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Abstract

Formulations of the equivalence theorem only involvingctie currents either imply non-null inner fields, or thelunsion of a
bulk perfect magnetic conductor. The possibility of maiimtag a homogeneous background medium across the equivalernt
surface and null inner fields without recurring to magnetiorents is here investigated for the case of cylindricarses. The
proposed procedure keeps using the definition of equivalestric currents as found in A. Love’s theorem, introdgciarther
layers of auxiliary electric currents to mimic the role oétmissing magnetic ones. Optimal scalar coefficients applseweights
on each layer current are found, so to minimize the mean atiadarror in the fields radiated outside the auxiliary shegjion,
while at the same time minimizing internal radiation. Thegadure is inherently well-conditioned, thanks to the ctidu in the
number of degrees of freedom involved, equal to the numbkayefs, as forced by a regression approach. A thorough ricaher
analysis is presented, where residual errors are founditotbe range of a few percent points.

Keywords: Cylindrical sources, equivalent currents, modal theamganas.

1. Introduction u

D>

Equivalence theorems are a workhorse of antenna theory,
widely applied in order to simplify the analysis and the com- souceof | A ©
putation of fields generated by a source of radiation. lihjtia radiation x
derived by Love and MacDonald more than a century ago [1, 2],
they can be flexibly declined into versions that can suitegela
number of practical configurations [3, 4, 5]. Independently (C)
from the specific version, they all share the same basic idea,
illustrated in Fig. 1: given an original sour@e identify a spa- M, () o
tial distribution of equivalent currents over a closed aoex Iy J g
containingl’, such that these currents generate a perfect repro- perfect
duction of the field distribution expected fBrover(Q,, outside gﬁgﬂig
>. Analogue versions exist for a sourc®utsideZ, a case not
treated in this paper .
Referring to the nowadays standard formulation due to (b) S z
Schelkunoff [6], equivalent electric/eq(r), and magnetic,
Meq(r), currents are required, if the equivalent problem in

Fig. 1(b) is to work in a homogeneous medium across the suf=9uré 1: Original source of radiation (a) and two equivaieurrent configu-
. . rations, with a homogeneous background medium using Eleid magnetic
faceX. In this case, it can be shown that [1] currents (b) and with only electric currents with the in@drregion filled by a

perfect magnetic conductor (c).

Q Q,

Jeq(r) =6(r—rx)n(rs) x H(r) (1a)
Meq(r) =6(r —rs)E(r) x au(ry), (1b)

where E(r) and H(r) are, respectively, the electric and mag- In case the fields radiated by a source were obtained through
netic field generated by the original source at the positipn experiments, both electric and magnetic fields would nebeé to
4(-) is Dirac’s delta distribution, here used in order to repre-accessed; in practice, only probes sensitive to one kinctlof fi
sent a singular current sheet limited3p#n(ry) is the outward  could be available. Equivalent electric currents suffic@;ifis

unit vector normal t&, at the positionrs. A time convention filled with an ideal perfect magnetic conductor (see Fig))1(c
exp(jwt) is assumed, but only phasors are shown. All quantitiegs described in [6], ensuring a perfect field reproductioer ov
are frequency dependent, but the pulsatias dropped forthe Q.. Unfortunately, reproducing this kind of scenario in a nu-
sake of brevity. merical model, a bulk material i©2; would behave as a scat-
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Figure 2: The paradigm considered in this papemultiple-layer auxiliary
electric-current distributions are found in a shell showshade, each occupy-
ing a surfacez;. Internal and external test surfacjé‘;s andz;, as introduced
in sec. 4, are used for the optimization of the layer weighte new inner and
outer regions are referred to as primed quantities, toreiffeate them from
those defined in standard equivalent-theorem formulaises Fig. 1).

2. Scalar representation of the problem

In the following we will consider the case of original sousce
described by means of electric-current distributions cafi
within a shell region of spac@y, (Fig. 2). For ease of deriva-
tion, a cylindrical geometry will be assumed, with tranisiat
invariance to axial displacements.

Dealing with cylindrical sources, it is convenient to prede
by separating the original currents modelling the souraer ov
the regionl (Fig. 1) into axial and transversal components

(2)

where bold variables represent vector quantities whiléelat
ones are unit vectors. In order to simplify our derivatiorg w
introduce magnetic currents [12, section 7.12]

Isr =1l ) +1t ) =27 ) + @It ),

1
M! (r)=2M! (r) = ——V xJL (). (3)
jwe

In the following, instead of the original current distribmrt (2)
we will consider a source described by axial curre]flts) and

terer in case waves impinged onto it. Formulations using onl m! ()
. . ; . 2.
electric currents while keeping a homogeneous medium acros Maxwell's equations for cylindrical configurations can be e

> would be required in this case, as discussed in [7].

