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Abstract

In drilling operations, the interaction of the drillstring with the borehole leads
to vibrations affecting the performance and increasing the drilling cost. The
development of controllers to get a faster and efficient drilling operation is based
on a mathematical modeling allowing a proper system characterization and the
identification of the vibration sources to avoid them or mitigate their influence.
This paper presents an overview of the modeling of axial and torsional self-
excited drilling vibrations.

Keywords: self-excited drilling vibrations, stick-slip, bit-bounce, lumped
parameter models, distributed parameter models, wave equation, frictional

torque

1. Introduction

Self-excited drillstring vibrations are the main cause of loss of performance in
the perforation process for oil and gas; they provoke premature wear and tear of

drilling equipment resulting in fatigue and induced failures such as pipe wash-out
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and twist-off [53]. Besides, they may cause significant wastage of drilling energy
[52] and may induce wellbore instabilities reducing the directional control and its
overall shape [26]. In the oil industry, the improvement of drilling performance
is a matter of crucial economical interest.

Self-excited vibrations can be explained by the instability of an equilibrium
in the dynamic system description (see e.g. [45]). An unstable equilibrium
point implies that a small initial system perturbation will grow over time until it
manifests itself as the observable phenomena of stick-slip, in the case of torsional
vibrations, or bit-bouncing, in the case of axial vibrations [2], [20], [33] . The bit-
bounce phenomenon, caused by axial vibrations, is characterized by a repetitive
loss of contact of the bit with the rock formation. The stick-slip effect, provoked
by torsional vibrations, can be recognized by the successive occurrence of two
phases: stick (the bit stops rotating) and slip (the bit is released from the stick
phase with angular velocity higher than the nominal one) [43]. It has been
documented that the stick-slip phenomenon occurs for about fifty percent of
the drilling operation [40].

The harmful consequences of drillstring vibrations have motivated extensive
research to analyze them and to try to mitigate their influence during drilling
operations. In order to reduce the costs of failures, extensive research effort has
been conducted in the last five decades to suppress the drillstring vibrations;
several methodologies have been proposed, both from practical and theoretical
viewpoints, see for example the references cited in the survey [48] and in [36].

Even though numerous studies to avoid drilling vibrations have been car-
ried out and new technology has been deployed, such phenomena still occurs,
significantly affecting on drilling costs and daily operations.

This paper enhances the contributions [10], [67] with a compilation of the
main modeling techniques to reproduce the drillstring axial-torsional behavior
and with a review of the most popular models to describe bit-rock friction forces.
It is organized as follows: Section 2 presents the different modeling strategies
to reproduce torsional and axial vibrations; existing models can be classified

into four categories: lumped parameter models, distributed parameter models,
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neutral-type time-delay models and PDE-ODE models. Important remarks al-
lowing a comparison between the modeling approaches are provided. Section 3
reviews the most popular techniques used to describe the friction forces leading
to the occurrence of drilling vibrations. Section 4 presents simulation results
of the drilling system subject to different bit-rock frictional interface models.

Finally, conclusions are presented in Section 5.

2. Drillstring models

A sketch of a simplified drillstring system is shown in Figure
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A P Drill collars

Figure 1: Basic scheme of a vertical drilling system.

Roughly speaking, the main components of a drilling system, called a drilling
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rig, consist in drill pipes, steel tubes of typically 10 meters length; drill collars,
much thicker pipes which provide the necessary weight to perform the perfora-
tion; stabilizers, which are thicker drill collars whose purpose is to avoid lateral
motion of the drill pipes; and a rock cutting device, usually known as bit. The
whole set is called drillstring, which is rotated through the rotary table located
at the top. All the pipes of the drillstring are hollow, so that a drilling fluid can
be injected by a mud pump in order to evacuate the removed rock. The set of
drill collars, stabilizers and the bit is called Bottom Hole Assembly (BHA).

Modeling of drillstring dynamics constitutes the basis for system analysis
and control of harmful vibrations. Over the last half-century, extensive research
effort has been conducted to mathematically describe the physical phenomena
occurring in real wells.

Existing drilling models can be classified into the following general categories:

— Lumped parameter models. The drillstring is regarded as a mass-
spring-damper system which can be described by an ordinary differential
equation. This finite-dimensional system representation provides a rough
description of the dynamics taking place at different levels of the string;

it can be of one to several degrees of freedom.

— Distributed parameter models. The drillstring is considered as a
beam subject to axial and/or torsional efforts. A system of partial differ-
ential equations provides a characterization of the drilling variables in an
infinite-dimensional setting. The price paid for the model accuracy is the

complexity involved in its analysis and simulations.

— Neutral-type time-delay models. These models, which are directly
derived from the distributed parameter ones (when damping is considered
negligible), provide an input-output system description. The involved
time-delays (which are dependent on the string length) are related to the
speed of the oscillatory waves traveling throughout the rod. This type of
model provides a good trade-off between system representation accuracy

and complexity of the description.



7 — Coupled PDE-ODE models. Due to the great interest in the design of
controllers for eliminating drilling vibrations, in recent years, researchers
in the control area have developed modeling transformations that facilitate
the design of stabilizing controllers. Most of the proposed techniques are
based on different changes of variables applied to the wave equation de-

80 scribing the propagating waves along the drillstring, this allows describing

the system through a set of coupled PDE-ODE equations.

2.1. Lumped parameter models

2.1.1. Torsional dynamics
The use of reduced models for vibration analysis is motivated by the need to
s define a simple description of drilling dynamics. Roughly speaking, the continu-
ous system, consisting of drillpipes and of the bottom hole assembly, is regarded
as a torsional pendulum described by a lumped-parameter model with one or

multiple degrees of freedom (DOF).
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Figure 2: Lumped parameter model of a rotary drilling rig.

