proof of Proposition 4.3.

Proof of Proposition 4.3. First we consider the case where k := rank V;¥ > 2. Let
x € M be fixed. Since integral manifolds of the constant rank distribution D; are
spherical and those of V¥ = Di are totally geodesic, Theorem 3.4 implies that
there is a neighborhood U of x in M such that (U, g|y) is isometric to a warped
product (Oy x My, glo, ®f, g1) where O, is an integral manifold of V¥ through z,
M; is an integral manifold of D; through z and f; € C*(0O3) (see Remark 3.5).

First consider the situation where x € M\ N;. By Lemma 4.13, after shrinking U
if necessary around z, (02, glo,) is isometric to (I x My, ds* @y, g2) where I C R
is an open interval and fy € C*°(I) satisfying f) = fo. We may also assume that
U N N; = 0. Hence, (U, g|y) is isometric to

(I x My x M, (d32 Da(s) g2) Dy 91)
where f; € C*(03), fo € C*(I) and f] — fo = 0.
We show that f; € C(I) and f{ — fi = 0. Indeed, if X € Wi, we have

(8) X(fl):g(vflaX):__lg(WlaX): :
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which shows that f; € C*(I). Moreover, for y € Oy and X € W3-|,NT|,02 = Do/,
we have (see Lemma 4.7 and [23], Proposition 42, case (2))

(9)

H 3 W- ,W //
gWa, W)X = B(X, Wy)Wy = —R(X, Wa)Wy = Hy, (Wa, Wa)

X = Wy, Wo) X.
i 792 W)
Because rank VQM > 2, it follows that rank Dy > 1 on U. Therefore, one may take
above X # 0, which implies that f{’ = f; and proves the claim.
We also know that

I

wy Wo = s
fa

a=1,2,

while

S5
fifs
Writing f,(s) = A, cosh(s) + B, sinh(s), the above means that A;A; — B1By = 0.
Since (A;, B;) # (0,0), i = 1,2, we may rescale, if necessary, the metrics of (M, ¢1)
and (My, g2) so as to guarantee that either a) A? — B? = +1 and A3— B? = —1 or b)

A?—B? = —1 and A3— B2 = +1. But since h|V2 is positive definite, H(WQ, wy)|[ >0
and hence

0 :w;1w51h<(wl7 wl)u (W27 w2)) = h(('w;le 1)7 <w51W27 1)) = - L

/ 2
0 < |[(w; ' Wa, 1 2 _ (fz(s)) _1,
= H( 2 2 )Hh fa(s)
which implies that |Ay| < |Bsl, so only Case a) is possible.
It then follows easily that on I,

izt
Thus there is 5o € R such that if one writes I = I — s, then for all § € I,

) =t fi(3),
5) = fa(3).

Since (I x My x M;,ds? Da(s) 92 Dpi(s) G1) is isometric to (f X My x My, ds? D, s)
92 B, (5) 91), we have proved (LW2) of Proposition 4.3 when rank VM

Next we consider the case where x € N;. In this situation, Lemma 4.13 case (ii)
implies (after maybe shrinking U around z) that (Os, glo,) is isometric to an open
subset of (H*, g* ). Moreover, by the proof of Lemma 4.13 case (ii), we may assume
that (O2\{z}, gl0,\(z}) is isometric to (]0,e[xS*!, ds? Bgnn(s) glge-1) through the
map F' introduced there.

We show that f; := f; o F € C=(]0,¢]) and f/ — f; = 0. Indeed, if X € Wi,
then X (f;) = 0 by (8). Hence, in particular, if X € T|p-1(,S*"! for y € U\{z},
then X 1 9, i.e. F, (X) L Wi, and hence X(fl) = 0. This shows that f1 is constant
on each set {s} x S¥71, s €]0, €[, since S¥~! is connected and thus f; € C>(]0, €]).
From Eq. (9) one then infers that f{’ — fi=0.

