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Control of PEMFC Air-Feed System Using Lyapunov-Based Robust and
Adaptive Higher Order Sliding Mode Control

Salah Laghrouche, Mohamed Harmouche, Fayez Shakil Ahmed, and Yacine Chitour

Abstract—1In this brief, we present Lyapunov-based robust
and adaptive higher order sliding mode (HOSM) controllers
for the air-feed system of polymer electrolyte membrane fuel
cells, which is a nonlinear single-input, single-output system
with bounded uncertainty. The system consists of a motorized
compressor, which is driven at its optimal point in order to
minimize the internal energy consumption of the system. This
brief provides an experimental demonstration of the applicabil-
ity of the recently developed fixed-gain robust controller and
adaptive controller for this problem. Third-order controllers
are developed in order to obtain a continuous profile for
the input current of the compressor motor. In this regard, a
complete adaptive arbitrary HOSM control has been presented
for the first time, with Lyapunov-based proof. A performance
comparison between the two controllers is presented in the
end.

Index Terms— Adaptive control, finite time stabilization,
higher order sliding mode (HOSM), Lyapunov analysis, polymer
electrolyte membrane fuel cell (PEMFC), robust control.

I. INTRODUCTION

UEL cells and their auxiliary systems pose challenging

control problems, as they are typically nonlinear and
difficult to characterize. They require robust or adaptive
control methods, as their physical parameters are uncertain,
varying with operating conditions and environmental effects.
One important control problem in polymer electrolyte
membrane fuel cell (PEMFC) systems is the minimization
of the power consumed internally by their air-feed systems,
in order to maximize the net power output. In particular,
a PEMFC needs a sufficient quantity of excess air (oxygen
excess) in its cathode in order to respond to load variations
and transitions without damaging itself [1]. On the other
hand, it has been established that the power consumption
of air-feed compressors is the highest among all auxiliary
systems of the fuel cell, rising up to 20% of the total PEMFC
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power output [1]. Therefore, the air-feed system requires
precise control for running the compressor at its optimal
operating point, thereby maximizing the net power output
of the fuel cell while keeping the oxygen excess ratio high
enough for proper operation [2], [3].

Higher order sliding mode control (HOSMC) [4] is a well-
established control strategy for uncertain nonlinear systems,
as it is insensitive to parametric uncertainty and external
disturbance. Unlike classical sliding mode, HOSMC does not
suffer from high-frequency chattering because the characteris-
tic discontinuous control [5] acts upon a higher derivative of
the sliding variable. If the bounds of parametric uncertainty
in the system are known, then fixed-gain HOSM controllers
can be designed with relative ease. However, this is usually
difficult in practical cases, as the estimation of uncertainty
bounds requires rigorous experimentation in worst case
conditions. In these cases, adaptive-gain (or simply adaptive)
controllers provide a successful means of controlling the
system through dynamically adapting gains. However,
these controllers ensure practical convergence only, i.e., to
a neighborhood of the origin. Many fixed-gain arbitrary
robust HOSMC algorithms exist in contemporary literature,
prominent examples being [6]-[9]. Huang ef al. [10] were the
first to use dynamic gain adaptation in SMC for the problem
of unknown uncertainty bound, following [11] and [12]. Other
works in this domain include [13]-[16]. These contributions
remain limited to first- and second-order sliding mode. Initial
findings on Lyapunov-based robust and (partial) adaptive
arbitrary HOSMC were recently presented in [17].

Sliding mode controllers have been studied for PEMFC
air-feed system control as well in [18]-[20], and two important
examples of second-order SMC (SOSMC) are [21] and [22].
In the former, the oxygen excess ratio is assumed to have
a static relationship with the compressor flow rate, and the
compressor is controlled using SOSMC. In the latter, the
authors have proposed a dual loop Cascade SOSMC controller,
which address the compressor speed reference and current
control individually. This approach is more practical as both
the control loops are robust; however, its implementation
requires different loop rates for controllers. Approaching this
problem by third-order-sliding-mode-based oxygen excess
ratio controllers appears to be a better approach in comparison
with both these methods, as third-order extension results in
continuous current control of the motocompressor. Adaptive
third-order controllers would provide further ease in control
design as precise parameters of the otherwise complex system
need not be known.