Figure [2| shows the simplified two-degree-of-freedom torsional model of a
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conventional vertical drillstring proposed in [57]. The inertial masses I, and Iy,
locally damped by d,, and d;, are connected one to each other by a linear spring
with torsional stiffness k and torsional damping c¢. The equations of motion can

be represented as follows:

Ly + ¢ (0 = &)+ (@, — By) + dyby, = ur,
) . . . (1)
Ldy — ¢ (@p - @b) — k(D — By) + dyPp = —T(dy),

where ®, and ®, are the angular displacements of the rotary table and of the
BHA respectively. The control signal up is the drive torque coming from the
rotary table transmission box used to regulate the rotary angular velocity ®y.
The frictional torque T represents the torque on bit and the nonlinear frictional

forces along the drill collars.

2.1.2. Axial dynamics

A simplified model described by an ordinary differential equation is presented
n [16]; the modeling strategy is inspired by the fact that any mass subject to
a force in stable equilibrium acts as a harmonic oscillator for small vibrations.
More precisely, the damped harmonic oscillator model describing the longitudi-

nal drillstring motion is:

mob + co (v + p(t)) + kov = — T(dy), (2)

where the variable v is defined as: v = U, — pot.

Notations myg, cg, and kg represent the mass, damping and spring constants;
Uy, Uy, and U, denote the bottom hole axial variables: position, velocity and
acceleration, respectively. The coeflicient p; is given by the following relation
[22]:

p1 =2 (Ropiecuie)

where Ry is the bit radius, pp; is the friction coefficient at the bit-rock contact,
and cp;¢ is the so-called bit coefficient. For a bladed bit, ¢y is equal to the

dimensionless length of the cutting edge (and independent of the number of
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blades). For a flat bit, cp;; is computed as follows:

6+ 4ppi

_ , 3
6 + 3ppit )

Coit

where pp;; is the radial rate of increase of cutter density. Notice that in (3)), cpi
varies between 1 and 4/3 and may be considered as a constant.

The system is controlled through the rate of penetration p(t), which is an
axial speed imposed at the surface, py is a constant nominal value. The torque
on bit function 7" depending on the bit angular velocity couples the axial model

with the torsional one.

2.1.3. Torsional-axial dynamics

A lumped parameter model that takes into consideration the axial and tor-
sional vibration modes of a rotary drilling system is studied in [34], [35], [62].
Figure [3| shows the physical model as a two degrees-of-freedom system (one-
axial and one-torsional) to describe the axial and torsional vibrations of the
drillstring. The torsional part of the model idealizes the drillstring as a tor-
sional pendulum, and the axial part of the model idealizes the BHA and the
drillstring as a lumped mass M.

The governing equations of motion are given by:

2o
JT;JFIC(@,—%O):TO—T
4
S “
dt2 - 0 )

where the variables U, and ®; stand for the vertical and angular positions of
the bit, respectively. The mechanical elements representing the BHA are: M,
the point mass; I, the moment of inertia; and k, the spring stiffness representing
the torsional rigidity of the drill pipe. The torque and the weight on bit are
denoted by T and W respectively. The stationary variables ®,y, Ty and W,
associated with the trivial solution of , satisfy:

T
Oy = Qot*?o,
We = W.- H,
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Figure 3: Simplified model of the drilling system proposed in [62].

where )y is a prescribed angular velocity, Hy is a constant upward tension and
Wy is the submerged weight of the drillstring.

A shortcoming of model is that the dissipation in axial and torsional
components is omitted, which may be quite unrealistic. Furthermore, the axial
compliance of the drillpipes is not considered.

Some of these deficiencies were accounted in the model proposed in [6], given

by:

429
I dt;’ + k(D — Qot) =Ty — T
(5)
2U, dU,
MW dﬁ"'ka(Ub_POt):WO_VVy

where kg, k, denote the torsional and axial spring stiffness and the friction
parameter d characterizes viscous friction along the BHA.
An improved version of the lumped parameter model describing the coupled

torsional-axial drilling dynamics is proposed in [55]. The suggested governing
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equations are given by:

d>P dd
=20 4 dy—" 4 k(@ — Qt) =To — T
dt dt (6)
d?Uy dU,
MW""daﬁ""ka(Ub_pOt) —WQ—VV,

where d; and d, represent the viscous damping coefficients accounting for dis-
sipation in the torsional and axial directions, respectively.

Model @ is used for developing a local stability analysis to determine the
stable and unstable operating regimes in the weight on bit-rotary speed param-

eter plane yielding some operating guidelines for practical purposes [59].

2.2. Distributed parameter model: wave equation

To the best of the authors’ knowledge, the very first model of drilling vi-
brations was developed in the sixties at the Shell Development Company, by
J.J. Bailey [] and I. Finnie [3I]. They proposed a wave equation model to
analytically treat the longitudinal and torsional drilling vibrations. Due to the
accuracy of this modeling approach in reproducing the drilling behavior, regard-
ing its distributed nature, it constitutes the basis of several recent contributions
on drilling analysis and control.

The axial and angular drillstring dynamics can be derived by considering
elastic deformations and using continuity equations and state and momentum
balance of the pipe dynamics [24], [37]. The equation describing the traveling
waves in a flexible rod can be derived from the fundamental elasticity law which
establishes a relation between the local relative compression (strain) and the
infinitesimal tension applied at a given point, see for instance [7], [25].

Consider the drillstring as a flexible rod of length L. Denoting the axial
displacement by U(s,t) and the strain by h(s,t) = (U(s,t) — U(s + ds,t))/ds,
where (s,t) € [0, L] x [0, 00), the axial motion is described by [2]:

oh o (oU
a(svt) * 5 <o”!t(s’t)> =0, (7)
and, according to the fundamental principle of dynamics:
0*U oh ou
paﬁ(s,t)—i—Eg(s,t) = —%Eg(s,t) (8)



where p, is the pipe mass density, F is Young’s modulus and 7, is a damping

constant representing the shear stresses between the pipe and mud.

D(s)

-
U(s)
P

ds

D(s+ds)

G \E/

Figure 4: Infinitesimal rod element.

