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Full-Duplex Massive MIMO Relaying Systems with
Low-Resolution ADCs

Chuili Kong, Student Member, IEEE, Caijun Zhong, Senior Member, IEEE, Shi Jin, Member, IEEE, Sheng Yang,
Member, IEEE, Hai Lin, Senior Member, IEEE, and Zhaoyang Zhang, Member, IEEE

Abstract—This paper considers a multipair amplify-and-
forward massive MIMO relaying system with low-resolution
ADCs at both the relay and destinations. The channel state
information (CSI) at the relay is obtained via pilot train-
ing, which is then utilized to perform simple maximum-ratio
combining/maximum-ratio transmission processing by the relay.
Also, it is assumed that the destinations use statistical CSI to
decode the transmitted signals. Exact and approximated closed-
form expressions for the achievable sum rate are presented,
which enable the efficient evaluation of the impact of key system
parameters on the system performance. In addition, optimal
relay power allocation scheme is studied, and power scaling
law is characterized. It is found that, with only low-resolution
ADCs at the relay, increasing the number of relay antennas is
an effective method to compensate for the rate loss caused by
coarse quantization. However, it becomes ineffective to handle
the detrimental effect of low-resolution ADCs at the destination.
Moreover, it is shown that deploying massive relay antenna arrays
can still bring significant power savings, i.e., the transmit power
of each source can be cut down proportional to 1/1 to maintain
a constant rate, where ) is the number of relay antennas.

Index terms— Amplify-and-forward, full-duplex, low-
resolution ADC, massive MIMO, relaying.

I. INTRODUCTION

Full-duplex relaying has recently attracted considerable at-
tention due to its substantial spectral efficiency gain over the
conventional half-duplex relaying systems [1l]. However, to
realize the benefit, how to mitigate the loopback interference
caused by the signal leakage from the relay output to its input,
is one of the major issues to be tackled. Thus far, various
techniques have been proposed to address this important
issue, from separate transmit and receiver architecture to joint
analog/digital filtering [2]. In parallel, the massive multiple-
input multiple-output (MIMO) technique is able to signifi-
cantly boost the spectral efficiency and effectively suppress
interference, hence has also received great interests recently
[3]-[@]. Therefore, it becomes a natural choice to combine
these two promising technologies. The potential applications
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of such a massive antenna full-duplex relay include millimeter
wave communications, device-to-device communications and
machine-to-machine systems.

A. Related Works and Motivation

The performance of one-way and two-way multipair full-
duplex relaying systems has been respectively studied in [7],
and [9]], where it was demonstrated that deploying a
large antenna array at the relay helps eliminate both the
inter-pair and loop interference, thereby substantially boosting
the achievable sum rate. However, such performance gain
comes at the price of increased hardware cost and power
consumption due to the extra required high-resolution analog-
to-digital converters (ADCs), which may be undesirable in
practical system deployment. The reasons are three-fold: 1)
The power consumption of ADCs scales exponentially with the
resolution and linearly with the sampling rate. For instance,
a typical flash ADC with b-bit and the sampling frequency
fs operates f2° conversion steps per second [10]. 2) The
fabrication cost of ADCs depends on the resolution. Thus,
if high-resolution ADCs are adopted, the total financial cost
will be a heavy burden for massive MIMO systems since
each antenna requires a pair of ADCs to separately quantize
the real and imaginary parts of signals. 3) The chip area of
ADC increases exponentially with the resolution, which makes
it difficult to put large number of collocated antenna arrays
together. To resolve the above issues, a promising way is to
use low-cost and power-efficient low-resolution or even one-
bit ADCs unit to build radio frequency (RF) chains.

Low-resolution ADCs not only cause rate degradation, but
also change some concluding remarks that have been made for
unquantized systems. For example, the quality of the channel
estimates depends on the set of orthogonal pilot sequences
used, which is contrary to unquantized systems where any set
of orthogonal pilot sequences gives the same result [11]]. More-
over, compared to unquantized MIMO systems, the optimal
length of training sequence is approximately 10 times more
[12]], [13]]; while to achieve the same performance as that in
a full channel state information (CSI) case, the length of pilot
sequence increases to approximately 50 times the number of
users , which is extremely long. Such a pilot overhead
cannot be sustained and hence new channel estimation meth-
ods are proposed. For instance, adopts a joint channel and
data estimation approach to aid channel estimation and reduce
pilot overhead. And other techniques such as expectation-
maximization [I1]], [16], generalized approximate message
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passing [17], and maximum likelihood algorithms have
been proposed in the literature. Furthermore, the capacity
achieving signals for single-input single-output system are no
longer Gaussian distributions, and instead become discrete
[19], [20]. In addition, the detectors might need to be modified
by taking the quantization effects into account.

Recently, there has been a surge of research interests to un-
derstand the impact of coarse quantization effects on massive
MIMO systems. The works [12], [21]-[26] have demonstrated
that the massive antenna array has robustness against coarse
quantization and capable of compensating for the performance
loss caused by low-resolution ADCs. In particular, the work
studied the optimal training pilot length to maximize
the spectral efficiency, while the work [24] revealed that the
optimal number of quantization bits is 4 or 5 bits in terms of
energy efficiency. For one-bit quantization systems, the power
efficiency laws and energy-spectral efficiency tradeoff are
characterized in [23] and [26]], respectively. Moreover, various
precoding methods such as spatio-temporal processing [27],
minimum BER precoding [28], and hybrid beamforming [29]
are studied. In addition, a mixed-ADC architecture is proposed
to balance the spectral efficiency loss and power consumption
[30]-[32]. Despite the spectral efficiency enhancement, adopt-
ing mixed-ADCs increases the hardware complexity since
an ADC switch is required. Furthermore, the optimal input
symbol distribution and codebook for limited feedback have
been designed [33], [34]. However, all the aforementioned
works consider a single-hop system with low-resolution ADCs
being implemented at either the BS or the destination users.
Only very recently, [35] introduces mixed-ADCs into the relay
network, but it only considers the quantization at the BS.
Therefore, the impact of low-resolution ADCs in a dual-hop
system remains unknown.

B. Our Work and Contributions

Motivated by this, in this paper, we investigate the per-
formance of full-duplex massive MIMO relaying systems
with low-resolution ADCs at both the relay and the des-
tinations. Specifically, we consider a multipair full-duplex
relaying system using the amplify-and-forward (AF) protocol
with simple maximum-ratio combining/maximum-ratio trans-
mission (MRC/MRT) processing at the relay. First, CSI at the
relay is acquired via pilot training, and the effect of low-
resolution ADCs on the accuracy of CSI is characterized.
Then, exact and approximated closed-form expressions for
the sum rate are derived which enable efficient evaluation
of the system’s achievable sum rate. Moreover, based on the
simple approximated sum rate expression, optimal relay power
allocation strategy is characterized, and the power scaling
law is studied. The findings of the paper suggest that, with
only low-resolution ADCs at the relay, increasing the number
of relay antennas is a promising method to compensate for
the rate loss caused by the coarse quantization. However,
compared to the infinite resolution ADC case, the required
number of relay antennas doubles with one-bit ADCs. In
addition, we show that the use of low-resolution ADCs at
the destination is a major performance limiting factor, and

it is preferable to deploy the low-resolution ADCs at the relay
and use high-resolution ADCs at the destination. Finally, it
is revealed that, even with low-resolution ADCs, deploying
massive relay antenna arrays can still bring significant power
savings, i.e., the transmit power of each source can be cut
down proportional to 1/M to maintain a constant rate, where
M is the number of relay antennas.