Solutions for this problem can be defined, as shown in

[4, 8, 9, 10, 11], but imply non-null fields if;. This can be

a problem since inward radiation inevitably leads to outlvar

waves after propagating throughy. In this paper we are in-
terested in equivalent currents that radiate only outZidas
a continuation of the fields radiated by the original source
therefore, null fields are required by

To this end, magnetic equivalent currents could be conderte

into an additional electric contributioh (r) = V x Meq(r)/jou

pressed as [12, section 14.1]
—jout! (r) =V (& xME(r) (4)
—jweM! (r) =V -2 xJ: (), (5)

(V2 +wleu)’ El(r) =
(V2+w26u)2H//(r) =

hence describing the source through only axial electric and
magnetic currents yields scalar decoupled equations

(6)
(7)

corresponding to a TM (transverse-magnetic) and TE

—jo! (r)
—jweM! (r),

(V2 +w?ep) Elr) =
(V2+w26u)2H//(r) =

[12]. But in case of an experimental characterization of the(transverse-electric) problem, respectively. Henceis(6plved

original source, this operation is ill-posed, since it ives
estimating derivatives from measurements. Critically;nmal
derivatives would require sampling fields at different aistes
from the original source. Moreover, this further electriorent
contribution now involves spatial derivatives of a Dirastdk
bution, which does not correspond to a double-sheet of atgre

by
(8)

where Hy(-) is Hankel's function of zero-th order of the first
kind (i.e., for an outgoing wave). Equation (8) is also a tolu
to (7), by substituting electric-field related quantitiethamag-
netic ones, as according to the duality principle; for tieisson,

w
Elr) = T’”‘ fr dr’ Hy(kollr — ' 7L (),

In order to overcome these difficulties, this paper suggestge rest of the paper will only focus on the case of axial elec-

using multiple layers of electric currents, defining a shell

tric sources. Solutions found for this problem can be rgadil

gion Oy as shown in Fig. 2. The rationale is to make the fieldsypplied to the case of azimuthal electric sources thankd)to (

radiated by the different layers of currents interfere,uolsa

way as to emulate the interplay between fields radiated loy ele

tric and magnetic currents in Love’s theorem.

Our proposal is not to set up an inverse problem where th

equivalent current distributions over each layer would asct
unknowns, since this kind of approach is often ill-conditd,
particularly in the case of measured data. We rather atterapt

tending the use of distributions defined as in (1a) over atlea

two surfaces, by defining optimal scalar coefficients acting

weights on each of these current distributions. As it will be
shown in the rest of the paper, the proposed method, though

effective, does not allow a perfect equivalence, henceeafer+
ring to these currents as auxiliary rather than equivalent.

3. Fieldsradiated by a single layer of electric currents

We first seek a modal expansion of the electromagnetic field
Fadiated by the original source in by applying the addition
theorem to (8), here recalled for the sake of completeness, f
the special case of the outgoing Hankel function of the kerot
order

Hy(kollr —r'll) =
Y Tm(kor") Hi(kor)@™@=¢) ' <y ©)
m=—o00
Y Hylkor) Jm(kor)@™@=¢) />
m=—oo



whereJ,,(-) and H,,(-) are Bessel's and Hankel's functions of
the mth order of the first kind. From (8) and (9) we straightfor-
wardly obtain

Ewn=22Y yuht) rea, (10)

4 m=e

Y/

having introduced a shorthand representation of cylirdiric
modes

Hyp(kor)e™ (11a)
Jm(kor)e™® (11b)

yh (r)
wl,(r)

and the associated modal weights

szfrdr’ [u/{n(r’)]* T, (12)

y/A

with = the complex conjugate.
The magnetic field can also be represented in a similar man-
ner; making use of the electric-field curl equation,

1 (e
A T/ T/
HY(r) = i > ymVx [zwho] =
m=-o00
o0 . a3 . o .
_ Z i-Jﬂ — &0 h r) Figure 3: An example of electric (b) and magnetic (d) fieldiated by a single
- m:_ooym r POr | ¥mir), layer of equivalent electric currents, here representettidyashed circle. Ref-

erence field distributions expected for the case of eleatiitt magnetic equiva-

whered; is the first-order derivative taken with respect to thelent currents are shown on the left column, respectivelytterelectric (a) and
radial dirstancer magnetic (c) field. Corresponding field distributions geten by the electric

