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Abstract - This paper extends recent results by Garcia et al. on event-triggered communication to reach consen-
sus in multi-agent systems. First, it studies the effect of two types of additive and bounded state perturbations
on the consensus and on the communications. Second, it describes an improved agent state estimator as well
as an estimator of the state estimation uncertainty to trigger communications. Convergence to consensus is
studied. Simulations show the effectiveness of the proposed estimators in presence of state perturbations.

Index Terms - consensus, distributed event-triggered control, multi-agent system.

1. Introduction

Consensus is an important problem in cooperative control, see [2, 7, 8, 15, 19]. In such problem, several agents have
to be synchronized to the same state. For example, [10, 17] study application of consensus to solve the problem of
time synchronization in wireless sensor networks (WSN), when the communication delay is negligible. When the
control is distributed, consensus usually requires significant exchange of information between neighbouring agents
so that each agent can properly evaluate its control law.

Communication may either be permanent [15, 19], with continuous-time exchange of information, or performed at
discrete time instants, which is more practical. In the latter case, agents may broadcast information at a constant
period 7T [7], usually slotted to avoid message collisions. This method requires a good clock synchronization among
agents. Alternatively, communications may be triggered only when necessary, to save communication energy.

With distributed control based on event-triggered communications, each agent estimates the state of its neighbours to
evaluate its control law [9]. Each agent also estimates its own state with the information available to its neighbours.
As soon as the error between this estimate and its actual state reaches some threshold, a communication is triggered.
In [5], the agent dynamic is a single integrator and the considered threshold decreases with time while reaching
the consensus. This implies an increase of the frequency of communications. In [18], the dynamic is a double
integrator and the communication triggering condition (CTC) depends on a state-independent threshold exponentially
decreasing with time. The communication frequency reduces compared to [5] but still increases close to consensus.
General linear dynamics are considered in [6, 8, 20]. State-dependent thresholds are then considered to ensure some
convergence property for the system. These previous approaches were developed for noise-free dynamics and prove
sensitive to perturbations. This issue has been partly addressed by [3, 12] who propose an event-triggered method to
mitigate the impact of perturbations in the case of dynamics described by simple integrators.
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This paper addresses the problem of distributed event-triggered communications for consensus of a multi-agent
system with both general linear dynamics and state perturbations. This work extends results presented in [6, 8]
by analyzing the effect of state perturbations on the consensus and on the communications. Moreover, to reduce
communications, this paper proposes an improved estimator of the agent states, derives an estimator of the estimation
error, and introduces an adapted communication protocol. By taking into account the control input of the agents, the
proposed estimator allows to obtain a consensus with much less communications than with the approach in [6, 8]. The
proposed technique is thus well-suited to applications where communications should be minimized, e.g., to improve
furtivity, reduce energy consumption, or limit collisions between transmitted data packets. Application examples
with such constraints are exposed in [13, 14] for the case of a fleet of vehicles, or in [1] where agents aim at merging
local feature-based maps.

With this approach, estimates of the states of all the agents (not only neighboring ones) are required to evaluate all
control laws. More estimates are performed, but this reduces the communication frequency. A convergence analysis
is achieved while considering state perturbations composed of two components: one common to all agents, and one
agent-specific.

After introducing some notations in Section 2, the problem is formulated in Section 3. The CTC, presented in
Section 4, requires a new state estimator, described in Section 5, along with a communication protocol. A second
estimator is exposed in Section 5.4 to obtain an implementable distributed event-triggering strategy presented in
Section 6. Section 7 compares the performance of the proposed approach to state-of-the-art results from [6, 8]. The
main notations are provided in Table 1.

| x; | state of Agent . |

y] | estimate of the state x; performed by Agent j.

y? | vector gathering the estimates performed by Agent j of the states of all agents.

T
y | vector { (y%)T . (y%)T w of estimates performed by each agent of its own state

common estimate of 3’ performed by all agents.
el | estimation error between x; and .
t; | transmission time of the k-th message sent by Agent j.
3'. « | reception time by Agent ¢ of the k-th message sent by Agent j.

t, | reception time by Agent i of the /-th message, whatever the sending agent.
Table 1 Main notations

2. Preliminaries

Classical notations introduced in what follows are taken from [4].

Consider a network of N agents which topology is described by an undirected graph G = (N, &) , where N =
{1,2,..., N} is the set of nodes and £ C N x N the set of edges. The set of neighbours of an Agent i is N; =
{j € N|(i,j) € &€, i # j}. Njis the cardinal number of A;. The weighted adjacency matrix of G at time ¢ is
A = [a;;] nxn With non-negative elements @;;. The graph is balanced or undirected iff V (7, j) a;; = aj; , else it is
directed. An edge ¢;; € £ if and only if its weight a,; = 1 and represents an ordered pair of nodes (¢, j), where 7 and
7 are respectively the parent and child nodes. A graph is connected when there is a path linking any pair of vertices.
When a;; (t) = 1, Node ¢ is able to send information to Node j at time ¢. If this is not possible, a;; () = 0.

Let 1y = [1,1,...,1]" € RN*! be the all-one vector and Iy € RV*N be the identity matrix of size N. The
Laplacian matrix is L. L is symmetric iff G is undirected. In all cases, L satisfies L1y = 0 and has only one
null eigenvalue A; (L) and all its non-zeros eigenvalues Ao (L) < A3 (L) < ... < Ay (L) are strictly positive.
The smallest eigenvalue, the smallest strictly positive eigenvalue, and the maximum eigenvalue of a matrix M are
respectively denoted Ay (M), Aminso (M) , and Apax (M).
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Finally, the Kronecker product is denoted as ®.

