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On the Multiplexing Gain of Discrete-Time MIMO
Phase Noise Channels

Sheng Yang, Member, IEEE, Shlomo Shamai (Shitz), Fellow, IEEE

Abstract—The capacity of a point-to-point discrete-time
multi-input-multiple-output (MIMO) channel with phase uncer-
tainty (MIMO phase noise channel) is still open. As a matter
of fact, even the pre-log (multiplexing gain) of the capacity
in the high signal-to-noise ratio (SNR) regime is unknown in
general. We make some progresses in this direction for two
classes of such channels. With phase noise on the individual
paths of the channel (model A), we show that the multiplexing
gain is %, which implies that the capacity does not scale with
the channel dimension at high SNR. With phase noise at both
the input and output of the channel (model B), the multiplexing
gain is upper-bounded by I min{n, (n. — 2)" + 1}, and lower-
bounded by ; min{n, | 2= |}, where n, and n, are the number
of transmit and receive antennas, respectively. The multiplexing
gain is enhanced to %min{m,n,} without receive phase noise,
and to 3 min{2n, — 1,n,} without transmit phase noise. In all
the cases of model B, the multiplexing gain scales linearly with
min{ng, n, }. Our main results rely on the derivation of non-trivial
upper and lower bounds on the capacity of such channels.

Index Terms—Phase noise channel, multiple-input-multiple-
output (MIMO), channel capacity, duality upper bound, mul-
tiplexing gain.

I. INTRODUCTION

The capacity of a point-to-point multiple-input-multiple-
output (MIMO) Gaussian channel is well known in the coherent
case, i.e., when the channel state information is available
at the receiver [1], [2]. The capacity of the noncoherent
MIMO channels, however, is still open in general. Nevertheless,
asymptotic results of such channels, e.g., at high signal-to-noise
ratio (SNR), have been obtained in some important cases.

In the seminal paper [3], Lapidoth and Moser proposed a
powerful technique, called the duality approach, that can be
applied to a large class of fading channels and derived the
exact high SNR capacity up to an o(1) term. In particular,
when the differential entropy of the channel matrix is finite,
i.e., h(H) > —oo, it was shown in [3] that the pre-log (a.k.a.
multiplexing gain), of the capacity is 0 and the high-SNR
capacity is loglog SNR + x(H) + o(1) where x(H) is the so-
called fading number of the channel. In addition, capacity
upper and lower bounds for the MIMO Rayleigh and Ricean
channels were obtained and shown to be tight at both low
and high SNR regimes. In [4], Zheng and Tse showed that
for noncoherent block fading MIMO Rayleigh channels with
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with coherence time T, the pre-log is M*(1 — M*/T) where
M* £ min {n;, n,, [£]} with n, and n, being the number of
transmit and receive antennas, respectively. In this work, we
are interested in the MIMO phase noise channels in which the
phases of the channel coefficients are not perfectly known.

Applying the duality approach and the “escape-to-infinity
property of the channel input, Lapidoth characterized the high-
SNR capacity of the discrete-time phase noise channel in the
single-antenna case [5]. It was shown in [6] that the capacity-
achieving input distribution is in fact discrete. Recently,
capacity upper and lower bounds of the single-antenna channels
with Wiener phase noise have been extensively studied in the
context of optical fiber and microwave communications (see
[71, [8], [9] and the references therein). In these works, the
upper bounds are derived via duality and lower bounds are
computed numerically using the auxiliary channel technique
proposed in [10]. In particular, in [9], Durisi et al. investigated
the MIMO phase noise channel with a common phase noise,
a scenario motivated by the microwave link with centralized
oscillators. The SIMO and MISO channels with common and
separate phase noises are considered in [11]. The 2 x 2 MIMO
phase noise channel with independent transmit and receive
phase noises at each antenna was studied in [12], where the
authors showed that the multiplexing gain is % for a specific
class of input distributions. For general MIMO channels with
separate phase noises, estimation and detection algorithms have
been proposed in [13], [14]. However for such channels, even
the multiplexing gain is unknown, to the best of our knowledge.

In this work, we make some progresses in this direction. We
consider two classes of discrete-time stationary and ergodic
MIMO phase noise channels: model A with individual phase
noises on the entries of the channel matrix, and model B with
individual phase noises at the input and the output of the
channel instead. The phase noise processes in both models are
assumed to have finite differential entropy rate. For model A, we
obtain the exact multiplexing gain % for any channel dimension,
which implies that the capacity does not scale with the channel
dimension at high SNR. For model B with both transmit and
receive phase noises, we show that the multiplexing gain is
upper-bounded by 3 min{n, (n,—2)"+1}, and lower-bounded
by 2 min{n,, [25"]}. The upper and lower bounds coincide
for n; < 3 or ny > 2n; — 1. Further, when receive phase noise
is absent, the multiplexing gain is improved and we obtain
the exact value of  min{n,n,}. If the transmit phase noise
is absent instead, the multiplexing gain becomes %min{Qnt —
1,n}.

The main technical contribution of this paper is two-fold.
First, we derive a non-trivial upper bound on the capacity of
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the MIMO phase noise channel with separate phase noises.
The novelty of the upper bound lies in the finding of a suitable
auxiliary distributions with which we apply the duality upper
bound [15], [16], [3]. It is worth mentioning that, the class of
single-variate Gamma output distributions, as the essential
ingredient that led to the tight capacity upper bounds on
previously studied channels, are not suitable for MIMO phase
noise channels in general. In this paper, we introduce a class
of multi-variate Gamma distributions that, combined with the
duality upper bound, allows us to obtain a complete pre-log
characterization for model A and partially for model B. The
second contribution is the derivation of the capacity lower
bounds for model B, based on the remarkable property of
the differential entropy of the output vector in this channel.
Namely, we prove that, at high SNR, the pre-log of the
said entropy can go beyond the rank of the channel matrix,
min {n, n,}, and scales as n,log SNR as long as n, < 2n,— 1.
The upper and lower bounds suggest that, with n, > 2n, — 1
receive antennas, n; transmitted real symbols can be recovered
at high SNR. This result has an interesting interpretation
based on dimension counting. Let us consider the example of
independent and memoryless transmit and receive phase noises
uniformly distributed in [0, 27). In this case, phases of the input
and the output do not contain any useful information, only the
amplitudes matter. Note that the n, output amplitudes are (non-
linear) equations of 2n; — 1 unknowns, namely, the n, input
amplitudes and the n; — 1 relative input phases, assuming
the additive noises are negligible at high SNR. It is now
not too hard to believe that with n, = 2n; — 1 equations,
the receiver can successfully decode the n, input amplitudes
by solving the equations. This is however not possible with
ny < 2ny — 1, in which case there are too many unknowns as
compared to the number of equations. Nonetheless, we can
reduce the number of active transmit antennas to n; < n, such
that 2n; - 1 < n;, which means that the achievable multiplexing
gain is 2t < 2|2t | A formal proof in Section VI validates
such an argument.

The remainder of the paper is organized as follows. The
system model and main results are presented in Section II.
Some preliminaries useful for the proof of the main results
are provided in Section III. The upper bounds are derived
in Section IV and Section V. We prove the lower bound
for model B in section VI. Concluding remarks are given
in Section VII. Most of the proofs are presented in the main
body of the paper, with some details deferred to the Appendix.

II. SYSTEM MODEL AND MAIN RESULTS
Notation

Throughout the paper, we use the following notational
conventions. For random quantities, we use upper case letters,
e.g., X, for scalars, upper case letters with bold and non-italic
fonts, e.g., V, for vectors, and upper case letter with bold and
sans serif fonts, e.g., M, for matrices. Deterministic quantities
are denoted in a rather conventional way with italic letters,
e.g., a scalar z, a vector v, and a matrix M. Logarithms are
in base 2. The Euclidean norm of a vector and a matrix is
denoted by |jv]| and ||M||, respectively. The transpose and

conjugated transpose of M are M" and M", respectively. H''
is the pseudo-inverse of a tall matrix H. The argument (phase)
of a complex value z is denoted by £, € [0,27). We use
A o B to denote the Hadamard (point-wise) product between
vectors/matrices. xﬁi’f is a k-tuple or a column vector of
(Tpats---,Tnik); for brevity sometimes z* replaces x¥. For
convenience, wherever confusion is improbable, elementary
scalar functions applied to a vector, e.g., || or cos(@), stand
for a point-wise map on each element of the vector, and return
a vector with the same dimension as the argument. We use
(0)2 to denote (0 mod 27), and (z)* = max{z,0}. T'(z) is
the gamma function. We also use ¢y to represent a bounded
constant whose value is irrelevant but may change at each
occurrence. Similarly, ¢y is a constant that may depend on H
but the value is irrelevant and bounded for almost all H.