C. Organization and Notations

The remainder of the paper is organized as follows: Section
[ introduces the multipair full-duplex relaying system model
under consideration. Section [IIl presents an exact closed-
form expression for the sum rate. Section [Vl provides an
accurate approximation for the sum rate, and gives a detailed
evaluation of the impact of low-resolution ADCs on the system
performance. Numerical results are provided in Section [Vl
Finally, Section [VI] summarizes the key findings.

Notation: We use bold upper case letters to denote matrices,
bold lower case letters to denote vectors and lower case
letters to denote scalars. Moreover, ()7, (-)*, ()7, and
(\)~! represent the conjugate transpose operator, the conju-
gate operator, the transpose operator, and the matrix inverse,
respectively. Also, || - || is the Euclidian norm, | - | is the
absolute value, and [A], = gives the (m,n)-th entry of A.
In addition, x ~ CA(0,X) denotes a circularly symmetric
complex Gaussian random vector x with zero mean and
variance matrix X, while I is the identity matrix of size k.
Finally, the statistical expectation operator is represented by
E{-}, the variance operator is Var (-), and the trace is denoted

by tr(+).

II. SYSTEM MODEL

We consider a multipair AF relaying system shown in Fig.
[[l where K single-antenna user pairs, denoted as Sy and Dy,
k=1,...,K, aim to exchange information with each other
with the assistance of a shared multi-antenna full-duplex relay.
To reduce the implementation cost, it is assumed that low-
resolution ADCs are used at both the relay and destinations Dy
Mx= 1,..., K [33], [34]. In addition, we assume that direct
links between Sy and D do not exist due to large obstacles
or severe shadowing [36].

During the i-th time slot, the sources S (k = 1,..., K),
transmit the signals \/pss [i] satisfying E {|zs ;[i]|*} = 1 to
the relay, while the relay broadcasts the signal xg[i] satisfying
E {xr[i]x# [i]} = 221y simultaneously to all K destinations
Dy, (k=1,...,K). Hence, the received signals at the relay
and the K destinations can be respectively expressed as

yr[i] = /PsGsrxs[i] + Grrxrli] + ngli], (1
yoli] = Ggpxx[i] + npli], )
where Xg [Z] £ [Isﬂl[i], xsﬂg[i], - ,xs_’K[’L’H. Gsr € (CIMXK

and Ggrp € CM*K denote the channels from the K sources

'Note that the considered model is very generic, and the single antenna
destination node is not constrained to be the mobile phone, it could be certain
low-cost device such as sensor, where using low-resolution ADC is desirable.
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Fig. 1: Illustration of the multipair full-duplex relaying
system
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to the relay and from the relay to the K destinations, re-
spectively, which account for both small-scale and large-
scale fading effects. More specifically, the k-th columns of
Gsr and Ggp are given by gsgi ~ CN (0, Bsr rIns) and
gro,k ~ CN (0, Brp rInr), where fBsgp and frp,x model
the large-scale path-loss effect, which are assumed to remain
constant over many coherence intervals and known a priori.
Also, Grg € CM*M represents the loop interference channel
at the full-duplex relay. In addition, ng[i] and np[i] denote the
additive white Gaussian noise (AWGN) at the relay and the K
destinations, respectively. The elements of ng|[i] and np|i] are
assumed to be independent and identically distributed (i.i.d.)
CN(0,1).

To model the receivers with low-resolution ADCs, we
focus on the non-uniform quantizer, and adopt the additive
quantization noise model (AQNM) as in [21]], [22], [29],
for tractable analysis, shown in Fig.[2l As such, the outputs of
the ADCs corresponding to input yg[i] at the relay and yp j[¢]
(yp k7] is the k-th element of yp x[i]) at Dy are denoted as

yr[i] = ayr[i] + ngli], (3)
Up,k[t] = Oyp k[i] + 7p k[i], 4)

respectively, where parameters v and 6 are determined by the
number of quantization bits b of ADCs, which indicate the
resolution of ADC. For instance, « = § = 1 implies perfect
ADCs. For b < b5, the typical values of o and 6 are listed
in Table [l while for b > 5, they can be approximated by
a(or ) = 1—”7\/32_21’ [38]l. Also, ng[i] and fip x[i] represent
the additive Gaussian quantization noise at the relay and Dy,
respectively. For a fixed channel realization Ggsr, Grp, and
Grr, the covariance of fig[i] and 7ip x [] are respectively given
by

Ra i) = o (1 — o) diag (E {yr[i]yr[i]" }), )
Rep iy =0 (1= 0)E{lyp x[i]”} - ©)

Note that this AQNM model is realistic enough since the
quantization noise variance not only depends on the number
of quantization bit but also scales up with the received power.
Also, has proved that this AQNM model is accurate at
the low signal-to-noise-ratio regime in which our considered
system is most likely to operate.

Received signals Y [i] | Velil=ary[il+0,[{]
at the relay Q(')
Received Voulil Foulil= 8y, [+ 7, ,[1]
signals at D, (')

Fig. 2: Outputs of receivers with AQNM.

TABLE I: « and 0 for different ADC quantization bits b.

b 1 2 3 4 5

afor §) 0.6366 0.8825 0.96546 0.990503 0.997501

A. Channel Estimation

We utilize pilots to estimate the channel matrices Ggr and
Grp, which is a technique widely used in the literature [39],
[40Q]. Therefore, during each coherence interval of length 7.
(in symbols), the channel training occupies 27, symbols (the
minimum length of 7, equals to the number of users K).
First, the destinations remain silent and all sources trans-
mit simultaneously their mutually orthogonal pilot sequences
&g € CE*™ to the relay. After that, all destinations transmit
their mutually orthogonal pilot sequences ®p € CK*™ to
the relay whilst the destinations remain silenfd. For analytical
tractability, we adopt the same pilot sequences as in [11]]. Thus,
the received signals at the relay’s receive and transmit antenna
arrays are

Y = Vi ToDp Gsr Ps + Ny, (7
Ytp = 7—pppc'}RD‘I)D + Nlp7 (8)

respectively, where p, is the transmit power of each pilot
symbol; N, and Ny, denote the noise at the receive and
transmit antenna arrays of the relay, respectively, with i.i.d.
CN (0,1) elements.

