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On the Influence of Medium Statistics on the
Robustness of Time-Reversal Transmissions
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Abstract—The problem of predicting the performance of Time-
Reversal Transmissions (TRT) in a time-varying complex medium
is addressed in this paper. The loss of coherence in the prop-
agation medium and its nominal energy contrast are proven
sufficient to predict the average loss of quality in receivedsignals.
In particular, it is shown how a perturbation in the medium
affects in a different way coherent focusing and background
fluctuations. In the extreme case of a diffusive medium (e.g.,
Rayleigh channels), the fluctuations intensity is unaltered. The
predictions of the proposed theoretical models are validated
against experimental results measured in a reverberation cham-
ber, where a mechanical paddle (stirrer) acts as the source of
perturbation in the medium. It is confirmed that, depending on
the medium statistics, perturbations can have a varying impact
on TRT performance.

Index Terms—Time-reversal transmissions, complex media,
perturbation analysis.

I. I NTRODUCTION

Waves propagating through complex media are subjected
to a potentially large number of scattering events, generating
multiple propagation paths and ultimately leading to phenom-
ena like time-spreading of pulses and frequency selectivity,
making signal transmissions less predictable and reliable.

Time-reversal transmissions (TRT) have been studied in the
last few years as a potential solution to counter these effects,
by providing the best replica of a target signal at the receiver,
while at the same time focusing a substantial portion of the
energy around it [1], [2]. Most applications are based on a
direct implementation of standard time reversal as described
in [3]. In short, in order to have a received signal as close
as possible to a target signalp(t), the transmitted signal has a
Fourier spectrum of the kindP (ν)H∗(ν)M(ν), whereν is the
frequency variable andH(ν) is the transfer function between
the transmitter and the receiver.M(ν) is a weighting function
that represents the effects of equalization and compensation
schemes that have been used for improving TRT [4].

The main weakness of TRT is that even in collaborative
configurations, where it makes sense to assumeH(ν) to be
known, propagation media may change over time. As a matter
of fact, real-life propagation scenarios are hardly static, as
they often involve moving people/vehicles, and also receiving
and transmitting antennas can change position/orientation, e.g.,
when hand-held mobile terminals are used. Time-varying prop-
agation can be taken into account, by periodically soundingthe
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medium response and transfer functions, but this can clearly
be done only at discrete times. In between them, TRT risk
using signals that no longer represent an accurate description
of the medium, resulting in a loss of coherence and ultimately
a reduced performance. This problem has been addressed in
a few papers, mostly empirically and essentially with the aim
of assessing what degree of perturbation would still provide
an acceptable performance [5]–[8]. In diffusive media, such
as large cavities, indoor propagation and heavily built urban
structures, TRT can be so sensitive that it has been proposed
for detecting perturbations in the first place [9].

A case therefore exists to understand under what conditions
TRT are more of less sensitive to perturbations. This paper
brings some insight into this issue, by demonstrating how
the statistical behavior of a medium results into a different
sensitivity to perturbations. The predictions of the proposed
models are validated against experimental results, confirming
their accuracy.

II. RESIDUAL FLUCTUATIONS AND CONTRAST

Signals received with TRT in static media can be expressed
as

y(t) =

∫

BT

dν P (ν)|H(ν)|2ej2πνt (1)

whereH(ν) is the transfer function between the transmitting
antenna and the receiver andBT is the bandwidth over which
the spectrumP (ν) of the target signalp(t) is defined. For any
medium significantly different from free space,H(ν) would
not be a monotonous function of frequency, presenting minima
or even nulls over certain frequencies due to reflections andin
general interactions with boundary elements. ModellingH(ν)
as a random process, fluctuations iny(t) appear as the result
of deviations from line-of-sight transmissions.

The effectiveness of TRT can be measured by first separat-
ing the received signaly(t) as done in [10]

y(t) = αp(t) + f(t), (2)

i.e., as made up of a coherent portion proportional top(t) and
residual fluctuationsf(t). Projecting the received signal onto
the target one yields

α = 〈Y (ν), P (ν)〉 =

∫

BT

dν Y (ν)P ∗(ν), (3)

choosing p(t) to have unit energy, here meant as for a
mathematical signal, i.e., the square of itsL2 norm. A direct
consequence of (2) is the orthogonality off(t) andp(t).

A natural metric is therefore the energy contrastΛ [10],
which measures the ratio between the energyEc = α2 of the
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portion of received signal proportional to the targetp(t) and
that of the background fluctuations,Ef , i.e.,

Λ = Ec/Ef . (4)

Sec. III is entirely based on this metric, which strongly
simplifies the analysis.