. ) . currents alone are given on the right column. Data reprebenamplitude of
In order to understand what is the effect of removing equiv-he fields measured in dB, normalized to the peak amplitudervbd for the

alent magnetic currents in a free-space configuration, we co reference distribution.
sider a cylindrical surfacg, of radiusR, over which

electric currents are present, i.e., a partial applicatibthe
equivalence theorem. These results refer to the test-aase d
scribed in section 8, dealing with a directive linear souoe
as given by (1) and (13). wavelengths long. This source has a directive leftwardaradi
The electric field generated by these currents can be comipn.
puted by applying (8) to the current distribution (14). Tle & |n the case of partial application of the equivalence thegre
plication of the addition theorem (9) yields the leftward radiation is well reproduced, whereas a spisrio
- . N rightward radiation appears. This last is due to the fact tha
=2 ¥ Ym{n{n(RWm(” rele (15)  equivalent electric currents that are at the origin of tiserd
4 nL (R, (r) reQ; radiation do also radiate towards the inner regign this in-
ward radiation would be counterbalanced by equivalent mag-
netic currents in the equivalence-theorem free-spaceuiarm
tion. Left alone, the inward contribution may focus insitie t
inner regionQ; and subsequently diverge rightwards, causing
—JTRHp (ko R)OR Hp (KoR). (16b)  the spurious radiation that did not appear in the originafige
uration. Hence the need for an alternative mechanism ofalont
of the inward radiation.

Jl==80=R) Y, ym&™0,Hulkor),  (14)

m=-o00

m=-o0

with

nfn(R)
b (R)

—jRT 1 (koR)Og Hp (ko R) (16a)

The corresponding magnetic field is

r]T—(par]

mn= Y y.
4 e

e h . (17)
N (R Y, (r) 1 €Qe ) ) .
U%(R)an(r) req; Reproducing the results of Love’s formulation would requir
apart for a common constant factor, to ensure ffatRr) =
Fig. 3 shows an example of the electric and magnetic field, Ym andni,(R) = 0, Vm. In other words, thej’¢(R) co-
distributions for the ideal case expected for the equivadhe-  efficients act as distortions, in the modal expansion of #ld fi
orem, and those observed in the case where only equivaledistribution generated by the original electric curre]nﬁt%), by

3

4. Multiple-layer auxiliary currents



passing, e.g., for the region externaldpfrom modal coeffi- 5. Optimal layer weights
cients{ym} to {ymn¢,(R)}.

Our proposal is to introduce multiple layers of auxiliarycu ~ The errors in (21) are ultimately functions of the layer
rent distributions, defined as in Fig. 2 oveconcentric cylin-  weights{A;} and should be minimized in order to find an op-
drical surfacesz;}, with respective radiiR;}. The rational timal excitation of the auxiliary-current layers. In thisspect,
behind this procedure is that by applying different weigiots ~all summations will be limited to termisz| < M, whereM can
the individual electric current distributions, the remdtover-  be chosen from one of the heuristic criteria routinely agpln
all modal coefficients can be forced to match more closelgeho €lectromagnetic theory [13, 14].
expected for (1). The electric currents over each layerfigelé The simplest option for minimizing the rms errors consists
as in Love’s equivalence theorem, but are further weighted bin observing thater can be interpreted as the length of the
coefficients{4;}, leading to overall fields (15) and (17) with a difference vector found between two vectors whose scatar el
new set of coefficients ements are respectivelst n¢} and {fZ}. In this respect,

e2(Rr), Ry > Ry, in (21) can be minimized by means of a least-

} L ) square (LS) approach, by introducing the normal equatiéh [1
Mo = D Ay (Ri) (18)
=1 BERSNA=BE(RS) ey, (24)
As discussed in the next section, the problem is now to iden- B ) E . .
tify the optimal weightgA;} that reproduce as closely as possi- Where = = diaglf”,,.... By}, n° is an2M + 1 x L ma-

ble the electromagnetic field distribution generated byofig- X whoseT columns are composed by the, (R}, A =
inal source ovefy,, and null fields ovef!, while the region of ~ [A1--,ALl" are theL layer weights to be optimized and,

spaceQy. occupied by the layers will act as a buffer region of IS @2M +1 column vector of elements equaldoherea = 1. In
finite thickness. practice, (24) translates the problem of finding the optifg)