With low-resolution ADC receivers, the resulting quantized

signals at the relay’s receive and transmit antenna arrays
respectively read as

Y, = aY,, + Ny, )
Yy =Yy, + Ny, (10)

where Ny, and Ny represent the quantization noise, whose
covariance matrices are respectively given by

RN, =E {ququI = o (1 — o) diag (E {erYr‘;I}) , (1)
RN, =E {quNg = (1 — a)diag (E {Ytng ). (12)

Assuming that the relay employs the minimum mean-
square-error (MMSE) estimator, the channel matrices Ggg and

2Note that the channel training scheme where all sources and destinations
transmit their pilots simultaneously can obtain the same channel estimation
accuracy as that in our proposed training approach, but with increased
computational complexity.



Grp can be decomposed as
Gsg = Gsg + Esg,
Grp = Grp + Egp,

13)
(14)

where Egsg and Egrp are the estimation error matrices of
Gsr and Ggp. Due to the orthogonality property of MMSE
estimators and the fact that GSR, Eqgr, GRD, and Egrp are
complex Gaussian distributed, these matrices are independent
of each other. By rewriting (I3) and (I4) in vector form, we
have

5)
(16)

8sR,k = &SR,k 1+ SR ks

8RD,k = 8RD,k 1 €RD.k)

where gsr 1. €sr k. 8rD k. and egp j are the k-th columns of
GSR, Eqgr, GRD, and Egp, respectively, which are mutually
independent.

The distributions of these vectors are given in the following
lemma that is essential to the ensuing analysis.

Lemma 1: The elements of gsr i, €sr,k> 8rD,k» and €rp k

are independent Gaussian random variables with zero mean,
aTPpPﬁSR ) _ Bseret(1— a)TpPpﬁsR k

I4+7pppBsr,k” SRk 1+Tppp55R k >
Brp,k+(1— O‘)TPPPIBRD k

2 _
variance ogp . =

2
AaTpPpBrp. &

2 _ =2 _ )
ORDE = Thrppbeos @M ORpi = TrropeBroe . 1C
spectively.

Proof: See Appendix [Al O

B. Data Transmission

During the i-th time slot, the relay amplifies the previously
received symbol and broadcasts it to the K destinations. Thus,
we have

xg[i] = vFyr[i — d],

where F € CM*M s the linear processing matrix to be
specified shortly, v is an amplification constant factor which is
chosen to satisfy the power constraint at the relay, and d > 1
denotes the processing delay.

1) Loop Interference: Since the relay operates in the full-
duplex mode, it suffers from loop interference. However, since
the relay is aware of its transmitted signal, some form of self-
interference mitigation method can be applied, such that the
remaining self-interference is sufficiently weak and can be
treated as additional noise Xg[i] [IQI] [EII] with the same power
constraint as xg[i], i.e., E{Xgr[i]&{ [{]} = E%I,;. Therefore,
(@D can be re-expressed as

yr[i] = /PsGsrxs[i] + GrrEr[i] + nr]i],

where Ggrg models the residual loopback interference channel
due to imperfect cancellation [42]. As in [[7]], [O]], we assume
that the entries of Gy are i.i.d. CA (0, 07;) with 07| denoting
the level of loop interference.

2) Linear Processing: The relay treats the channel esti-
mates as the true channels for subsequent linear processing.
With MRC/MRT processing, F is given by

F = G, G

a7

(18)

19)

Recall that 7 is chosen to meet the power constraint at the
relay, after some simple algebraic manipulations, v can be
obtained as (20), shown on the top of the next page.

III. SYSTEM DESIGN GUIDELINES
This section investigates the achievable rate with low-
resolution ADCs both at the relay and destinations. In par-
ticular, an exact closed-form expression is derived for the
system’s achievable rate. Furthermore, we provide an answer
to the important question of where to deploy the low-resolution
ADC:s to attain best performance.

Substituting (I8), (IZ), @), and @) into @), we have
ip.k[i] = a7/ Psgrp 1 Fesr ks k[i — d]

+aby/Ps Y ko Fesk j7s,5[i — d]
i#k
+ abyghp  FGrr&r[i — d]

21

+ aeVE%D,anR [i —d]
+ 97ggD,kFﬁR[i —d] + Onp i[i] + 7ip x [].

We consider the realistic case where the K destinations
do not have access to the instantaneous CSI, which is a
typical assumption in the massive MIMO literature since the
dissemination of instantaneous CSI is extremely costly for very
large antenna arrayﬁ Hence, D;, uses only statistical CSI to
decode the desired signal [7], [43]. Thus, we have

o,k i) = a0y/psE {grp 1 Fesrx } wskli — dl+  nf'[i]
~———
effective noise

(22)

desired signal

where n$iT[i] is the effective noise given by

n$i] = (23)
ab7v/Ds (8rp 1 Fgsr.k — E {8kp 1 F&sr.k }) @5, ki — d]

estimation error

+abv/bs Y ko 1 Fesk j2s 5 [i — d]
7k

interpair interference

+ afvggp , FGrr&r[i — d]

loop interference

+ aengD,anR[i —d]+ 97g1:§D,kFﬁR [i —d]

noise at the relay quantization noise at the relay

+ Onprlif +  fip,ld]
N—— ~——
noise at Dy, quantization noise at Dy,

Noticing that the “desired signal” and the “effective noise”
in (22) are uncorrelated, and capitalizing on the fact that the
worst-case uncorrelated additive noise is independent Gaussian
noise, we obtain the following achievable rate of k-th user.

3Note that there are two typical ways to obtain the instantaneous CSI, i.e.,
downlink training and feedback. However, both methods incur huge overheads,
hence is highly undesirable.