A. Channel model

In this paper, we are interested in a class of discrete-time
MIMO phase noise channels with n, transmit antennas and n,
receive antennas, defined by

Yt:(Hoeje‘)xt—i—Zt, t:1,2,...7N7

where the deterministic channel matrix H belongs to a set H C
C™>™ of generic matrices'; z; € C™*! is the input vector at
time ¢, with the average power constraint % 21{11 ||115t||2 < P;
the additive noise process {Z;} is assumed to be spatially and
temporally white with Z; ~ CAN(0,L,,,); ©; is the matrix of
phase noises on the individual entries of H at time ¢; the
phase noise process {©;} is stationary and ergodic, and is
independent of the additive noise process {Z;}. Both {Z;}
and {©;} are unknown to the transmitter and the receiver.
Since the additive noise power is normalized, the transmit
power P is identified with the SNR throughout the paper. The
end-to-end channel is captured by the random channel matrix
HE [hgc®s],
In this paper, we consider two types of discrete-time phase
noise processes’ according to the spatial structures, as shown
in Fig. 1:
o Model A refers to channels with phase uncertainty on
the individual paths (path phase noise), such that the
sequence {©;} has finite entropy rate

h({8:}) > —c.

It corresponds to the case where the phase information of
the channel cannot be obtained accurately, e.g., in optical
fiber communications. This model covers the channel with
spatially independent phase noises as a special case.

o Model B refers to channels with phase noises at the input
and/or output, i.e., ©;; = Or; + O . The vector O =
[Or,] le contains the n, phase noises at the transmit
antennas, and g = [@Kk]z;l is the vector of the n,

It means that the channel matrix H does not lie on any algebraic
hypersurface. If we draw the entries of H i.i.d. from a continuous distribution,
then H is generic almost surely.

2The limitation of discrete-time phase noise model, which ignores the
filtering before sampling in practical continuous-time communication systems,
has been discussed in [17] and [8].
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Fig. 1. Two models considered in this work: model A with path phase noise, and model B with transmit/receive phase noise.
phase noises at the receive antennas. This model captures Then our new results are on channels with separate phase
the phase corruption at both the transmit and receive RF  noises either on the individual paths (model A) or at the
chains, e.g., caused by imperfect oscillators. We consider input/output (model B) of the channel.
three cases of model B: leftmargin=.5in N . .
i ) .g ) Theorem 1. The multiplexing gain of model A is %
B1) with both transmit and receive phase noises such that
h({O1.,0r}) > —o0; The above result shows that extra transmit and receive
by s ’ . . . .
B2) with only transmit phase noise such that h({07,,}) > antennas do not improve the multiplexing gain of a channel
o0t with phase uncertainty on each path of the channel. The
B3) with only receive phase noise such that h({Og}) > achievability of the single-antenna case was shown in [5].
0. Our main contribution lies in the converse, as will be shown

Note that model B1 covers the case where both the
transmitter and receiver use separate (and imperfect)
oscillators for different antennas, whereas models B2 and
B3 contain the case with centralized oscillators at one
side and separate oscillators at the other side.

The capacity of such a stationary and ergodic channel is [3],
[18]

1
C(P) £ lim sup —-I(XY; YY), (1)

where the supremum is taken over all distributions with the
average power constraint

1 N
~ 2 E[IXlP] < P
k=1

Our work focuses on the multiplexing gain 7 of such a
channel, defined as the pre-log of the capacity C'(P) as P —

00,

s . C(P)
"= Ph—r>noo logP.

B. Main results

The main results of this work are summarized as follows,
and are illustrated in Fig. 2. First, the case with common phase
noise is rather straightforward from [9].

Proposition 1. With common phase noise, i.e., ©; = ©.1,, «n,
and h({©,}) > —oo, the multiplexing gain is min{n,, n,} — 3.

Proof: The proof is provided in Appendix A. ]

in Section IV.

Theorem 2. The multiplexing gain of model B is
o upper-bounded by % min{n,, (n, — 2)* + 1}, and lower-
bounded by }min{n,, | " |} with both transmit and
receive phase noises, the upper bound is achievable when
n,<3orn,>2n—1;
o min{ %, 5}, with only transmit phase noise;
o min{%,n, — %}, with only receive phase noise.
Interestingly, the multiplexing gain of model B depends on
the number of transmit and receive antennas differently, which
is rarely the case for previously studied point-to-point MIMO
channels.

Remark II.1. As shown in Fig. 2, transmit phase noise is
more detrimental than receive phase noise, and strictly so
when n, > n; > 1. Intuitively, with transmit phase noise each
transmitted symbol is accompanied by a different phase noise
symbol, which means that no more than half of the total spatial
degrees of freedom is available for useful signal. On the other
hand, with receive phase noise, although half of the received
signal dimension is occupied by phase noises, it is enough to
increase the number of receive antennas to recover almost all
transmitted symbols.

Remark I1.2. Obviously, the multiplexing gain of model Bl is
upper-bounded by that of models B2 and B3. Such a “trivial”
upper bound is given by min{%, %, n; — %} = min{ %, % }.
When n, < n,, the optimal multiplexing gain is % with phase
noises at either side of the channel, whereas no more than
_2)*t+
w is achievable with phase noises at both sides. These
are the cases for which model Bl is strictly “worse” than both

models B2 and B3. When n, > 2n, — 1, with transmit phase
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Fig. 2. Multiplexing gain of the MIMO phase noise channels.
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noise, the optimal multiplexing gain is 5 regardless of the

presence of receive phase noise.

Remark I1.3. Theorem 2 shows that, when n, = n, = 2 and
3, the exact multiplexing gain of model Bl is W which
gives % and 1, respectively. In contrast, the trivial upper bound
provides 1 and % respectively. These are the two cases of
model Bl for which we obtain exact multiplexing gain that is
strictly lower than that of models B2 and B3.

The remainder of the paper is dedicated to the proof of the
main results. We start with some mathematical preliminaries.

III. PRELIMINARIES

Definition 1 (Multivariate Gamma distribution [19]). The n-
variate Gamma distribution has the following density function

Otlfl

p(s) = 57

az—1 an,—1

(s2 —s1) < (8n — Sn_1)

“Ga O exp(—psn),

for 0 < s1 < 82 < -+ < Sy, and O elsewhere, with | >
Oand a; > 0,7 =1,....n; go = 1/ ([[1=, T(cw)) is the
normalization factor. When n = 1, we have the standard
single-variate Gamma distribution,

p(s) = ga n®s* texp(—ps), s>0, a>0. (2
Lemma 1 (Monotonicity of Exi( 2) [log X } over \). Let X be
a non-central Chi-square distribution with degrees of freedom
k and noncentrality parameter )\, denoted as X ~ X%()\). Then
the expected logarithm of X is strictly increasing with A > 0,

for any k € N.

Proof: The case with £k = 2n is known and has been
proved in [3]. In the following, we provide a simple proof for
the general case of k, although we are only interested in the case
k = 1 later in the paper. Let us define fi()) £ E,z () [log X].
The probability density function of x7()) is [20]

_ l

INTIOEDD #

=0

N[>
[>

Pz (), =0

Then it readily follows from the definition of fj(\) that

co A

) =Y #ﬁwﬂl(o)'

vl

To prove that fi()\) is increasing with ), it is enough to show
that the derivative of fj()\) with respect to X is positive. Indeed,

1 e 3 ()

AN = 3 fi)+ 33

Tka+2(l+1)(O)
1=0 ’

= L o2 — £V

2
= %(E[log(X +Y)] - E[log X])
> 0,

where we used the fact that if X ~ x2(A\) and Y ~ x3(0),
then X +Y ~ x7,,(\).
|

Lemma 2 (Change of variables [18]). Let Y = f(X) with a
bijective map [ : R™ — R™. Then

h(Y) = h(X) + E[log |det(J)|],

where J £ [BY’“

Ix is the Jacobian matrix.
1

:| k,=1,....m
Lemma 3. If each element of the n-vector X is circularly
symmetric with independent phases, and the probability density
Sfunction (pdf) of X exists with respect to the Lebesgue measure,
then

pix|(lz]) = QWH |z px (2)

i=1

pix2(z]?) = mpx (). (3)
Further, if h(X) > —oo, we have
h(X) = h(|X|) + ZE[log |Xi|] +nlog2m
i=1
= h(]X[?) + nlogn.
Lemma 4. Let X € C" with h(X) > —oc. Then
h(X) = h(|X[*) + h(£x | [X]) — n. ()

Let © € [0,2m)™ be independent of X and h(©) > —oo. Then
h(e7® 0 X) — h(|X[*)| < co. )
Proof: Applying Lemma 2 twice, we readily obtain (4)

h(X) = h(X], Zx) + Y Elog | Xy|
k=1

= h(X]) + h(Zx | X]) + 3 Elog | Xi|
k=1
— h(X[2) + h(Zx | X]) = .