Residual errors are minimized over test surfazfpsandzi , such thatln;,} = LV me =M, M], but wgghtmg the individ-
respectively for external and internal fields. Clearly,¢eiva- ual errors acchrzdlng to the energy contributed by each maxde,
lence theorem implies that any choice of these surfacesis-eq assessed b'ﬁml. ' . .
alent. Therefore, in the following, we assess the accuréiheo The LS solution to (24) is thus given by
approximate field over cylindrical test surface% and ZiT of
radii R% > R, andR’. < Ry, respectively, as illustrated in Fig. 2.

Only errors on tangential fields will be evaluated. Even gtou with  the Penrose-Moore inverse. In general, this solution will

the proposed procedure can b? extended to any numbgr of Iaéﬂépend on the set of LS-weighfsand therefore on whether
ers, we will hereafter set = 2, in order to look for solutions

. : one intends to optimize the reproduction of the electricfohe
offered by the simplest possible case. o : C
Th here defined magnetic field. In practice, the solution is weakly deperden
€ rms errors are here defined as which of the two sets (22) or (23) are chosen, since it can be
shown that

A= [pERON) BERS) ) (25)

¢(Ry) (wp/4)™2 fz dr (E” r)—E/ (r)(2 (19)
T

BHr  H,(kor) .

N 2 = =~ \4 >W, 26

(1/4)*25§Z dr |¢-(Hl(r)—HL(r))‘ . (20) BE (1) Hmlkor) ) 7 (26)
T

¢4 (Rr)

with W the maximum transversal dimensions of the source.
Hence, the optimization weightsZ;”'} are practically propor-
tional one to the other for a givem. As a consequence, both
electric and magnetic fields will be asymptotically optistzat

perfect reproduction of the original field distributionseo¥2,,
would now imply the conditiom¢, = 1, Vm. Hence, from (10),
(13), (15) and (17)

00 the same time. This trend is indeed confirmed by the results
Y - 121855 R)1> Rr>Ry, presented in sec. 8 for external test surfaces, while it ts no
e p(Rr) ={ "™ (21)  necessarily the case for inner test surfaces, where chgpbein
> It 21BEH (R Ry <Ry tween the two sets df3;;} can have a measurable effect on the
m=eo inner error, as shown in sec. 8.4.
where
BE (Ry) = { ;:m?’”(gck‘}:g) I}g Z ﬁf (22) 6. Internal & external optimization
mJm 0
and The above results are divided into internal and external re-
" YmOr Hm(koRr) Ry >Ry gions defined by the auxiliary-source surfaces. It is trogeef
Bm(RT) = { Y Im(koRr) Ry <Ri (23)  natural to wonder if layer weights could be optimized fortbot

regions at the same time, or if any joint optimization canyonl
are proportional to the individual modal contributions ket be obtained by degrading the best performance attainat#da wh
original field distributions required by Love’s formulatio dealing only with one region.



In order to gain some insight into this issue, we recall tbat f

kor>1
2
H,y,(kor) = \/:e](kor—rm'[/Z—n/@,
kot

while H}, (kor) = jHy(kor). SinceJ,,(kor) = ReHy, (kor), in
casekoR; > 1, VI e [1,L], (16) is asymptotically approxi-
mated by

(27)

I

1 _j(_l)mezjk,,R

1o, (R
M (R)

(28a)
(28b)

for a single layer of auxiliary electric currents. When ajimd
these results to (18), fdr layers,

L L
n% = Y A—j=1"Y Atk (29a)
-1 =1
. L .
nh, = =2j(=D"Y AeFkR, (29b)

=1

A close look at (28) shows that thg¢,} appear to be given
by an offset version of thg!,}, by a fixed quantity not depend-
ing on the modal indexn. As a result, when the condition of
nullinternal fieldni, =0, Vm, is fulfilled, n¢, = 1,¥m, hence
implying a perfect reproduction of the field topography over
the external region. Therefore, internal and externainojgt-

tion can go hand in hand as the above condition is sufficient
to ensure an exact reproduction of the field topographies dic

tated by Love’s formulation of the equivalence theoremeast
within an asymptotic framework. Moreover, (29) also expéai
how theL layer weights can contrdl > L modal distortions,
thanks to the asymptotic factorization of the portions iotpe
by thel andm indexes.