PR

Y= = : (20)
\/oz2 (psE{|[FGsrl[*} + FE{||FGrel[*} + E{|[F||*}) + E{||Fiig [}
K
Theorem 1: With low-resolution ADCs at the relay and Dy, _1-0 3 9 4 9
the achievable rate of k-th user is given by Hy = 0 psM o kOrp,1. | Mo + Z; Ps.i (32)
Te — 27, K K
Ry = P log, (1 + SINRy), 24 1-6
k - 22 ( k) (24) 4 7 pSMQUgR,k MU%R,]{Z —+ Z ﬂSR,i ﬂRD,k Z U}%D,i
where L i=1 i=1
SINR), = al Coesy s Mo ) oo
By + Cx + Dy + Ep + Fi, + Gy, + Hy, 1—p K
+ WMQ (pRUEI + 1) BRD, k Z UgR,nUl%D,n
n=1
K
1—a)(1-0
+ %M%Saé{,kgﬁo,k <U§R,k + Z BSR,i)
i=1
K
(I1-a)(1-90) 2 4 2
M
+ o Ps BRD, k ; OSR,nORD,n
K K
(I1-a)(1-90) 2 2 2
N M i
+ o psM* SR,k ngl OSR,nORD,n ; Bsr,
with 1-9
Ay = psM*odg 1,ORD k> (26) a26y?’
By = psM?03 1.0p.1 (Bsr.kORD 1 + BRDKOSR 1) (27)  where 7 is given by () (shown on the top of the next page).
K
+ psM*Bsr ik Brp,k Z U§R7na§D)n, Proof: See Appendix O
n=1 Theorem [I] presents an exact closed-form expression for the
Cj = psM? Z (ggR_ LORD.1BSR i+ Brp ko'glR.jo'l%D j) (28) achievable rate of Dy, which is valid for arbitrary configuration
ik ' 7 ' 7 of relay antenna number and user pairs, which enables efficient
K evaluation of the achievable rate. In addition, it also reveals the
1 ps M2 Z Bsr.; BRD.& Z UgR ngﬁD N impact of key system parameters on the achievable rate. For
£k nhg 7 instance, It can be observed that Iy is an increasing function
ith respect to M, suggesting the benefits of deploying large
M2 . 2 2 Wit P » Sugg g ploying larg
ths ;ﬂSR’J PRD.K SR KRD antenna array at the relay. Furthermore, R; decreases with
) ! s o K, which is also intuitive since a larger number of user pairs
+psM ZBSRJﬁRD,kUSR,jURD,jv results in more severe inter-pair interference. Moreover, Ry
i#k reduces if o and/or # become small, indicating that using low-
5 o s K ) ) resolution ADCs at the relay and/or the destinations always
Dy, = M*o{pr MUSR,kURD,k + BRrp,k Z OSR,n9RD,n | > degrades the achievable rate.
n=1
K
E), = M2 (MagRykaﬁD_’k + Brok Y a§R7n0§D7n> , (29) IV. SUM RATE APPROXIMATION
n=1
K In the previous section, an exact expression has been derived
P = -« M3ps USR kUéD L ggR L+ Z Bsr.i (30) for the achievable rate of k-th user. However, the expression is
" ' N — rather involved, and is not amenable for further manipulations.
1- Qs 2 1) o2 o Motivated by this, we now present a relatively simple large-
T (p ROL ) ISR kIRD k scale approximation for sufficiently large M. Based on which,
1— o K the optimal relay power allocation scheme is studied and the
+ M? (pRO'EI + 1) BRrD, k Z agR_’nUﬁDyn asymptotic power scaling law is characterized.
n=1 Proposition 1: With low-resolution ADCs at the relay and
l—a_ ., ) ) 9 Dy, for sufficiently large M, Rj can be accurately approxi-
t— M DsBrD, k Z OSR,nORD,n | OSR,n T Z Psri | » mated by Ry, which is given by
n=1 =
1 ! - Te — 2T ——
G — a1 Ry, = log, (1 n SINR) , (34)

Tc
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1T M K

=1

Ds Z USR zURD i(Ma2+a(l-a))+a Z USR zURD i (ps Z Bsr.j + PrOT + 1)

(33)

=1

where
— A
SNR= ————— ¢ (35)
By, + Cy + Dy, + By, + Fi, + G, + Hy,
with
Ay = pSMUgR,kUI%D,Iw (36)
Br = ps (Bsr k0p k. + BROEOSR ) » (37)
~ BRD, kTSR ;ORD,
Cr=ps Y | ohppbsry + —5—g——L |, (38)
oy OSR,kORD,k
f)k = prfﬁIoﬁD,m (39
By = Rp (40)
l1—« a
Fr = o UI%D k <p <U§R,k + ;BSRJ) + pro{y + 1) )
41)
ék = USR ZURD [ (42)
pRUSR k RD k ;
~ 1—-6 O§R. kBRD k
Hy, = P <MGSRkUI2{Dk+2720RDz
RD k i=1
(43)

K
1-6 pro?, + 1
+ TpSUIQQD)k <Z ﬂSR,i + ;71

i=1 Ps
K
1—a)(1-0
+ %é)oﬁnkps <0§R,k + Z 35R,i>
i=1

K
(1-0)ps 21 UéR,iol%D,i
1=

+

2 p)
opRUSR,kGRD,k

Proof: By ignoring the insignificant terms in the large M
regime in Equations from 28) to (33), the desired result can
be obtained after some simple algebraic manipulations. [

Despite being obtained under the assumption of large M,
the above approximation turns out to be rather accurate even
for moderate number of antennas, i.e., M = 64, as will
be shown in Section [Vl In addition, we observe that the
quantization noise at the relay (corresponding to the term E})
is a function with respect to « whereas the quantization noise
at the destination (corresponding to the term Hy,) depends on
both « and 6. This is expected since the quantization noise
scales with the power of input signals and the quantization
level of ADCs. For the quantization noise at the relay, the
input signals are only quantized once by the low-resolution
ADCs at the relay; while for the quantization noise at the
destinations, the input signals are double-quantized by the

low-resolution ADCs at the relay and destinations. Finally, we
see that the quantization noise at the destination is the most
significant term which has the same order as the desired signal
(corresponding to the term Ay). Unlike the quantization noise
at the relay which can be mitigated by exploiting the large
antenna array, the quantization noise at the destination can
not be effectively suppressed, hence, is the major performance
limiting factor as shown in the following corollary.

Corollary 1: As M — oo, the rate of k-th user with low-
resolution ADCs at both the relay and destinations converges
to

~ Te — 27 0
Ry — - log, (1 + T 9) . 44)
Proof: Starting from Proposition 1, by keeping only
the most significant terms in (34), the desired result can be
obtained after some simple algebraic manipulations. 0
Corollary [1] indicates that, in the asymptotic large antenna
array regime, the rate of k-th user converges to a finite limit.
In addition, the limit is independent of the resolution level of
relay ADCs, and is only determined by the resolution level
of destination ADCs, which indicates that using large antenna
array at the relay cannot compensate for the rate loss caused
by low-resolution ADCs at the destinations.

A. Power scaling law

In this subsection, we investigate the potential for power
saving in the data transmission phase due to the deployment
of very large antenna array at the relay, when the channel
estimation accuracy is fixed. Specifically, we assume that p,
is fixed, while ps = Es/M and pgr = Er/M, where Es and
FER are constants that do not scale with M. Then, as M — oo,
the rate of k-th user is provided by the following corollary.

Corollary 2: For fixed p,, Es and Eg, if ps = Es/M and
pr = Er/M, as M — oo, we have

Rk—>

Te — 2Tp
— log, | 1+ =
¢ > O5R,i %R,

1-0+ + =

T T
aESoSR k Erogp 1 9kp, k

(45)

Corollary [2| reveals a rather remarkable result, that despite
the low-resolution ADCs at both the relay and destinations,
the transmit power of each source and the relay can still be
cut down proportionally to 1/M while maintaining a desired
constant rate, which is the same as the case with ideal infinite-
resolution ADCs.

B. Power allocation

From Proposition [T} it is not difficult to observe that Rk
improves when the transmit power of sources ps increases.



As such, each user should transmit at the maximum power.
However, due to the existence of loopback interference, the
relationship between Ry, and pg is more complicated. As can
be readily shown that Rk — 0 when pr — 0 or pr — oc.
Hence, using the maximum relay power does not necessarily
yield the best performance. Therefore, we now optimize the
relay transmit power with the objective of maximizing the
achievable sum rate of the system. Specifically, the optimiza-
tion problem can be formulated as

K
P1 : maximize Z Ry
PR
k=1
subject to  pr > 0.