For a diffusive medium, it was shown [10] that its ensemble
average〈Λ〉 ≤ 1, with the extreme case attained only in
the case of a Rayleigh or diffusive medium. Introducing the
TRT functionW (ν) = |H(ν)|2, [10] demonstrated that the
second-order statistics ofW (ν) provide a direct estimate of
the energy contrast as〈Λ〉 = ς−2

W , where ς is the standard
deviation ofW (ν) normalized to its mean. This relationship
is useful as it gives a straightforward understanding of the
performance of TRT as a function of the medium statistics
and complexity. Nevertheless, it only holds for the average
behavior of a medium, so thatΛ can exceed the value one on
a local basis, as observed in Sec. IV.

Once the energy contrast is known, it can be translated into
a peak contrast, measuring the ratio of the peak of coherent
focusing and the rms amplitude of the background fluctuations
[10].

III. E FFECTS OF PERTURBATIONS ONTRT

We consider a nominal transfer functionHo(ν) for the
unperturbed medium andH(ν) the one found at the time
of transmission, after the perturbation event has occurred; in
general, all quantities referring to the unperturbed medium
will display a subscript nought. It is convenient to express
the modified transfer function as a linear combination of the
original function plus a random processδH(ν) modelling the
effect of the perturbation, i.e.,

H(ν) = ρHo(ν) + δH(ν), (5)

with ρ the linear correlation coefficient between the original
and modified functions. By definition,δH(ν) is orthogonal to
Ho(ν), i.e., their projection

〈δH(ν), Ho(ν)〉 =

∫

BT

dν δH(ν)H∗

o (ν) = 0. (6)

The perturbation is assumed not to affect the statistical
moments of field-related quantities, but only their specific
random realizations. This assumption makes sense when the
perturbation does not change either the complexity of the
medium or the overall rate of energy dissipated. Under this
assumption, introducing the average energy ofH(ν), in the
sense of squaredL2 norms, i.e., defined as the

EH =

∫

BT

dν
〈

|H(ν)|2
〉

, (7)

with 〈·〉 the expected value, it is straightforward to prove that

EδH = (1− ρ2)EHo
, (8)

by enforcing the condition

EH = EHo
(9)

and (6).
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Fig. 1: Ef/Ef,o as a function ofρ andΛo.

In case of no perturbation, the Fourier spectrum of the
received signal is

Yo(ν) = |Ho(ν)|
2P (ν), (10)

while, after a perturbation occurs, one would obtain

Y (ν) = H(ν)H∗

o (ν)P (ν), (11)

yielding, after (5),

Y (ν) = ρ|Ho(ν)|
2P (ν) + δH(ν)H∗

o (ν)P (ν). (12)

The degradation in the energy contrast in case of a per-
turbation is naturally measured by the ratioΛ/Λo, for which
we need to compute the new energies for the coherent part
of the received signal and the background fluctuations. The
coherent energyEc associated to the coherent portion of the
received signal,Yc = ρ|Ho(ν)|

2P (ν), after the perturbation
has occurred is given by

Ec = ρ2Ec,o, (13)

by recalling (5), (6) and using the approximation (19) dis-
cussed in the Appendix.

The average energy of the background fluctuations in the
perturbed case reads

Ef =

∫

BT

dν |Y (ν)− Yc(ν)|
2, (14)

which can be simplified, thanks to (19), into

Ef = ρ2Ef,o +

∫

BT

dν
〈

|δH(ν)|2
〉 〈

|Ho(ν)|
2
〉

. (15)

Following (8),

Ef = ρ2Ef,o + (1 − ρ2)Ec,o, (16)

so that
Ef/Ef,o = ρ2(1− Λo) + Λo. (17)

Eq. (17) implies that the level of fluctuations in signals
received in the perturbed medium should not be expected to
be the same experienced in the nominal configuration. Fig. 1
shows a contour-level plot of (17); it should be noticed how,
for any Λo 6= 1, perturbing the medium could either lead to
weaker or stronger fluctuations, for a same loss of coherence
ρ.
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Fig. 2: Λ/Λo as a function ofρ andΛo.

Still, even in the case of a reduction in the fluctuations
for Λo < 1, the contrast systematically reduces after a
perturbation, as found by combining (13) and (17)

Λ/Λo =

[

1 +

(

1

ρ2
− 1

)

Λo

]

−1

. (18)

Fig. 2 shows how the above ratio depends on the nominal
energy contrast andρ. According to (17), the dependence
on Λo is purely due to the changing intensity of background
fluctuations, since the received coherent energy is not expected
to depend onΛo. .

IV. EXPERIMENTAL VALIDATION

In order to validate the implications of our models, access
to a medium capable of supporting different field statistics
is needed. A reverberation chamber is the ideal facility for
these tests since, depending on the degree of overlapping in
the frequency responses of its resonant modes, it can support
field propagations with a varyingΛo. Different values of modal
overlapping, and as a consequenceΛo, can be accessed by
changing frequency, as demonstrated in [11], [12].

