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Improved Transients in Multiple Frequencies
Estimation via Dynamic Regressor Extension and
Mixing
Stanislav Aranovskiy?, Alexey Bobtso¥, Romeo Ortegg Anton Pyrkir?

Abstract

A problem of performance enhancement for multiple freqienestimation is studied. First, we consider a basic gnadie
based estimation approach with global exponential coeverg. Next, we apply dynamic regressor extension and miricfgnique
to improve transient performance of the basic approach asdre non-strict monotonicity of estimation errors. Siatiain results
illustrate benefits of the proposed solution.

I. INTRODUCTION

A problem of frequency identification for sinusoidal signattracts researchers’ attention both in control and sfgoaessing
communities due to its practical importance. Indeed, feaqy identification methods are widely used in fault detecfystems
[1], for periodic disturbance attenuatidn [2]] [3], in n&egoplications[[4] and so on.

Many online frequency estimation methods are currentlylabvie in literature, e.g. a phase-locked loop (PLL) pragbs
[5], adaptive notch filters[[6],[]7]. Another popular appecbais to find a parametrization yielding a linear regressiadet,
which parameters are further identified with pertinentreation techniques, selel [8]=[10]. However, the most of enfirethods
are focused on stability studies and local or global cormecg analysis; transients performance is not usually deresi and
is only demonstrated with simulations. On the other hand well-known that many gradient-based estimation metlezas
exhibit poor transients even for relatively small numbeesfimated parameters, the transients can oscillate ordisptay a
peaking phenomena. A method to increase frequency estmpérformance with adaptive band-pass filters was propiosed
[171] but for a single frequency case only. Thus, the problémesformance improvement for multiple frequencies estioma
remains open.

A novel way to improve transient performance for linear esgion parameters estimation was proposeldin [12]; theoappr
is based on extension and mixing of the original vector regjom in order to obtain a set of scalar equations. In thiepe
apply this approach to the problem of multiple frequenc&stion. It is shown that under some reasonable assunsgpiod
neglecting fast-decaying termson-strict monotonictgan be provided for estimates of parameters avoiding anjlaiscy or
peaking behavior.

The paper is organized as follows. First, in Secfidn Il a ipldtfrequencies estimation problem is stated. A basic otkth
to solve the problem is presented in Sectiom Ill. Next, int®adlV] we consider dynamic regressor extension and mixing
(DREM) procedure and apply it to the previously proposedhmet lllustrative results are given in Sectioh V and the pape
is wrapped up with Conclusion.

Il. PROBLEM STATEMENT

Consider the measured scalar signal
N

u(t) = Z A; sin(w;t + ¢;), 1)
=1
wheret > 0 is time, A; > 0, ¢; € [0,27), andw; > 0 are unknown amplitudes, phases, and frequencies, reaggcti
i€ N:={1,2,... N}, N is the number of the frequencies in the signal.
Assumption 1:All the frequenciesv;, ¢ € N, are distinguished, i.e.
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Remark 1:The signal[(ll) can be seen as an output of a marginally statgarl signal generator
#(t) =Tz(t), 2(0) =z € R?,
u(t) = Hz,
wherel’ € R2V*2N and H € R'*2¥, The characteristic polynomial of the matiikis given by
Py(s) := PN 402V 24 On_1s® + O,

where the parameters are such that roots of the polynomig)(s) are +iw;, wherei := /—1, i € N. Obviously, given a
vector := col(6;) € RY, the frequencies can be univocally (up to numerical proceslaccuracy) defined, anice versa
Thus, in many multiple frequencies estimation methods #&or6 is identified instead of separate frequencies values. In our
paper we follow this approach and assume that the frequeacéeestimated if the vectéris obtained. The problem afirect
frequency identification is considered, for example,[in][13

Frequencies Estimation Problerfihe goal is to find mapping® : R x R! — R! and© : R! — R", such that the following

estimator
X(t) = \IJ(X(t)’ u(t))v (2)
0(t) = O(x(1))-
ensures
lim |6(t) — 0] = 0. 3)

t—o00

IIl. A BASIC FREQUENCIES IDENTIFICATION METHOD

In this section we consider a multiple frequencies estiomathethod, proposed i [14] and further extended_id [15]].[16
This method is based on State-Variable Filter (SVF) apgrpsee [[177],[[18].
Lemma 1:Consider the following SVF