(46)

(47)

Due to the involved sum rate expression, analytical charac-
terization of the optimal pg is intractable. However, the op-
timal solution can be efficiently obtained by one-dimensional
search such as bisection method. To gain further insights, we
consider the special homogeneous case where all links have
the same large-scale fading, e.g., Bsg,x = Prp,x = 1. And we
have the following important corollary:

Corollary 3: In a homogeneous communication setting, i.e.,
Bsr,k = Prp,i; = 1, the optimal relay transmit power is given
by

* apSK
PR = 7 (48)

o1
Proof: When fsgr = Pror = 1, the
problem P; is equivalent to minimizing the
function  f (pr) = b+ cpr + Z;LR’ where b =

o (2Kps + 5 (02 + K) + 1557 + 15°ps (2K + Mo?)),

— g 9u — XTpPp H
c = —*, and d = e Since

f"(pr) = 2dx=3 > 0, f(pr) is a convex function. Thus, the
optimal transmit power of the relay py is obtained by solving
f'(pr) = 0. O

Corollary [3] shows that the optimal transmit relay power is
a function of the resolution level of ADCs at the relay, the
transmit power of users, the number of user pairs, and the
residual loop interference power, but is independent of the
channel estimation accuracy, resolution level of ADCs at the
destination, and the relay antenna number. First of all, we see
that less power should be used when the residual loopback
interference is high. This is reasonable since increasing the
relay power would result in higher residual loopback interfer-
ence. In contrast, if K becomes large, we should increase pr
to serve the additional users. Now, we turn our attention to the
impact of the resolution of ADCs at the relay. It is observed
that the optimal relay power increases as the resolution of relay
ADCs improves. This is also intuitive, since higher-resolution
ADCs result in less quantization errors, hence, the benefit
of using large transmit power becomes more significant. For
instance, considering the special cases with perfect ADCs and
one-bit ADCs, i.e., « = 1 and o = 0.6366, the difference
between the optimal pg of the two cases can be computed

as Apj = (1 —+/0.0366) \/% —0.2,/2E,

20% less power for the case with one-bit ADCs.

2
% with 02 =

which implies

C. Deploying low-resolution ADCs at the relay or the desti-
nations?

At this point, it is also worth noting that there exists tradeoff
between « and 6, i.e., the rate Rk may remain unchanged
by jointly adjusting « and 6, indicating that it is possible
to increase the ADC resolution at the relay to compensate
for the performance loss due to low resolution ADCs at the
destination or vice versa.

Now, let us consider two extreme cases: 1) a = a3 # 1,0 =
1, namely, low-resolution ADCs at the relay and infinite reso-
lution ADCs at the destination. 2) o = 1,60 = 5 # 1, namely,
infinite resolution ADCs at the relay and low-resolution ADCs
at the destination, where a; and 6y respectively denote the
quantization level of the two cases.

fa=a1#1,0=1, Ry reduces to

- ) A
R‘;_Mlo&(u_ i )

Te Bk+ék+Dk+Ek+Fk+ék
(49)
which can be written in the following form
Te

-2
JlogQ (14+aM),
-

C

R} = (50)
where a is a constant determined by other system parameters
such as « but independent of M. This result suggests that
deploying large antenna array at the relay is an effective
method to compensate for the rate degradation caused by low-
resolution ADCs at the relay.

Ifa=1,0=0,#1, Ry reduces to

5 —9 A
R}?zulog2 1+ = = _h = — |,
Te By + Cy + Dy + Ey, + Gy + Hy,
(51
where
_ 1-6 Ug 1 PRD,k o
Hy = 9 Ps (MagR,kafz{D,k'f‘ 71;2 ZUI%DJ
RD,E =1
(52)

K
1-6 o2 +1
+ TpSO'IQQD)]g < E Bsr,i + 1712;715> .
i=1

In contrast to the previous case, both the denominator
and numerator scales with M, indicating that increasing the
number of relay antennas is ineffective if the performance
bottleneck is due to low-resolution ADCs at the destination.
The above observations reveal the asymmetric impact of low-
resolution ADCs at the relay and destination, and also shed key
design insights on how to allocate the ADCs to achieve optimal
performance. Specifically, we have the following important
result:

Corollary 4: If «; = 69, the achievable rate of case 1 is
larger than that of case 2, i.e., R} > RP.

Proof: Noticing that F, < Hy, as a3 = 65 # 1 and
Fk = H; = 0 when o = 05 = 1, the desired result can be
easily obtained. 0



Corollary [ suggests that, in terms of maximizing the
achievable rate, it is preferable to deploy the low-resolution
ADCs at the relay and infinite resolution ADCs at the desti-
nation.

D. Comparison between full-duplex and half-duplex modes

We now compare the performance of the full- and half-
duplex modes. For the half-duplex mode, the sources and the
relay separately occupy T°2_TCT" time to transmit signals. For
fair comparison, the transmit powers of each source and the
relay in half-duplex mode should be twice of the powers in
full-duplex mode, to ensure that the total energy spent in a
coherence interval for both modes are the same. Therefore,

the achievable rate of k-th user in half-duplex mode is given

by
_ .~ 9 24
R?—T 7-plogQ 1+ — = ok = -
c 2By + 2Cy + Ey + F, + G, + Hg
(53)
where
1—« a
Fo="—"02 2 2 i +1 54
k o ORD,k < Ps <USR71€ +;ﬁSR, ) =+ ) , (54)
. 1-6 02 1BRDE
H;, = TQPS (MUSR,kUI%D,k &27 ZUI%DJ
RD,k i=1
(55)
K
1-6
G, Y i
+ ) PSORD, k <; Bsr,i + 20éps>
K
(1-—a)(1-106)
+ T oRp.k20s | Ok + 2&1{,1'

K
(1—0)ps 21 UglR,iol%D,i
1=

+
2 2
opRUSR,kGRD,k

It is difficult to tell which mode is better, since the achievable
system performance depends on various parameters such as the
transmit powers, channel gains, the number of relay antennas,
and the loop interference level. In particular, the loop inter-
ference level and the number of relay antennas play critical
roles. If all the other parameters are fixed and only the loop
interference level changes, the full-duplex mode outperforms
the half-duplex mode when of; < of|,. where of|, is the
root of Zszl Ry = Zszl RY. Similarly, if only the number
of relay antennas changes, the full-duplex mode outperforms
the half-duplex mode when M > My, where M, is the root

K Do K >H
of >y Rk =", Ity
V. NUMERICAL RESULTS

In this section, we present numerical results to validate the
previous theoretical analysis. For all illustrative examples, the
length of the coherence interval is 7. = 196 (symbols), chosen
according to the LTE standard. The length of pilot sequence
is 7, = K. Also, we set the large-scale fading coefficient
Bsr,k = Brp,x = 1 for simplicity.