3. Problem statement

As in [8], the communication graph is assumed to be fixed, undirected, and connected. Moreover, the dynamic
equations of an Agent ¢ are

T (t) = Aw;(t)+ Bu; (t) +d; (1) (D
wi(t) = aF Y (yt)-yi1). )
JEN;

In (1), z; € R" is the state of Agent 7, u; € R™ is its control input evaluated using yj- € R", the estimate of the state
of Agent j performed by Agent 7 as described in Section 5. A € R™" and B € R™™. One has ¢; = ¢ + ¢, with
c = 1/)y (L) and c; > 0 a design parameter. /' = —B” P where P is a symmetric positive semi-definite matrix,
solution of the Riccati equation

PA+ ATP —2PBBTP +2aP <0, (3)

with a > 0.

Remark 1. 1t can be noted than the parameter c is related to the Laplacian matrix L, which requires the knowledge
of the communication graph G by each agent to evaluate its control input (2). Since G is fixed, it can be assumed
that the communication graph is initially known by all agents, or that a flooding method like exposed in Section 5.3
can be intiated at ¢ = 0 to deduce it. Thus, L and c can be computed by each agent and the control input u; can be
evaluated in a fully distributed way.

Contrary to [8], one considers here additive perturbation d; € R™. This perturbation is assumed to be such that
d; (t) =m(t) +s; (1), 4)

where m (t) € R” is a bounded time-varying perturbation with ||m (¢) || < M.y identical for all agents and s; () €
R™ is a bounded agent-specific perturbation with for all i = 1,..., N ||s; (t)| < Smax, Where My, > 0 and
Smax = 0 are known bounds. This two-parts additive perturbation model can be used, e.g., to represent the combined
effect of a uniform wind field on a fleet of aircrafts and specific attitude-dependent turbulences affecting differently
each aircraft.

The vector of all state perturbations is then

d(t)=1n @m(t) + s(t) (5)

with s(t) = [51 (t)T ... SN (t)T !

The problem considered here consists in designing a distributed control scheme, robust to perturbations, to drive the
agents to a bounded consensus, while limiting the communications between agents. For that purpose, communication
time instants are chosen locally by Agent ¢ using an event-triggered approach introduced in Section 4.

Definition 1. The network of agents reaches a bounded consensus iff there exists some € > 0 such that

lim [|a; (t) — 2 (1) || < e (6)

t—o00
for all pairs of agents (i, ) € £.

In this paper, as in [8], we suppose that there is no communication delay and agents know perfectly their own state.
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4. Event-triggered consensus

This section introduces an event-triggered strategy to reduce the number of communications in Theorem 1. For that
purpose, we assume that the estimates y; for all 7 and j, are perfectly known by all agents in the network. This
imposes strong constraints on the estimators embedded in each agent and on the communication protocol. These
constraints will be relaxed in Section 5.3 to allow a practical implementation of the proposed technique.

LetL=L®P,L=LA+ATL,A,=A+B,,A=Iy® A, B, =L ® (BF), M = PBBTP, and
)\min>0(_z)
)\max(L)

It is proven in [8] that L is semi-definite negative. In the following theorem, the initial states are considered to be
known by all agents.

5 @)

Theorem 1. Assume that (A, B) is controllable and that the communication graph is connected and undirected with
a fixed topology described by the Laplacian matrix L. Consider some design parameter 77 > 0. Agents with dynamics
(1) achieve a bounded consensus with

V(i,5)  lim [z —2)° < ®)

if the bound on the agent-specific perturbation satisfies

L)M N
5 < \/CV||02>\2( ) M| [ N o)

)\max (P) /\min (P) B

and if communications are triggered when

8; > pz! Oz +1 (10)
with ©; = (2¢o — b;N; (co — ¢)) M, 1 > p > 0, and
S = [(zl "M Z A+ —eZTMei
JEN;

b;
+ (1 + 5) N; ) (AT MA)

JEN;
+2 (CQ — C) NZZZTM€Z + |:20 (Nz) 2 (1 —|— bz) =+ C2b_ CNZ‘
3 T i
+eN; (N = 1) [ b; + b e; Me; (11)

where z; = - (U8 — ¥l)s € =y — @i, Aij = Yl — i 0 < b < )N if o > ¢, b; > 0 otherwise.

The proof of Theorem 1 is in Appendix A.1.

From (8) and (10), one sees that 77 can be used to adjust the trade-off between the bound on the consensus error and
the amount of triggered communications. If n = 0 and if there is no perturbation, the system achieves an asymptotic
consensus.

The CTC (10) mainly depends on e} and A;;. A communication is triggered by Agent ¢ when the estimate ! of its
own state x; is not satisfying, i.e., when e} becomes large. It is also triggered when the discrepancy A,;; between this
estimate and that made by other agents y; with their available information is large.
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The two perturbations have a direct impact on e! and thus on the frequency of communications. The sufficient
condition (9) on Sy, to have a consensus depends on 7 and on the measure of connectivity A\ (L) of the graph.
Systems with more connected graphs are more robust to perturbations. M., does neither influence the quality of
the consensus, nor its convergence.

To reduce the number of communications triggered, one has to keep d; as small as possible. This is done by keeping
e§ and A;; small, which is achieved by building accurate estimates yf and y7, as described in Section 5. Then, since
in a distributed context, the yf s cannot be easily made available to all agents, the CTC introduced in Theorem 1 is
difficult to implement. This issue is addressed in Section 5.4.

5. Agents state estimation and communication protocol

In what follows, the time instant at which the k-th message has been sent by Agent j is denoted ¢; ;. Let t; .. be the
time at which the k-th message sent by Agent j has been received by Agent ¢. Since in this paper, one has assumed
that there is no communication delay between agents, t; . = tjx forall i € Nj. The time of reception by Agent i of

the /-th message is t, whatever the sending agent.

