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Abstract. A fast model for the eddy-current signal calculation of thin cracks at the
vicinity of a conducting tube edge is presented. The model is based on the surface
integral equation formalism using a dedicated Green’s function. The approach fol-
lowed for the construction of the Green’s kernel and the primary field is the Trun-
cated Region Eigenfunction Expansion (TREE) method.
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Introduction

Eddy-current testing of parts for industrial applications such as steam generator tubes has
led to the need for fast and precise modelling methods. The integral equation formalism
is an approach that can give fast results for a large number of probe positions since,
comparing to the finite element method (FEM), there is no need to discretise the entire
geometry but only the defects surface (Surface Integral Method - SIM) [1], in the case of
a thin crack, or its volume (Volume Integral Method VIM) [2] in the case of volumetric
defects. This formulation requires the calculation of the electric field in the absence of
the flaw (primary field) as well as the Green’s function expression corresponding to the
geometry of the unflawed piece. In [3] the primary field in a conductor with a borehole
as a function of the position of a coil in it is calculated and [4] presents the steps for the
Green’s function construction for the case of a conducting right-angled corner by means
of the Truncated Region Eigenfunction Expansion (TREE) method is presented. The
TREE method consists a powerful tool for the solution of low-frequency electromagnetic
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problems and it is followed in this work in order to develop a fast and accurate model for
the inspection of tubular geometries.

1. Theoretical Analysis
1.1. Assumptions and Formalism

A conducting, non-magnetic and homogeneous semi-infinite tube of thickness b, — by,
conductivity o and permeability iy is considered, as shown in Fig. 1. The tube contains a
thin crack at the vicinity of its edge. We define as thin crack a flaw of a very small opening
compared to the size of the probe and the skin depth, which acts as a barrier to electric
current. Thus, a thin crack in a conducting material where eddy-currents are induced
can be represented by a distribution of electric dipoles. The considered time dependence
convention of the harmonic excitation is of the form e/®’. The frequencies used in the
eddy-current applications are low enough in order for the quasi-static approximation to
be applicable.

The magnetic flux density B in air is expressed by a scalar potential B = V¢ which
satisfies the Laplace equation V2¢ = 0. Furthermore, as far as the formalism in the con-
ducting regions is concerned, the magnetic flux density is expressed by a second order
vector potential approach, i.e. B=V xV x W, with W = W_,e, +e, x VW,. W, ;, satisfy
the Helmholtz equation (V2 —k*)W, ;, = 0, where k*> = jouo.

Figure 1. Inspection of a conducting tube of inner and outer radius b; and b;, respectively, with a crack at the
edge of the tube. The flaw surface is on the p — z plane with a narrow azimuthal opening.

1.2. Primary field and Green’s function calculation

In this subsection the analysis for the primary field and the Green’s function calculation
is presented. The primary field is defined as the electric field induced in the test-piece
in the absence of a flaw. Furthermore, an electric-electric dyad G is a tensor of second
rank corresponding to the electric field radiated by an infinitesimal electric dipole. This
operator is the kernel of the integral formulation used to calculate the eddy-current test-
ing (ECT) signal due to the flaw. Since we are concerned with a thin crack we consider



electric dipoles of only one direction and, thus, we need to calculate a Green’s func-
tion instead of the whole tensor. Regarding the crack orientation, the electric dipoles are
considered along the ¢-direction and thus, only the G?? function needs to be calculated.

The two problems that we examine in this work differ only in the considered field
source. In order to calculate the primary field for the configuration of Fig. 1 a coil of
inner radius r,, outer radius rp, height H, and N number of turns is considered. The coil
is excited with an alternating current e/’ Additionally, in order to construct the Green’s
function, an electrical dipole along ¢ is assumed, with respect to the direction of the
crack. In both cases, the geometry is separated in different regions as shown in Fig. 2,
taking into account the expression of the potentials in each region.

z PMC
/[////]/ z=h
J 1 ,—¢ U
&
(p',0,7))
p =bi
X X NS
p=ro N 5
P=b2 I~

o/ /111111117 o
PEC

Figure 2. Separation of the configuration in different regions.

In order to facilitate the analysis the approach followed for the calculation of the
electric field is divided in two steps. In this configuration we separate the field in two
terms; the term that we call source field and the reflection term. In the case of the primary
field calculation, the source field refers to the field radiated from the coil in the free space
ignoring the presence of the tube, whereas the reflection terms represent the perturbation
of the field due to the conducting tube. In the case of the Green’s function construction
the term “source field” is conventionally used in order to express the field induced by
the electric dipole as well as the field reflected by the horizontal interface of the tube,
whereas the “reflection terms” describe the perturbation by the radial interfaces of the
test-piece. The notation @,Wa,b is used for the potentials corresponding to the source
terms and the potentials Ag, AWa’b represent the reflection terms.

