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Abstract

This paper investigates cooperative output synchronization and bipartite output synchronization of a group of linear hetero-
geneous agents in a unified framework. For a structurally balanced signed graph, we prove that the bipartite output synchro-
nization is equivalent to the cooperative output synchronization over an unsigned graph whose adjacency matrix is obtained
by taking the absolute value of each entry in the adjacency matrix of the signed graph. We obtain a new H.-criterion which
is sufficient for both cooperative output synchronization and bipartite output synchronization.
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1 Introduction

Cooperative consensus of multi-agent systems has
been studied widely in the literature [10]. One particu-
lar interest is the Cooperative Output Synchronization
(COS), where the outputs of the agents synchronize to
each other or to a reference trajectory. There are several
applications for COS like formation control, distributed
control of UAVs, sensor networks, etc [10,6]. However,
in a number of contexts such as social networks, mar-
keting or games the interactions among agents are not
necessarily cooperative [3], which are usually described
by a signed graph, where positive and negative edge
weights denote cooperation and competition among
concerned nodes respectively.

One type of agreement over a signed graph is bipartite
synchronization, where agents reach an agreement over
the modulus of a variable. Bipartite Output Synchro-
nization (BOS) studies output synchronization of the
agents in modulus with possibly different signs. There
are many engineering applications for BOS like analyz-
ing trustworthiness of the nodes in a network [5] and
anticipating unanimity of the opinions in a decision pro-
cess in the presence of stubborn agents [4].

Comparing with [3,13,11,8], which consider a bipar-
tite state synchronization problem, this paper studies a
bipartite output synchronization problem. The BOS of
linear heterogeneous agents is considered in [8] where the
agents communicate the states of their dynamic com-
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pensetaors. The current paper is different from [8] in the
sense that the agents communicate their outputs only,
which is commonly considered in applications. Moreover,
our suggested controller can be used for the COS and the
BOS of uncertain agents in contrast to [8], as we incorpo-
rate a p-copy (Definition 1) of the desired synchronized
trajectory in the dynamic controller and our controller
design does not depend on a unique solution to the out-
put regulation equation [8]. In contrast to other existing
works which have restrictive assumptions such as homo-
geneity of the agents [13,11], undirected communication
graphs [11] or first-order dynamics [3], our framework al-
lows heterogeneity of the agents, and a general directed
and time-invariant signed communication graph.

This paper is an extended version of [1] and has two
main contributions. Firstly, we prove that the H..-
criterion for the COS problems reported in [2,6] can
be relaxed for some classes of communication graphs
to ensure the existence of solutions for a larger set of
problems. Secondly, we prove that the BOS problem is
equivalent to the COS problem in the sense that a con-
trol solution to one problem induces a control solution
to the other problem. In particular, that generalized H,
criterion introduced in the first contribution can also be
applied to the BOS problem which is more relaxed than
the H., criterion reported in [1].

The rest of the paper is organized as follows. In Sec-
tion 2 we introduce notations and preliminaries. In Sec-
tion 3 we formulate the BOS and the COS problems, and
show that they are equivalent via a novel transforma-
tion procedure. In Section 4 we propose a relaxed Ho,
criterion as a sufficient condition to ensure the existence
of a solution to the COS problem, which is applicable
to the BOS problem as well due to the aforementioned
transformation procedure. Simulation results are shown
in Section 5, and conclusions are drawn in Section 6.
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2 Preliminaries

Let R™*™ be the set of n x m real matrices. I, 1,
and 0 denote the identity matrix of dimension n x n, an
n-dimensional column vector of 1, and a matrix of ze-
ros with a compatible dimension, respectively. The Kro-
necker product of two matrices A and B is denoted as
A® B. Let A; € R%*™i for 4 = 1, ..., N. The operator
Diag{A;} builds a block diagonal matrix with N diago-

L:N

nal blocks, whose ith diagonal block is A;. The spectrum
of matrix A is denoted by spec(A) which is the multiset of
its eigenvalues \;. The spectral radius of A is denoted as
p(A) = maxy, espec(a) [Ai|. Given A = [a;;] € R™™™, let
B = [Alp, myxmyim, € R2TMHDXm2=mat1) ho 5 ma-
trix formed by rows nq, - -+, no and columns myq, - -+ , Mo
of A. The cardinality of a set V' is denoted by |V|. A dis-
joint union of two sets V! and V2 is denoted by VUV2.
The following definition is used throughout the paper.