5.1. Agents state estimation

In [8], the estimate ¥} (t) is evaluated as

vi (t56) = i (£4) (12)
Ui(t) = Ay (1), i <t <tjp (13)
Let ' = [yiT, yil . y}\ﬂT € RM" be the vector gathering the estimates of the states of all agents performed by
Agent i. The vector y? = [ (y%)T e (y]]\\,f )T ] € RN™ gathers the estimates performed by each agent of its own
state. Similarly, let e = [ (e%)T (e%)T } € RN,
Here, the estimate y’ (¢) is evaluated as
g (1) = Ayy () + B (1), 5, <t <t (14
@) = aF Y (v (1) -y, ) (15)
PEN;
v () = @5 () (16)

where (14) takes into account the control input of the agents. Considering all the agents, (14)-(16) can be rewritten
as

yrt) = Ay (t) 17

vy (Ge) = 25 (H4) (18)
where A, = A+ B, A=Iy®A,and B; = ¢;L ® (BF).
To determine the control inputs applied by Agent j, Agent ¢ needs to perform an estimate of the state of all the
neighbours of Agent 5. As the communication graph is connected, Agent ¢ will have to evaluate the state of all agents
in the network to determine the control inputs applied by all other agents.
Remark 2. If there is no perturbation, i.e., M., = 0 and Sy.x = 0, the estimate error ejﬁ vanishes. Moreover, in
absence of perturbation, if for some time instant 3, v (t;) = 1’ (t;) for all (4,7) € N, then y* (t) = 7 (¢) for all
(i,7) for all t > t;. As a consequence, A;; (t) = 0 and € (t) = 0 for all (¢, j) for all ¢ > ¢;. No communication will
be triggered for ¢ > ;.



5.2. Communication protocol: fully-connected graph

In this section, the communication graph is assumed as fully connected. As in [8], the message broadcast by an
Agent ¢ at t; ;, contains the state x; (¢; ;) of Agenti. Agent j € N; = N uses it to update its estimate yg according to
(16).

With a fully connected graph, the information transmitted by some agent is received without delay by all other agents
in the network. As a consequence, one has y! (t) = y/ (t) and A;; = 0 for all (i, j) € N2

In this case, the CTC in Theorem 1 can be evaluated. Communications are triggered mainly due to the state pertur-
bations.

5.3. Communication protocol: not fully-connected graph

From now, the communication graph is no more fully connected. Assume first that a message broadcast by Agent ¢
at ¢;;, contains only its state x; (¢; ;). Only neighbouring agents receive the message and use z; (t; ) to update their

estimates yf , 7 € N, according to (16).
A relaying is necessary to allow other agents updating yg , j & N;. Two strategies are discussed in what follows.

5.3.1. Flooding Method: With the first strategy, a message received by an agent is immediately retransmitted to
its neighbours.

When an Agent broadcasts a message at t; ., this message contains ¢, , and the state x; (¢; ;) of Agent i. When some
Agent j, neighbour of Agent i, receives this message, it broadcasts ¢; ;, and x; (; ;) to its own neighbours if it has not
done it previously. This message is further broadcast by the neighbours. This is a typical flooding strategy [11, 16],
which enables all the network receiving the message.

Since there is no communication delay, one has y? (t) = 4/ () and A;; = 0 for all (i, j) € A% as in Section 5.2.

With this method, each time a communication is triggered for a given agent, the same message is broadcast up to NV
times, depending on the topology. This technique is not competitive compared to that presented in [8].

5.3.2. Delayed flooding method: With the proposed alternative strategy, when a message is received by some
agent, this agent waits until its CTC is satisfied to broadcast its own state as well as updated estimates of the states
of all agents in the network evaluated from information in the messages received from its neighbours. This requires
to store and broadcast a vector containing the time instants at which the communication has been triggered for each
agent.

Thus, when a communication is triggered at ¢; ., Agent ¢ first updates y; (¢; ) = x; (t; ). Then, instead of transmitting
only ¢, and z; (t; ), it broadcasts the vector y* and a vector

i
T" = [tl,k’p s 7ti—1,ki,17ti,k7 ti+1,ki+1 CIEI tN,k:N:|

of time instants, where each ¢; ;. represents the time at which the triggering condition of Agent j has been satisfied.

When some Agent / receives the message from Agent i, it compares the time instants in 7" with those of its own 7%,
Each components of y such that ¢;;, > ¢, i.e., corresponding to a more recent triggering instant, are replaced by
those of /. The vector T* is updated accordingly.

Example 1 illustrates this information diffusion strategy.
Example 1. In Figure 1(a), the CTC is satisfied at ¢, ; for Agent 1. It updates its own estimate y} = 7 and the
first component of 7" with ¢, ;. Then it broadcasts 7" and y'. Its neighbours, Agents 2 and 5, receive this message.

Agent 2, since the first component ¢;; of T is more recent than that of 72, updates y7 as y? = yi. The first
component of 72 is now ¢, ;. Agent 5 performs the same updates.
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In Figure 1(b), the CTC is satisfied for Agent 2 which performed the update y2 = x5 and sets the second component
of T? to to ;. It broadcasts then 7 and y*. Agent 3, once it receives this message, using 72, knows that its estimates
of the states of Agents 1 and 2 are outdated and performs the updates 3 = y# and y3 = y2. The two first components
of T% are now t; ; and ¢5 1. Agent 1 updates only y3 = y3 and the second component of 7 to ¢5 ;. A similar behavior
is observed in Figure 1(c).In Figure 1(d), the CTC is satisfied simultaneously for Agents 1 and 4. Since the first
components of T is larger than that of T i.e., t1 5 > t; 1, Agent 5 uses y; coming from Agent 1 to update y;. It uses
y; coming from Agent 4 to update y;.

Update ¥7= 141

Update 43=y? Update y§§y§
Save 1,

Update Yi=192
=Y Yi= 12 Save 1,

Save t,
B @

(&) (5—® (@) (@)

Update 5=y ¥

Update 3=, Yo=Y l/;:
Save 1, Save t,, 73,, "
(a) CTC satisfied for (b) CTC satisfied for (c) CTC satisfied for (d) CTC satisfied
Agent 1. Agent 2. Agent 3. simultaneously for

Agents 1 and 4.