In practice, the minimization of the metrics in (21) leads
to sub-optimal solutions, resulting in inevitabty-dependent
modal distortiongn’¢} . In fact, it should be recalled that the

whence a Tikhonov matrif = X(Ri)n’, i.e., T € C2M*LL,
The definition ofT' implies that the regularization is not op-
erating in a isotropic way along ti#/ + 1 modal dimensions,
and is rather controlled by the modal coefficients expeabed f
the radiation over the internal test surféd']e

7. Approximate solutions

As opposed to the above procedure, alternative approximate
approaches can be defined for the computation of layer wsight
Two such solutions are here considered, one obtained frem th
asymptotic development of Hankel’s functions, while the-se
ond is based on a local reasoning looking at current layeas as
collection of directive sources.

The simplicity of these approximate solutions makes them
attractive alternatives to the optimal solution preseritethe
previous section. A direct comparison of their respect@ia
racy is presented in sec. 8.

7.1. Asymptotic solution

Starting from the asymptotic expressionswﬁf (R) in (29),
the problem defined by setting the constraiyjts= 0 andn¢, =
1 can be solved in closed form. For the special case o2,
the result is given by

_ Apei2kod
1
1—e-i2kod

Ay (32&)

A (32b)
Since (32) were obtained by requiring minimal modal dis-
tortions, the above procedure does not aim at reproduciag th
field distribution on a global scale as (25), but rather aptesno
optimize the modal weights on an individual basis. As shown
in sec. 8, while this procedure provides results similahtuse
obtained with the optimal procedure over the inner regn
its performance in the outer region is definitely worse.

LS problem discussed in sec. 5 is typically overdetermined,

sinceL « M in most configurations: in the present paper we
will consider L = 2, while M > 1 even for weakly directive
sources. Under these conditions, the only possibility for a
ceptable solutions must pass through the minimization ef th
portion shared by the external and internal distortionsezh

7.2. End-fire approach

An alternative approximate solution can be proposed by
looking at Love’s formulation from a different viewpointo@-
sider the electric and magnetic equivalent currents it defat
a generic positiom € X; these two elementary sources make up

in (29). In any other case, the number of degrees of freedoffe gmallest directive source, sometimes referred to asya Hu

would be too small with respect to the modal weights to cdntro
them independently.

More generally, a joint optimization over the internal and e
ternal surfaces can be considered, by extending (24) as

ﬁE(Rﬁ)ﬂe
ﬂE(R%)ni

BE(RS)cy

€o

(30)

gens’ source. Inward radiation alorg: can be demonstrated
to be nil.

This observation provides a clue as to how multiple layers of
electric currents can emulate the results of the equivelére-
orem, by forcing the radiation from a second layer to interfe
destructively with the first one along inward directions,ileh
summing up in phase for outward directions. Such a configura-
tion can be interpreted as a (continuous) collection of fned-

original normal equation (24). Indeed, the squared-northef
residual error between the left- and the right-hand sidegén
(30) reads as

IBE (RGN A— BE (RS er 12 + I BE (R AP, (31)

weightsA; and A, are

_ Apeikod
1
1— e-i2kod’

Ay (33&)

A (33b)
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Figure 4: Longitudinal electric-field distribution gentd by original sources  Figure 5: Moduli of the modal coefficients,} for the case ofv; = 24 and
with: (a) W =24 and (b)W; = 4. The inner regions with null radiation marks Ws = 41, serving as references.
the minimum-sized cylinders containing the original sestc

8.1. Modal distortions

The question of how accurately two layers of electric cuisen
can emulate these configurations can be assessed by means of

which are similar to those found in (32). The main difference
apart the way the results were derived, is that in the cadweeof t
end-fire approach the excitation of the two radiating elelsen go\erq| indicators. The first here considered, perhaps st m
is the same apart f9r a phase shift, as usually dqne for theb ki straightforward, is the set of modal distortiofns,} for the ex-
of arrays, whereas in the asymptotic case we still compute Wiena| and internal modal coefficients (16), which accoont f
different auxiliary current distributions. The possityilof gen- 1,4 imperfect reproduction of the original modal coefficgen

erating the information for the second layer from only aBng  gome examples of results for the external distortions are
one can be an asset when these data are measured rather tB%n in Fig. 6, for three values of the inner radigg the

computed, e.g., from near-field facilities, as it would dug t caseR, = W;/2 corresponds to the boundary of the minimum

measurement time by half. cylinder containing the original source. Unless otherviismn-