A. Validation of analytical results

Fig. [3| illustrates the impact of relay antenna number on
the sum rate of the K destinations. Note that the curves
associated with “Numerical results” are generated by Monte-
Carlo simulations according to (24) by averaging over 10%
independent channel realizations, the “Exact results” curves
are plotted according to Theorem[dl and the “Approximations”
curves are obtained based on Proposition[Il As can be readily
observed, the “Exact results” and “Numerical results” curves
overlap, which validates our exact analysis. Also, the gap
between “Approximations” and “Numerical results” curves is
sufficiently small, especially when the number of relay antenna
is large. In addition, we observe the sum rate saturates in the
high signal-to-noise ratio (SNR) regime. Intuitively, the system
becomes interference-limited at high SNR.

) , : ‘ ‘
*  Numerical results
—&— Exact results
[l--- Approximations

Sum Rate (bit/s/Hz)

i i
10 15

-5 0 5
P (0B)
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Fig. 3: Sum rate versus ps for K =5, a = 6 = 0.8825
(two-bit ADC), pp, = 10 dB, pr = 10 dB, and UEI =0 dB.

B. Where to deploy the low-resolution ADCs?

Fig. @] demonstrates the asymmetric effect of low-resolution
ADCs at the relay and destinations on the sum rate of the K
destinations. Recall that a@ # 1,0 = 1 represents employing
low-resolution ADCs at the relay only, while @ = 1,60 # 1
refers to using low-resolution ADCs at the destinations only.
We observe a substantial performance gap between the case
with a # 1,0 = 1 and the case with @« = 1,0 # 1 when
the number of quantization bits b is small, as predicted by
Corollary Bl However, when the number of quantization bits
b increases, the two curves converge to the same rate. This
is because both « and 6 approach to 1 as b is large enough
(b > 6 bits in this example), as such the system behaves as
that with perfect ADCs.

C. Can we use more antennas to compensate for the coarse
quantization?

Fig. 5l plots the sum rate of the K destinations versus the
number of relay antennas for different number of quantization
bits at the destinations. Note that the “Sum rate” and “Sum
rate limit” curves are generated by (24) and ([@4), respectively.
As expected, higher number of quantization bits of ADCs
at the destinations results in better sum rate. Also, the sum
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Fig. 4: Sum rate versus b with full-resolution ADCs at the
relay or the destinations (¢ =1 or = 1) for K =5, ps =0
dB, p, = 0 dB, pr = 0 dB, and O'EI = —10 dB.

rate is an increasing function with respect to the number of
relay antennas, and converges to a finite limit determined by
b as M becomes large as predicated by Corollary [II which
indicates that using more relay antennas is not an effective
approach to compensate for the rate loss due to low resolution
ADCs at the destinations. However, the claim would be quite
different in the case of low-resolution ADCs at the relay
only. As illustrated in Fig. [f] increasing the number of relay
antennas can effectively compensate for the rate degradation
due to coarse quantization. Nevertheless, the required number
of antennas is closely related to the resolution level of ADCs.
For instance, compared to the perfect ADCs case, the one-
bit system requires approximately twice (305/158 = 1.93)
antennas to achieve a sum rate of 15 bit/s/Hz (marked by a
solid black line), while the 3-bit ADCs system merely needs
an additional 9/158 = 5.7% more antennas.
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Fig. 5: Sum rate versus M for K =5, a = 0.8825, ps =0
dB, p, = 0 dB, pr = 0 dB, and of; = —10 dB.

D. How does coarse quantization affect the relay transmit
power?

Fig. [7 illustrates the impact of relay transmit power on
the achievable sum rate of the K destinations with differ-
ent loopback interference level. As can be readily observed,

25

. .
Perfect ADC
—%— 3-hit ADC

—6— 2-bit ADC
2071 — & — one-bit ADC

Sum Rate (bit/s/Hz)

167

i i i h i i
150 200 250 300 350 400
Number of relay antennas M

i i
50 100

i
450

Fig. 6: Sum rate versus M for K =5, 0 =1, ps = 0 dB,
Pp =0 dB, pr =0 dB, and O'EI = —10 dB.

there exists an optimal relay transmit power maximizing the
sum rate. Also, with one-bit ADCs at the relay, the optimal
relay transmit power decreases if the loop interference level
increases (py = 7.51 dB for of; = —20 dB, and p; = 2.51 dB
for o7, = —10 dB), which aligns with Corollary 3 In addition,
we can see that, regardless of the loop interference level, the
relay with one-bit ADCs should transmit approximately 20%
less power than the perfect ADC case.
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Fig. 7: Sum rate versus pr for K =5, M = 64, 0 = 0.8825,

ps = —10 dB, and p, = —10 dB.

E. Power scaling law

Fig. 8 plots the required transmit power of each source to
maintain a given sum rate of the K destinations 5 bits/s/Hz.
Note that the curves associated with “One-bit ADC”, “2-bit
ADC” and “Perfect ADC” are obtained by setting @ = 6 =
0.6366, « = 0 = 0.8825, and @ = 6 = 1, respectively. We
can see that, when the number of relay antennas increases,
the required transmit powers are significantly reduced. Also,
lower-resolution ADC costs more power to achieve the target
sum rate. For instance, compared to the perfect ADC case,
the one-bit and two-bit ADCs require approximately 10 dB
and 2.5 dB more power, respectively. In addition, when o7
becomes large, we need more transmit power. For instance,



with one-bit ADC and M = 200, the required transmit power
of each source increases from —6.25 dB for o; = —20 dB to
—1.25 dB for of; = 0 dB.

4 T T T T
—#— One-bit ADC
—6&— 2-bit ADC
-10r : Perfect ADC |
G —
-20
~ 2 _
Q o,=0dB
\Tll -30 L i i i i i
o 100 200 300 400 500 600 700
8 Number of relay antennas M
g o — : :
© q%s& — * — One-bit ADC
A\ ***% — © — 2-hit ADC
10N : \*—*_i* — — — Perfect ADC |
RGP === —% — |
~ © -
=20 oo
~20 B RS o RN ]
s T e
0%, =-20dB b
-30 i i i i i i
100 200 300 400 500 600 700

Number of relay antennas M

Fig. 8: Required ps versus the number of relay antennas for
K =5, p, =0dB, and pr = Kps.

F. Full-duplex vs. half-duplex modes

Fig. 9] shows the sum rate versus the loop interference
levels when the relay and destinations employ 2-bit ADCs. As
expected, full-duplex outperforms half-duplex relaying at low
o?;. However, when o7, is high, loop interference dominates
and hence the full-duplex mode is inferior. In such case,
we can deploy more antennas to mitigate the effect of loop
interference. For instance, by increasing the number of relay
antennas from M = 100 to M = 200, the operating region
where the full-duplex relaying works better enlarges, i.e., from
oty = 13.5 dB to o, = 15.5 dB. This fact is further
emphasized in Fig. By focusing on the point M = 185
in Fig. we observe that the half-duplex is superior with
perfect ADCs while is inferior with 2-bit ADCs compared to
the full-duplex mode, which indicates that the half-duplex is
more sensitive to the low-resolution ADCs. The reason is that
the quantization noise scales with the power of input signals,
which becomes large since the transmit powers are doubled in
the half-duplex mode.