1063-6536 © 2014 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.
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Fig. 1. Fuel cell air-feed system.

In this brief, the robust and adaptive approaches of [17] are
extended and applied to the HOSM control of the PEMFC
air-feed systems. The objective is to operate the air-feed
compressor at its optimal point with respect to the load current,
thereby maintaining the required oxygen excess ratio while
keeping the power consumption low. There are two major
contributions in this brief. First, it is shown that if the bounds
of parametric uncertainty are known, then the air-feed control
problem can be practically solved with the third-order robust
HOSMC controller of [17]. The second main contribution in
this brief is the extension of the partial adaptive controller
presented in [17] to develop, for the first time, a complete
adaptive arbitrary order sliding mode controller. The
adaptation dynamics use a saturation function that results in
rapid increase as well as rapid decrease of gains when the
sliding variable and its derivatives are, respectively, outside
and inside of a defined neighborhood of zero. The advantages
of this adaptive controller design are its arbitrary order and
its fast adaptation rates in both directions. The Lyapunov
function defines sufficient conditions for controller parameters
in order to ensure convergence to a defined neighborhood.
The practical applicability of both the robust and adaptive
controllers is demonstrated on a hardware-in-loop (HIL) air-
feed test bench, using a real-time physical PEMFC emulator.
A comparative analysis of the performances of the robust and
adaptive controller is also presented.

This brief is organized as follows. The PEMFC air-feed sys-
tem is described in Section II. HOSM problem formulation and
robust and adaptive control design are discussed in Section III.
Their implementation and experimental results are shown in
Section IV. Finally, the conclusions are drawn in Section V.

II. PEMFC AIR-FEED SYSTEM

The PEMFC air-feed system (Fig. 1) feeds the fuel cell
cathode with air (as the source of oxygen). It consists of a
motocompressor and a manifold, in which a certain quantity
of air (oxygen excess) is maintained such that the reaction
between hydrogen and oxygen is continuous, without any
interruption. Maintaining sufficient oxygen excess is critical
for the PEMFC, as insufficient air leads to oxygen starvation
during load transitions, where a sudden high load imposes a
sudden increase in the rate of reaction. The dynamic model of

a fuel cell air-feed system is as follows [22]:

X1 =c1(xa —x1 —x3 —¢2)
C3X]
———————cixi+x+e—cii—ceil
c4x1 + c5x2 + C6

X2 = cg(xg —x1 —x2 —¢2)
c3X2
- X1+ X2+ — 11
C4X1 + Cc5X2 + C6

i xq \ 12

X3 = —C9Xx3 — C10 yF— — 1|4+ ci3u
C11

. x4\

X4 =cig|l+cis || — -1
Cl1

[Wep — c16(x4 — x1 — X2 — ¢2)]
C = IS'U

The physical quantities that form the state vector x are

(1)
)

u=1I4, Wep = c210¢p.

x = [x1 x2 x3 241" = [po, pn, @cp Psml”

where po, and pn, represent the oxygen partial pressure and
the nitrogen partial pressure, respectively. The compressor
speed is denoted by wcp and the supply manifold pressure
is denoted by psm. The control input u is the motor current,
whereas the fuel cell stack current ¢ is considered as measur-
able input disturbance. The compressor airflow is denoted by
Wep and it is proportional to the compressor speed. The para-
meters ¢; are considered as uncertain constants, decomposed
as ¢; = cg; + oc;, where co; and dc; are the nominal value
and the uncertainty of ¢;, respectively. Complete details and
physical significance of these parameters can be found in [22].