To prove (5), we introduce ® that is uniformly distributed in
[0,27)™ and independent of X and ©, then

h(e’® o X) = h(e!®F®) o X | ®)
< h(e'® oX)
= h(X[?) + nlogm,
where ® £ (O + ®),, is uniformly distributed in [0, 27)",
and from (4),
h(e?® o X) = h([X|?) + h((£x +©)ar | [X|) — 1
> h([X[*) + h((£x +©)ax | X[, £x) — 1
= h(\X|2) + h(©) — n.
Hence, (5) holds with the constant ¢y corresponding to
max {|h(0) — n|,nlogn}. [ ]
Lemma 5. For any © € [0,27) with h(©) > —oo,

]E[log | sin(@)” S h(©®) — log(B(kTa, %)),

Vae€(0,1),
(6)

where B(x,y) is the Beta function. Thus, E[log|sin(©)|] >
—o0. Let © € [0,2m)™. If h(©) > —oo, then

h(cos(©)) > —oc. (7

Proof: To prove (6), we introduce an auxiliary dis-
tribution with density ¢(6) = g|sin(f)|™%, 8 € [0,2m),
with o € (0,1) and 8 = m. Then it follows that

2 02
h(©) + E[log(¢(©))] = —D(p| q) < 0 where D(-|-) is the
Kullback-Leibler divergence, which yields (6). We proceed to
prove (7),

h(cos(©)) > h(cos(©) | Q)

=n(®©]Q)+ Y E[log]sin(6})]
k=1

= h(©) — 1(2;0) + > _E[log |sin(6})|]
k=1
> —00,

where we partition [0,27)™ in such a way that cos(©) is a
bijective function of © in each partition indexed by €2; the
first equality is from Lemma 2; the last inequality is from
the boundedness of h(©), the fact that 2 only takes a finite
number of values, and the application of (6). ]

Lemma 6. Let V € R™*! with h(V) > —oc and E[|[V|]?] <
o0. Then

inf

Ellog |[V'z|| > —oo.
z€R™: |z]|=1 [log] I o0

Proof: This is a straightforward adaptation of the result in
[3, Lemma 6.7-f] for the complex case. The real case can be
proved by following the same steps. To be self-contained, we
provide an alternative proof as follows. Define V, = [VTz|?,
and one can verify from the assumptions that h(V,) > —oo
and E [V,] < co. We introduce an auxiliary pdf ¢(V) based
on the Gamma distribution defined in (2) with some « € (0, 1).

w

Then we have for any V, € R, h(V,) < E[—logq(V;)
(1 — a)E[log V;| + pE[V,] + ¢ which yields E[log V,
(1—a) Y (h(V,) — pE[Vy] — ¢g) > —o0.

Lemma 7. Ler © € [0,27) with h(©) > —oco and be
independent of some Z ~ CN(0,1), then for any given 8 € C,

®)
€))

Proof: First we prove (8). When |3| < 1, we have
log™t|B| = 0. It follows that h(8e’® +2Z) > h(Be’®+Z | ©) =
log(me) and h(Be’® + Z) < log(me(Var(Be’® + Z))) <
log(2me), which proves (8) for || < 1. Next, we assume that
|B| > 1.1t is without loss of generality to consider 3 € R*. Let
Zr and Z; be the real and imaginary parts of Z, respectively.
Then

m\V

|n(Be’° + Z) = log™|B]| < co,
and |h(|B+ Z|)| < .

h(Be’® 4 Z) = h(B cos(©) + Zg)
+ h(Bsin(®) + Z1| S cos(©) + Zr)
> h(Bcos(0)) + h(Z1)

= log 8 + h(cos(©)) + %log(we). (10)

Since 3e7© + Z = /9(B+ Z) where Z £ Ze ™79 ~ CN(0,1)
is independent of ©, we can apply (5) from Lemma 4,

h(Be’® + Z)
< h(B?+|Z)? +2B]Z) cos(© — £ 7)) + co
= h(|Z|? +2B|Z| cos(© — £ 7)) + co

< %log (2meVar(|Z|? + 28| Z| cos(© — £2))) + co
<logf+ %10g (2me(Var(|Z[?) + Var(2| Z]))) + co(11)

where we use the condition § > 1. The lower bound
(10) and upper bound (11) complete the proof of (8) for
|B] > 1. To prove (9), we introduce some © uniformly
distributed in [0, 27), then k(|8 + Z|) = h(|Be’® + Z|) =
h(Bel® + Z) — E[log(|8 + Z|)] — log 2. It can be shown
that |E [log(|8 + Z\)J —log™|B|| < co. To see this, we write
E[log(|3 + 21)] = LE[log(|Z[* + |82 + 2|8Z] cos(Zs-2))]
where /g~ is uniformly distributed in [0, 27) and independent
of the other variables. Taking expectation over Zg-z, we
obtain E[log(|8 + Z|)] = 1E[log(|Z|*> + |B8]*)] + co, since
4 fo% log(a + bcos §)df = log ”7“5271’2, for all @ > b > 0.
Then, applying Jensen’s inequality with expectation over Z, we
have E[log(|8 + Z|)] < $1og(1+ |B]?) + co < log™|B] + cf.
Using the monotonicity of the logarithmic function, we also
have Ellog(|8 + 2))] = iE[log(|2 + 8P)] + co >
max{log |8],E[log |Z||} + co > log"|B| + ¢{. Finally, since
both h(8e’® + Z) and E [log(|3 + Z|)] are “close” to log™| ],
they are “close” to each other due to the triangle inequality.
This completes the proof of (9). [ ]

Lemma 8. For any p, X > 0, we have

[log"(pX) — log" X| < [logp], (12)
EflogtX] <p 'log"(E[X?]) +p~'. (13)

and



Proof: To show (12), it is enough to verify that log " (pX)—
log™ X < logp when p > 1 and log™ X —logt(pX) < —logp
when p < 1, which completes the proof. The inequality
(13) is based on Jensen’s inequality. Specifically, we have
Eflog"X] = p~'E[log" X?] < p~'E[log(l + X?)] <
p~llog(1+E[X?]) < p~tlog"(E[XP]) +p L. [

IV. CAPACITY UPPER BOUND FOR MODEL A
The capacity C(P) in (1) of a stationary and ergodic
channel is upper-bounded by the capacity of the corresponding

memoryless channel up to a constant term. Following the
footsteps of [3], [5], we have

IXN. Y, | Y

=
] =

1 N.xyNYy
SIENYN) =

ES
Il
—

I(Xp;Yy) + 1(On;070 )

IA
Z| -
M=

>~
Il

=1

<sup I(X;Y) + co,

where sup I(X;Y) is the capacity of a memoryless phase
noise channel with the same temporal marginal distribution
as the original channel, and the supremum is over all input
distributions such that E [|X][?] < P; using the fact that
I1(©On;ON 1) = h(On) — h(On [0V ) < log(2m) — 1o
where rg is the differential entropy rate of the phase noise
process, we can set ¢g = log(2m) — rg. Since we are mainly
interested in the multiplexing gain, the constant ¢y does not
matter, and it is thus without loss of optimality to consider the
memoryless case in this section.

The main ingredients of the proof are the genie-aided bound
and the duality upper bound. In the following, we detail the
five steps that lead to Theorem 1.

A. Step 1: Genie-aided bound

Let us define the auxiliary random variable U as the index
of the strongest input entry, i.e.,?

U £ arg max |X;|.
1<i<n,

Thus, we use Xy to denote the element in X with the largest
magnitude. It is obvious that U < X < Y form a Markov

chain, and that U does not contain more than logmn, bits.