Definition 1 ([7]) Apairof M1 =[,Q8, My =1,®T
incorporate a p-copy internal model of a square matrix
Aif (8, 7) is controllable and the minimal polynomial of
A divides the characteristic polynomial of 3. o

By [12], a signed graph is represented by a touple
G* = (V,E,0), where V = {vg,...,un} denotes a fi-
nite vertex set, ¥ C V x V is a directed edge set, and
0 : E — {+1,—1} is a partial edge labeling function,
which assigns either a positive or negative sign to each
edge. We call G* = (V, E) the corresponding unsigned
graph. A (follower) subgraph of G* obtained by removing
the (leader) node vg can be represented by an N x N ad-
Jjacent matrix A" = [a}], where af; = 1if (vj,v;) € E,
and aj%; = 0, otherwise. The adjacency of node vg and
node v; is denoted by aj, and it is defined similarly. The
upper stream neighbor set of a node v € V is defined as
N, = {V/ e V|(V',v) € E} The in- degree matrix F* of
that (follower)

Vi

The Laplacian of that (follower) bubgraph is deﬁned as
L* = F — A®, where A® := [af; := H(UJ,UZ) “] is the
signed adjacent matrix. The signed pinning gain from
the node vy to other nodes is denoted by the matrix

G° = Dmg{gl = O(vg,v;)aly}, and G* = Dmg{gl

aly} is the unsigned pinning gain. While the entrree of
the adjacency matrix A" of the unsigned graph G* are
nonnegative, the entries of the adjacency matrix A° of
G® can attain positive or negative values.

A directed graph is a directed tree if every node, except
for one node called the root, has an in-degree equal to
one, and the root node has its in-degree equal to zero,
and in addition, each non-root node is reachable from
the root node via a directed path. A directed graph has a
spanning tree if it contains a directed tree over all nodes.
A subgraph G; = (Vi, Ey,0k), where V,, CV, E, C E
and 60 being the restriction of € over Fjy, is called a
strongly connected subgraph of G* if each pair of different
nodes v, vjr € Vi are reachable from each other via a
directed path in the subgraph. In particular, a subgraph
consisting of only one node, which is called a single-
node subgraph, is always a strongly connected subgraph.
G is mazimal if there does not exist another strongly
connected subgraph, which contains G}, as a subgraph.

Definition 2 (Structurally Balanced Graph [3])

A signed graph G* = (V| E, 0) is structurally balanced if
it admits a bipartition of the nodes, V = V'UV?2, such
that (i) for all (v;,v;) € EN (VI x V) with ¢ = 1,2,

0(vi,v;) = 1; and (ii) for all v; € V9, v; € V" with
(Ui,Uj)EE, QaTe{172}7 Q#Tv H(Ui,l}j):—l. a

Let D be the set of gauge transformations D = {3 =
Diag{ai}|oi € {£1}}. We define the following notations

1
H Dzag{} F—-A+G"),
ERETIA ) "

Lemma 1 ([13,3]) LetG® = (V, E, 0) be a signed graph
which is structurally balanced with the bipartition V =
VIUV2, and G* = (V,E) be its unsigned equivalent.
Then X1 A% = AY and X1H®Y1 = H"™ if and only if
¥, = Dzag {0:} € D, where for allv; € V9,v; € V" with

q,7T € {1 2} we have 0; = oj if and only ifg=r. O

Lemma 2 ([9]) Leta graphG = (V, E) contain K mazx-
imal strongly connected subgraphs G, = (Vi, Ex), k =

., K. One can reorder the nodes such that the adja-
cent matriz A of G is lower block triangular and its m-th
diagonal blocks is Ep, € {Ag|l < k < K}, where Ay, is
the adjacent matrixz of G. O

3 Bipartite and Cooperative Output Synchro-
nization Problems

Consider a group of N +1 linear heterogeneous agents

consisting of N followers labeled as ¢ = 1,..., N and a
leader labeled as 0
Yi = Cixiy (3)
Z :D¢$i7 i:17...7N (4)
Lt'() = A(),’Eo, (5)
yo = Coxo, (6)

where x; € R, y, € RP, u; € R™ and z; € R% are the
state, the output, the control and the measured output
of the agent i (i = 0, ..., N), respectively. We make the
following assumption.

Assumption 1 The signed graph G* = (V, E, ) associ-
ated with the multi-agent system is structurally balanced.