Figure 1: Example : Communication relay

The proposed communication protocol has been designed so that once a message has been sent, (i) the estimation
error e; and discrepancies A;; are reset to zero, and (ii) the CTC in Theorem 1, is no longer satisfied.

5.4. Estimation v® of estimate y* by Agent j

The delayed flooding protocol of Section 5.3.2 allows each Agent ¢ having access to y;?, for all j € N. Nevertheless,
Agent ¢ is not able to access y{ , which is required to evaluate its CTC in Theorem 1. To address this issue, each

. - T .
Agent i evaluates an additional estimates v/ = [U{T . vﬁVT] € R of y/ for all j € N; U {i}, with the constraint

that the estimates v’ performed by Agents 7 and j € N; have to be identical. For that purpose, the estimate v
performed by Agent i and all its neighbours j € AN/; is updated only when the CTC is satisfied for Agent 7 and when
it broadcasts a message. The v/s are thus less frequently updated than the y's and are less accurate. Both estimators
are evaluated simultaneously by each agent. Introducing v? does not require any modification of the delayed flooding
protocol. Agent i uses the v's to check the CTC and 3’ to evaluate the control inputs.

The dynamics of the additional estimate v° is

oi(t) = AV (t)+ B (t), t, <t<tp, (19)

w(t) = aF Y (vi(t)—u (1) (20)
PEN;

v (tig) = yi' (tix) (2D

U;- (tix) = yj(tix), JEN. (22)



Considering all the agents, (19)-(22) can be rewritten as

V() = A’ (t) (23)

0 (tig) = Yy (tin) (24)

Vi) = Y (), JEN. (25)
Update V= Y* V=12 Upd@lﬁ@ 3= @73

Update vVl=y?

(a) (b) (©)

Figure 2: Update estimator v’

Example 2. In Figure 2(a), the CTC is satisfied at ¢; ; for Agent 1. It updates its own estimate y% = 1, the first
component of 7" with 1,1, and its own additional estimate v! = y'. Then, as shown in Figure 2(b), Agent 1
broadcasts T and y!. Its neighbours, Agents 2 and 5, receive this message as seen in Figure 2(c). Agent 2, since the
first component ¢; ; of T is more recent than that of 7, updates y7 as y7 = y; and updates the additional estimate
of Agent 1 v' = y'. The first component of 7% is now ¢; ;. Agent 5 performs the same updates. Since there is no
communication delay, the additional estimates v! evaluated by Agent 1, 2, and 5 are identical.

6. Distributed event-triggered consensus

Using the additional estimate v* introduced in Section 5.4, Theorem 2 in Section 6.1 introduces a CTC that can be
evaluated by each agent in a distributed way. Section 6.2 introduces then an implementable distributed event-triggered
consensus algorithm.

6.1. CTC in distributed context

As in Theorem 1, the initial states are considered to be known by all agents.In the experimental part, this condition
will be relaxed: Agent i will initialize the state estimators for all other agents with its own value of the state. A
communication is triggered at time ¢ = 0 to update the estimates of the neighbours of Agent 7. All other agents
behave in the same way.

Theorem 2. Assume that (A, B) is controllable and that the communication graph is connected and undirected with a
fixed topology described by the Laplacian matrix L. Consider some design parameter 7 > 0. Agents which dynamics
is (1) achieve a bounded consensus with

N377

M 26
B (P) (26)

V(i.g)  Jim - o) <
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if the following condition on the perturbation bound is satisfied:

M
A%WEQJQWM2 “J @7

and if communication events are triggered when

0; > pzl Oz + 1 (28)
with ®z = (202 — szz (CQ — C)) M,1> p > 0, and

s

ZN yj_va M(y;—v;)

]EN
i j 4 NZ 3
+ (2 — Niei)TM Z (v] — i) + % e Me!
JEN;
b; . .
+2 (1 + 5) N; Z [(vf — yi)TM (vf — yl)
JEN;

+ (y; — U;,)TM (y; — 7}3)]} + 2(62 — C) NZZZTMG;

Cy — C

+ {26 (Nz) (1+b;)+ b, N;
+eN; (N — ( )} el Me! (29)
where z; = >\ (vi —y!), M = PBBTP,0 < b; <7 ) - if ¢y > ¢, b; > 0 otherwise.

The proof of Theorem 2 is in Appendix A.2 and the proof of absence of Zeno behavior in Appendix A.3.

The difference between Theorems 1 and 2 lies in the evaluation of the CTC. The term §; in (10) has been replaced by
&; in (28), which mainly depends on the discrepancy between the state estimates y; and the estimates of these state
estimates v;.

When an Agent 7 broadcasts a message, the estimation error ¢! and the discrepancies y; — vj- and vf — y! are reset
according to (16), (22), and (21). As a consequence, the CTC (28) in Theorem 2 is no more satisfied.

6.2. Summary of the distributed event-triggered consensus algorithm

Results of Section 5 to 6 describing the proposed distributed event-triggered consensus approach are summarized
in Algorithm 1 for some Agent 7. This description is generic in the sense that all agents are controlled and trigger
communications in the same way. The main loop of this algorithm is repeated until it is stopped by some external
event.

7. Example

Consider a network of N = 5 agents with unstable dynamics taken from [8] described by the following state and
control matrices



Algorithm 1 Control algorithm for Agent ¢

% % Initialization
T =0,.
if 2(0) is known then
y' (0) <= (0)
for j=1..Ndo
if j € N then
v’ (0) + 2 (0)
end if
end for
else
for j=1..Ndo
v, (0) ¢, (0)
end for
01 (0) o (0)
Broadcast a message
9% Message received?
for j=1..N,j#ido
if a message is received from Agent j then
Update y* and T" as presented in Section 5.3.2,
W (1) 1 (8,).
end if
end for
end if

9 % Main loop
Measure z;

Evaluate y* from (14).
Evaluate v' from (19).