A. Control Objective

The control problem in the PEMFC system is to ensure a
certain excess amount of air in the cathode while minimizing
the energy consumed by the air-feed compressor. The oxygen
excess ratio can be written as [22]

G0y = 2wy —x1 — 32— €2). 3)
€20¢

The net electrical power is optimized by reducing the
consumption of the compressor, i.e., maintaining the oxygen
excess ratio Ao, at its reference optimal value Ao, rer, Which
is determined as a function of the stack current ¢ [22]

A0yref = 5 x 10783 —2.87 x 107572 + 2.23

x1073;7 4+ 2.5. 4)
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Our objective is to force Ao, to follow Ao, ref in finite
time.

III. HIGHER ORDER SLIDING MODE CONTROLLERS
In this section, we will first recall the preliminary formu-
lation of the HOSM control problem and the robust HOSM
controller of [17]. Then, based on the initial findings of [17],
the complete adaptive HOSM controller will be presented. Let
us consider an uncertain nonlinear system
x@)=fx, 1)+ g, Hu )
y(@) =s(x,1)
where x € R" is the state vector and u € R is the control
input. The sliding variable s is a measured smooth output-
feedback function and f(x, t) and g(x, t) are uncertain smooth
functions. It is assumed that the relative degree r of the
system is globally well defined, uniform, and time-invariant,
and the associated zero dynamics are asymptotically stable [9].
Then, for suitable functions @ (x,t) and 7y (x,?), (5) can be
rewritten as

YO @) = g(x(t), 1) + 7 (x(0), Du(?). (6)

The functions 7 (x(¢),t) and @(x(t),t) are assumed to be
bounded by positive constants y,,, yu, and ¢, such that

0<ym <7(x@®),1) <ym, lpx@),Dl <¢. (7)
Defining s := d'/dt'y, the goal of rth order SMC is to

arrive at, and keep the following manifold in finite time:

sO,n=sO@, )= =s"Dx,n=0. (8

To be more precise, for z = [z1 z2... 2,17 :=[s§... sC7D]T,
(8) is equivalent to z = 0. It is natural to replace (5) with a
more general control system based on (7)

Z.i:Zi+1’ i:l,...,r—l

() +y e l, +ul,

©)

where the new functions ¢ and y are arbitrary measurable
functions, bounded such that

Zr

o) €[—¢,01, 7 @) € [ym yum] (10)

where @, y,, and yp are positive constants. This system
represents a perturbed integrator chain. The objective of this
brief is to design controllers that stabilize (9) to the origin,
ideally in finite time. Since these controllers are to be discon-
tinuous feedback laws u = U(z), solutions of (9) need to be
understood here in Filippov sense [23].

A. Robust Higher Order Sliding Mode Controller

Let us first recall the robust controller [17], which is
designed to (9), assuming that the bounds ¢, y,, and
ym are known. This controller has been derived from a
class of Lyapunov-based controllers that guarantee finite-
time stabilization of pure chain of integrators (p = 0
and y = 1) [24], and satisfy certain additional geometric
conditions. Let us consider that the initial states of the system
are in a neighborhood of origin, UcCR. Then, the main
result of [17] is given as follows.

Theorem 1: If there exists a controller ug(z) that stabilizes
a pure integrator chain in finite time and there exists a C!
function V; defined on the neighborhood UcCR , such that:

1) Vi +cVi*(z() <0, if 2(t) € U;

2) Lup <0;

3) up=0= f—jl =0.
Then, the following control law establishes HOSM on (9) with
respect to s:

1

U= —

(uo + @sign(u)) . (11)

m

The detailed proof of this theorem can be found in [17].
It can be verified that many controllers, such as those
of [25] and [26], fulfill the conditions demanded in Theorem 2.
For the rest of this brief, we consider Hong’s controller [25],
which is defined as follows.

Let k <0 and [y, ...,/ positive real numbers and lal? =
la|? sign(a), Va € R,0 > 0. For z = (z1, ..., zr), we define
fori =0,...,r —1

pi=14G—1Dk

vo =0, wipr =—lig1 Llzipa 17 = w114/ 12)

where a; = pi+1/pi, fori = 1,...,r, and, for k < O suffi-
ciently small, we have fo = p2, (fi + Dpix1=po+1>0,
i=1,...,r—1.