Assuming that a genie provides U to the receiver, we obtain
the following upper bound

IX;Y) <IX;Y,U
X;Y|U
(
(

~

+ I(U;X)
H(U)
“Flogn[.

XY |U) +

I
I
IXY|U

~— — —

[VARVAN

(14)

3When there are more than one such elements, we pick an arbitrary one.

B. Step 2: Canonical form

Definition 2 (Canonical channel). We define the canonical
form u, u=1,...,n, of the channel H as

h 1

lur: - ny,U

Ay

G(y) = diag (hy . JH. (15)

Note that the elements in the wth column of G, has
normalized magnitudes. Now, with the information U from the
genie, the receiver can convert the original channel into one
of the canonical forms, namely, the form U.

IX;HX 4+ Z|U) = I(X; AyHX + AyZ | U)
< I(X;AyHX +aZ | U) (16)
=I(a"'X;a "G X +Z|U)
= I(X;G)X +Z|U), (17)

where a £ ming ,, |h;, & |; (16) is due to the fact that reducing
the additive noise increases the mutual information; we define

X £ 41X,
and accordingly,

W2G,X+Z.

In the following, we focus on upper-bounding the mutual
information I(X; W |U). Note that
IX;W|U) =h(W|U)—h(W

= h(W|U) — h(W

X.0)
1X), (18)
where the last equality comes from the fact that U is a function
of X and thus a function of X, since X is simply a scaled
version of X. Therefore, it is enough to lower-bound hA(W | X)
and upper-bound h(W | U) separately.

C. Step 3: Lower bound on h(W |X)

Lemma 9. For model A, we have
h(W |X) > anE[log+|XU|} + n,]E[logﬂXV\] + cp,(19)

where Xy and Xy have the largest and second largest
magnitudes in X, respectively.

Proof: See Appendix B. [ ]

It is worth mentioning that the above bound depends not

only on the strongest but also on the second strongest input of
the channel.

D. Step 4: Upper bound on h(W | U)

Upper-bounding h(W |U) by a non-trivial but tractable
function of the input distribution is hard in general. A viable
way for that purpose is through an auxiliary distribution, also
called the duality approach. The duality upper bound was first
proposed in [15] and [16] for discrete channels and then derived



for arbitrary channels in [3]. Namely, for any* pdf ¢(w), we
have

(20)

due to the non-negativity of the Kullback-Leibler divergence
D(pw|u—u || q). Hence, the key is to choose a proper auxiliary
pdf ¢(w) in order to obtain a tight upper bound on the capacity
of our channel. The commonly used auxiliary distributions for
MIMO channels are mostly related to the class of isotropic
distributions [3], [5], [9]. Unfortunately, the isotropic distribu-
tions are not suitable in our case. To see this, let us assume
that an isotropic output W was indeed close to optimal. On
the one hand, the pdf of an isotropic output W would only
depend on the norm |[W|| which would be dominated by the
largest input entry Xy at high SNR. Therefore, the value of
E[—log q(W)] would be insensitive to the number of active
input entries. On the other hand, the lower bound on the
conditional entropy h(W |X) is increasing with both of the
largest input entries Xy and X/, according to (19). Therefore,
with an isotropic distribution g(w), the capacity upper bound
E[—logq(W)] — h(W|X) would become larger when the
second strongest input went to zero, i.e., only one transmit
antenna was active. But this is in contradiction with the isotropic
assumption, since if only one transmit antenna was active, then
the output entries would be highly correlated and the output
distribution would be far from being isotropic.

In light of the above discussion, we are led to think that a
good choice of g(w) should reflect not only the strongest input
entry, but also the weaker ones. We adopt the following pdf
built from the multivariate Gamma distribution in Definition 1,

T

Jo | . — N N i—1
q(w) _ ﬁ|w1|2(a1 1) H (|wi|2 B |wi_1|2)0¢
r i=2
- exp(—pliy, [ utr e w e C, (21)
where wi,..., W, are the ordered version of w;’s with

increasing magnitudes. Essentially, we let each WW; be circularly
symmetric and let the ordered version of (|[W1]?,..., W, |?)
follow the multivariate Gamma distribution defined in Def-
inition 1. Applying (3) in Lemma 3 and the order statis-
tics (whence the term n.!) [20], we can obtain the pdf of
W as written in (21). Remarkably, the differences between
|W;|? and |W;|?, i # j, are introduced into the upper bound,
which is crucial for bringing in the impact of individual input
entries X;’s other than the strongest entry as will be shown in
the following.

Lemma 10. By choosing 0 < o; < 1, @ = 1,...,n,, and

4Formally, we should state that the probability measure @ corresponding
to the density g(w) is such that P(-|U = u) is absolutely continuous with
respect to (. Throughout the paper, for brevity, we implicitly make the
assumption to avoid such formalities.

w = min{ Pt 1}, we have for model A,
E[—log q(W)]

< Zailog+P—|— < 1— o) —|—Z 1— o ) log+|XUH

i=1
+Z (1—-—y)E

where Xy and Xy are the strongest and second strongest
elements in X, respectively.

[log™ [ Xv[] + cn, (22)

Proof: The calculation is straightforward from the pdf
(21), details are provided in Appendix C. [ ]

E. Step 5: Upper bound for model A

Combining (18), (19), (20), and (22) from the previous steps,
we have

IX;W|U)

< Zai 1og+P+ (1 —2a1 — ZO@) E[10g+|XU|]
1=1 1=2

+ (Z(l — Oz,‘) — nr> E[10g+|Xv|] +cy (23)
i=2
< Zai log" P + (1 — 20 — Zai> E[logﬂf(U” +cy
=1 i=2
(24)

(Zaz ) log™ P 4 ¢y,

where the inequality (24) comes from removing the negative
term in (23); to obtain the last inequality, we apply (13) in
Lemma 8 with p = 2 and the power constraint E[|Xy|?] <
aQE[HXHQ] < a?P.
Finally, we conclude from (14) and (17) that, for model A,
IX;Y)<IX;Y|U)+ ¢
S I X w | U + Co

<Z o; + > log+P+cH

which implies that the multiplexing gain is upper-bounded by
A > s 7 27

By taking the infimum over o, we have rp < %

Va e (0,1)™

V. CAPACITY UPPER BOUND FOR MODEL B

In this section, we derive upper bounds for the three cases
of model B, where the phase noises are on the transmitter and
receiver sides of the channel. As in the previous section, it is
enough to consider the memoryless case for our purpose.



A. Case BI: Transmit and receive phase noises

Note that the multiplexing gain of this case is upper-bounded
by that of case B2 and case B3, since we can enhance the
channel by providing the information on the transmit or receive
phase noises to both the transmit and receiver. In other words,
the upper bound min{’s, % n, — 3} = min{%, 2} is still
valid for this case. In the followmg, we show that we can tighten
the upper bound 3 to W with the duality upper bound
using the multi-variate Gamma distribution. The proof is in
the same vein as the proof for model A. Specifically, the first
four steps are exactly the same as for model A, except for
Step 3 in which the conditional entropy has a different lower
bound, as shown below.

Lemma 11. For model Bl, we have
h(W|X) > an[IOnglXUH +E[10g+|f(v|] +cy, (25)

where Xy and Xy have the largest and second largest
magnitudes in X, respectively.

Proof: See Appendix B. ]
Applying (18), (20), (22), and (25), we have

IX;W|U)
< Zai 10g+P + (1 — 201 — ZOQ) E[10g+|XU”
=1 1=2
+ (Z(l — ;) — 1) E[logﬂf(vﬂ +cm

=2

< Z a;logt P+ ]E[log+|XU\]
i=1
+ (7

— 2)+ E[long‘Xvu +cyg

Ny

< Z a;log™ P+ ((n, —2)"
i=1

A
< (% —|—Zai> log™ P 4 cy.
i=1

+1) E[log+|XU|] +cp

(26)

Therefore, we conclude from (14), (17), and (26) that, for
model B1,

n,
: 1
(Z a; + )+> logt P+ g

which implies that the multiplexing gain is upper-bounded by

1
rg < Zal 7—’_’ Va € (0, 1)”(

(n,—2)*t+1

Taking the infimum over o, we have rg < S

B. Case B2: Transmit phase noise

In this case, the received signal is Y = H (ejeT o
X) + Z. The channel is characterized by the random matrix
H = Hdiag{e’®T}. We shall show that the upper bound is

ne Ng

min{%, 2 }. First, with more receive antennas than transmit

antennas, i.e., when n, > n;, we can inverse the channel
without losing information,