% Check communication triggering condition
if (5Z > pziTG)zi +mnatt=t;; then

Y; (tig) < @i (tik)

TZ (2) — ti,k A

v° (tz,k> — yz (t%k) A

Broadcast y* (¢;) and T".
end if

% Message received?
for j=1..N,j#ido
if a message is received from Agent j then
Update 4 and T as presented in Section 5.3.2,
vl (15) o7 (84):
end if
end for




0.48 0.29 —-0.3 2 0
A= 013 0.23 0 B=1| -15 1
0o -12 -1 0 1

Solving (3) with & = 1, one obtains

4.8436  5.4783 —1.1082
P = 5.4783  7.05614 —1.4299
—1.1082 —1.4299 0.3778

The network topology is linear with Laplacian matrix

1 -1 0 0 O
-1 2 -1 0 O
L = 0 -1 2 -1 0
0o 0 -1 2 -1
0o o0 0 -1 1

Each agent is assumed to know only its own state. The vector of initial states is

85067 1" 17367 17 [ —0.0340 17
z(0) = —0.6568 —0.1855 —0.4651
0 0 0
—0.7768 17 [ —0.6568 1"
—0.3803 1.5076
0 0

The simulation duration is T = 5 s. Euler integration with a step dt = 0.01 s is used. As the system has been
discretised, the minimum delay between the transmission of two messages by the same agent is set to dt. The
perturbation d (¢) is assumed of constant value over each interval of the form [kdt, (k + 1) dt[. The agent-specific
component of d (t) is s;(t) = [0, s;2(t), 0]” where s;5(t) is a zero-mean Gaussian noise with standard deviation o,
truncated at Sp.x = 05 such that [s; 5] = ||si]| < Smax. The common component of the perturbation is m (t) =
[0,m2 (t) ,0]7. Two cases are considered: a constant value my(t) = M., (see, e.g., Figure 5 (a)) or a zero-mean
Gaussian noise truncated at the standard deviation o,,, such that |ms| = ||m|| < My.x (Figure 5 (b)).

The parameters of the CTC are set as follows n = 0.1, ¢ = m, ¢y = 0.1, b; = 1.36, by; = 1 and p = 0.5. The
value of c is imposed, that of ¢, is taken from [8]. The other values are chosen to reduce the number of required
communications.

The proposed approach is compared to that of [8], evaluating in both cases the total number of messages broadcast
Nm < Ny = NT/dt. The residual communication ratio

N
Rcom - ].00_— (30)
N

m

of the number of broadcast messages is expressed in %. R..n indicates the proportions of time slots during which a
communication has been triggered. It should be as small as possible.
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Figure 3: Comparison between estimator (13) and new estimator (14) without perturbation. X,, = % Zf\il x;. Initial
state is known (Agent 1: magenta, Agent 2: green, Agent 3: black, Agent 4: blue, Agent 5: red).

7.1.  Without perturbation

Figure 3 compares the performance in terms of consensus error and number of satisfied CTC for each agent, consi-
dering both estimators (13) and (14). When the initial conditions are perfectly known by all the agents and there is
no perturbation, no communications are required when using the proposed estimator (14).

Figure 4 shows the results when each agent only knows its own initial state. When using the estimator (13) from [8],
a first communication is enough to initialize the estimates of all agents, since each agent only estimates the states of
its neighbours. With the proposed estimator (14), the CTCs are satisfied mainly at the beginning of the simulation.
The delayed flooding method allows then an update of the estimates of all agents. After a short transient regime, only
few communications are required.

7.2.  With perturbations

Figure 5 shows the evolutions of R, as a function of Sy,., for different values of M., when m (¢) is constant
(Figure 5(a)) and when it is described by a truncated Gaussian (Figure 5(b)). With the considered parameters, the
value of the upper-bound on S, introduced in Theorem 2 is Sy, = 16.17. With this value, the sufficient condition
is satisfied for the following simulations, and one observes that a consensus is always reached.

When the level of perturbation is low the number of CTC satisfied for each agent is less with the proposed estimator
(14) than with estimator (13). When Sy, or M., are large, the estimator (14) provides equivalent or even worse
performance in terms of CTC compared to (13). This is mainly due to the additional terms introduced in the CTC
(28).
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Figure 5: Evolution of R, as a function of S, for different values of M., when considering the reference
estimator (13) (dashed) and the proposed estimator (14) (plain).

7.3. Choosing n in the CTC

The parameter 7 in the CTC allows to reach a compromise between the disagreement with respect to consensus and
the reduction in the communication requirements. Figure 6 illustrates this compromise for

ne {01, 0.5, 075 1, 1%.25, 15, 1.75, 2, 25}



and different values of S, for the proposed estimator and that proposed by [8].

It can be seen that the proposed estimator outperforms that proposed by Garcia in terms of number of communi-
cations, while the order of magnitude of the consensus disagreement remains relatively close. Using the proposed
estimator Rcom can be significantly reduced which is not the case using the reference estimator of Garcia up to
Shax = 1.5, with which Rcom cannot be reduced below the value of 10.

Figure 6 provides some guidelines to select the value of 7 when communications constraints or when some bound on
the disagreement with respect to consensus have to be satisfied.
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Figure 6: Evolution of Rem and max; en (||z; —x;]|) for different values of 7 =
{ 0.1, 0.5, 0.75, 1, 1.25, 1.5, 1.75, 2, 2.5 } with the reference estimator (13) (dashed) and the pro-
posed estimator (14) (plain) for different values of S.... Each point corresponds to the mean value of 50
simulations.

8. Conclusion

This paper presents a distributed event-triggered communication technique to reach consensus in multi-agent systems
with a reduced need for communication compared to state-of-the-art techniques. To obtain this result, each agent has
to manage simultaneously two estimators of the states of the other agents in the network. The first provides an agent
state estimate of all agents, which does not necessarily coincide among all agents. The second estimator considers
only the neighbours of each agent and is less accurate but its value is constrained to coincide when two agents
are neighbours. Both estimators are used to trigger communications. Convergence to consensus has been studied.
Simulations have shown the effectiveness of the proposed estimators in presence of state perturbations when their
level is moderate.