§(t) = AL(t) + Bu(t), (4)
where¢ := [¢1(1), &(t), ... &n()]',
0 1 0 0 0
0 0 1 0 0
A = I B = I
0 0 0 1 0
—ap —ap —a2 ... —A9N-1 aq

a;, i € {0,2,...,2N — 1}, are coefficients of a Hurwitz polynomial

a(s) = 2N 4 aon 182N+ ais + ag.
Define
. 2N
y(t) = —&n(t) = Y a;i1&(t) — agul(t). (5)
i=1
Then the following holds:
y(t) = ¢ ()0 +=(1), (6)
where .
o(t) == [Can—1(t), Ean—s(t), ... &(t) &(t)] (7)

0 is defined in Remarkl1, andt) is an exponentially decaying term.
The proof is straightforward and follows the proof preserite [16].

Using LemmdL we can propose a multiple frequencies estimato

Proposition 1: Consider the signal{1) satisfying Assumptldn 1, the SMF éid the signalg(¢) and¢(t), defined by[(b)
and [7), respectively. Then the estimator

0(t) = Kop(t) (y(t) — &7 (10(2)), ©)

where Ky € RV*N, K, > 0, ensures the goal](3). Moreover, the estimation eff@j := 6(t) — 0 converges to zero
exponentially fast.



Remark 2: The proposed estimator can be also written in fdrin (2) as gtement of time is omitted):

X = col(§,é),
_ [ A+ Bu_
w0 = oot )
O(x) :=9.

Sketch of the proofThe proof of Propositiofll follows the proof given in16]. i&iituting [®), it is easy to show that the
estimation errod(t) obeys the following differential equation

0(t) = —Ko(t)o" (H)0(t) + e(t), )

wheree(t) := Ky¢(t)e(t) is bounded and exponentially decays. Since sidnal (1) stsnsf N sinusoidal components with
distinguished frequencies, the vect(t) satisfiespersistant excitatiorcondition [19], that is

t+T
/ 6(s)0" (s)ds > o1,
t

for someT,d > 0 and for allt > 0, which will be denoted a(t) € PE. Thus, the linear time-varying systef (9) is
exponentially stable and R
lim |0(¢)| = 0.

t—o0

The estimation algorithni8) ensures global exponentiaveogence oﬁ(t), but do not guarantee performance transients. It
is known from practice that folV > 2 behavior of the estimatof](8) becomes oscillatory and cdnibéxpeaking phenomena.
However, these limitations can be overcome with DREM teghaipresented in the next section.

IV. ENCHANCING THE BASIC ALGORITHM VIA DREM PROCEDURE

In this section we first present the DREM procedure proposddd], and then apply it to the basic frequencies estimation
algorithm studied in Sectiop ]Il

A. Dynamic Regressor Extension and Mixing
Consider the basic linear regression
p(t) =m' (t)r, (10)
wherep € R andm € R? are measurable bounded signals and R? is the vector of unknown constant parameters to be
estimated. The standard gradient estimator, equivale@)to
P(t) = Krm(t)(p(t) —m" (£)F (1),

with a positive definite adaptation gaik, € R?*? yields the error equation

#(t) = —K,m(tym' (t)7(t), (11)

wherer(t) := 7#(t) — r is the parameters estimation error.
We propose the following dynamic regressor extension andnigpiprocedure. The first step in DREM is to introduge 1
linear, £..-stableoperatorsH; : Lo — L, i € {1,2,...,q— 1}, whose output, for any bounded input, may be decomposed

as
()5 (8) = [Hi ()] () + €1,

with €, is a (generic) exponentially decaying term. For instanbe, dperatordd; may be simple, exponentially stabld|
filters of the form N
4

Hi = )
®) p+ B

with «; # 0, 8; > 0; in this casee; accounts for the effect of initial conditions of the filte®snother option of interest are
delay operatorsthat is
[H:()](t) == ()(t — i),

whered; > 0.
Now, we apply these operators to the regressor equafidntg1g@t the filtered regressﬂ;n

pr(t) = m(t)r.

1To simplify the presentation in the sequel we will negleat ¢h terms. However, it is incorporated in the analysis and mrag¥en in [12].