The cylindrical symmetry of the inspected geometry as well as the truncation of the
solution domain according to the TREE method allow us to express the field as a series
expansion. The modal decomposition in this analysis is done using sines and cosines or
exponential functions along z, Bessel or modified Bessel functions along p and expo-
nential functions along ¢ depending on the geometry of each of the two steps described
before.
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1.2.1. Green’s function construction

We first present the analysis for the Green’s function construction, which is more com-
plex than the primary field calculation. According to the first step of the analysis, the
source terms are calculated, as it is already mentioned. In this case, the field source is
the electric dipole located in region /1, whereas the coil is ignored. The expression of the
potentials is as

o = Amne 0T (16,0); 2> (3)
W = [Bune 2720 4 e 0]y, (16,p); 7 <z<c 4)
Wi = [Dyue™E70) 4 E,e 001, (500); 7 <z<c (5)
W = Le® 0, (,p); 0<z<7 (6)
Wi = Mye 00 1y (s,p); 0<z< 2, (7)

where V2 = k% + k% and r? = s> + k2.

A truncation at p = pr is imposed and the truncation interface is chosen to be-
have as a perfect magnetic conductor (PMC).The eigenvalues k;, and s, are calculated
by applying the PMC condition at the truncation p = pr, which leads to the relations
Jn(Kapr) = 0 and J), (s,pr) = 0. The expansion coefficients Ay, By, -.-Myu, are deter-
mined by applying the continuity of the field at the interfaces z = c and z = 7.

The second step of the analysis comprises the introduction of the inner and outer
tube interfaces in the geometry. The perturbation due to these interfaces is expressed by
the potentials Ag,,, and AW, 5, , the expressions of which in the regions I — I11 of Fig. 2
are given below:

mn?

AG i = Apy SIN(Wn2) L (W) )
AGyy = €05(pn(h—2)) [BuyuKin(pnp) + Crondn(pap)] s 2> ¢ ©)
AW = $i0(4n2) Dy Kin(PuP) + Epinln(pap)] s 0<z<c (10)
AW = cos(Vaz) [LynKn(Enp) +Mp,In(Enp)]: 0<z<c (11)
AGpin = Ny SIn(w2) K (), (12)

where p?> = ¢* + k* and v?> = E? + k. The domain is truncated at z = & and z = 0.
The PMC and PEC conditions imposed at these boundaries lead to the elimination of
either the cosine or the sine term of the potentials in the air regions as well as to the
determination of the eigenvalues wy,, yielding cos(w,h) = 0. Furthermore, imposing a



zero normal component of the eddy-current flow at the interface z = ¢, J;[,_. = 0, yields
cos(Vv,c) = 0 from which the eigenvalues v,, are determined.

The continuity of the tangential magnetic field H, and the normal magnetic flux
density B, across the conductor interface z = ¢ yields the relation between the expansion

coefficients B,,, = a,D,,, and C,,, = a,E},,, where
Gn €08 (gnc)
= 13
= Sin(pah—c) "
as well as the transcendental equation
Gn cot(gnc) = pptan(py(h—c)), (14)

the numerical solution of which determines the eigenvalues p, and g,,.
The application of the continuity of By, Hy and H; along the p = b; interface gives
the following relations

h (o o]
SWiln(Wib1)A, = Y Sp(2)

n=1
Z s(1,1) puKy, (Pub1) D, +’”m M (1,n) Ky (E,b1 )L ]
+’§1[—Ms(l,n)Pn1,;(pnb1)E,’nn+k§% (L) (Enb1 )M, ] (15)

h o0
27 Ln(wib1)Ar; =Y Sp(2)
2 bl n=1

Y L M1, 1)Ko (ot ) Dl K2V (1, m)ER L (Enb1 ) L]

n=1 bl
+;[—%M5(l 1)L (pub1)EL,, +K2M,(1,n)EL (Eab1 )M, (16)

h [ee)
5Wz1m(WIbl)Afnz =Y [=M.(1,n) pu (K, (pub1)Dy,, + 1y (Prb1 ) Eyyy ) +S2(2)],(17)
n=1

with the mode-coupling matrices

2 c h )
Me(L,n) = [gn /0 c08(qnz) cos(wiz)dz + 0 / sin(pn(h—2))cos(wiz)dz]  (18)

C

M(l,n) = %[pn /Oc sin(gnz) sin(w;z)dz — ay, /h cos(pn(h—z))sin(w;z)dz]  (19)

Cc

M,(l,n) = %/OC cos(V,z) cos(w;z)dz. (20)

and the source terms derived by the already known solution for the plate in the absence
of the borehole
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— K [Rgii) (—ri,w)D; + R\ (ri,w))E; — R (ri,wi)Mi]siJ), (sib1) (22)