Similarly, for the angular motion, denote the angular displacement as ®(s, t)
and the shear strain (given as twist per unit length) as f(s,t) = (®(s,t) — P(s+
ds,t))/ds, see Figure 4] the equations for the angular motion are:

of o (0% B
E(S,t) + % (at(s,t)> =0 (9)

02 9 00
Paﬁ(& t) + Gafi(s,t) = —%Ga(s,t) (10)

155 where GG is the shear modulus and ~; is a damping constant representing the
shear stresses between the pipe and mud.
Combining equations and and, respectively, @D and , we get two
1-dimensional wave equations:
02U 5 02U ou

ﬁ(svt):caﬁ(sat)_')/aa(&t)a s € (OvL)7 (11)
Pty =22 -0 22 € (0,L) 12)
ﬁ(& —Ct@(& %E(Sa )s s€(0,L), (

The propagation speeds of the torsional and axial waves ¢4, ¢; can be com-

E
e =4/— and ¢ = g (13)
\/ Pa \/ Pa

10

puted as:



160

165

170

Some authors refer that the distributed damping may be considered neg-
ligible since most of the energy dissipation in is taking place at the bit-rock
interface, see for example [1, [5], [II], [63], [72]. Although neglecting damping
simplifies the system analysis, it may jeopardize the complete understanding of
the drilling dynamics [2], [I7]. Under the assumption that 7; and 7, are null,
the coupled torsional-axial excitations of a drillstring of length L, described by
the rotary angle ®(s,t) and the longitudinal position U(s,t) can be modeled by

the undamped wave equations:

92d 02d
W(&t) = Ctzw(s’t)v (14)
o*U 0*U
W(s,t) = CZ 5s2 (s,t), (15)

Infinite dimensional models can be approximated by finite dimensional sys-
tems (see for instance [27]). Conceptually this can be viewed as choosing a finite
ds > 0 for the drill string elements shown in Figure [4] [2]. This kind of model
is often understood as the continuum model broken up into a series of mass-
spring-damper systems representing lumped inertia, stiffness and damping. In
[2] is shown that the lumped models can be obtained by the same approach as
the distributed ones but using finite non-zero segments; a comparison between
lumped parameter models with different number of lumped inertias and the

exact distributed system is provided.

2.2.1. Boundary conditions

It is well known that torsional vibrations contribute to the excitation of
axial oscillations, i.e., the high bit speed level provoked by the stick-slip phe-
nomenon can excite severe axial vibrations in the bottom hole assembly which
may cause bit-bounce, excessive bit wear and reduction in the penetration rate
[46], [68], [8]. These self-excited oscillations are intimately coupled and may
occur simultaneously [I8], [75], [77].

In general, although the wave equations describing the drilling system dy-

namics are uncoupled in the domain, the coupling of the torsional and axial

11
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dynamics is represented through the bit-rock interaction law at the boundary.
An appropriate choice of boundary conditions allows characterizing the prop-
agating waves along the drillstring. Several equations have been proposed to
describe the axial and torsional dynamics taking place at the upper and lower
ends of the drillstring; some of them are reviewed in this section.

In the sequel the spatial variable is chosen such that s = 0 denotes the top of
the drillstring and s = L its bottom. The following set of boundary conditions
considers that there exist a mismatch between the boundary torque ur and the
rotational speed of the load %—f (0,t) and between the boundary force uy and the
axial sped of the load %—?(O, t) [8], [65]. The boundary conditions corresponding

to the torsional dynamics are:

GJ(‘;—T(O,L‘) = B%—T(O,t) —urp(t) (16a)

GJg—(f(L,t) = —IBE;T;I)(LJ) — T(%f(L,t)) , (16b)
and for the axial dynamics, the boundary conditions are given by:

EF%—[S](OJ) = a%—g(O,t) —ug(t) (17a)

EF%—Z(L,t) = —MB?;T[Q](LJ) - T(%T(L,t)) . (17b)

In the boundary condition , up represents the torque produced by the
rotary table motor and S0®/dt(0,t) — ur(t) designates the difference between
the motor speed and rotational speed of the first pipe (where 8 denotes the
angular momentum at the top extremity). In , u g is the brake motor con-
trol (upward hook force) and adU/0t(0,t) represents a friction force of viscous
type (where « is the viscous friction coefficient). It is assumed that the drilling
system can be controlled by the boundary force uy and the boundary torque
up.

Some of geometrical parameters of the drillstring model that are assumed to
be spatially and timely constant are: the drillstring’s cross-section I, its second

moment of area J, the mass Mp and the inertia momemﬂ of the drill bit Ig.

IThe inertia moment is such that Iz = Mp 2, where r is the averaged radius of drillpipe.

12



195

200

205

The function T' (representing the coupling mechanism between torsional and
axial vibration modes) considered in the bottom boundary conditions accounts
for the frictional torque resulting from the interaction between the drill bit and
the rock. The modeling of the torque on the bit constitutes a crucial aspect of
the system description since it allows to reproduce the vibrational phenomena;
this subject will be discussed in Section [3]

A different top boundary condition is proposed in [I6], here it is assumed

that the speed at the surface is restricted to a constant value Q:
o(0,t) = Qt, (18)

This boundary condition is only a pure kinematic description of the drillstring
upper part.
The following equation constitutes an alternative top boundary condition
inspired by the Newton’s second law of motion, see for instance [19]:
0?0

I -
o2

(Ovt) = _TT(t) + ’U,T(t).

The effective moment of inertia of the top-drive is denoted by Iy, and the
function T (t), describing the transmitted torque and damping due to viscous
effects, is given by:

0P o
Tr(t) = ~GJ5=(0,4) + 85 (0, 1).

Different boundary conditions at the bottom end can be derived from the
analysis developed in [22] about the characterization of the cutting and friction
elements of the torque and of the weight on bit when a drag-type bitEI is consid-
ered. In the modeling of the frictional interface for a drag bit, is convenient to
characterize the action of rock cutting by individual cutters instead of assuming
the rock-bit interface as an equivalent frictional contact. Under this assump-
tion, a relation between the weight on bit W, the torque on bit 7" and the states
must be established (see Section .

2A drag bit is a specific type of cutting device consisting of n identical blades symmetrically

distributed around the axis of revolution.