Without loss of generality, let ¥ = Dzag{oz} be the

gauge transformation introduced in Lemma 1, where
vo € VI, (Vu; € VYo, =1, and (Vv; € V2)o; = —1.

Problem 1 Bipartite Output Synchronization
(BOS) Problem: Consider a group of N + 1 linear
heterogeneous agents defined by (2-6). Assume that the
agents communicate y;’s, over a structurally balanced
signed graph G°* = (V, E, ). Design thq matrices K1; €
R™: ><q,;’ KQ, c Rmixnw, Rz c Rnwxnw’ 51 c R Xp
foreachi=1,...,N, such that

u; = Kz + Koin,
7 = Rim; + S;0;, wheren; € R™ (7)
N

1
8; = m[;::l(aijZ —aj;y;) + 9i'Yi — 9; Yo,

render imy_, o i (t) = y:(t) — o3yo(t) = 0. ]

In this paper, we transform the BOS problem into
another problem called cooperative output synchroniza-
tion problem, which is defined below.
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Problem 2 Cooperative Output Synchronization
(COS) Problem: Consider a group of N + 1 linear
heterogeneous agents defined by (2-6). Assume that the
agents communicate y;’s over an unsigned graph G* =
(V, E). Design the matrices Ky;, Ko;, R;, S; such that
foreachi=1,....,N,

u; = Kz + Koy,

ﬁi = Rﬂ_h + ng, _' € R"n (8)
0; = | |+ gl Jz;az] y] +9; (yz - Z/o) )
render imy_, o €0i(t) = y;(t) — yo(t) = 0. a

The controls (7-8) reduce to a state-feedback for z; = x;
and an explicit output-feedback for z; = y;. We now
show the equivalence of the COS and the BOS problems
by means of a similarity transformation. Let

H =H®I, H* =H"® 1, Z=H"— Iy,

X = Di}(\l}g{Xi}, Xi € {Ai, B;,Cy, Dy, R;, S, K1, Ko},
1:

Ay =1Iy® Ay, Co= Iy ®Cy,C. = {CN' O:Ia

A+ BK,D BK, A+ BK,D BK,

)

SHsC R SH“C R
0 _ 0
Bc = ~ ~ = ~~ ~
—3(G* @ 1,)Cy —SH"C,

The overall closed-loop system of all agents (2) seeking
the BOS over the structurally balanced signed graph G*
via controllers (7) is given by

€ = Acby + Berg,

ra = 1‘10’/‘@, 9)
ep = Ce&p — X1 @ Corg,
where & = [z7,..., 2% 0l ... 0T, r¢ = 1y ® 0.

The closed-loop system of all agents (2) seeking the COS
over G via the control signal (8) is given by

éc = Acfc + BCTGa
’I”.G = /ioT’G, (10)

€c = chc - éOTGa

SN 5]

The equivalence between the cooperative state syn-
chronization and the bipartite state synchronization of
first-order homogeneous agents is shown in [3]. Next, we
show the equivalence between the COS and the BOS for
a general linear heterogeneous multi-agent system.

Theorem 1 The control signal u; in (7) solves the BOS
problem over a structurally balanced signed graph G° =
(V, E,0) if and only if the control signal u; in (8) solves
the COS problem over the unsigned graph G* = (V, E).O

where ¢, = [2], ...

PROOF. Denote 33 = Diag{o; ® I,,}, X3 =
1:N
) _ Yo 0
Diag{o; ® I, }, ¥4 =1 ®@ I, ¥ = . Clearly
1:N ¢ 0 23

Y1 =% Let £ = 3¢,. Then

§ = SASE + SB,rg,
ep = Ccié— Y1 ® Corg.

According to the definition of ¥ we have

A+ BK,D BK,

YAY =
S3(SHC)Sy R

It is easy to show that Zg(gﬁsé)ZQ = Sy, HY,C =
S(Z H*%1)Q I, C. Accordlng to Lemma 1, X1 H%Y; =
H". Hence XA, Z - Similarly,

0 0
~S(5,G° ® Ip)éol B [ S(Gr® 1 )CO]
Noting that L*1x = 0, (11) reads

€= A+ Bora. (12)

It remains to show the error (9) in the new coordinate
ey = [240 0} £ — %uCorg = Sa(Cel — Corg) = Laee.