S.(z) = [—Rg-iii) (—Ki, w)A;

+ Rcii) (—vi, wy)K;B; +R£ii) (vi, W) K5C; +R£i)(vi,W1)KiLi] KiJm (Kib1) (23)
and
(i i, iii) 0.ch :
Ry (u,Vv) :/ eH(E=%0) sin(vz)dz (24)
0,z0,¢
(i, i) B 20,60 1(z—20)
R¢ (u,v)= et 70 cos(vz)dz. (25)
0,z0,¢

The equations (15)-(17) and the three relations that yield from the continuity of B, Hy
and H along the p = b, interface and occur by replacing A’/ with N/, and by with b,
in (15)-(17) form a system of equations, the solution of which defines the development
coefficients A, Blys -+ Njp-

Having defined the expression of the potentials (3)-(7) the Green’s function can be

now derived according to the relation E = jou [V x (e,W,) +V x V x (e,W,)] [4].

1.2.2. Primary field calculation

This problem differs from the one solved in 1.2.1 only in the considered field source. The
coil located in region / of Fig. 2 is the field source, and the electric dipole in region /7 is
ignored. Thus, the expression of the source potential in this case reads as

0Ly = AN sin(w,2) K (wap), (26)

The analysis follows the same procedure as in 1.2.1 and leads to the same system
of equations, where the source terms are now considered zero when matching at p =
by, since the source is located in region /, and when matching the field at p = b; are
expressed as

Sp(2) = _WnKz%(Wnbl)Ai(??lz (27)

Se(z) = —é—me(wnbl)A,ﬁ?ﬁ (28)
1

Sz (Z) = —wu Ky (Wnbl)Aig?iz; (29)

where A,(q?,z depends only upon the coil geometry and position and it is found in [3].



1.3. Calculation of the crack response

For the calculation of the coil impedance one needs to solve an integral equation over the
surface (SIM) or over the volume (VIM) of the flaw. According to the approach followed
herein, the constructed Green’s function is dedicated to the entire geometry of the test-
piece and the only flaw considered is the crack. Thus, a surface integration (SIM) of the
thin crack is applied. The crack in this analysis is discretised in a number of cells, each
one including a surface dipole distribution. The integral equation that has to be solved
reads as [1]

n-Ey(r) = —jouon- g G(r,x')-p(r')dSe, (30)
def

where Ky is the electric field emitted by the probe in the absence of the crack calculated
in [5], G(r,r’) is the Green’s function calculated in 1.2.1 and p(r’) is the dipoles surface
density representing the flaw. Finally, the impedance variation due to the crack of the
probe is calculated using the reciprocity theorem [1]

1

AZcrack - - 2
Sdef

n-Ey(r)p(r)dr. (31)

In the absence of the flaw the coil impedance variation due to the tube is determined
by the expression

jo o 4 (0
AZ]‘lawless:_mﬂh Z ZAI(mzA:nn (32)

m=—ocop=1

2. Validation

In order to validate the presented model we compared with the results obtained using
the FEM implementation of the COMSOL software.We have examined a test case of
conducting tube of conductivity 10 MS/m. The tube width is 5 mm and the inner diameter
1s 6.25 mm. A crack of length 3 mm, depth 4 mm and opening 0.1 mm is located at the
edge of the tube. The coil has an internal diameter and an external diameter of 3 mm and
5 mm, respectively, its length is 4 mm and it is wound with 336 turns. Finally, the coil
center coincides with the tube axis along the whole scan and the operation frequency is 1
kHz. It is to note that the computational time of the entire scan is less than 40 seconds for
the SIM method compared with the FEM model that need 60 seconds per coil position
running on a computer with Intel Core 17 at 2.93GHz CPU and 8GB RAM.

Fig. 3 corresponds to the total signal (AZ = AZ¢jayie5s + AZcrack), Whereas Fig. 4
illustrates the contribution of the crack to the signal.

3. Conclusion
A fast and accurate integral equation model for the eddy-current inspection of a thin

crack at the edge vicinity of a conducting tube using a dedicated Green’s operator has
been developed. The model considers a coil scan inside the tube and the primary field
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Figure 3. Comparison of the coil impedance variation of a tube with a crack at its edge as obtained from
semi-analytical model following the SIM method with results obtained by COMSOL (FEM approach)
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Figure 4. Contribution of the crack to the total signal as obtained from semi-analytical model following the
SIM method with results obtained by COMSOL (FEM approach)

calculated with this approach can be applied in geometries of semi-infinite plates with
a borehole as well [5], by considering large tube thickness compared to the penetration
depth, in order to give the possibility of a scan inside the borehole (rototest). The re-
sults of this model have been compared with the results of the FEM method and a good
agreement between them has been achieved.
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