Moreover, reverberation chambers are routinely equipped
with at least one metallic paddle acting as a field stirrer, which
is a practical way of perturbing the medium in a controllable
and reproducible way. But stirrers are usually designed and
operated in order to (ideally) generate independent random
realizations when rotated. This would lead to only two values
of ρ, either 0 or 1. We rather need to define rotation steps of
the stirrer in order to evenly sample the entire range of values
taken byρ. As a result, the very small rotation steps used in
our experiments should not come as a surprise.

Two monocone antennas were fitted as receiver and trans-
mitter in one of CentraleSupelec’s chambers, a cuboid of
dimensions6× 3.5× 2.5 m3. They were positioned on either
side of the stirrer, in order to reduce the incidence of line-of-
sight paths, so that modifications in the stirrer position would
have an impact on the maximum number of propagation paths
within the chamber.

The transfer function between the two antennas was mea-
sured with a vector network analyzer from Rohde & Schwarz,
model ZVB8, operated between 200 MHz and 700 MHz;
the transfer functions were sampled with 40 kHz steps. This
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Fig. 3: Comparison between experimental (circles) and the-
oretical (dashed lines) relationships for the effect of a per-
turbation in a medium and the energy of the fluctuations at
the receiver, forΛo equal to 0.32 (red), 0.67 (black) and 1.32
(blue).
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Fig. 4: As in Fig. 3, but here studying the modifications in the
coherent energy at the receiver.

approach allows a sufficiently fine frequency step, in order to
avoid any aliasing in the relatively long impulse responsesof
the chamber, around 4µs.

The values ofΛo that the setup can produce were assessed
from the transfer functionsH(ν), as explained in [10], by
estimating the normalized variance ofW (ν) = |H(ν)|2.
Three central frequencies were picked as noteworthy, 300,
510 and 695 MHz, where the chamber behaves in a distinctly
different way. A bandwidthBT = 30 MHz was chosen
for the excitation around each frequency, as a compromise
between spectral resolution and statistical uncertainty.For
these choices,Λo was found to be equal to 0.32, 0.67 and 1.32,
respectively, for the three central frequencies. These values
correspond to the stirrer parked at its original position, in static
conditions.

The stirrer was then put in motion by 1-degree steps. For
each step, the new transfer function was measured, and the
procedure repeated 14 times. For each frequency the linear
correlation between the original transfer function and the
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Fig. 5: As in Fig. 3, but here studying the modifications in the
energy contrast at the receiver.

perturbed ones was computed, together with the resulting
modification in energy contrast, coherent and background-
fluctuation energy at the receiver. Notice that these quantities
were computed by directly observing the received signals; no
approximation was considered here. These results are shown
in Figs. 3, 4 and 5 and compared to the theoretical models
derived before.

The models appear to be accurate, as they correctly predict
the strong dependence of the background-fluctuation energyon
different values of the staticΛo, with relative errors smaller
than 20 %. Also, the coherent energy at the receiver is also
confirmed to be practically insensitive toΛo and proportional
to ρ2. It is therefore confirmed that the main reason for
a varying robustness is the changing level of background
fluctuations.

Residual errors are likely due to the use of a finite bandwidth
BT , resulting in an uncertain estimate of energy averages,
which are assumed to be perfect in the model derivation. An-
other source of errors is the assumption of perfect homogeneity
in the transfer functions of the medium as they change over
time; in practice, local deviations may occur and thus infringe
the assumption on which our models are based.

V. CONCLUSIONS

Simple theoretical models derived in this paper predict
accurately how perturbations in the transfer functions of a
complex medium affect TRT. The main result is the strong
sensitivity of the intensity of background fluctuations to the
statistics of the unperturbed medium; the coherent energy at
the receiver is on the contrary unaffected by the medium
statistics and directly controlled by the level of perturbation
of the medium.

The accuracy of these models implies that knowing second-
order statistics of a medium TRT transfer functions and its
level of potential loss of coherence are sufficient to predict
the degradation in TRT schemes and related applications, e.g.,
imaging of moving targets or changing media.

APPENDIX

This appendix proves that given a random processG(ν) and
a piece-wise smooth spectrumP (ν) of mathematical energy
Ep, the following approximation holds
∫

BT

dν G(ν)|P (ν)|2 ≃

∫

BT

dν 〈G(ν)〉 |P (ν)|2 ≃ 〈G(νc)〉EP ,

(19)
as long as the coherence bandwidthBG

c of G(ν) is much
smaller than that of|P (ν)|2, BP

c . The integral can be com-
puted over a sequence ofN contiguous frequency bands
Bi centered atνi, covering the entireBT , chosen such that
BP

c > Bi ≫ BG
c . In this way,|P (νi)|

2 can be approximated
as a constant over eachBi

∫

BT

dν G(ν)|P (ν)|2 ≃

N
∑

i=1

|P (νi)|
2

∫

Bi

dν G(ν). (20)

Each integral acts as an estimator of the ensemble average of
G(νi), sinceBi spans a multitude of independent realizations,
thus the first approximation in (19). In case of an average
independent from frequency, the second approximation in (19)
is obtained and associated to the central frequencyνc
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