B. Adaptive Controller

Let us now consider the case where uncertainty bounds
Ym>» YM, and @ of (9) are unknown. In [17], this problem
was partially solved and a controller was developed which
could function without any explicit knowledge of ¢. We now
present a complete arbitrary HOSM controller that can be
designed without the knowledge of bounds of either uncertain
function. Let us first define o (a) as the standard saturation
function, o (a) = (a/max(l, |a|)),a € R. Fore¢ > 0, a € R,

we define
1 1 la| — %8
Ug((l) = 5 + 50' (7%8 .

We now propose the following controller:

u = yuo(z) + ¢ sign (uo(z)) (13)
where wup 1s a homogeneous controller, as defined
in Theorem 1. The adaptive function y = x + Jlug(z)|

and @) is the

equation

o) = kv, (Vi(2) — (1 — v (Vi) |§]"

with the initial condition ¢ (0) = 0. The new terms are defined
asx, 0 > 0,57 € (0,1), k > 0, and V] is a homogeneous
Lyapunov function which also satisfies Theorem 1. The
following theorem provides the main result for the adaptive
controller.

Theorem 2: Consider (9) under the feedback control
law (13). Then, Ve, 3¢’ > 0 and 0 < a’ < 1 such that
the following conditions are satisfied for any initial condition
z0 € U.

defined by ordinary differential
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Fig. 2. Test bench.

1) litnlggf Vi(z(t)) < e, limsup,_, ., Vi(z(t)) < A.
2) lim sup |q§| <20 + k(A" /(c(1 — a)))
1—00

-1 (kym— 1)
O:=—|og+————
Y (¢ 7m0

1
/ /
1=’ | A =a)ym =) 1=¢
— .
(8 + K

Proof of Theorem 2: We first demonstrate that the controller
brings the system states from any domain V; > ¢ to the
domain V| < ¢ in finite time. Then, it is proved that once
z reaches the domain V| < g, it stays in the domain V; < A
for all consecutive time instances and ¢ is upper bounded after
a sufficiently large time.

Lemma 1 [17]: The function ¢ is non-negative and is
defined as long as the trajectory of z is defined.

Now, let wus wuse contradiction again, to show
liminf; o Vi(z(tf)) < e&. Supposing that there exists
such that Vi(¢) > ¢ for every > f, then according to the
dynamics of ¢, we get ¢ = k for r+ > t. This implies that
for t > 7, ¢ is increasing and ¢ > ®. The derivative of the
Lyapunov function is

where

A =

. A% A% R “ .
Vi=—zn+--+ (y [y uo + ¢sign(uo)l + ¢)
071 oz
A% n n A% n oVy
0z1 2 0zr 0 0zr
X ( —uo+xyug+ 70 ugl® +y gﬁsign(uo)+§0)
oV PO
=< _Cvla _‘ oz ((Kym_l)WOl + 3’m5|’40|2 + Vm(o_(a)
r
A%

< eV~ (6 —®) < —cvyf (14)

0z

then, Vi(z) converges to zero in finite time, which contradicts
the hypothesis. The functions up and V; are homogeneous,
which according to [27], means that 3¢/, a’ > 0: |0V /0z,| <
C/Vla,, where ¢/ = max(;.v; (z)=1} 10V1/0z,|, a' = Kky/x1. The
terms x> and x; are the respective degrees of homogeneity
of 0Vy/dz, and Vi. We suppose now that V| < e. Let us
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Twin-screw

Pressure Sensor

estimate the overshoot in the worst case condition with respect
to uncertainty. For V;(z(0)) = ¢ and ¢(0) = 0, we get
Vi < —cV{ = ypuc' VP (6 — D), (15)

The overshclot A of V; holds for \Zl =0attr=Ty. Wei get
o(Ty) = ® — cA*"%*/c'yy, < @, and then Ty < D/k.
An upper bound of A can be estimated as

1
N (gl—a’ 4 (1 —a)ym q‘)z) 1—(1/.

b =k.