IX;Y) = I(X; e’ o X + H'Z)

< I(X;e®" 0 X 4+ 7), 27)

where Z ~ CN(0,02, (HMI,,), with o, (H') > 0 being

the minimum singular value of H T, Note that (27) is maximized
when X is circularly symmetric with n, independent phases. To
see this, we introduce a vector of independent and identically
distributed (i.i.d.) phases ® uniformly distributed in [0, 27)™
and show that, for any X,

I(ejq’ oX;ej(eT""q’) oX—i—Z)

— h(ej(9T+<I>) oX + Z) _ h(ej(9T+<I>) oX+7Z |e7® 0 X)
h(e!®©t®) o X + Z|®) — h(e/©®) o X + Z|X, D)
(eJeToX+Z) h(e’® o X + 7 |X)
=I(X;e’®" 0 X +7),

where we use the fact that Z is circularly symmetric, and has
the same distribution as Z, L %7, Therefore, to derive an
upper bound, it is without loss of optimality to assuming that
X is circularly symmetric with m independent phases. With
this assumption, we have

I(X;e7®" 0 X + Z)
= I([X[;®" 0 X +2Z) + I(£x;€’®" o X+ Z | [X])
< I(]X|; &7 ©r+4%) o |X| 4+ Z) + I(Lx; €70 0 X | X))
< I(|X];/®1H4%) o |X| + Z | O1 + Zx)
+1(£x; (O1 + £x)2r)
= I([X|; [X| + Re{Z"}) + h((Or + Zx)2x) — h(O1)
< % logt P + cir + log 2 — h(17), (28)

where the second inequality is obtain by providing O+ /x to

last inequality is from the capacity upper bound for a real-value

Gaussian channel, and the fact that (O1 + Zx )2, is uniformly
~ /! .

distributed in [0, 27); we define Z £ ¢~7(®1+4x) 0 Z. From

(28), we get the upper bound %' of the pre-log.

In the following, we assume n, < n., and follow closely
to the proof for model A in Section IV-A. We first apply a
genie-aided bound, by providing the set of indices of the n,
strongest inputs to the receiver. This information, also denoted
by U, does not take more than log( ) bits. Then we also
associate with each U a canonical form Gy = Hy;'H where
Hy; is the submatrix of H with the columns corresponding to
the n, strongest entries, while H corresponds to the rest of
the columns. It follows that HalY = G(U)X + H[;lz, and

IX;HX +Z|U) = IX; G X + H;'Z|U)
<IX;GunX +aZ|U)
I( 1Xa G(U)X+Z|U)
I(X G X+Z|U)

IN



where a 2 (0pax(H))™"; we define X 2 ¢~'X and accord-

ingly,

W2 G )X +2Z=eVoXy +Hy ' Hy (710 0 Xy) + Z.

The next step is to derive a lower bound on h(W | X),

h(W | X)
> h(W|X,0:5)
= h(e®v o Xy +Z|X,01 )

> h(e?O Xy + 21, | X, Op 5,08, 28
k=1

> E[log"[Xk] + co,
k=1

(29)

where we assume that U = {1,...,n,} for notational conve-
nience, and the last inequality is from Lemma 7.

Finally, we derive an upper bound on A(W | U) via duality
using the following auxiliary distribution on the output W,

q(w) = go por Tt I T 27D, (30)

=1

where g, is the normalization factor which only depends on
a and n,. Essentially, we let each W; be independent and
circularly symmetric with the squared magnitude following a
single-variate Gamma distribution with parameter (p, a;), as
defined in (2) from Definition 1.

Lemma 12. By choosing 0 < o; < 1 and p = min{P~1,1},
we have

[— log ¢(W)]

<Zazlog+P+Z (1—)E

where we assume that | Xq1| > ...
convenience.

logﬂX |] +cqg,(31)
> |X,,| for notational

Proof: The following is straightforward from (30),
E[—log q(W)]

Nr
<Y ailogp™' + uE[[W]*] loge
=1

+Z 1_al
<Zallog+P+Z (1—ay)E

Note that [WW;[? < 2|X;|% + 202, (H; ' H)|Xg|? + 2/ Z:|2.
From the definition of U, we have |Xg||? < (n — n)|Xi|?,
Vi € U. Thus, |W;> < (2 + |4 Xi]? + 2|Zi|. Apply-
ing Jensen’s inequality on the expectation over Z;, we get

[log [W;]] + co

[log [W;[*] + ¢y (32)

E[log |W;|?] < Ellog((2+]|c%|)1X:2+2)] < 2E[log™ | X;|] +

cj. Plugging it back to (32), we readily have (31). [ |

Finally, putting together (29) and (31), we obtain
(X‘W |1U)

< ZazlongP—l—Z 1—2a;)E

< Z a;logt P+ Z(l —2a;)t E[logﬂf(iﬂ +ecy

z:lnr
Z (Qai +(1— 2ai)+) log™ P + ¢y,
i—1

logﬂX ] +cu

=1

| =

<
-2

where, to obtain the last inequality, we apply (13) in
Lemma 8 with p = 2, and the power constraint ]E[\XAQ] <
a’E[||X||?] < a*P. Therefore, the multiplexing gain is upper-
bounded by

Va e (0,1)™

Taking the infimum over a, we get 3

C. Case B3: Receive phase noise

First it is not hard to show the upper bound n, — % It
is enough to provide the n, — 1 relative angles, {Ogj —
@RJ} k=2...n,> to the receiver. The channel is now equivalent to
the case with common phase noise ©g ;. Then we can apply

Proposition 1, since

h(Or,1 [{Or,k — Or,1 }h=2...n,)

=h(6r) — h({@R,k - @R,l}k:z.,n,.)
> h(ORr) — (n, — 1) log(27)
> —o00.

Next, we show the upper bound 7. To that end, we write

I(X;

Y)
I(HX; |Y|) + I(HX; Zy [ [Y])
IHX; [Y]) + I(HX; (Zux 12 + Or)2r | [Y])
I(HX; [Y|) + h((Zmx+2' + Or)2x | [Y])

— h((Zax+z’ + OR)2r | [Y], HX)
I(HX;[Y]) + n,log(2m)

— h((Zux+2z + Or)2r | Y], HX, ZHx 1 2/)
— I(HX;[Y|) + 1y log(27) — h(Ok),

where we define Z' £ e 79% o Z which is independent
of O since Z is circularly symmetric; the last equality
follows since Y = ¢/® o (HX + Z') and thus Oy is
independent of (|Y|, HX + Z’, HX). It remains to show that
I(HX;[Y|) < Zlog"P + cy. To prove this, it is enough
to apply A(]Y|) < Zlog"P + cy and to use the fact that
h(|Y||HX) = >, h(|Yx| | HX) is lower-bounded by some
constant according to (9) in Lemma 7.



VI. CAPACITY LOWER BOUND FOR MODEL B

In this section, we derive a lower bound on the capacity of
model B. For simplicity, we consider the class of memoryless
Gaussian input distributions. Although the optimal input
distribution has been proved to be discrete in [6], the use of a
simple Gaussian input provides tight lower bounds on the pre-
log, which is enough for our purpose here. In the following, we
only consider the memoryless phase noise channel which can
be shown to have a lower capacity than the general stationary
and ergodic channel when memoryless input is used. To see
this, we write

IXN; YY) = hXN) — h(XN YY)
N
h(Xy) =Y h(Xe | X YN)

I
M- 5

t=1 t=1
N N
> X)) = > h(Xe|Y)
t=1 t=1
N
t=1
= NIX;Y).

Thus, we focus on the single-letter mutual information I(X;Y)
in the rest of the section. As in the previous section, we
investigate the three cases separately.

A. Case Bl: Transmit and receive phase noises

In this case, we use all the inputs with equal power, i.e.,
X ~ CN(0, %Inl). For convenience, let us rewrite the received
signal as

Y = ¢/ o (H(e’® 0 X)) + 2

= UiejéR o (H(ejéT 0Xy)) +2
Nt

P & N P -~
=/ = oY +Z= /=Y +Z,
Ty Us

where Xy ~ CN(0,I,) is the normalized version of X;
Or £ Or + ®T,1 and Or £ Or — ®T-,1~ Note that éTJ =0
by definition and 7(6g) > —oo. The mutual information of
interest can be written as

IX;Y) =I(X,01;Y) - I(61;Y | X)
= h(Y) = h(Y|X,61) - 1(Or;Y |X). (33)

First the following lemma, which provides a lower bound on
h(Y) in (33), is crucial for the achievability proof.