VI. CONCLUSION

We analyzed the achievable sum rate of a multipair full-
duplex massive antenna relaying system assuming that both
the relay and the destinations use low-resolution ADCs. Exact
and approximated closed-form expressions for the achievable
sum rate were derived, based on which, the impact of key
system parameters was characterized. The findings suggested
that, deploying massive relay antenna arrays is an effective
approach to compensate for the rate loss due to low-resolution
ADCs at the relay, yet becomes ineffective to deal with
the rate degradation due to the low-resolution ADCs at the
destinations, which indicates that it is important to use higher
resolution ADCs at the destination. In addition, it was revealed
that, despite the use of low-resolution ADCs, employing
massive antenna array at the relay enables significant power
savings, i.e., the transmit power of each source can be scaled
down proportional to 1/M, to maintain a constant rate.
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APPENDIX A
PROOF OF THEOREMI]

We focus on the derivation of GSR only since GRD can be

deduced in the same fashion.

To start with, we substitute (7) into @), and obtain

Yg = a, /Tppp@gGg{

H H
+aN, + Ny

(56)

Then, following the standard MMSE channel estimation

technique, GZ% is given by
Gl =E {G&Ym} (E{

We first calculate

E{G&Yn } = E{ayRmGlGs®s )
= Ma,/TppyDsg ®s.

(57)

(58)



and

E{VEY, )} (59)
=E{o’mpy®¢ G Gsr®s} + o’I, + E{N/ Ny}
= MOL2Tppp‘I>§IDSR‘I’S + MOLZITP
+ a (1 — o) diag (E {YrI;er})
= MOLQTppp‘I>£IDSR‘I’S + MOLQITP
+ Ma (1 — o) diag (1yp,®§ Dsp®s + 1) .

Here, we choose 7, = K, and assume that ®s and ®p are

identity matrices, i.e., ®s = ®p = I, for trackable analysis
as in [L1]]. As a result, we have

diag (@ Dsp®s) = D, (60)

thus,
E{Yi Yy} = Ma (pDse +1r,) ©1)
Using the property of (AHA -+ CLIn)_l AT =

A (AAH —|—aIm)71 (A € C™*™), and then substituting
(38) and (6I) into (37), we have

R D\ ! N N,
Gg{—a<IK—|—i> (GSR+ 2+ 4 )
TpPp VTpPp  Q/TpPp
(62)

As a result, we arrive the desired results after some simple
mathematical derivations.

APPENDIX B
PROOF OF THEOREMI]

Capitalizing on the results of [7], the achievable rate of k-
th user is given by @4), where A; = ps|E ggD_’kFgSRyk} |2

is the desired signal power, By = psVar g;{D kFgSRﬂk) is
the estimation error, C}, = ps Z E {|gRD WFgsr |2 } is the

i#
interpair interference, Dy, o {||gRD +FGre|[? }, is the

loop interference, E, = E {||gRD JF|[? ¢ is the noise at the

relay, Fj, = %E{|gI€D)kFﬁR[z —d]|2} is the quantization
noise at the relay, Gy = a2172 is the noise at the k-th
destination, Hy = 5gz>E {|fip[i]|”} is the quantization
noise at the k-th destination. Besides these terms, we also
need to calculate the normalization factor 7 in @20). In the
following, we compute them one by one.

1) Compute :

(@) E {|[FGgr||? }—E{tr (G&GSRG GRDGSRGSR)}
B < R
M? Z OSR,i0RD,i + M? Z T8R,iORDi Z Bsr,j-

(bl) E{[|[FGwe|]’} = (E{GRRG “VE{FAF}) =
tr (MoZE{FHF}) = M3}, El O3R.iTRD -

11

© E{[FP} = u(e{GhGu|E{CGhGi}) -
MQZUSRZURDl
(d)E{||FnRz— 1112} =a(l—a)

tr (B { G Glkding (ps Gsn Gk + 29S8 11, ) Gn Gy }).
Firstly, we compute

r (£{ G Glidiag (GonGlE) GnCho ) (63)
=tr (E {GﬁDéﬁdiag (GSRG&) GSRGED})
tu (E {G;Dégdiag (EsrELL) C;SRGRTD}) .

By utilizing the fact that the channel matrices

GSR, Esg, and Ggp are independent of each other,
E {G&diag (GSRG&) GSR} = MA (where A isa K x K

K
diagonal matrix with [A],, = ogr ) + 0%, > Oar ;). and

i=1

K
E {diag (ESRE?}'{)} Z I,;, we have

(E 1o Gl diag (GspGH) GSRGRD}) (64)

{6
—u ((E {Gior { Glhdiag (GsxGlL) Gsx} GEL )

{GRDE {GSRE {diag (EsgELL)} GSR} GRD})

USR]URD7+§ USRzE USRyaRDy
i=1 Jj=1

2
+M E UsmE USRJURD]
K
4 2 2 2
Z Osr,jORD,j + Z Bs,i Y T8, jORD.
e i=1 j=1

Then, following the same way for calculating
tr (E {GI’QDngdiag (GsrGER) GSRGRTD}), we obtain

tr (£ { G Glpding (GraGif) Gsn G }) (65)
K
= M3UEI Z UgR,jUIZzD,ja
=1
K
tr (E {GEDG&GSRGI{D}) =M Z 3R,k (66)
j=1
Substituting (64), (63D, and (66) into (d), we have
E{||[Fari - dJ||*} (67)

K K K
_ 2 4 2 } 2 2
=a(l—a)M?ps E Osr;ORD.j T E BsR.i E O3R,;ORD,j

j=1 i=1 j=1

K
+a(l—a)M*Y o ;omp; (Protr + 1) - (68)
j=1

To this end, combining the results (a), (b), (c), and (d), we
obtain (69), shown on the top of the next page.
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1

PR . (69)

T M K

ps Y UélR,iUl%D,i (Ma? +a(l—a))
i=1

1=

K K
+a ) 0% iTkp.; (PS > Bsr,j + PrOT + 1)
i—1 =

1=

2) Calculate Ay:
E {gp xFgsr.t } (70)
=E {ggn,kgﬂak} E {gg{z,kQSR,k}
= M2U§R,kaf2{D,k'

Consequently, we have

A = 20>y’ psM* 0y 1,0Rp k- (71)

3) Calculate By:

E {|grp 1 Fasr.r|”}

K K

_ T sx  AH H s T _x

=E E E 8RD,k8RD,n85R,n &SR, k&SR, kBSR,ISRD,ISRD,k (
n=1[=1

(72)

which can be decomposed into three different cases:
a) for n # [ # k, we have E {|g§D)kFgSR7k|2} =0.
b) for n =1 # k, we have

E{|grp.rFgsrrl*} (73)

K
_ T ax  AH H & AT _x
=E { E gRD,kgRD,ngSR,ngSR-,kgSR,kgSRﬂlgRD,ngRD,k}

n=1

2 2 2
= M= Bsr,kORD, k E OSR,nORD,n-
n#k

c) for n =1 =k, we have

E {|gkp 1 Fgsr.kl*} (74)
=E {gg}),kgﬁn,kﬁgz,kgSR,kggz,kﬁSR,kggD,kgﬂD,k}
=E {EI{D,kQED,k@gz,kQSR,kﬁgz,kgsR,kggo,kgﬂD,k}
+ E {88p x8p 185k xESR kSR 1 BSR kERD £ ERD & | (75)
+ E {efp x8ip 1 8ok k&R k&SR k&SR K ERD KERD 1 }
+ E {eRp 18k 185k 1 ESR k€S k&SR kERD,LERD,k | (76)