Let & = [of, .., a5, 77, ....,7%]" and S, = e, =
lel,...,el]T. The system in (12) with property e.; — 0
represents a COS problem for (2-6) over G* using con-
troller (8). Hence, the matrices (K14, K94, R;, S;) in (8)
solves the COS problem if and only if, the same matrices
n (7) solves the BOS problem. [ |

4 A relaxed H., Criterion for COS and BOS
problems

In this section, we extend a result of [2,1] and ob-
tain a sufficient condition to ensure the existence of a
control solution to both the BOS and the COS prob-
lems. Let graph G* contain K maximal strongly con-
nected subgraphs {Gi, o, ...,Gk }. Order the nodes in
G" such that the adjacency matrix of G* is lower block
triangular. For each G we assume that its vertex set

Vie ={Vsc, "+ s Vsc, +nc, -1}, where [Vi| = nc,. Define
Zk = [Z] (s, (sc, +n0, —1) % (50, (50, +10, —1))
C; = [Cl- 0] s hi(s) = =Ci(sI — A) "' B;

Matrix Zy, is the normalized adjacency matrix of the kth
maximal strongly connected subgraph. We consider the
following assumptions [2].

Assumption 2 The graph G* contains a directed span-
ning tree with the leader as its root node.

A; — M, B;
c 0

Assumption 3 rank =n; +p, VA €

spec(Ag) fori=1,..,N.



Assumption 4 The pair (R;,S;) contains a p-copy of
the leader dynamics Ag.

A, 0

B;
0

D, 0

Assumption 5 Thetriple (
0 I,

is output-feedback stabilizable.
Theorem 2 Consider Assumptions 2-5. If K1; and Ko;

are selected in such a way that for allk € {1,--- | K},
max ||h;lo < ! Y, € Vj (14)
X || illoo < —7 7~y VUi
p(Zk) *
then (8) solves the COS problem over G“. a

PROOF. The characteristics equation of A, reads

_ AT -
A =det(sI — A;) = det(X ~ [0 5] 7 [¢ o)
—det(X)det(I - [0 0] X [0 5] 2),
— (A+ BK,D) —BK
where X = s ( _|:~ 1D) % and we have
-SC sl — R

used the Sylvester’s determmant Theorem to obtain the
last equation. Let T' =

i

T T
[01 aCN+1v 5} ’CN+2’ s CoN]

¢; € R&X nit Y ) =1, 2N

where 9; = n; ifi = 1,..., N and ¢; = n,, otherwise. The
matrix ¢; is a block row matrix with 2N blocks which
all are zero except the ith row block which is I,,. Then,

A =det(T"'TXT'T)x
5 -1 —1p—1 0
det(I - [¢ 0] T\ TX VT IT |
=det(T V) det(TXT")det(T)det(I + h(s)Z)

=det(Diag{sI — A;}) x det (I + h(s)Z),
1:N

where h(s) = Diag{h;}. Noting that A is the character-
1:N

istics equation of A, this matrix is stable if all roots of A
are strictly negative. The stability of F(s) = I + h(s)Z
guarantees that all poles of h(s) are stable which are
given by the eigenvalues of A;. Hence, the stability of
F(s) implies the stability of A, and totally, they guar-
antee the stability of A.. Since the transfer matrix h(s)
is diagonal and the nodes are numbered such that Z is
lower block triangular (Lemma 2), F(s) is lower block
triangular and the stability of F(s) is given by the sta-
bility of its diagonal blocks. For the nodes in G, the
stability of Fi(s) = I + hpn,, Zi is of interest, where
hne, (s) = Diag {hi(s)}. By the small gain
scyi(sc,tnc, —1)
theorem, Fj(s) is stable if the condition in (14) is satis-
fied. Thus, A. is stable and the COS is achieved. |

Remark 1 The sufficient condition in Theorem 2 is
more relazed than Theorem 2 of [2]. According to The-
orem 2, ||hi||oo should be bounded by p(Z However by

Theorem 2 of [2], this should be bounded by

o (7

)

VvZ 24 1| _ o v
o o
+ o
- =t3e O
+ L=
L 4o+
= =
|| +
7c _ [ 7a—_.6
+| |+ Z
gz = s
T

Fig. 1. The communication graph

Clearly, the result by Theorem 2 of [2] is more stringent
than Theorem 2. Moreover, according to Theorem 2, if a
disjoint strongly connected subgraph Gy contains a single
node, Zy, = 0 and (14) simplifies to the stability of A,.

Corollary 1 Consider Assumptions 1-5. Assume that
Ky; and K»; are selected such that (14) holds. Then (7)
solves the BOS problem over G°.