Extensions of this work will focus on the case of a time-varying topology and influence of packet drops during
transmission of messages, and time delays in communications.
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A. Appendix

A.1. Consensus convergence

The system gathering the dynamics of all the agents is

i (t) = Az (t) + By (t) + d (t)
where z = [2] ... x%]T,Z =1y®AB=T (In®B1), By =L@ BF, 5= [y y*T ... yNT]T € RV is the
vector gathering the estimates of the states of Agents 1, ..., N performed by all agents. Define e = y — 2 € RV™.
A matrix T' € RY™*V*n ig also defined to extract, from vector §, all terms y,k=1...N:

Ty = T [le yQT o yNT}T
= [y Ty N

This matrix can be expressed as T = ((I N® 1%) o (1% ® 1 N)) ® 1,, with o the entrywise matrix product. One may
easily show that Ty (1y ® y) = y.

Define the candidate Lyapunov function : V' = 2TLz, with L = L ® P. Since the graph is undirected and P is
symmetric, L and L are symmetric and

Vo= 2(o"L (Ax+ Bj) +d" (1) Ix) (31)

Define V; = 22T (Zm + B;&). The next section will show that V; is upper bounded by 27 Lz. Then introduce

Vo = a7 La +2d7 (t) Lz, where one reminds that T, = ZAC + ACT/L\ and A, = A + B;. An upper bounds for V5, also
evaluated in what follows, is then used to upper bound V.

A.1.1. Upper bound for Vi: Let A;; = y! — yi and define A (t) = [AT} (t) AL (¢) ... ALy 1 (1) ALy (t)]T €

i

RN*" Note first that § = 1y @ y + Aand é = 1y ® e + A.
Vi = 227 L (quLBQ)
— 27T (Zx+é(1N®y+A)) (32)

Since B=T (Iy®B1), B =1L @ (BF),and T (1y ® y) = y, one obtains

B(ly®y) = T (In®B1)(In®vy)
T (Iy® (Biy))
= Ely

16



and
V, = 22T L (Xm + Ely) 1+ 2:TTBA.
Consider _ o o
Vip = 2271 (A:U + Bly)

and ‘ L
Vis = 22T LBA.

The expression of VH can be found in [8], where it is shown that VH =T Lx + vazl (52- — zZT @izi) with

6 = 2(cy—c) Nzl PBBT Pe! +

Cy — C

i

3 . ,
+cN; (N — 1) (bi + b-)} e PBBT Pe!.

Using the expression of B and By, and the fact thate = y — z, Vlz may be rewritten as
) ~ T
Vie = 2 (L (y — e)) T(Iy ® (e L @ (BF))) A.

Using the property of 7',
aBE Y e, (A — Ag)
T(Iy®(aLl® (BF))A= :
ciBF Zke/\/N (ANN - ANk)

Since A;; = 0, L=1L ® P, and F' = — BT P one may rewrite ‘712 as

Vo = Clilz (vi—v))" (~PBB"P) }_ (~Au)

i=1 |LjeN; keN;

Y (¢ —€)) (~PBBTP) Y (—Ay)

JEN; keN;

One may rewrite Y.\ (vi — v, )T as
Do i-w) = X Gyt i)
JEN; JEN:

= le—i—ZAJTz

JEN;
Inserting this expression in (37) and defining M = PBBT P, one gets

N

V12 = Clz ZfMZAik+Z(Aji)TMZAik

i=1 kEN; JEN; keEN;

“NETMY T A+ > ETM Y Ay

keN; JEN; keN;
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(38)



Using 27 y <5 L ;L To + 2y Ty for any b; > 0, one obtains

Z (Aji)TM Z Ay, = Z Z )T MA,
JEN; keN; JEN; kEN;
bi1
< T il AT
< Z > [2 ZlA MA; + AkMAzk}
JEN: keN;
1 bi1
< N || =— 4+ = | AZMA;;
B Z {(2511 * 2) Y ]}
JEN;
and
IELTD IV 3 ST
JEN; kEN; JEN; kEN;
b;
< 2N [+ patara
JEN; kEN;
b;
< YN [%e;TMe + - ALMA, }
JEN;
Using these upper bounds in (38), one gets
N
Vie < clz[( — Niel) MZAUMLNZ(% )
i=1 keN; JEN;
b;
T T T
xALMA; + > N {%e; Me}+ SAGMA, ] .
JjeEN;
Choosing b;; = 1, one gets
N
’ ? zT
‘/12 S CIZ[(zi MZAzk+2b zMe
i=1 keN;
b;
+Y N, (1 + 5) ATMA;| . (39)
JEN;
Inserting (39) in Vi and one obtains
. N —
Vi <a2TLx+ Z (5Z — UZ,L»T@Z-zi) ,
i=1
where
_ N
0 = "M — —ei" Me;
‘o [( S () + okerrage
JEN;
( )NZ( (v = v))" M (vl =) |+ (40)
JEN;
Since L is semi-definite negative, Vl < 01if, for 7,5 = 1...N, the communication events are triggered when

6 > pzl'Oz with0 < p < 1.
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Remark 3. With §; > pz!'©z; and no perturbation, V; (¢) converges asymptotically to zero. In order to reduce the
number of broadcast communications, a threshold 7 can be introduced so that 6; > pz! Oz; + 1.

A.1.2. Upper bound for V: Assuming that there is no perturbation, one is now interested in bounding ||z; — ;|
when the CTC (28) is satisfied.