Lemma 13. With receive phase noise such that h(Og) > —oo,
we have

F 1
A(Y) = (% + S minfn,, 20— 1}) log* P + ey, (34)

2 2

Proof: See Appendix D. [ |
Next, we derive upper bounds on the two negative terms
in (33) as follows. The conditional differential entropy can be

upper-bounded as

h(Y |X,01) <> h(Yi|X,Or)

(35
k=1
< iIE log* Eh;(ejéT oXo)|| +co
< Vo
k=1
< % log™ P + cq, (36)

where the second inequality is due to Lemma 7 and the
third inequality is from Lemma 8 and the power constraint

E [|h;(ejéT oxo)ﬂ — 07! |[hg|2P. And

10r;Y|X) < I(6r;Y,0r|X)
Or;Y |X,0r) + I(61;0r)

I( (37)
I(
I(éT;ejéT 0X+HTZ|X,éR) + ¢
I(
B

éT;ejéT OX+Z|X,éR) + ¢o
¢®1 0X +Z|X,0p)
— h(e’® o X +Z|X,0r,01) + co

IN

< (38)

< ntTl logt P + cp,
where Z ~ CN(0,02,, (HNL,,), with oy, (HT) being the
minimum singular value of H t: to obtain the last inequality, we
use the fact that éT,l = 0 and apply Lemma 7 then Lemma 8
for the rest of the n, — 1 entries of Or.

Plugging (36), (38), and (34) into (33), we obtain

1
IX;Y) > 5 min{n, — ny + 1, n} log™ P + cy.

Note that the above lower bound holds when we substitute 7
by any n; < ny, i.e., by activating only n, transmit antennas.
It is clear that when n, — n, + 1 > ny, ie., n, > 2n; — 1,
we should let n{ = n,. Otherwise, we should decrease n; to
balance between n, —n{ + 1 and n;, which gives n{ = | 2t1|.
This completes the proof of the lower bound for model B1.

B. Case B2: Transmit phase noise

In this case, we use n] = min{n,,n,} input antennas and
deactivate the remaining ones. The active inputs, denoted by
X', are i.i.d. Gaussian, i.e., X' ~ CN(0, L1,,). We rewrite
the output vector as Y = H'(e/®r 0 X') + Z where H' €
C™>™ is the submatrix of H corresponding to the active
inputs, and ©/ is similarly defined. It follows that I(X';Y) =
I(X'; (H)Y). Then we have h((H')'Y) = h(e’®T o X’ +
(H")'Z) = n/logt P + cy and h((H')'Y |X') = h(e’®T o
X'+ (H')Z|X') < h(e7® 0 X' + opmax ((H')T)Z | X'). The
latter is further upper-bounded by > | E[log™ | Xy[] +cx <
“log"P + ¢y according to (8) in Lemma 7 and (13) in
Lemma 8. This shows the lower bound 1 min{n,,n;} on the
multiplexing gain.

C. Case B3: Receive phase noise

As in Case Bl, we let X ~ CN/(0, £1,,). First h(Y) is
lower-bounded in Lemma 13. Next, it readily follows from



(35) to (36) that

WY |X) < % log* P + ¢, (39)
since we are in the same situation as in Case B1 when éT is
known. Finally, combining (34) and (39), we obtain a lower
bound on the mutual information

I(X;Y) = n(Y) — h(Y [X)
1
> 3 min{n,, 2n, — 1} log™ P + ¢y

which provides the desired multiplexing gain.

VII. CONCLUSIONS AND DISCUSSIONS

In this work, we investigated the discrete-time stationary and
ergodic n, X ny MIMO phase noise channel. We characterized
the exact multiplexing gain when phase noises are on the
individual paths and when phase noises are at either side of the
channel. With both transmit and receive phase noises, upper
and lower bounds have been derived. In particular, the upper
bound results in this paper have been obtained via the duality
using a newly introduced multi-variate Gamma distribution.

For model B1, the upper and lower bounds derived in this
paper do not match for n, € [4 : 2n, — 2]. We conjecture
that the upper bound § min {n,, n, — 1} is indeed loose. Let
us recall that the upper bound is obtained by lower-bounding
h(W |X) with (25), and by upper-bounding E[—log q(W)]
with ¢(w) being the multi-variate Gamma distribution. We
believe that both bounds are loose for model B1 in general.
First we can show that

(W |X) < an[logﬂXUﬂ + ]E[logﬂf(v\]

+ > Eflog"|Xi|] +cn. (40)
kg{U,V}

To see this, we can first write AW |X) =
h(W|X,0r1) + I(01;W|X), then upper-bound the first
term with n, E[log™|Xy|| + ¢} by following closely the
steps as in (35)-(36), and upper-bound the second term with
Zk;éUE[logﬂXkH + ¢, by following closely the steps
as in (37)-(38). As compared to the lower bound (25), the
upper bound (40) differs only in the terms involving Xj,
k & {U,V}. In the following, we argue that even if the lower
bound h(W | X) was the RHS of (40) — which is the largest
that one could get as lower bound since it is also an upper
bound — we still would not be able to tighten the multiplexing
gain upper bound 1 min{n, — 1} with the same choice of
auxiliary distribution g(w). In other words, for the given
q(w), (25) is tight enough with respect to the upper bound
on E[—log q(W)}] — h(W |X). To prove this, it is enough
to observe that E|—log q(W)] does not involve any terms
of X other than Xy and Xy in such a way to change the
high SNR behavior, whereas h(W |X) is increasing with
the strength of each Xk. Therefore, the maximization of
E[—logq(W)] — h(W |X) over X will always put all Xj,
k & {U,V}, to zero, even if h(W |X) hits the highest value
(40). To sum up, if the current upper bound  min {n,n, — 1}
was indeed loose as we conjecture, one would have to first find

a new auxiliary distribution ¢(w) in order to get a tighter upper
bound. In particular, the new auxiliary distribution should be
such that E[—log ¢(W)] depends on Xi, k ¢ {U,V} at high
SNR in a non-trivial way. With such a distribution, the second
challenge is to find a lower abound on h(W |X) that also
depends on X, k ¢ {U,V}, in a non-trivial way. In fact, we
conjecture that (40) holds with equality.

For model B2 and B3, the results have the following
alternative chain rule interpretation. With transmit phase
noise (model B2), the mutual information can be written as
IX;Y) = IX,0r;Y) — I(0r1;Y | X), where the first term
scales as min {ny, n,}log P as if the phase noise were part
of the transmitted signal whereas the second part scales as
1 min {n,, n,} log P as if © were the input with a fixed distri-
bution and X were the “fading” known at the receiver side. With
receive phase noise (model B), the mutual information can be
written differently as I(X;Y) = I(X;Y |Or) — I(Or; X|Y).
Here the first term corresponds to the rate when the phase noise
is known, while the second term can be considered as the rate of
a “reverse” channel with input O, output X, and known fading
Y. In both cases, the original problem of characterizing I(X;Y)
boils down to subproblems involving channels without phase
noise (i.e., I(X,0r and I(X;Y |Br)) and communications
with fixed phase signaling (i.e., I(©r; Y | X) and I(Og; X |Y)).

There are a few interesting future directions. First, it is
possible to extend the results to multi-user channels and study
the impact of phase noise to such systems. Second, the lower
bound on model B1 suggests the following dimension counting
argument: one can recover n, real information with 2n; — 1
real observations, since the remaining n, — 1 dimensions are
occupied by the ny — 1 relative phase noises. How to design
decoding algorithms that “solve” efficiently the 2n; — 1 non-
linear equations is a question of both theoretical and practical
importance. Finally, a more refined analysis should lead to
tighter upper and lower bounds on the capacity, beyond the
pre-log characterization.

APPENDIX
A. Proof of Proposition 1

With common phase noise, we can perform unitary precoding
without losing information, and the channel is equivalent
to a parallel channel with common phase noise Y; =
1S, + Z, = ¢/®0 ox, + Z;, where ¥ is a diagonal
matrix with the min{n, n,} non-zero singular values of the
matrix H and o is a vector of these elements. From [9], we
know that the multiplexing gain of a M x M channel is
upper-bounded by M — % This upper bound applies here
with M = min{n;,n}. The lower bound is achieved by
using the Gaussian memoryless input X; ~ CN(0, %In[),
from which we have I(X™;Y") = h(YY) — (YN |XY)
with h(YN) = Nh(Y) = N min{n,n,}logt P + Ncpy and
h(YN | XN) < Nh(Y |X) = Nh(e’®a0X +7Z|X). Applying
a unitary transformation on ¢/©g0X +Z, we obtain Nh(e/®oo
X +Z|X) = Nh(e/®|lo o X|| + Z{ | X) + N 3L, h(Z}) <
NE[log*|lo o X|[]] + N¢jy < S log™P + N¢, where Z’
is the rotated version of Z and remains spatially white, the
first inequality is from Lemma 7 and the second one is from



Lemma 8. Finally, we have & I(X™;Y") > (min{n,n} —
1)log* P + ¢/}, which completes the proof.