13
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Consider the set of boundary conditions:

02U oU

I (Lit) = —ET 5 (L,t) = W (19)
029 0

o (L) = =G5 (L,t) = T (20)

where I', J are the area and polar inertia of the lowermost section of the drill-
string. Introducing the relations presented in Section (see Equations ,
(55)), the boundary conditions — can be rewritten as:

2
I‘%%(L,t) = “Ryven[U(L,t) — U(L,t — to)] — Wy — EF%—[S](LJ) (21)
92 1, 0

where Ry, is the bit radius, the constant v characterizes the cutting force orienta-
tion, € is the intrinsic specific energy and Wy, T are the frictional components
of the weight on bit and torque. The state-dependent time delay t,, is implicitly
defined in [41].

At the topside, can be assumed that the torque and weight on the drillstring
are imposed by the drilling operator, then the top boundary condition is given
by:

ou 0P

EF%(Ov t) = Wop(t) GJ%(Ov t) - Top(t)a (23)

2.3. Neutral-type time-delay models

The wave equation model provides a realistic description of the distributed
system variables; however, under certain circumstances, it is convenient to deal
with a relatively simpler model involving just the primary interest variables. It
will be shown that it is possible to derive, from the wave equations, equivalent
input-output models described by neutral-type time-delay equations relating
the variables at both ends of the drilling rod.

Integration along characteristics of the hyperbolic PDE allows the associa-
tion of a certain system of functional differential equations to the mixed problem,
more precisely, a one-to-one correspondence may be established and proved be-

tween the solutions of the mixed problem for hyperbolic PDE and the initial

14
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value problem for the associated system of functional equations [60]. By re-
ducing a boundary value problem to a neutral-type time-delay equation we are
able to exploit techniques from delay systems theory to gain insight into the
complexity involved in the analysis and simulation of PDE models.

The method of d’Alembert provides a solution to the one-dimensional wave
equation. Introducing the variables v = ¢ + s/¢; and n = t — s/c;, the general
solution of the undamped wave equation , describing the torsional drilling
behavior, is given by:

D(s,t) = o(7) + ¢ (), (24)

where ¢ and v are arbitrary continuously differentiable real-valued functions,
with ¢ representing an arbitrary up-traveling wave and ¢ an arbitrary down-
traveling wave.

Let Cbb(t) be the angular velocity at the bottom extremity of the rod:

Py (t) = %—T(LJ) =t +71)+ p(t — 7). (25)

After some simple mathematical manipulations based on the substitution
of into the boundary conditions , we get a torsional drilling model
described by the neutral-type time-delay equation:

By(t) — Tyt —21) = —Wdy(t) — YUyt — 27) — I—T((I)b(t))
B
1 .
+—TT(<I>b(t - 27)) +Hour(t—1),  (26)
Ip
where
2 B — &G G
©T BreGT B+eGJ’ o T L (27)

Similarly, the wave equation with boundary conditions , correspond-
ing to the axial drilling dynamics is transformed into the following neutral-type

equation:
Oy(t) — TO(t — 27) = —GU(t) — THO (¢ — 27) — MLBT(cb,,(t))

+MLBTT(¢>b(t - 2%)) +Tup(t—7),  (28)

15
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where Uy(t) is the axial velocity at the bottom extremity, and

- 200 -
I =_°“" T
P a+ cET’

o —cET ~ cET
— U =—  T=1L/c,. 2
oo P /c (29)

It is important to point out that the delays 7 and 7 represent the time
that the torsional and the axial waves take to travel from one to the other
extremity of the drillstring; notice that they are inversely proportional to the

wave propagation speeds ¢, ¢q.

2.4. Coupled PDE-ODE models

Some manipulations of the drilling models have been proposed to facilitate
the design of control laws to eliminate drilling vibrations. For example, in [12]
and in [13], torsional drilling vibrations are represented as the cascade of two
transport PDEs coupled to an ODE. The model is derived from the undamped

wave equation with the following normalized boundary conditions (see Section

2.2):
09 2P

W(S’t) = @(s,t)
aa—i)(O,t) = up(t) (30)
0% o

ﬁ(l,t) =aF <égf(1,t)) + aa(l,t)

where the constant a is positive and F' is a given nonlinear function representing

the rock on bit friction which is considered to be highly uncertain. Notice that

this model consists in a wave PDE in one dimension with actuation on one

boundary and with an unknown anti-damping term on the opposite boundary.
The derived PDE-ODE model is constructed under the assumption that

the control objective is to stabilize the angular velocity %—‘f(~, t) toward a given

uniform rotatory speed 35—{:. After a linearization of li we obtain:

0% 0%

o (1) = g (o)

0P

5-(0.6) = ur(®) (31)
0?® 0o 0o

w(l,t) = aqa(l,t) +a [&s(l’t) - 9}

16
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dF (22"

a(2s > 0 and the trajectory coeffi-

t_

cient g = —F (22") are unknown. System (31)) can be reformulated by intro-
9 Dt y y

where the anti-damping parameter ¢ =

ducing the following intermediate Riemann variables and transformed control

variable:
Mot = 22 (s + 22 0.0) — a0
w(s,t) = %(S,t) - (Z%)(Sﬂf) +4(1)
0P .
V(t) = 57 (0.8) + ur(T) = §(t).

The obtained system with the estimation error g(t) = g¢(t) — §(t) can be

written as:
a0 =alg~ I (1,0) +a\(1,1) - 3(0) (32)
S 5st) = 52 (56) — 400 (33)
A0,t) =V (¢) (34)
- CURS 10 (3)
w(l,t) = 2%—?(1,15) — A(1,1). (36)

In this new framework, the wave phenomenon is represented as the cascade of
two transport PDEs with source term, with one ODE being driven by the first of
the two PDEs. The ODE with state %—f(l, -) plays a central role and it has
to be stabilized through the transport equation controlled at the boundary
s = 0. A second transport phenomenon with similar source term is also
present, in the opposite direction, accounting for the reflection of the wave at
s=1[12.