First note that 27 Lz > 0, s0
2T L < Apax <L> 2T
and that 7Lz < 0, so
7 =\ .7
—2° Lx > Apinso (—L) T .
Combining these results, one obtains

1 — 1
T Le—— — <aTo < —2"Lp— ———

)\max (Z) /\min>0 (_L)

and thus

where [ = —/\/\>0((Z_>L )

With the triggering condition defined in Theorem 1, one obtains

N
=1

< —pBV(t)+ Nn (41)
from which one deduces that V (t) < V (0) e ! + % Consequently,

lim V () < Al

t—o0 - B (42)

V' (t) may be rewritten as

As the graph is undirected, V' (¢) becomes

V() = % Z (z] Px; — 2] Pxy + xf Pay,)

1 N
= > ) Pla— ). 3)



Since the graph is connected, each term (z; — a:k)T P (z; — zy) appears twice in (43). Thus, from (42) and (43), one
has

: Nn
Jm V() < =
,}EEOZ Z s — kl|* Amin (P) < 5
i=1 keN;
. 2 N
VE €N, lim [lz; —a]” < B (P) (44)

The graph is connected, thus for any pair of agents (i, j), there exists a path between them linking neighboring agents,
the indexes of these agents are k1, ko,...,k,, and

s =yl <l =+ e, = - i, =
< N — x| 45
= N e @)

Combining (44) and (45), one gets
V(i,j) €N, i 2 o N
(i,7) €N, tgglOH%—%H S m

The perturbations terms do not appear in &; and ©;, but they impact the estimation error and the communication
triggering frequency.

A.1.3. Upper bound for V,: Since L1y = 0 one has
and one deduces
V2 = 22TLd+ 2" TLx

= 20" (L@ P)(Iy®m+s)+a' La
= 22"Ls+ 2" La.

Let Va; = 227 Ls and Vay = 27 L. Then, considering a sequence of b; > 0,7 = 1,..., N, one has
' N
Vv21 =9 Z <Z (ZL’Z —l‘j)TPSZ‘>
=1 \jeN;

VAN
o)
]~
VR
| S
=
8
<
S
|
5
8
<
+
[N}
&
©
|
e
N
~~_

(bi (z; — x;)" P (2 — ;) + %Am (P) anax> : (46)

IA
™M= -



To bound Vas, using the expression of L, one gets
Voo = 2’ [L@ (PA+ATP) — (LL)® (2aPBB"P)] z
Since M = PBBTP and L are symmetric semi-define positive matrices, one obtains
T (LeMz = " (Ivo (B'P)) (Lo l,) (In® (B"P))
— 2T (Iy® (B"P)) UTAU (Iy ® (B"P)) x

where A is a diagonal matrix with elements A; = \; (L ® I,,), i = 1... Nn, and U is the matrix of corresponding
eigenvectors.

Introducing ¢ = U (Iy ® (BT P)) z, one obtains
T (LeoM)z = ¢"Ag
Nn
= Y Ggh(Lel)
i—1

1

<
o )\min>0 (L ® In)

Nn
Z G (L® 1)
=1

Since Myin>0 (L ® 1) = Amin>0 (L) Aminso (In) = A2 (L), one obtains

1
2T (Lo M)ax < Tp2
( Jr < Nt M
1
< 3 (L)xT (Iv ® (BTP))" (LL) @ L,) (I ® (BT P)) «
2
< L ((LL) ® M)
T xr
(D)
and thus
—2" (LL)®@ M)z < =Xy (L) 2" (L® M) z. (47)
Injecting (47) in Vs, one gets
‘./22 = $T[_JZL‘

= 2’ [Le (PA+A"P) —2¢; (LL)®@ M|«
< 2" [L® (PA+A"P —2c; M)y (L))]

Reminding that ¢; = ¢ + ¢y and ¢ = m, one gets
: 1
Vs < 2T |L® (PA+ATP —2 (— +02> M\, (L))} T
A2 (L)
< 2" [L® (PA+ATP —2M — 2, M)y (L))] .

Using (3), one obtains .
Vay < 27 [L ® (—2aP — 2c30 (L) M)] x
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and using (43), VQQ becomes

Vo < Z Z [ - mj —2aP — 2co)o (L) M) (x; — :13])]

=1 jeN;

Since VQ = Vgl + ‘722, combining (46) and (48), one gets
' N
no< Y (Z (i = 25)" (b = @) P = e (L) M) (i — ;)|
i=1 \jeN;

N;
+7)‘ma><< )SIZnaX) :

One now searches a condition on S, to ensure that V5 is decreasing. Having Vs < 0is equivalent to
i=1 i=1 jEN;
Sufficient conditions to satisfy (50) are for: =1,..., N
N;
T A (P) 2 € 3 [ — ;)T ((a = b)) P+ e2)a (L) M) (2 — xj)} .
v JEN;
Each inequality (51) is satisfied if the following condition holds
N 7 2 T
e (P) St < (@ =) (i = 2) (@ = b)) P+ eada (L) M|
! JEN;

with || M| = max;—1., (|A\; (M)]). This provides an upper bound for S,

bi [[(ov = b;) P+ coAg (L) M|
Srznax S Z HJJZ 2
JEN; )\max (P) Nz
Using (44) in (52), one gets
g2 bi|[(a —b;) P+ ca)a (L) M| NN??

max — /\max (P) N

bz’ ||(Oé )P+CQ>\2 MH
)\max mm
Smax S \/a HCQ}\Q MH\/

Smax

IN

Choosing b; = «, one obtains

i(]g—:xm( m> ZZ[ c— )7 (@ = b) P+ eado (L) M) (i — )]

(48)

(49)

(50)

S1Y)

(52)

(53)

Using (53) in (49), one finally gets V2 < 0, which leads to 14 < 0. The system converges thus to a bounded consensus.
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A.2. Proof of Theorem 2

Starting from (39) in Appendix A.1.1, one has

N
. N;
Via < clz MZ —yl —1—%62”\/[6
i=1 JEN;
b;
+ (1 + 5) N Y (ATMAy) | .
JEN;

Expressing A;; as A;; = yf — vf + Uf — y! in (54), one gets

N
G < 0y [( N MY (= o)

JEN;

—Ne)TMZ(vf—yf)

JEN;

+&6?TM631 + (1 + %) N; Y (AT MA)
JEN;

Using xy < —x T+ beTy, with b;, > 0,

MZ (U — ) +%62TM6
JEN;
b;
+ (1 + 5) N; Z (ALMA;)
JEN;
Let
Vi2a Z 3/ —'Ug) M Z (yf - Uf)
i=1 jEN; JEN;

N
Vi = 32 (AGMAy)
i=1 jEN;
Both terms are upper-bounded in what follows.