2k

For an upper bound of limsup,_, ., ¢, consider the case
Vi(z(0)) = & with Vi(z(0)) > O, in this case we have
#(0) < ®@. For t = Ty, ie., Vi = 0, we get p(Ty) <
dj) 4+ ¢(0) < 2®. ¢ will increase until time Ty where
@(Tf) = 0 and Vi (z(Tf)) > 0. The worst case is calculated
with respect to the boundary of @, using Vi < —cV{
and gﬁ = k. Here, Ty corresponds to Vi(z(Ty)) = O,
ie, T/T, = (AU"%)/(c(1=a)), which implies that
G(Tr) < ¢(Ty) +k(TyTy) =20 + kAT /e(1 —a). O

Remark 1: The second inequality of 1) of Theorem 2 is
equivalent to Levant’s concept of real HOSM [28], defined as

A > 0:Vt > 1, |zi(@)| < wi, i=1,...,r—1

where wu; is an arbitrarily small positive number. This is
equivalent to practical stability of z1, ..., z.

IV. DESIGN AND IMPLEMENTATION

Let us now turn toward design of the robust and adaptive
controllers presented in Section III, for PEMFC air-feed
system application. As mentioned previously, third-order
controllers will be designed in order to obtain a smooth
current profile. The test bench is described first in order to
present a physical outlook of the system under consideration.
Then, the designed controllers and experimental results are
presented.

A. Test Bench Description

The experiments have been conducted on a HIL test bench,
presented in Figs. 2 and 3. This bench consists of a twin-
screw compressor air-feed system coupled with a real time
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Fig. 3. HIL simulator.
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Fig. 4. Stack current (A).

33-kW fuel cell emulator. The twin-screw compressor is driven
by a permanent magnet synchronous motor (PMSM). The
three-phase currents of PMSM are calculated from dg coor-
dinates and supplied by an inverter. The control input /g is
generated by the proposed controllers installed in a real-time
controller and fed to the inverter. The measured compressor
airflow Wep is fed to the real-time fuel cell emulation system.
The PEMFC emulator receives the flow rate W¢p, in order
to generate the states xy, x», x4, and Ao, (see Section II
for physical description of the states). Its physical parameters
can be varied to emulate the effect of external operating
conditions on the fuel cell. The output load is simulated as
variable stack current steps between 150 and 400 A, in steps.
The load profile used in the tests for this brief is shown
in Fig. 4.

B. Controller Design and Experimental Results

Let us consider (1) and the equations of Ao, and Ao, ref,
i.e., (3) and (4). The system parameters are given in [22].
The sliding variable is defined as z1 = s = 40, — 40, ref-

In our case, the sliding variable s depends on x1, x2, and x4.
The first and second time derivative of s are

. 0 )
§ =20 = —s(x1, x2, x4).X1(x1, x2, x4)
0x1

0 .
+—s(x1, x2, x4).X2(x1, X2, x4)
0Xx)
0 .
+——s(x1, x2, x4).X4(x1, X2, X3, X4)
0X4
§=2z3= Ei(ﬁﬂ,X2,X3,X4)~561(X1,X2,X4)
1
o . .
+——5(x1, x2, x4).X2(x1, X2, X4)
0xp
o . .
+—35(x1, x2, X3, X4).X3(x3, X4, )
ox3

o . )
+——5(x1, X2, X3, X4).X4(x1, X2, X3, X4).
0Xx4

The control input u appears for the first time in the second
time derivative of s. To obtain a continuous control u, the
discontinuous control is applied on the higher derivative .
We get

s =g3=¢ +jutyv

~——
()

where v = u, @, and y are uncertain bounded functions that
satisfy

Oel[—p,0l, y €lymrml (16)

For the PEMFC under consideration, the bounding values
of the parameters were determined as percentage deviations
through precise physical analyses. The numerical values of
the uncertainty limits were obtained as ¢ = 0.03,y,, = 5,
and yy = 15.