Combining the original regressor equatignl(10) with the 1 filtered regressors we can construct the extended regressor
system

Re(t) =M. (t)r, (12)
whereR. € R? and M, € R?*7 are defined as
p(t) m! <(t>)
P 1(t) my, t
Rt)= | "y = | (13)
a1 (1) mi  (t)

Note that, because of th&,.—stability assumption off;, R, and M, are bounded. Premultiplyin§{112) by tlejunct matrix
of M. we getq scalar regressions of the form

Rl(t) = ’lﬂm (t)T‘i (14)
with i € §:={1,2,...,q}, where we defined the determinantif, as
u}m(t) = det{Me(t)}a (15)
and the vecto? € R4
R(t) = adj{ M.(t) } Re(t). (16)
Proposition 2: Consider thei—dimensional linear regressidn {10), whete) andm(t) are known, bounded functions of time
andr € R?is a vector of unknown parameters. Introdgeel linear, £ ,—stable operatord; : Lo, — Lo, ¢ € {1,2,...,¢—1}
verifying (IN=A). Define the vector?, and the matrix)M, as given in[(IB). Next consider the estimator
Pi = kithm (£) (Ri(t) — Y (t)F3), i € q, 17)
wherek; > 0, ¥,,,(t) and R(t) are defined in[(25) and{1L6), respectively. The following licgtions holds:
’(/Jm(t) ¢ Ly — tlim fl(t) =0, Vi €q. (18)
—00

Moreover, if ¢, (t) € PE, theni;(¢) tends to zero exponentially fast.

Remark 3:1t is well-known [19] that the zero equilibrium of the lineime—varying systeni (11) is (uniformly) exponentially
stable if and only if the regressor vectan(t) € PE. However, the implicatio (18) proposes a novel critefir assymptotic
convergence which is not necessary uniform §ox(t) ¢ PE. This criterion, namely),,(t) ¢ L, is established not for the
regressomn(t) itself, but for a determinant of the extended mathik, and do not coincide with the condition(t) € PE.
For more details and illustrative examples [12].

Remark 4:It is easy to show that error dynamics is given by

Pi(t) = —kipn, ()7 (t).
It follows that all the transients ameon-strictly monotoni@and do not exhibit oscillatory behavior.

B. Applying DREM for frequencies estimation

Following the proposed procedure we introdu¥e— 1 linear, £..—stable delay operatofs?;(-)]|(t) := (\)(t — d;), i €
{1,2,...N — 1}, whered; > 0 andd; # d; for i # j, and defineN — 1 filtered signals

19
w1 ) = ylt — di). ()
Next coupling these signals with(¢) and ¢(t) we construct
AL
t t
Yo(t) = yfi( . " (20)
Yrna (1) Pl (1)
whereY.(t) is a N x 1 vector and®.(¢) is a N x N matrix. Defining
g (t) = det{P.(t)} (21)

and
Y (t) = adj{®c(t)}Ye(t), (22)



we result with a set ofV scalar equations
Yi(t) = ¥o(t)0;.
Next the basic differentiatof8) is replaced with

0i(t) = 7o (t) (Yi(t) — ¢o(t)0(1)), (23)
wherevy; > 0,7 € N.

Following the Propositiof]2 and Remdrk 4, we are now in posito establish the main result.

Proposition 3: Consider the signal[{1) and the SVH (4). Defipe) and ¢(¢) as [B) and[{7), respectively. Choode— 1
parametersl;, i = {1,2,..., N — 1} and compute¥,(¢) and ®.(¢) as [19)I(2D). If the parameters are chosen such that
Ye(t) & L2, Wherey,(t) is defined in[(2L), then estimation algorithin](23) witl{t) defined in [2R) guarantees fore N

o limy,o0 |0;(t) — 0;] = 0;

« 0;(t) is non-strictly monotonic an¢f; ()| is non-increasing.

Moreover, ify4(t) € PE, thend;(t) converges td; exponentially fast.

The main novelty of Propositidd 3 in compare with the basjmethm given in Propositionl 1 consists in guaranteed rtonts
monotonicity of the transientéi(t). Obviously, the second statement of Proposifibn 3 is onlidweeglecting exponentially
decaying terms in SVF transients, namely) in (6). However, these transients depend on our choice of ®¥fix A in (@),
and, practically, are significantly faster then the estiomaprocess.