A different model transformation for the wave equation describing torsional

drilling vibrations is proposed in [63]. The model simplification is based on a

17



system of the form , but without neglecting the distributed viscous damping:

0% faL) 0o

ﬁ(s’t) = @(&t) - %E(S’t)
%f(o,t) = ur(t) (37)
%T;I’(l,t) =aF (8;(1,75)) + a%(f(l’t)

The trajectories of corresponding to a uniform constant rotary speed

%(s, t) are of the form:

08, (00 00
=5 5 F(at s+ —1+ P (38)

D" (s,1) 5

with the following reference input:

oP” oP"
aTwF( ) (30)

ot ot
Linearizing the second boundary condition of around a reference tra-
jectory of the form — for a given reference velocity %7 while keeping

the in-domain damping and the drill bit inertia terms, we obtain:

0% 9% 0P

W(Sat) = @(S’f) - %E(Sat)
0P

0% 0P 0P

ﬁ(l,t) = QQa(Lt) + aa(l’t)

Defining the following set of state variables:

B(s,t) = W(s,o, Py = %f(

»s  yields the following coupled PDE-ODE system:

— T
17t)7 ur =ur — Uy,

2 & 2H H
(8= 0 5 (5,1) =75 (5.1) (1)
@(O,t) = ur (42)
0% (10) = aB(1,0) + (3 + ag)y(1) (43)
Dy (t) = aq®p(t) + a®(1,1). (44)



This modeling approach allows the design of an exponential stabilizing con-

troller based on backstepping techniques; details can be found in [63].
Models given in — and in — describe the torsional behavior of
the drilling rod, neglecting their axial dynamics; a PDE-ODE model reproducing
20 the coupled torsional-axial drilling vibrations is presented in [24]. The proposed
model is derived form the damped wave equations given in and in
subject to boundary conditions reflecting the action of rock cutting by individual

cutters (see Equations (19)-(22)).

To develop the transformation, the following variables are defined:

ou ou ou ou

Ui=p —ags V2= Tags
L 0P _oe ob
1—5 Ca&y 2—5 Caa

Denoting X = U(L,t), Z = ®(L,t), we obtain the following system of

transport PDEs coupled with a delay differential equation:

e et = (U1 + U2
O e = (U1 + U2
85111 te a;; = (01 + B)/2
% - ct% = =7 (D1 + $2)/2

X(t) = —a1[X (1) — X(t — tp)] — c2X () + c3UL (L, 1)

Z(t) = =4 [X (1) = X(t —tn)] = HZ(t) + 52 (L, 1)

where upg and ur are the control inputs and the parameters ¢y, ¢}, ca, b, cs,

s 4 are deduced from the boundary conditions , .
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2.5. Remarks and related literature

The complexity of the drilling dynamics makes unreasonable the construc-
tion of a model with worldwide acceptability. Several approaches to describe the
mechanisms triggering drillstring vibration have been proposed; drilling models
can be established either in the frequency [29], [38] or the time domain [46],
[18].

Four general categories of time-domain drillstring models can be distin-
guished: distributed parameter models, lumped parameter models, time-delay
models and coupled PDE-ODE models, being the first ones those arising in a
more natural way. The distributed parameter models corresponding to the 1-
dimensional wave equation describe the propagating waves traveling from the
bottom to the top of the drillstring. These models are usually approximated
by a series of lumped mass-spring damper systems, where the case of using a
single degree of freedom lumped mass is the most common but the multi-degree
of freedom approximations have been proposed as well. Reduced models are
preferred because of their simplicity regarding the stability analysis and control
design, however, they don’t capture all the system dynamics and their accuracy
is reduced even for higher-order models. Infinite dimensional models are closer
to represent the real behavior of the drillstring. Neutral-type time-delay models
and coupled PDE-ODE models are obtained through direct transformations of
the distributed parameter models, they are accurate in reproducing the drill-
string vibrations and reduce the complexity involved in the stability analysis
and control design. Table [I| summarizes the attributes and shortcomings of

these modeling approaches.
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Table 1: Benefits and drawbacks of the drillstring models.

Model Advantages Disadvantajes
Lumped Describes the system Disregards the distributed
parameter dynamics in a simple way. nature of the system.
Eases the basic understanding | Involves important
of the drilling dynamics. simplifications.
Simplifies the analysis Its accuracy depends on
and control design. the involved DOF number.
Distributed | Its derivation is natural Its accuracy depends on
parameter regarding the distributed an appropriate choice of
character of the system. boundary conditions.
Provides high accuracy in The analysis may be
reproducing the rod complex under certain
oscillatory behavior. boundary conditions.
Neutral-type | Facilitates the system Disregards the distributed
time-delay analysis. nature of the system.
Eases the control design For its derivation, the
regarding the existing damping along the structure
extensive literature for the must be neglected.

stabilization of delay-systems. | Its accuracy depends on the
boundary conditions choice.

Coupled Provides high accuracy Hinders the understanding
PDE-ODE | in reproducing the of the system oscillatory
drilling dynamics. behavior.
Eases the design of Its structure is useful

determined control strategies. | only for the design of

specific control strategies.

200 To choose a suitable modeling approach, it is essential to take into account
the pursued research objective. Table [2] presents some of the references devoted
to the study of the effects of the parameters variation on drillstring vibration,
the stability analysis of the drilling dynamics and the control design to suppress
undesirable behavior. All the studies were carried out based on a convenient

2s  modeling approach allowing the achievement of determined purposes.
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Table 2: Drilling models and research objectives

Model

Related literature

Lumped

parameter

In [39] a one DOF model is used to design a control
strategy allowing a smooth bit rotation to reduce axial and
lateral drilling vibrations.

In [14] a two DOF lumped parameter model is used to
analyze torsional vibrations when drilling with a
polycrystalline diamond compact (PDC) bit.

In [50] a one DOF model is used to investigate the effects
of viscous damping, rotary speed and natural frequency on
the stick-slip phenomenon.

In [42] and [70] a two DOF model is used to design
control strategies (active damping and H .., respectively)
to tackle torsional drilling oscillations.

In [57] a two DOF model is used to study practical
strategies to avoid stick-slip vibrations.

In [56] the design of a sliding-mode control is based on a
torsional model of four DOF.

In [15] a two DOF model is used for the design of the
D-OSKILL controlller to suppress torsional vibrations.

In [49] different reduced-order models describing radial,
bending, and torsional motions of a drillstring system are
developed; qualitative comparisons between models are
made with experimental studies.