B. Proof of Lemma 9 and 11

In the following we shall derive the lower bounds (19)
and (25) on the conditional differential entropy h(W |X) for
model A and model B1, respectively.

First we shall show that, for both models,

h(W; |X) > E[logﬂXU” JrE[logﬂXvH +cg. (41

To that end, we analyze h(W; |X = z) with |z;] > |z2| >
-+ > |xp,| > 0 without loss of generality, i.e., we assume that
U=1and V =2. A lower bound of h(W;|X = ) can be
obtained by considering the following cases separately.

e When |z1| <1,
hW; |X =z) > h(W;|X =2,0)
= h(Z;)
= log(me).
e When |z1| > 1 and |z2| < 1,
h(W; | X = x)
Z h(WZ |)~( =T, @i)g, ey ei,n‘)
= h(gine’® w1 + Z;|©i2,...,Oin,)
> log™ |ginz1| + co
> log™ |z1| + cm,
where ¢;1€7941 is from the matrix G(1) defined in (15)
since U = 1 by assumption; the second inequality is from

Lemma 7 and the third inequality is from Lemma 8.
e When |z1| > 1 and |z2| > 1,

h(W; |X = x)

> h(Wi|X =2,0;3,...,0in,7Z)
= h(ejgi'lgﬂifl +eI9i2 gy [©i3,...,60in)
> h(e’®itgjay 4 7912 gjoas | ©i3s -, Oin, Q)

= Elog(|gi1gir1728in(O41 — O; 2 + 9)])
+h(0;1,0,2|0;3,...,0;,,)
> log |x1| + log | x4
+ Elog(|sin(©;1 — ©;2 + ¢)|) +cu
> log™ |z1| + log ™ |zo| + ¢,

(42)

where the first inequality is from conditioning re-
duces entropy; we partition [0,27)% in such a way
that ej@i’lgill'l + 6j@i=zgi2:c2 is a bijective function
of (©;1,0;2) in each partition indexed by 2 which
takes a finite number of values; then we applied the
change of variables from Lemma 2 and obtain (42)
with ¢ £ Zg. 2 — Zginz,s finally, we use the fact
that |g;19:2| is bounded for almost every H and the
application of Lemma 5 to get the last inequality. Note
that log |2y | = log™ |xx| for k = 1,2 by assumption.
Combining the three cases above and taking expectation over
X, we get (41).

1) Proof of the lower bound (19) for model A: For model A,
we have

h(W |X) = fjh(wi X, Wit

=1

>N (W | X, W {60, O hici)
=1

= Zh(Wl ‘Xv{el,lv""@lm[}l<i) (43)
=1

> n,E[log*| Xy ] + mE[log™ | Xv|] + cur,

where (43) is from the fact that W; only depends on W*~*
through the input X and the phase noises {©; 1, ..., O, ti<i;
where the last inequality is from a modified version of (41) by
introducing {©;1,...,0;n, }i<; in the condition.

2) Proof of the lower bound (25) for model Bl: For
model B1, we write

(W |X) = h(Wy | X) + ih(Wi |X, Wi ™Y, (44)

=2

where, according to (41), the first term is lower-bounded by
h(W: |X) > E[log"|Xu|] + E[log™ | Xv|] +cn. (45)

In the following, we deriye a lower bound on the second
term. Let B; £ Y1 | gix X1e?©T* where gy, is the channel
coefficient without phase noise from the canonical form U
defined in (15). Then
h(W; | X, W1

= h(e?%% By + Z; | X, W'™1)

> h(e?%% B; + Z; | X, W', B;,Or,05")

= h(e’®*B; + Z; | B;,0r1,0k 1)

> E[log™[Bil] + co

= Ex [E[l0g*1Bi] |1X]] + <o,

(46)
47

where the first inequality is from conditioning reduces entropy;
(46) is from Lemma 7. The conditional expectation can be
lower-bounded as follows

E[log|B;i| | X]
n 2
1 t o 3
= iE log Z |gika|eJ(®T,k+¢>ik)
k=1
1 [ Ty 2
25 inf E |1 i § (O, +®i1)
-2 :tE]R"ItIlexuzl 08 ; |girle Tk
+log |[X||
1 I T 2
2 5 perilly  E [log ;|gzk|cos( Tx + Pir) Tk
+log |[X||
> log X + ci s
2 log‘XU| +CH7 (49)



where &;;, £ / gin X (48) is obtained by applying Lemma 6
with V. £ [L%k\ cos(Or + &)ik)}k with E[HVHQ] <
>k lgik|? < oo and
h(V) > h(V|®)
= h(cos(O1 + ®) | @) + Z log |gik|
k

\%

—0Q0,

where the equality is the application of the change of variables
from Lemma 2; the last inequality is from Lemma 5. From
(47) and (49), we get

B(Wi | X, Wi~1) = By [E[log™|Bi] IX]] + o
~ .\t
> Eg [(]E[log|Bi| |X]) } + co
>E {(log | Xu| + CH)JF} +co

> ]E[log+|)~(U\] — |cr| + co, (50)

where the last inequality is from the application of (12) in
Lemma 8 with p = 2°#. Plugging (45) and (50) into (44), the
lower bound (25) is obtained.

C. Proof of Lemma 10

From Definition 1, by imposing 1 > a; > 0,1 =1,...,n,
and p = min{P~1, 1}, we have

Ja ;
—logg(W) = —log =% = "oy logpu+ p Wy, |
U=l

+ Z(l — ;) 10@2(|Vi/z'|2 - |Wz‘—1|2)
1=2

+ (1 — ay) log | W4 . (51)
We bound each term as follows.
o The squared magnitude of each output
Wil* < 2IGIX[* +2|Z;[
< 2(1G4 | I1X* + 2|2 (52)

< 22g|X|]* +2||Z|%,

where GJ is the ith row of the canonical matrix Gy
defined in (15); (52) is due to Cauchy-Schwarz; and Ay
is defined as

A 2
g = X Gy I

o The difference of the squared magnitudes

[[Wil]* — Wi ||
< (|Wz| + |Wk|) |eij@ivUWi _ e*j@k,UWk|

3
2

<2

g |[X2 + |Z]2 |e7O0 W; — e=iOr0 1|

with
|6*J’@i,U w; — e*j@k,UWk‘Q
. ~ . ~ 2
< [e7100 (GIX + 2)) — e IO (GIX + Z4)|
. ~ . ~ 12
<2|eOwGIX - e IOUGIR| 4 2|2 + 2|24
< 2<Z e 7% Gy — ej@’“'Ule|2) (Z |Xl|2>
1£U 1£U
+2(|Z|®
< 4(n - DA X7 +2(|Z)*.

Note that the above upper bounds does not depend on ¢ and
k. Then, with the above bounds, we take expectation of the
terms in (51), and obtain

E[|W,, 2] < 2(0\&E[|X]?] + E[|Z]?])

< 2)\Ha2P + cg, (53)
E[log [W1|?] < E[log(\g||X|* + E[|Z]*])] +1
< 2E[log"|Xv|] + cn, (54)

where the last inequality is from Lemma 8. Similarly, basic
calculations lead to

E {log ’|Wi|2 - |Wi*1|2H
< 5 [log (AaIXI? + E[12)°))]

+ %E [log (4(nt — DAg|Xv [+ QE[”Z”QD] +¢co

<log"|Xy| +log"|Xv| + cu. (55)

Taking expectation over X in (51), and plugging (53), (54),
and (55) into it, we readily obtain (22).

D. Proof of Lemma 13

To prove Lemma 13, we deal with the cases n, = 2n, — 1
and n, # 2n, — 1 separately. Let us define Y and Y such that

P & P
Y=/—e®0Y+Z=/-Y+Z
Ty Ty

For notational convenience, we define n £ n, and m £ n,
in the following proof.