From here, the control objective becomes equivalent to
forcing s, and its first and second time derivatives to
zero in finite time, through 5@ e [—@, 0] + [ym, ym]o.
We first develop a third-order SMC robust controller
using (11) and (12). According to Theorem 1, the controller
takes the following structure:

v = —I[s1%

v2 = ~Bli7 -
vz = —L3[[§172 — |vp]Fe /b

LVI'I:BITGZ/,BI

1
v =1 =— (v3+ @sign(v3)).

m

a7)

In this test, the parameters have been tuned to the following
values: [ = 5, I =10, I3 = 40, po = 0.8, p1 = 1.25,
pr=2,a1 =4/5, ap =3/4, a3 =2/3, yu =15, ¢ =0.03.

The load variations (Fig. 4) result in changes in A0, ref,
according to (4). The performance of the robust controller
with respect to these changes is shown in Fig. 5. It can
be seen in Fig. 5(a) that lo, tracks Ao, successfully
with a response time between 3 and 7 s practically.
The control input (I;) is shown in Fig. 5(b), it varies
between 0 and 3 A. As the controller establishes third-order
HOSM, the oscillations in I, are negligible and it has a smooth
profile.
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We will now demonstrate the proposed adaptive controller
for the same problem, assuming that we have no knowledge
of the uncertainty bounds. The third-order SMC adaptive
controller is designed using (12) and (13). According
to Theorem 3, the controller has the following structure:

v =11 = Jv3 + psign(v3) (18)

where v3 is the same as in (17). The controller
parameters used in adaptive case are as follows: I1 = 5,
lhb =10, Iz = 40, fo = 0.8, p1 = 1.25 p» 2,

o1 = 4/5, ao = 3/4, az = 2/3, k =5, n = 0.95,
e =0.001,x =0.25, 6 =0.001.

The results of the adaptive controller are shown in Fig. 6.
Fig. 6(a) shows that 1o, converges and remains inside a small
and acceptable neighborhood around the desired value Ao, ref-
The control input, I, is shown in Fig. 6(b) and the behaviors of
the adaptive parameters ¢ and y are shown in Fig. 6(c) and (d),
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respectively. It can be seen that ¢ increases at each stack
current step, and then decreases rapidly after the convergence
of the tracking error. As ideal sliding mode cannot be achieved
in this case, small oscillations can be seen in 7. In general,
these results show the effectiveness of both the robust and
adaptive controllers for a wide range of stack current variation,
i.e., external perturbation.

To demonstrate the robustness of our controllers in dealing
with parametric uncertainty, another series of experiments was
conducted, in which the parameters of the PEMFC emulator
were varied to their extreme values [22]. The designed
controllers were again tested with the same controller
parameters as determined before. The results of the robust
controller in these tests are shown in Fig. 7. The system
response in Fig. 7(a) and the control input in Fig. 7(b)
show that this controller performs as well as in the previous
tests with defined system parameter values. The results of
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the adaptive controller are shown in Fig. 8. We see again
in Fig. 8(a) a similar behavior of tracking error as compared
with the previous tests. However, the static value of the
quadratic current [Fig. 8(b)] changes in order to accommodate
the emulated parametric drift. The adaptive gains ¢ and j
adapt to counteract the uncertainty, ensuring convergence,
as seen in Fig. 8(c) and (d). These tests demonstrate that both
the robust and adaptive controllers are capable of handling
parametric uncertainty, albeit with different mechanisms.

V. CONCLUSION

In this brief, the control problem of PEMFC air-feed system
was addressed using two arbitrary HOSM controllers associ-
ated with the finite-time stabilization of a perturbed chain of
integrators with bounded uncertainty. The design of the first
controller requires the knowledge of the uncertainty bounds.
The second controller is adaptive and its design does not
require any quantitative knowledge of the uncertainty bounds.
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The arbitrary order nature of controllers permitted to extend
the air-feed system from second to third order, resulting in
continuous input current profile. The proposed controllers
showed good performance in simulation and in experiments
conducted on a PEMFC air-feed test bench.
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