The end-fire approach falls short of the global approach emgone in the rest of the paper, the second layer is alwaysdou
ployed in the optimal procedure as it does not aim to controk; 5 distancel = 1/4 outside the first one.

the modal distortions. As shown in sec. 8, the residual error Fig. 6 shows that the end-fire approximation, though yig/din
increases not only in the external region, butalso inthem@ 5 |imjted error over the modal indexes where most of the
one, by giving raise to a spurious focusing roughly covetit®y  aqiated energy is found (see Fig. 5), actually presentgidlya
space occupied by the original source. Still, its overaillitgb diverging error forim| > 10. More fundamentallyyé, for the
in controlling the modal distortions is not much worse thagit  enq.-fire case present a systematic error (bias) that witbers
displayed by the asymptotic approximation. in sec. 8.3 to have a major impact on the field topographies.
On the contrary, the optimal procedure has a very good per-
. formance for low-order modal indexes, where fifig,} coef-
8. Numerical results ficients enforce the most stringent conditions for the L®alg
rithm. It can be noticed how this performance comes to the
The accuracy and effectiveness of the proposed approachesgpenses of a distortion that peaks fia = 12, though the dis-
are assessed for the case of directive sources described byaations are always bounded in these examples and have a mino

linear current distributios(r) of lengthW impact on the overall results, since they apply to modesateat
. very weakly excited.
Js(r) = 26 P¥sin(mx/ Wy)5(1)6(2)  |x] < We/2, (34) IncreasingR,; external distortions flatten out over a wider

range of modes for the three approaches, but the end-fire ap-

tapered toward its ends by a sinusoidal profile in order te proproximation still displays a flat residual offset, as shown i
duce a dominant main lobe. Fig. 4 shows the electric field=ig. 6(c). The differences in the performances of the thoee s
distribution they produce fow; = 21 andW; = 4A. The am-  |utions are highlighted in Fig. 7, whetg¢, — 1| is shown to be
plitudes of their modal coefficients are shown in Fig. 5. Ehes only minimized in the case of optimal layer weights, while th
configurations will be used throughout this section as egfees  asymptotic solution is only slightly better than the ena-tine.
in evaluating the performance of layer coefficients deribgd Concerning the internal distortions, Fig. 8 confirms that th
means of the optimal procedure (25), the asymptotic approxiresults obtained with the optimal and asymptotic solutiares
mation (32) or the end-fire approximation (33). very similar, while the end-fire solution is again charaizte

All of the following results related to the optimal procedur by a flat offset that explains the appearance of a relatively i
involve the{BL} as LS weights. Differences observed whenportant inner radiation, as shown in sec. 8.3. Again, sgttin
using the{g!1} are discussed in 8.4. auxiliary currents further away from the original sourcgiom
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the residual errors over the internal test surface can tadlyoc
stronger than by applying the end-fire approach. Moreoker, t
optimal procedure ensures that these errors are on aveyage e

_ o L to zero, as opposed to the end-fire approximation; as it will b
Figure 6: Real and imaginary parts of the overall exterredtHtlistortionsin®,}, h . 8.3 th h t deviati lead to rdsid
computed in the case’s = 41 andAp = A/4for: (&) Ry /Wy =1/2; (b) Ry /W = S OWI_’I In sec. " ese _CO erent deviations lead to residua
1 and (C)Ry /Ws =3/2. focusing over the inner region.

Residual errors can be summarized by defining relative®rror

for the electric and magnetic fields

strongly reduces the absolute value of the internal distust at

the same time, the internal distortions also increase avarlo ) e%,H(RT)
rate. It is worth observing that this trend is not shared tgy th €gu(R7) = T Erp (35)
end-fire solution, as its performance over low-order modes r '
mains virtually unchanged. where&g, i stands for the square of thig norm of the electric
(magnetic) field over the external test surface Recalling

8.2. Field errors on test surfaces (15), (17) and (21)

The modal distortions translate into errors on the elecagm x ., o B H e
netic field generated by the auxiliary sources, which can be _Z M = 11718 (R
measured on test surfaces as discussed in sec. 4. An exam- eé,H(ReT) = mi_oooo (36a)
ple of typical results is given in Figs. 9 and 10, for the case Y IBER RSP
R, /Ws =1/2 for end-fire and optimal procedures. In these two m=-co
cases, internal (external) test surfaces were defined ahal i It 12IBEH (D)2
wavelength inside (outside) the innermost (outermosgnay 2 iv _  m=oo e
auxiliary electric currents. These results show that aigficthe cen(fr) = X .o (360)
optimal procedure is expected to ensure a better perforepanc m;_oomm’ (Rl