In [5I] a model of eight DOF is proposed to study the
dynamic behavior of a drillstring subject to axial, torsional
and lateral vibrations.

Distributed

parameter

In [4] the very first analytic studies on torsional vibrations
carried out; a wave equation model was considered.

In [1I] a distributed model was used to understand the
vibrational phenomena within the framework of linear
elastic theory.

In [72] the undamped wave equation constitutes the basis
for the design of a control mechanism designed to avoid
the excitation of torsional oscillations.

In [I6] a distributed parameter model is used to
investigate the drilling system stability through the
direct method of Lyapounov.
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In [63] a flatness-based controller to suppress torsional
oscillations are derived from a PDE model.

In [II] an adaptive output-feedback controller for a wave
PDE in one dimension model with actuation on one
boundary and with an unknown anti-damping term on
the opposite boundary was developed to treat the
stick-slip instability.

In [2] a distributed model and a linearized bit-rock
interaction law is used to derive a graphical condition
for the drilling stability based on the Nyquist stability

criterion.

Neutral-type
time-delay

In [5] the numerical solution of a neutral differential

delay equation describing torsional waves on a driven
drill-string under parametric variation is studied.

In [9] a pair of coupled neutral-type time delay equations
are used to describe axial and torsional vibrations. A pair
of stabilizing controllers are designed based on a simplified
model derived from the center manifold theorem and
normal forms theory.

In [65], a pair of delay differential equations are used

to describe the coupled axial-torsional drilling vibrations.
Based on this model, a controller guaranteeing the
elimination of the stick-slip and bit-bounce is developed.
In [66] a neutral-type time-delay model describing

the oscillatory behavior in the drilling system is used to
design a stabilizing control law based on the attractive
ellipsoid method.

In [76] the practical stabilization of a nonlinear neutral type
time delay system describing the stick-slip phenomenon in
the drilling process is addressed within the framework of
Lyapunov theory.

Coupled
PDE-ODE

In [63] a stabilizing controller based on backstepping
techniques to suppress torsional oscillations are derived
from a PDE-ODE model.

In [I3] an adaptive output-feedback controller for a

wave PDE describing torsional drill string torsional
instabilities is developed. The proposed controller requires
only the measurements of top-boundary values.
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In [24] a detailed view of the control problem of the
stabilization of axial-torsional drillstring vibrations
described by a system of transport PDEs coupled
with a delay differential equation is presented.

A comparative review of methods of modeling and controlling torsional vi-
brations within a experimental framework can be found in [58]; the required
information to develop a laboratory model to reproduce torsional vibrations is
also provided.

Additional references on the different drillstring vibration modeling and sup-
pression methods are presented in [36]; the challenges posed by the presence of
modern drilling techniques such as deviated drilling and use of vibrating down-
hole tools are discussed.

An important aspect in reproducing the nonlinearities giving rise to drilling
vibrations is the modeling of the frictional torque characterizing the rock-bit

interface; the following section addresses this topic.

3. Modeling of the bit-rock interaction

It is usually assumed that the growth of instabilities eventually leading to
stick-slip and bit-bounce oscillations arises from the friction model, which em-
pirically captures the interaction between the cutting device and the rock. An
appropriate model of friction allows gaining insight into vibrational drillstring
phenomena thus characterizing the dynamic behavior at bit level and making
possible the development of appropriate control strategies to tackle this prob-
lem.

In this section, a summary of the most popular models of friction due to the

contact between the cutting device and the drilling surface is presented.

3.1. Velocity weakening law

In [TI6], the model:
T(Ub, (I)b) = CUbe_&éb
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is chosen to represent the bit-rock interaction, Ub, and &, stand for the axial
and angular velocities at the bottom extremity and ¢ denotes the ability of the

rock to be cut.

8.2. Stiction plus Coulomb friction

In [42] and [70], the torque on the bit is modeled through the expression:
T(®y(t)) = cv®u(t) + Tro(Ps(1))

where ¢ is the damping viscous coefficient at the bit level and T is the classical

Coulomb plus static friction (dry friction) model, that is,

(Top — Tep)sgn(Dy (1)) if By(t) # 0
Typ(Dy(1)) = (45)
Ta if dy(t) =0

with Tgp = pspWop Ry and Ty = pepWopRp the static and Coulomb friction
torques, psp, pep € (0,1) the static and Coulomb friction coefficients, Wy, is the
weight on the bit and Ry is the bit radius.

The use of this modeling strategy is explained in [70] as follows: the max-
imum torque Ty, clamping the bit to zero speed is substantially larger than
the Coulomb friction T, experienced when the bit is rotating. If d, = 0, the
friction torque will adjust to the torque in the drillstring maintaining a static

equilibrium of the bit (see, for instance Figure [5)).
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Figure 5: Coulomb and static friction.

a0 3.8. Dry friction plus Karnopp’s model

Another common model for Ty, (®y(t)) is defined below

if | 4()] < Doy [Tes] < Ty
Teb
(stick)
. if ‘q)b(f)‘ < .Dv7 ‘Tebl > Ty
be(q)b(t)) = stsgn(Teb)
(stick-to-slip transition)
. if |&4(0)| = D,
chSgn((bb(t))
(slip)

where D, > 0 specifies a small enough neighborhood of <i>b(t) = 0 and Ty is
the applied external torque that must overcome the static friction torque Tk
to make the bit move. For a lumped parameter model of the form , Tep is

modeled as follows:
Tep =c ((I)p — (I)b> +k ((I)p — (I)b) - Cb(i)b. (46)

For a PDE model such as the one stated in —, the external torque
Tep can be described by:

2P [0} [
Ty =22 0+ 62200 - cb%t(

Otdx oz L1). (47)
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This model combines the dry friction model with the Karnopp’s model

proposed in [44] and introduces a zero velocity band (see Figure [6).

I T Transition from
/b . .
stick to slip

th
ch

—| |— 2D

Y

“Leb

Transition from

stick to slip -|_ sb

Figure 6: Dry friction plus Karnopp’s model.