Upper-bound for V;,: Using oy < 1 x T+ 2y Y, Vi2e can be upper bounding

(54)

(55)

(56)

(57)



As the communication graph is undirected, one gets

N
Vi < D0 N - e)" M (5 ). 8
i=1 jEN;
Upper-bound for Vm: Introducing Uf in Vmb,
= (z (v )" M (4] o)
=1 \jeN;
+ 3 (W =) M (o] — )
JEN;
+23° (yf—vf)TM(vf—yf)> (59)
JEN;

Using again zy < sz7z + 1y”y one has

23yl —v))" M (v] - )

jex,
< > (W) M (gl - )
JEN;
+ 57 (o =) M (v] — i)
JEN;

Injecting this expression in (59) leads to

As the communication graph is undirected, one gets

N
Vi < 2(22 (4 — o))" M (] — o)
=1

JEN;

12y (o —yl) M (o] - yf)) (60)

JEN;
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Upper bound for Vig Finally, combining (58) and (60) in (56), one obtains

N
Vie < @ Z l2;2 (Zi — Nieé)T M (Zq, = NiGZ:)
i=1 v

bi i i\T i i
+72 Z Nj (y; —v;)" M (y; —v;)

JEN;

) j i N; i i

(s Nie) MY (o =) + el M
JEN;
bi j i j i
+2 (1 + E) Ni Z [(Uf - yi)TM (Ui — yz)
JEN;

+ (=) " M (=) ] (61)

The upper bound for Vi becomes

N
Vi <aTLx+ Z (51 — pziT@izi)
i=1
with &;, p and ©; as expressed in Theorem 2.

As a consequence, if, for 7, 7 = 1... N, the communications are triggered when Si > pz;f ©z;, then V1 < 0. The rest
of the proof is identical to the one of Theorem 2.

A.3. Proof of absence of Zeno behavior

Two cases are considered: D,.x = 0 and D, > 0. Consider first the case with no perturbation (Dy,,x = 0). In
this case, the estimate error ¢} vanishes. Moreover, since the initial states are assumed to be known by all agents,
y' (t) =y’ (t) = v* (t) forall (i, j) and for all ¢ > 0. As a consequence, the discrepancies y; — v} = 0 and v} —y; = 0
for all (4, j) and for all ¢ > 0. No communication will be triggered, which excludes the possibility of a Zeno behavior.
Consider now the case with D ., > 0 and let us proove the absence of Zeno behavior. To do so, let us show that the
inter-event time ¢; 5,1 — ¢; 1, 1s strictly positive.

As the CTC (28) mainly depends on ¢, we begin by studying the time derivative of this error. From the definition of
¢! and by remarking that u! (t) = ! (t), it can be expressed as

éé = yf — &
= (Ay; + Bii; (1)) — (Az} + Buj + d;)

Then, it can observed that the derivative of ||e!|| satisfies

gl = S

dt €3]

d L i

E Hez” - He;“ezT (Aez‘_dz’)

d i 1 i||2 i

i ei]| < Terl <||A|| llex]|” + ||et]] Dmax>

d, ., ;

% Hel” < HAH HeZH + Dmaxu (63)
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Solving the differential equation (63) leads to

Dmax
1Al

ef]| < elAnle=tin) (64)

for t > t;; with « a constant. Remind that the error ¢! is reset to zero when a message is broadcast by Agent 1,

so|l€? (tix)|| = 0. This is used to identify the value of o = ’ﬂx‘l", and to obtain then the general solution of (63) for
£ >t
, D
i All(t—tir) max
el < (ebt-e 1) ©

From the CTC (28) a new communication will be triggered when Si = pz! Oz + n. Introducing
a new communication is hence triggrered when

6 + el Melb; = pzl 0241 (67)

and one has

Si—{—)\maX(M)HemZBi > pzl Oz +1
) 1 <
leill* = m(ﬂzf@%—tsﬁn) (68)

since Apax (M) > 0 and b; > 0. Using (68) along with (65) evaluated at time t; k+1, where the CTC is satisfied,
allows to obtain

2
lAN(tisn—tin) — 1) Dinax S 1 o, _§ o
(6 ) ||A|| = )\—max (M) b; (PZZ Zi i T n) . (69)

Considering the following two assumptions.

Assumption 1: ¢; ;.1 = t;, According to (16), (22), and (21), 52 = 0 att = ¢; . As a consequence, the CTC (28)
in Theorem 2 cannot be satisfied, which contradicts the considered assumption.

Assumption 2: t;;.; > t;;, According to (62), for all ¢ € |t;,t;x1[ one has |t (¢)|| > 0. Since ef Mel >
[l ]| Amin (M) and using the fact that Ay, (M) > 0 since M = PBB” P is symmetric positive, one deduces that
e Met > 0 forall t € |t;x,t; x+1[- This expression and (66) imply d; < d; and

(pziTG)zi — 0+ 77) >0 (70)

Then using (70) and <6”A”<ti*k“_t““> - 1) > () in (69), one gets

AN (ti k1 —tig) _ Dinax > ; TOs — 5
<e 1) ] = - (pzZ Oz — 0; +77).
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In presence of perturbations, D, > 0, thus

2
Bt —tin) > 1 1AI” TO. i
¢ z 1t )\max (M) szZ ([)Zz Zi it n)

max

1 jAI° :
S VT +\/ Do () 5.3 (P4 07041 oy

max

Since (ple Oz — Si + n) > 0, from (71), one deduces that ¢; 1 — ¢; > 0, which excludes the possibility of a Zeno
behavior.
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