7
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Figure 9: Real and imaginary parts of the longitudinal eiedield for W = 44, Figure 10: Same configuration as in Fig. 9. Results obtairittdaptimal layer

Ry/Ws=1/2andAR = A/4, computed over cylindrical external (top figure) and weights.
internal (bottom figure) test surfaces, wil). = Ry —A/2 andR7. = Ry +4/2,
respectively. Results obtained under the end-fire appratiam are shown as

solid lines, reference results as dots. 8.3. Field topographies

An example of the field topographies generated by two-layer
auxiliary currents is shown in Fig. 14, emulating the linear

where&p, ;7 are also taken as references for the internal error$SOUrce (34) wheivs = 4. The three sets of electric and mag-

in order to assess the relative intensity of the residual fieh- netic field distributions are to be compared to the origirzalec

erated over the inner regia. reproduced in Fig. 4(b). _
Differences between the performance of the three solutions

These figures of merit are shown in Figs. 11 to 13. Severadre shown in Figs. 15 and 16, as percentages of the peak field
trends can be pointed out. First of all, A& approached /2, amplitude observed over the external regign; two values of
residual errors increase. This result can be understoodtiyrn R, /W are considered, namedys and1.5. Independently from
ing that, under an asymptotic approximation, the field itigtr  the dimensions of the shell-region, it is found that the &rel-
tions observed over two layers associated to each modeavill bapproach always leads to a residual (coherent) focusirgrwit
proportional one to the other if they are half a wavelengtirep  the inner regior2}, as opposed to an incoherent interference
Hence, rather than conveying complementary informatian th pattern observed with the other two solutions. Errors in the
could be made to interfere, the two sets of auxiliary cusent external region drop when applying the optimal procedure.
become increasingly redundant.

8.4. Cross comparisons

This section draws some cross comparisons between the per-
the framework introduced in sec. 6: in the limit fogR, > 1, ~ormance as already presented and the layer weights that gen
all modal coefficients can be controlled at the same time- Funerated them. The first such comparison is presented in Table 1
damentally for the same reason, errors on the magnetic anfy"€re the layer weights applied for the three methods are sum
electric fields over the external test surface are pratgigan- ~ marized. The weightsd;} are presented in a normalized form,

tical, while this is not true over the internal test surfacbere aSAZ/‘fh' . .
the asymptotic expressions do not hold. We first need to recall that the weights of the approximate so-

lutions only depend on the relative distance between trergay
As expected, all errors are consistently lower for the ogtim By the same token, the approximate solutions are by definitio
procedure. More importantly, the optimal procedure talets b only operating by phase-shifting the individual radiaidrom
ter advantage of a larg&; / Wy, with a faster rate of reduction the auxiliary layers. Conversely, for the optimal procedtinis
in the errors, when compared with the two approximate casegroperty is never explicitly enforced; the fact that all ttee
The performance of the asymptotic approximation approgchesults in Table 1 involveA; / A,| = 1 is therefore worth noticing,
that of the optimal procedure for largey/ Ws, since the former  as it implies that there is no need for amplitude-compeosati
is correct in the limit forkgR; — oo. schemes.

At the same time, as the ratly / W; increases, the errors sys-
tematically reduce. This behavior is easily understoodhiwit
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Figure 11: Comparison between relative errors on the @eatrd magnetic  Figure 12: Same configuration as in Fig. 11; results for tiyengsotic solution.
fields over the external test surfacé (upper graph), withR?, = R+ AR + /2

and the internal test surfaaé[ (lower graph), withRiT = R-A/2, for avarying 2 pe 2 (pi
distanceAR between two current layers. Four valuesrafivy are considered, Ri/Ws Type |AxlAi|l ZAxIA €E(RT) EE(RT)

equal to 0.5, 0.75, 1.0 and 1.5. Results for a source witdh= 41, optimal ef 1.0 90 59107 56107
layer weights. 0.5 as 1.0 0.0 381072 951073
opt 1.0 22 1910% 791073