3.4. Karnopp’s model with a decaying friction term

The function governing friction in the slip phase is chosen as a decaying

function inspired by the experimental results given in [14]:

min{|Toy|, Topdsen(Toy)  if ‘(i)b(t)‘ <D,
Ty, (®y(t)) = (48)
Fo(@5(1))s2n(Pp (1)) if ‘(i)b(t)‘ > D,

where the external torque T, is defined in for an ODE model, and in
for a PDE model. The function f; has the following form:

fo(@3(1)) = Wop Rypu (1)), (49)
where the dry friction coefficient at the bit py is given by:

11y (D (1)) = _‘ + fch, (50)

constants pe, and pg, denote the Coulomb and static friction coefficients, and
0 < 7 < 11is a constant defining the decaying velocity of Ty, (see Figure @
The static friction torque Ty is given by Tsp = sy Wop Rp-
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Figure 7: Karnopp’s model with a decaying friction term.

8.5. Karnopp’s model with an exponential decaying friction term

An alternative model for the torque on the bit defines an exponential decay-
ing term in the slip phase [56]. It considers the expression given in with
fo(®y(t)) given in but with the dry friction coefficient 11, (®y(t)) defined as:

(B5(8)) = ey + (st — prep)e 12O (51)

Simulations results presented in [64] validate the proposed model.

3.6. Simplified torque on bit model

Is worth mentioning that the models presented above may be complicated
for practical purposes. For this reason, the construction of a simplified model
which captures their essential dynamic properties is of interest.

In [47] the following model is introduced:

T(@y(t)) = 2k Dy (t)

“RO+ e (2

where k is a positive parameter. This model is simpler than those presented

above and effectively reproduces the behavior of the friction at the bit level (see

Figure .

3.7. Frictional forces at the bit-rock interface considering individual cutters

In general, the modeling approaches to approximate the interaction between

the cutting tool and the rock formation consider the bit-rock interface as an
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Figure 8: Simplified torque on bit model proposed in [47].

equivalent frictional contact, however, when considering a bit of drag—typeEl7 is
s convenient to characterize the action of rock cutting by individual cutters. This

kind of bit-rock frictional interface is studied in [24], [32], [34], [62].

TN

Figure 9: Three blade drag bit.

Consider a drag bit composed by n radial blades regularly spaced by an
angle equal to 2m/n. When such a bit is drilling rock, the depth of cut per
blade d,, (i.e., the thickness of the rock ridge in front of the blade) is constant

along the blade and identical for each blade. Furthermore, d,, is related to the

3A drag bit is a specific type of cutting device consisting of n identical blades symmetrically

distributed around the axis of revolution.
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axial position of the bit U, according to
dp(t) = Uy(L,t) — Up(L,t — t,,),

where t,, is the time required for the bit to rotate by an angle 27 /n to its current
position at time “t”, as schematically illustrated in Figure @ The delay ¢, (t) is
a solution of

(I)b(L,t) - @b(L,t — tn) = 271'/71. (53)

The range of ¢, is given by t,, = 27/(n€), with {y a nominal rotating

speed at the top. The combined bit depth of cut is simply d(t) = nd,(t) or
d(t) = n[Uy(L,t) — Up(L,t — t,,)] . (54)

The torque 7" and the weight on bit W in the torsional-axial drilling models
given in , and @ are functions of the history of ®; and of the history of
Us.

An investigation on the drilling response of drag bits was presented in [22].
Detounay and Defourny studied the relations between the weight on bit, the
torque, the angular velocity and the rate of penetration. Inspired by the idea
that the bit-rock interaction is characterized by the coexistence of rock cutting
and frictional contact [30], the torque T' and the weight on bit W are decomposed
into two components associated with these basic processes. By postulating that
the cutting component of T and W is proportional to the depth of cut per
revolution, and that a linear constraint exists between the frictional component
of T and W, a linear relation is derived between the specific energy and the
drilling strength.

Decomposing T and W into a contribution associated to the forces trans-
mitted by the pure cutting process of each cutter (denoted by the subscript ¢)
and another term corresponding to the forces arising from the frictional contact

(denoted by the subscript f) we can write:

T=T,+T;, W=W.+W;.
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370 Next, the cutting and friction elements of the above expression are charac-
terized.
FrictionForce/Moment. The frictional elements Ty and W; are related ac-
cording to:

2T (t) = uRy Wy (t).

In [74], these components are modeled as follows:

2
Ty(t) = % rust F(IIV(L, D)), Wi (t) = Ruls F([[Va(L, 1)),

where Ry is the bit radius, [ the length of the wearflat, ¢ the contact stress,
Kk is a bit geometry number, greater than 1, that characterizes the orientation
and spatial distribution of the frictional contact surfaces associated with the
cutters, p is a coefficient of friction related to the internal friction angle of
the rock [3] (ratio between the horizontal and the vertical components of the
frictional force), V}, = (%, %) and sgn(V;) designate the orientation of V

with respect to the horizontal plane, and F is an dimensionless friction function

which can be approximated by the following model, proposed in [74]:

o (6704
]:(w) == W’ oy > 0.

In [34] a different approximation for F(z) is proposed:

1 +sgn(x)

Flo)= %

Alternatively, in [73], the following model is considered:

X

f(x) = <tanh(x) + m

), ag > 0,1 > 0.

Cutting Force/Moment. In [22], the cutting components of the torque T,

and weight W, are modeled as:

T.(t) = %5 d(t),  W.(t) = Ryved(t), (55)

where v is a number characterizing the orientation of the cutting force (the ratio

of the vertical to the horizontal force for a sharp cutter) and e is the intrinsic
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specific energy which is a significant measure of drilling performance, especially
of the cutting efficiency of bits and rock hardness. It quantifies a complex
process of rock destruction and generally depends on various factors, such as
rock type, the rake angle of the cutter, the cutter material, and pressure on the
rock surface [69]. The intrinsic specific energy is defined as the energy required
to remove a unit volume of rock [71]. In 1982, Rabia concluded that the specific
energy is not a fundamental intrinsic property of rocks [59], however, Reddish
and Yasar [61], Detournay [23] and Ersoy [28] have found the correlation of the
specific energy to the rock properties such as compressive strength and hardness
of the rock. In a given drilling environment, a lower e entails a more efficient
drilling process.