Thus for some A;, By € R, fi(s) = A, cosh(s) + By sinh(s). Recall that —%35 =

f1(8+ sp) = cos
fa(8 + so) = sinh

h(s
(

wy "W, where

(O, 1) = (Wl,wl) + (WQ,U]Q),
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with (Wi, wi) € Vi, (W2, ws) € Va. Since |(Wa,ws) |7 > 0, ](0,1)]7 = —1 and
V fi1 = fiF.(0s), it follows that

f~{ 2 —1 2
(10) (-) — 1= || (wy WA, )|} <0
S
and hence |B;| < |A;]. Then, one can normalize A;, By such that A? — B = —1 and

by eventually replacing, as before, s by s + sg, for some sy € R (these operations
just rescale the metric g; by a constant), one gets f1(s) = cosh(s).

If d(y) := d(z,y) is the distance function of (Os, g|o,) from z, then clearly s =
d(F(s,u)) for (s,u) €]0,e[xS* 1, which implies that fi(y) = cosh(d(y)) for all
y € O,. Thus we have arrived at (LW3) when rank V;¥ > 2.

It remains to provide an argument for the case rank V;¥ = 1. Let z € M. By
Lemma 4.13 case (i) with o = 1, one gets that (O1, g|o,) is isomorphic to a warped
product (I x My, ds* @y, (s g1) where f; € C(I) satisfies f{ — f1 = 0. Then exactly
the same argument as above, replacing fi by fi1, leads to (10) and to the conclusion
that we may take fi(s) = cosh(s) (after scaling the metric g; by a constant). Hence
we have (LW2) and the proof of Proposition 4.3 complete in this case.

U

Proof of Theorem /.1. Let us now assume that (M, g) is complete and simply con-
nected and use the notation of the above proof of Proposition 4.3.

By Theorem 3.4 we have in the proof of Proposition 4.3 that (Os,g¢|o,) and
(M, g1) are complete and simply connected. Since N; # (), we may further as-
sume that x € Ny N Os.

Then if k := rank V,; > 2, the argument leading to (LW3) shows, since one may
take € = +oo there, that (O, glo,) is isometric to (H*,g",) and that f; can be
chosen to be cosh(d(+)) where d is the distance function on (H*, g* ) from the point
corresponding to x. This proves (WP2).

If k = rank V;¥ = 1, then in the above argument leading to (LW2), one may take
I =R and hence we have (WP2) with &£ = 1. This completes the proof of Theorem
4.1. U

4.2.2. Case Vi NVy # {0}. In this case, dim(V; NV3) = 1 and V; N V5 is lightlike
and invariant by H ! since V; and V5 are. Therefore, at every point z € M there
is L|, € T|,M such that Vi|, N V3|, = R(L|,,1). In this way, we may choose L|,
locally such that L := (z — L|,) becomes a smooth locally defined vector field on
M and if M is simply connected, L can be chosen to be globally defined.

Since (L, 1) is lightlike vector in T|,M @R, we have 0 = ||(L, 1)||; = ||L||z —1lie.
L is a unit vector field.

Lemma 4.14 For all X € T M,
VyL=—-X+g(X,L)L.

Proof. Since V; N Vo = R(L, 1) and because Vi N V5 is invariant under H™!, we get
that V; N V4 is invariant under parallel transport w.r.t. V!, This is equivalent to
the fact that for any X € T'M there is a(X) € R such that

V(L 1) = a(X)(L, 1),
(Vx L+ X, 9(X, L)) = «(X)(L, 1),
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from which one gets a(X) = ¢g(X, L) and thus
(11) VxL+X=g(X,L)L. O

Lemma 4.15 The vector field L is geodesic, the distribution L is integrable and its
integral manifolds are spherical.

Proof. By Lemma 4.14 and the fact that ||L||, = 1, we get VoL = —L+g(L, L)L =
—L+ L =0so0 L is a geodesic vector field.
Let us prove the integrability of L. If X,Y € L*, then

g([X, Y], L) =g(VxY = Vy X, L) = —g(Y,VxL) + g(X,VyL)
=—g(Y, - X +9(X,L)L) + g(X,-Y +g(Y,L)L)
=g(Y,X) — g(X,Y) =0,

i.e., [X,Y] € Lt. This proves that L is involutive and hence integrable.
Let O be an integral manifold of Lt. If X|Y € VF(O), we get
g(VxY,L) = —g(Y,VxL) = —g(Y, =X + g(X, L)L) = g(X,Y),
so the second fundamental form IIy of O is given by
Io(X,Y)=9(X,Y)L, X, YeT| M, x€O,

which means that O is umbilical.
To show that O is spherical, we need to show that VyL € L for all X € TO.
But this is clear since 0 = X¢g(L, L) = 2¢g(VxL, L). This completes the proof. [