= M? (M +1)° O—éR,kUl%D,k +M? (M +1) USR,k5§R,kU§D,k

2 4 2 2 2 92 22 2 =2
+ M= (M + 1) 0sg 10D kD% T M O5R £TSR £ORD kORD k-

Finally, combining a), b), and c), we obtain
Bi, = o”0%4%ps (E{Igkp 1 Fesr i’} — [E{gkp 1 Fasri %)
(77)

242, 2 32 9 2 2
= a?0%y*ps M’ ogg 10Rp 1, (BsR.kORD & +5RD,kUSR,k)
K

2922 2 2 2
a0y ps M= Bsr k Brp, k E TSR nORD -

n=1

4) Calculate Cy:

We first rewrite E {|ggD7kFg5R,,j|2} for j # k as

E {|gkp cFgsr,j|°} (78)

K K

_ T ax  aH H s AT

=E E ZgRD,kgRD,ngSR,ngSR,]gSR,ngRJgRD,lgRD,k .
n=1[=1

Next, (Z8) can be split into six different cases:
a) for n # | # k, we have E {|g§D7kFgSR7j|2} =0.

b) for n = [ # k, we have E{|g1{D7kFg3R7j|2} -

K
M?Bsg Rk Y. 4R nORD.n-
n#k,j

¢) for n = | = k, we have E{|gf{D7kFg5RJ|2} =
M?Bsk j03R kTRD (MUﬁo,k + ﬂRD,k)
d) for n = | = j, we have E{|g§D7kFgSR,j|2} =

M?Bro,105p ;0D ; (Modp ; + Bsrj)-

e) for n = k,l = j, we have E {|g§D7kFg5RJ|2} =0.

f) for n = j,1 = k, we have E {|gi{D)kngR7J‘|2} =0.
Altogether, CY;, is given by

C = a*0*y*ps M? E (08r kORD KBsR; + ﬁRD,koglR,leziD,j)
J#k
(79)

K
+ a29272psMQZﬁSR,jﬂRD,k Z TSR nIRD,
j#k n#k,j

+ 0202~ ps M? Z BsR. j BRD,kOSR kORD
o

+ 0202~ ps M? Z +BsR,j BRD, kTSR ;ORD ;-
i#k

5) Calculate Dy, and Ej:

Following the same technique for deriving Bj, we can
obtain

E {||gkp 1 FGrr|[* }
K

= Mo}, <MU§R,kU§D,k + BrD,k Z UgR,nUE{D,n> )
n=1

E {|lgkp 1 FII*}

K
= M? <MU§R,1@U§D,1§ + Brp,k Z U%R,nUIQzD,n> - (8D

n=1

(80)



Thus, Dy and Ej, are given by

242 2173 2 2 4
K
202 2772 2 2 2
+ a0 y" M oy prBrD,k E OSR,n9RD,n >
n=1
E, =
K
212 272 2 4 2 2
a”0°y" M= | Mogg 1.0rp i + BrD,k E OSR,nIRD,n (83)
n=1

6) Calculate F:

By using the fact that tl}e channel matrices Ggrp and GRD
are independent of Ggsg, Gsg, and Ggr, we have

E {|ggb,kFﬁR[i —d|I*}
=a(l-a)E {gl{D,kGEDE {B} Gngﬁn,k} )

(84)

where
E{B} =

~ . GrrGEH N
E {Gg{dlag (psGsRGg{ + W + IM) GSR} .

(85)

Then, following the same fashion as
E{||Fng[i — d]||*}, we can easily obtain

E {ggD,kGF{Dég{diag (GSRng) GSRGngED,k}

for deducing

(86)

K
2 2 2 2
= M~ frp,k Z OSR,nORD,n | OSR,n T+ Z Bsr,i
n#k i=1

K
+ M?03 xorpx (Mogp s + Brow) | 03k + D Bsri | »
i=1
E {ggD,kGEDGg{diag (GrrGir) GSRGRTDgED,k}
K

_ ag3.2 2 4 2 2
= M?o1; | Mogg xOrp k. + BRD,K E OSR,nORD,n | -
n=1

(87)

E { g 1 Gito Gk Gisn Glngin 1 | (88)

K
_a3.2 4 2 2 2
= M°0%g 1,0rp.x + M”Bro,k E OSR,nORD,n-
n=1

Substituting (86), (87, and (88) into (84), we have

K

3. 2 4 2
M?psogg kOrp k| OSRE T E BsR,i
i—1

11—«

Fy, = (89)

(%

11—«
+ o M? (profy +1) UgR,kUéD,k

K
1—«
M2 2 2 2
+ Y (pRULI + ) BRD, k n;l OSR,nORD,n
1-a K K
+ ——M’psPBrok Y Osr nOkoon | TR + D Bs.i

(6% )
n=1 i=1
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7) Calculate Hy:

E{|fipk[i]|*} =0 (1 — 0)E {|yp.rli]|*} (90)
= a0 (1 — 60) v*psE {||gpp , FGsr|]*}
D

+a?0(1-0) ”YQMRE {Ilgkp. FGrr|[*}

+ 0?0 (1 - 60)v’E{||gkp 1 FII*}
+06(1—60)y’E{|grp 1 Fiir[i — d]} + 6 (1 - 6).

We first calculate
E {//grp, 1 FGsr||*} 1)

K
_ 3.2 4 2 _
= M osg orp 1 | MOsg 1 + ZﬁSRn

i=1

K K
2 2 2 2
Mo i MUSR.,k"‘E Bsr,i ﬁRD,kE ORD, i
im1 i=1

Then, by substituting (@1), (80), ®I), and (B4) into (©0),

we arrive the following result:

1-46
0

K

Hy = psMP03p 1ojos | Mode i + ZBSR,i (92)
-1

1—-6

0

K K
2 2 2 2
psMZogg . MUSR,I@+§ Psr,i ﬁRD,kE ORD,i
i—1 i=1

+

+ j]\/ﬁ (pRUE[ + 1) UgR,kUl%D,k
1-0 =
+ WM2 (PRUEI +1) Bro,k Z UgR,nUI%D,n

n=1
K

3. 92 4 2
Mpsogg kOrp K | TSRk T E Bsr, i
i—1

n (1—a(1é1—9)

K
2 4 2
psM* Brp, i E OSR,nORD,n

n=1

K K
2 2 2
PsM*Bro,k E USR,nURD,nE Bsr,i

n=1 i=1

+(1—a)(1—9)

+(1—a)(1—9)

1-0
a20~y2’

Finally, combining (69), (71, (77, (79), 2), (83, 3%, ©2),
and , and after some simple algebraic manipulation, we
complete the proof.
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