PROOF. It follows from Theorem 1 and Theorem 2.1

5 Simulation Results

Consider the signed graph G° shown in Fig. 1. The
signed graph G* satisfies Assumptions 1-2. Also, it has
two non-single-node maximal strongly connected sub-
graphs containing the nodes V; = {3a, 3b,3c} and Vo =
{7a,7b,7c} respectively. We have p(Z;) = 0.7937 and
p(Z2) = 0.8514 for G; and G, respectively. Consider the
dynamics of the leader and the followers as

. 01 10
0:qz9= 0 0l %o Yo =14 1| %o

; {—0.3 -2 } _— [1.8 —0.8] u
= 1 1,
1 N
s 3@, 307 70/) 7c _ —-0.11.2 _
N = 04 1.4 ThA= I
01 0] 60
!@2: 00 1 To + 01 Uz,
2,3b,4,6,7b : 00 —2] Lo
100 5 — 100 x
Y2 = 010 L2, Z2 = 003
. 0 1 O-u
58 01 o
) 10
O [V R

Select the p-copy of the leader as R; = [, ®

01
aSi:
0

T
Ir® {0 1] ,i=1,..., N. Select the controller gains as

K —10 —4 460 172 —497 —183
' 6 —13 —591 —203 246 87
—-0.35 -0.86 0 —0.09 —0.01 —-0.3
K3a,SC:
0.14 —-1.5 —-0.01 —0.34 0 —-0.01
K —1.93 1.59 —-047 —-2.91 —-0.09 —-2.19
b:
’ —10.9 12.45 —2.97 —16.12 —0.84 —18.36



o 50 100 150 200 250
t

(b) The second outputs of all agents

Fig. 2. The outputs of all followers, the output of the leader
and its mirror

—0.37 —0.87 —0.003 —0.08 —0.02 —0.34

K7a77c =
0.16 —1.55 —0.02 —0.43 0.001 0.011
i —2.64 1.48 —0.68 —4.8 —-0.14 —5.04
h =
—17.17 11.76 —4.91 —32.84 —1.25 —41.67
—0.39 0.29 —0.15 —2.13 —0.04 -1
K46 =
—2.17 1.14 —0.41 —5.28 —0.83 —16.32
—26.98 —1.22 —718 —241 —17.7 —3.97
5,8 =

0.22 26 177 3.977 562 206

To have a summary, we brought || h;|| s, their authorized
relaxed upper bounds by Corollary 1 and the authorized
upper bound by Theorem 2 of [2] in Table 1.

Table 1
|7i]]cos and their upper bounds

i lhill« | Upper bound | Upper bound by
by Corollary 1 | Theorem 2 of [2]

1 1.3794 | < o0 1.1746
2,4,6 | 5.0357 | < oo 1.1746
3a,3c | 1.1017 | 1.2599 1.1746
3b 1.2377 | 1.2599 1.1746
58 |1.2041 | < oo 1.1746
Ta, 7c | 1.1685 | 1.1746 1.1746
b 1.1559 | 1.1746 1.1746

As a comparison, according to Theorem 2 of [2], we need
[Rilloe < smmrpzy = 11746, @ = 1 : 12. However,
the selected gains do not satisfy this requirement, hence,
there is no guarantee for the existence of a solution to the
COS problem. But under our generalized criterion, i.e.,
Theorem 2, a solution does exist. Then by Corollary 1, a
control solution to the BOS problem is also guaranteed.

In Fig. 2 the outputs of all followers, y;, ,i =
1,...,12, the output of the leader, yy, and its mir-
ror, —yg, are sketched. From the figure we can see
that the agents achieve the BOS with two subgroups
V1 =10,3¢c4,5,6,7a,7b,8} and V2 = {1,2, 3a, 3b, 7c},
where y; — yo,Vi € V1 and y; — —yo,Vj € V2. The
initial conditions are selected randomly.

6 Conclusion

In this paper we have investigated the COS and the
BOS problems of a group of N 4 1 linear heterogeneous
agents consisting of one leader and N followers. We have
obtained a relaxed H.-criterion as a sufficient condition
to ensure the existence of a control solution to the COS
problem by using the concept of the maximal strongly
connected subgraphs. Moreover, we have shown that the
BOS problem over a signed graph is equivalent to the
COS problem over an unsigned graph in the sense that
a control solution to one problem induces a control so-
lution to the other, which allows all sorts of controller
synthesis techniques developed for one problem to be
applicable to the other, e.g., that relaxed H,, criterion.
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