We now finish the proof of Proposition 4.3 in this case. By the previous lemma
and Theorem 3.4, it follows that locally (M, g) is isometric to a warped product
(I x My,ds* @y g1) for some interval I C R and f € C=(I). If (M, g) is complete
and simply connected, then I = R. Moreover, one has

!
f?X =VxL=-X+gX,L)L=-X,
for any X € Lt. It follows that f(s) = Ce™* for some C' # 0. By rescaling the
metric g; by a constant, we may assume that C' = 1. This leads us to the case

(LW1).
4.3. Proof of Proposition 4.4.

4.3.1. Case Vy N Vy # {0}: Suppose (M, g) = (I x My,ds®> De-s g1). Let L := 0,
f(s) = e~® and compute that for all Y € L*,
/
Vy L = f7y —_y

and VL =0, so for every X € TM
VxL=-X+g(X,L)L.

Define a one-dimensional subbundle of w7 y;er whose fibers are V; := R(L,1). Then
V} is light-like and for every X € T M,

v;(l(Lv 1) = (VXL+ X79<X7 L)) - g(Xv L)<L7 1)7

which shows that V; is invariant by parallel transport with respect to V~=!. In
particular, V; is invariant with respect to H~! and therefore H ! is reducible. This

proves that H~! is reducible if (M, g) is of the form (LW1).
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4.3.2. Case Vi N'Vy = {0}: Assume first that (M, g) = (I x My x My, ds? Sgnn(s)
G2 Deosh(s) 91). Here I C R is an interval not containing 0. Define for every z =
(Sv X2, xl) S M7

Vile := R(Whlz, wi(2)) @ (T, My x {0}) C T].M @R,
where
(Wi|z, wi(x)) := cosh(s)(— sinh(s)ds, cosh(s)).

We prove that V; is invariant under H .
Indeed, let X € T'|, My, Y € VF(M;) and Z € T'|(54,)(I x Ms). Then

V(Y 0) = (VxY,g(X,Y)) = (VLY — g(X,Y) tanh(s)ds, g(X,Y))

= (V,0) + ﬁwx,w» Vil
VZ(Y,0) = (V2. (Z,Y) = (9(Z,0,) tanb(5)Y;0) € Vi

and if U € T,, M,
Vi (Wi, wy) =(—sinh?(s) X +w, X,0) = (X,0) € Vi,
Vi (W, w;) =(— cosh?(s)U + w, U, 0) = (0,0) € Vil,,
Vo (Wi, wy) =((—sinh?(s) — cosh®(s))ds + w;8;, 2 cosh(s) sinh(s)
—sinh(s) cosh(s)) = sinh(s)(— sinh(s)d;, cosh(s)) = tanh(s)(W1,wy),

which impies that V' (Wi, w;) € Vi|,. These formulas show that for all X € TM
and Y € T'(my,), one has V'Y € D[(my,). Thus V; is invariant under parallel
transport w.r.t. V! and therefore it is invariant under #~!. This proves that H !
is reducible if (M, g) is of the form (LW2).

Consider then the case where (M, g) = (O x M, gk, @Bcosh(d(-)) Dg1), where O is
a normal neighbourhood of a point zy € H* and d(z) = d(x, ) is the distance
function from z, in HF.

Observe that (O\{zo},g",) is isometric to (]0, [x S¥~1, ds? Bgun(s &7 '), for € > 0
or € = +oo and d(z) = s if z # xy corresponds to (s,y) €]0,e[xS*1. Choosing
above (M, g2) = (S*1,gi™"), we conclude that H ™ |jocxmxn is reducible and
hence by continuity, %! is reducible on (M, g). We conclude that if (M, g) is of the
form (LW3), then H~! is reducible and hence completes the proof of Proposition
4.4.

The proof of sufficiency of Theorem 4.1 now follows immediately from the above,

since one could take O = H*, the exponential map of H* at x being a diffeomorphism
of T'|,,H* onto HF.
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