In [74], T. is approximated by:
T.(t) = —as(F(|Vo(L, 1)])))?d(t)-

where a4 is a constant related to the Young modulus.
Notice that, according to the considered frictional interface, equations given
in , and @ constitute retarded dynamic models characterized by a state-

dependent delay t,,.

4. Friction-driven drilling vibrations

It is well known that the proper choice of a friction model guarantees an
effective reproduction of the stick-slip and bit-bounce phenomena. In this sec-
tion, this fact is highlighted through simulations of the drilling system under
different rock-bit frictional interface models.

Consider the pair of coupled neutral-type time-delay equations describing
the torsional and axial drilling dynamics given in -.

The simulations presented below are developed by considering the numerical
parameters given in Table

Firstly, let us consider a linear model of the frictional torque T(ffb(t)):

T(Cbb(t)> = Tody(t). (56)
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Table 3: Numerical values of the drilling system parameters.

Symbol | Parameter Numerical value
L String length 1172 m
G Shear modulus 79.3 x 109 N m—2
E Young modulus 200 x 10° N m~2
r Drillstring’s cross-section 35 x 107* m?
J Second moment of area 1.19 x 107° m*
1 Inertia 0.095 Kg m
Ip Lumped inertia at the BHA 89 Kg m?
Mp Mass at the BHA 40000 Kg
Pa Density 8000 Kg m—3
Angular momentum 2000 N m s
Viscous friction coefficient 200.025 Kg s~ !
Cp Damping constant 0.03 N m s rad "
Ry Bit radius 0.155575 m
Wop Weight on the bit 97347 N
Lheb Coulomb friction coefficient 0.5
s Static friction coefficient 0.8
Vb Velocity decrease rate 0.9
Qo Angular velocity imposed at the surface 10 rad s~!
00 Axial velocity imposed at the surface 0.1ms!
400 Figure [10]shows the axial and torsional trajectories of the drill bit when the

linear torque on bit friction model is considered. Notice that although tor-

sional vibrations can be observed, the stick-slip phenomenon is not reproduced.

Consider now the velocity weakening law:

T(Uy, &) = CUpe %, (57)
where ( is a constant related to the rock hardness.
a0 Using the friction model (57)), which considers an exponential decaying term,
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Figure 10: Simulation of model — under the linear model of the frictional torque on
bit for To = 25 Nms rad—!. (a) Bit angular velocity. (b) Bit axial velocity.
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Figure 11: Simulation of model — under the velocity weakening law describing
the frictional torque on bit for ¢ = 650Ns and & = 0.1. (a) Bit angular velocity. (b) Bit axial

velocity.

the stick-slip behavior can be observed within the first few seconds of the sim-

ulation, see Figure

A more sophisticated model to describe the rock-bit interaction is given by
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Figure 12: Simulation of model — subject to the Karnopp-type friction function with
a decaying term (58)-(50). (a) Bit angular velocity. (b) Bit axial velocity.

the following nonlinear function, derived from the Karnopp’s models given in

Sections [3.4] and 3.5
T (cbb(t)) = ey (t) + Wop Rty (éb(t)) sgn (cbb(t)) . (58)

The term cbéb(t) represents the viscous damping torque at the bottom end
and the expression Wy, Ry i (fbb(t)> sgn (fi)b(t)> approximates the dry friction
torque. The notations R, and W, stand for the bit radius and the weight on
bit, respectively. The friction coefficient (P (t)) can be approximated by the
decaying term or the exponential decaying expression given in .

Simulations of the drilling system model — subject to the friction
torque model for up given in and in are shown in Figures
and respectively. Observe that the responses are quite similar due to the
affinity of the friction torque models. The angular velocity varies between zero
and twice the reference velocity €y = 10rad s~!, which clearly characterizes the
stick-slip phenomenon.

As reviewed before, the frictional torque on bit can be approximated by the

function ; a simulation of the drilling system allows assessing the accuracy
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Figure 13: Simulation of model — subject to the Karnopp-type friction function with
an exponential decaying term (58)-(5I). (a) Bit angular velocity. (b) Bit axial velocity.
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Figure 14: Simulation of model — under the simplified frictional torque on bit model
for p = 1000. (a) Bit angular velocity. (b) Bit axial velocity.

of this simplified model. Figure [L4] shows the angular and axial bit trajectories

for a frictional model of the form:

2pk®y(t)

b
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In this context, it is important to point out that the similarity between the

bit trajectories depicted in Figures and [I4] is remarkable.

5. Concluding remarks

The presence of self-excited vibrations provokes the premature failure of the
drilling system components and delays the overall process leading to a significant
increase of costs. The prediction of erratic behaviors and the design of controllers
for the suppression of drilling vibration requires a suitable model of the system
dynamics.

Over the last half century, drillstring vibration models have been improved
to accurately predict an erratic behavior and determine the effect of manipu-
lable parameters such as the rotary speed, the torque, and the weight on bit
on the drillstring vibrations. The extreme complexity of the physical phenom-
ena occurring during the perforation process in oilwells makes the modeling
of drilling vibrations a very difficult task. Models are limited by determined
assumptions and simplifications; multiple system elements are considered un-
known or uncertain. Accuracy of the models depends on the proximity to the
reality of the considered assumptions regarding the geometric aspects of the
drillstring configuration, excitation sources, damping effects, rock-bit interface,
among others. Despite the challenges posed by its construction, mathematical
modeling are a powerful and emerging method to investigate the propagation of
vibrations along the drillstring. The development of upgraded models is neces-
sary for an effective prediction of downhole vibrations, their economical interest
has been renewed by recent oilfields discoveries and the development of new
drilling techniques leading to a growing literature.

In this paper, some time-domain modeling techniques that allow the oscilla-
tory behavior analysis of the physical system have been reviewed. Formulations
of distributed parameter models, lumped parameter models, neutral-type time-
domain models and coupled PDE-ODE models encountered in the literature

have been presented, their benefits and limitations have been outlined. A liter-
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ature review on the research objectives pursued with each modeling approach

were presented.
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