1) Case n = 2m — 1: First we show that (34) holds for
n=2m —1. We write h(Y) > h(Y|Z) = h(Y —Z|Z) =
h(q / %?) = nlog P+ h(Y) + co. Now, it is enough to show

that A(Y) > —oo. From Lemma 4,
h(Y) = h([Y[*) + co

= h([Y[*) + co

> A8 |Ya) + h(|[Yal?) + co

= h(S|Yy) + cu,
where S € R™! with S; 2 |V;|2 for i = 1,...,n — 1;
the second inequality is from the chain rule and that adding
the condition on the phase of Y,, reduces entropy; the last

equality is due to i:/n ~ CN(0,m™*[|h,||?). Next we need
to show that h(S|Y,) > —oco. Intuitively, given Y, S can



be expressed as n — 1 = 2(m — 1) real functions of the
2(m — 1) real random variables (Re{Y™ '}, Im{Y"™~'}).
Since h(Re{Y™ '}, Im{Y"™1}) = h(Y™1!) is finite for
almost every H, as long as the mapping is not degenerated,
h(S|Y;) should be finite too. This argument is proved formally
in the following.

Since for any generic H € C"*™, any m rows of the matrix
are linear independent, the remaining n — m rows can be
written as linear combinations of these rows. Let us take the
rows {1,2,...,m—1,n} of H. It readily follows that one can
write

vyl = BYy™ ! 4 by,

with B € Cm=Ux(m=1) and p € Cm=Dx1 depending
only on H. Next let us partition the space R"~! into a
finite number of sets in each one of which the mapping
(Re{g™ 1}, Im{g™ 1}) > s is bijective. Note that this is
possible since the mapping is quadratic in a finite-dimensional
space. Let 2 be the index of the partitions which only depends
on Y™~ Then

h(S|Y,) > h(S|Y,, Q)
= E [log |det()[] + (Y™ 1|V, Q)
= E [log |det(J)|] + cx,

where the first equality is from Lemma 2; the second
equality is due to h(Y™ 1|Q,Y,) = h(Y™1]Y,) -

I(Q; Y™ 1| Y,,) with (Y™ |Y,,) > —oo for any generic H
and 1(Q; Y™ 1|Y,) < H(Q) < oo; J is the Jacobian matrix
with

98 98
det(J) = det |:6RC{Y”L’1} alm{f/’”*l}}
= Qmildet [85"?’1 3(Y(ZLS—1)*:| (56)

_ gm—1ge diag{(?m_l)*} diag{Ym_l}
diag{(Y;;~!)*}B  diag{Y;;~}B*
= 47717 I { diag{ V3~ }B*diag{ (V" ~)"}}
(57)

where (56) is due to the fact that the complex gradient of
a real-valued function is a unitary transformation of the real
gradient (see, e.g., [21, App.A6]); to obtain the last equality,
we apply the identity det [§ 2] = det(C)det(F — EC~'D).
Since }71, ceey Ym_l, Y,, are jointly circularly symmetric Gaus-
sian with finite and non-degenerate covariance for any generic
H, there exists a Yri circularly symmetric with non-zero
bounded variance and independent of Ym_l, such that

Y, =Y+ fY™ ! and thus
Yl = (B4+bfT )Y ! +bY/,

where f € C(™~U*1 depends only on H. Then we can
continue from (57) and write |det(J)| as

|det(J)] = 4™~ ]det (Im{?,;diag{b}A} + M)‘

— ym—1 ’det(YARNI + ?T:JNR + M)‘ ,

where A 2 B*diag{(Y""!)*} and M 2 Im{diag{(B +

bfT))A/m’l}B*diag{(mel)*}}; Y, and Yy | are the real

and imaginary parts of )A” , respectively; Ng and Ny are the real
and 1mag1nary parts of dlag{b}A respectively. Conditioned
on Y™=1 and Y’,I, the determinant |det(J)| can be written
as the absolute Value of the characteristic polynomial of

(Y, 1Nr + M)N; !, namely,
m—1 )
|det()] = 4™ |det(Np)| T 1V r — Adl,
t=1

where Ay,...,A,,—1 are the eigenvalues of (YAINR +M)N;
in C and are functions of H, Y™~1, and Yé,[- Then

E [log |det(J)] | Y™, Yél}
= E[log |det(Ny)] | ymt ?7:,1]

m—1
5 BfloglLa - 1T o

t=1
m—1

E [log |det(Ny)| \Ym_l,f// ]+ Z E[ 10g| R| + co
t=1

= E[log|det(Ny)| | Y™, Yy, || + cn,

where the inequality is from log |Y,;,R — Ay > log |Y7§%R -
Re{A:+}|, the application of Lemma 1 with k¥ = 1, and the
independence between )A/TZ)R and (mel,f/ri)l). Thus, taking
expectation over (Y™~ 1, Yé,l)» we have

E [log |det(J)|] > E[log |[det(Ny)|] + cx.

It remains to show that E[log|det(N;)|] > —oo. Let
us recall that Ny 2 Im{diag{b}B*diag{(Y""1)*}}
Tdiag{Vy" "'} — Trdiag{Y;" '} where T and T} are the
real and imaginary parts of diag{b}B*, respectively, and thus
depends only on H. Then

E[log |det(Ny)|] — log |det(T")|
=E [log‘det (diag{Y/Rmfl} - TflTRdiag{YImfl}) H(SS)

We shall show that (58) is lower-bounded as follows.
Note that Ym 1,R can be written as Ym 1R = Ym_LR +
L 1 (Y7271 with v/, 1r centered normal with
non-zero bounded variance and being independent of
(Yy"=2¥;™" 1), and L,,_, some linear operator that de-
pends only on H. Let P,, ; 2 T;'Tg. It is easy to
verify that det(diag{Yg" "'} — P,,_1diag{¥;™"'}) can be
written as det (diag{YRm_Q} - Pm_gdiag{}%mﬂ})ﬁ;_lx +
L (V=2 ¥ 1) where P,,_, is the upper-left (m —2) x
(m—2) sub-matrix of P, ; and L/, (Ya"~2,¥;™ 1) is some
value that is independent of Ym LR Thus we can again apply



Lemma 1 and obtain recursively
E {log’det (diag{}}Rmfl} - Pm,ldiag{};}mfl}) H

>E [log ‘det (diag{?Rm_Q} - Pm_zdiag{y}m_Q}) A/n—l,RH

m—1

>E {108 ‘YI,R - P1,1Y1,IH + E [log [Y} gl]
k=1

2 CH,

where the last inequality is from E[log |Y17R - PLl}A/LIH >
E[log |}A/17RH > cy due to the independence between }A/LR and
571’1 and the application of Lemma 1.

Finally, recalling that T; £ Im{diag{b}B*}, we have
log |det(Ty)| > —oo for any generic H, it follows from
(58) that E[log |det(Ny)|] is lower-bounded. By now, we have
shown that h(Y) > nlog P + cy. Since h(Y) > h(Y |Y) =
hZ) > nlog(me) > 0, we have h(Y) > (nlog P+ cg)t >
nlog™P — |cy| from (12) in Lemma 8 with p = <Z. This
completes the proof for the case n = 2m — 1.

2) Case n # 2m—1: Note that if (34) holds for n = 2m—1,
then it also holds for n < 2m —1 and n > 2m — 1. To see this,
in the case with n < 2m — 1, we can add 2m — 1 — n receive
antennas to have (Y,Y’) with Y’ being the extra outputs. Since
(34) holds for h(Y,Y’) by assumption, then we have

MY) > h(Y,Y") = h(Y)
> (2m —1)log"™P — (2m — 1 —n)log" P +cy
=nlog" P + cy,

where the second inequality is from (34) and the fact that
R(Y') < (2m —1 —n)log" P + cy. When n > 2m — 1, we

partition Y = (Y’,Y”) with Y’ € C?m=1x1 and obtain
WY) =h(Y')+ > h(Ye| V")
k=2m

> (2m —1)log™ P

+ Z h(Yk|Yk71,é]]§_l,éT,X)+CH

k=2m
P 6
\ k(e 0 Xo)

> (2m —1)log™ P
n—2m+1

+ i E [log™
2

k=2m
—1
(m + nT> log™ P 4 ¢,

+ ¢y (59)

(Qm -1+ ) log™ P + ¢

where the second inequality is from Lemma 7; the equality
(59) is from the fact that h} (€77 0 X) ~ CA(0, ||hr|?).
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