V. AN EXAMPLE
As an illustrative example we consider the cdée= 2, i.e.

u(t) = Ay sin(wit 4 1) + Az sin(wat + p2). (24)

First we are to choose the tuning parameters
o SVF (4) with the characteristic polynomial of the matrix

a(s) = (s+ /\)4 ,
where\ > 0;
« the linear delay operatdi (-)|(t) := (-)(t — d1), whered; > 0;
« the tunning gainsy 2 > 0.
Next we construct)(t) = [&3(t), &1(8)] T, ¢p, (1) = d(t — dy), y(t) as [B),yys, (t) = y(t — d1), and the matrices

&(1) &1 (t)
2:{t) = &af-«h> 5mt—dﬂ]’ .

v = aaite.o) [ V)]

Applicability of the DREM procedure is stated in the followi proposition.

Proposition 4: The condition -

dy < (26)

max{wi,ws}

is sufficient to ensuréet{®.(t)} ¢ Ls.

Remark 5:The condition [(2B) is not, actually, restrictive, since iramy practical scenarios it is reasonable to assume a
known upper bound, i.€5 > w; Vi € N. Then [26) is satisfied foi#; < nw—!.

Proof 1: Neglecting exponentially decaying terms, for the stateS\6F we have

51 (t) = Bl sin(wlt + (/_71) + B2 SiD(QJQt + (/_72),
&3(t) = — (w%Bl sin(wit 4 @1) + w3 By sin(wat + @2)) ,

where the paramete8; » > 0 and¢; » € [0,27) depend on the choice of and parameters of the signal{24).
Define the function

t
1) ;:/ (det{®. (s)})? ds.
0
Tedious but straightforward trigonometric computatioredd/
I(t) = Clint + Cper (t) + Cy,

where thelinear term is ]
Chin = iBfBg(wf —w2)? (1 = cos(dywy ) cos(diwa))
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Fig. 1: Transients of the basic estimatft (8) for the input sighd) (@ith A = 5, K = [0 3}
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Fig. 2: Transients of the estimator with DRENI{23) for the input sih@4) with A\ =5, d; = 0.3, v1 = 2 = 0.1.

Cher(t) is a bounded periodic term ardd, is a constant. The conditiaiet{®.(t)} ¢ L. is equivalent tdl (t) — oo ast — oo,
that is satisfied ifC;;,, # 0. Noting that
|cos(diw;)] <1, i =1,2

follows from (28) and recalling Assumptidd 1 complete theqdr

It is worth noting that conditiorC;;,, # 0 implies thatd; is not a period of the signalg(t), &;(t), or a half of period if
the signals have half-wave symmetnft — dy) # +u(t); otherwise the matrixp.(¢) is singular for allt > 0. The inequality
(28) guarantees that; is smaller then a have of the smallest period among sinulscasaponents with the frequencies »;
it is sufficient but conservative estimate.

The both estimator$8) and (23) were simulated for the isgral

u(t) = 1.2sin(2¢ + g) + 2sin(3t + 9 27)

with the following parameters

e =5 K = 300 g for the estimator[{8);

o A=05,d; = 0.3, 71 = v = 0.1 for the estimator[(23).
Zero initial conditions are chosen for the both estimatér§) = 0, that impliesf(0) = —0 = —[13, 36]. To separate
transients of the estimator and of the SVF both the estimatoe turned on at= 5 seconds.

Transientsd(t) of the estimator{8) are presented in Eig.1, while transiéftt) of the estimator{{23) are presented in Eig.2;
note the difference in gain& and~; > and in transient time. Transients of the estimalod (23) with- 5, d; = 0.3 and
different valuesy; » are given in Fig[B and illustrate the impact of the gains.
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Fig. 4: Transients of the basic estimatbi (8) for = 3 with A = 25, K = .
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We also present simulation results faf = 3 and ¢ = [38, 361, 900]" with zero initial condition, SVF[{}) withu(s) =
(s+\)°® andl = 25, and start time = 2 seconds. The transients » 5(¢) are given in Fig[ ¥ for the estimatdr](8) with

240 0 0
K=|0 40 0],
0 0 10

and in Fig[5 for the estimatof (23) witly, = 0.2, do = 0.5, 71 = 72 = 73 = 10~?; note the difference in time scales.

VI. CONCLUSION
The problem of transients improving for multiple frequesgcestimation was considered. The dynamic regressor éatens
and mixing (DREM) procedure, which allows to translate thiginal vector estimation problem to a set of scalar sulblmms,
was successfully applied to enhance the basic estimatgoritim; as a benefit of this translation the non-strict ntoniity
can be ensured. Significant transients improvement istridltesd with simulation results.
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