ef 1.0 90 1.01073 181073

As a consequence, it appears that the major differences in 1.0 as 1.0 00 4910* 101073
the performance between the approximate and optimal proce- opt 1.0 059 9310 85107
dures are in fact due to minor differences in the phase-ahift ef 1.0 90 43107% 101073
gle enforced between the layers. While the asymptotic ismlut 15 as 1.0 0.0 1.9107% 29107*
requires an in-phase radiation of the two layers, the optima opt 1.0 026 1810°° 2410°¢

one spans phase-shift angles between 0.26 and 2.2 degrees, T
R, /W passing from 1.5 to 0.5. Correspondingly, the external
error decreases more steeply for the optimal procedurh,avit Table 1: Absolute value and phase shift of the relative weigihf A;, for the

relative improvement of about a factor 2 to 10 with respect td""& methods of computation of the layer weights, for treec#; = 41 and
. . AR = A/4. The corresponding relative erro:f%(RT) give a measure of how
the asymptotic solution.

such small adjustments in the layer weights lead to largerdifices in the
Table 2 seeks to point out how the choice of electric or mag4uality of reconstruction of the field distribution. Shaattd notations are used

netic weights(f,,} affects the performance of the optimal pro- for the end-fire (ef), asymptotic (as) and optimal (opt) &ohs.

cedure. To this end, the layer weights and errors were cardput

for the two c‘hoylces offm): all the quantities in Table 2 noted gyternal-field optimization and the joint internal-ext@rone.
py theblletter R’ stand for.the I’a'FIO gf results optalned bgoi;r It was suggested in sec. 6 that, asymptotically, reproditie
ing {f,} and those obtained witlB,,}; €.g.,Ra is the ratio of  qiging] radiation over the external region must pass foulh n
4,/ A, obtained in the two cases, of which only the marginal,giation over the internal region. As such, a joint optiatian
phase-shift angle is shown, as expressed in degrees. Al oth.5n, pe regarded as redundant, as long as M. In this re-

ratios are self-explaining. _ o spect, the results shown in Fig. 17 support this analysisesi
It can be concluded that the kind gf,} chosen has little im-  the internal modal distortions are practically unmodifieaw
pact on the error metrics on the external test surface, vaith v switching between the two optimization strategies. Thatjoi

ations of the order of the percent point; this trend is reicéd  optimization should therefore be considered only in theses
when passing froniv; = 21 to W, = 41. Moreover, the same \hereL ~ M.

conclusions hold for both electric and magnetic field exdérn
errors. As opposed to these conclusions, the internalsarer

more sensitive to the choice of the,,} weights. 9. Conclusions

The asymptotic proportionality betwegft,} and{g’l}, dis- This paper analyzed the possibility of defining auxiliary-cu
cussed in sec. 5, is confirmed, with residual phase-shifteang rent distributions, extending the idea of Love’s equivatbeo-
of R4 passing from.8 to 0.23 degrees foiv; = 2. rem to the case of electric-only currents. Rather than madce

A last comparison is needed between the performance of thiag through the definition of an inverse problem, our propissa
9
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Figure 13: Same configuration as in Fig. 11; results for tlkfer approxima-
tion.

Ry /Wy Ws/A ZRy RéE,e Rfi Rge Rl

€0

2 1.79 1.08 125 1.01 0.543

05 4 0447 0969 1.02 0051 0.987
o 2 0499 105 125 104 0511
: 4 0119 101 0991 101 0975
s 2 0234 105 126 105 0505

4 00553 0994 1.0l 0993 0.973

Table 2: Comparison of the performance of the optimal prosedvhen ap-
plying magnetic or electric weight§3,,}. All quantities represent the ratio

y/A

Figure 14: Field distributions generated by two-layer Bami currents with

of results and metrics obtained with the magnetic weightsnatized to those Ry = Ws/2 and spacing\R = A/4, for the source (34) withvs = 41. The mod-

obtained with electric weights. Refer to sec. 8.4 for detablout the notations.

ulus of the longitudinal electric (left column) and transse magnetic (right

column) fields, expressed in dB and normalized to their pediey for the
(a)-(b) end-fire, (c)-(d) asymptotic and (e)-(f) optimaligmns. The auxiliary-
based on a hybrid solution, keeping the electric curremtidis ~ current layers are shown as dashed circles.

tion defined by Love’s theorem. The role of magnetic currents
is taken over by further layers of electric currents weighte

such a way as to approximate the results expected for the-equi [3]
alence theorem. The resulting procedure ensures a goaatperf

mance, with residual errors of the order of a few percenttgoin a
5]
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