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Uncertainty Analysis of a 2-DOF Planar Parallel Robot by means of
Fuzzy Dynamic Approach

F. A. Lara-Molina1, D. Dumur2 and E. H Koroishi1

Abstract— This paper aims at analyzing the effect of uncer-
tain friction in the active joints of a 2-DOF planar parallel robot
using a fuzzy dynamic approach. The uncertain parameters
of friction are modeled as fuzzy variables and the dynamic
response of the robot is computed by using fuzzy dynamic
analysis. The dynamics of the robot under uncertain friction
including a computed torque position controller is analyzed.
Numerical simulations illustrate the proposed methodology in
order to describe and quantify the effect of uncertain frictions
on the dynamic performance of the parallel robot.

I. INTRODUCTION

Parallel robots are unavoidably subject to uncertainties.

The main sources of uncertainties include various aspects

such as manufacturing limitations and assembling tolerances

of the mechanical parts, noise in the sensors, and unmodeled

dynamics in the control system. Furthermore, in several ap-

plications, the robots operate with different values of payload

to perform a specific task (e.g. pick and place robots).

Despite uncertainties, the parallel robots should be able

to execute diverse tasks with high accuracy and repeatability

which requires high reliability (e.g. robots used in medical

applications). Therefore it is necessary to analyze the effects

of uncertain parameters on the dynamic response in order

to observe the behavior of the parallel robots under these

conditions.

Several methodologies have been used to analyze uncer-

tainties in robot manipulators. The stochastic approach has

been widely applied to study the effects of uncertain param-

eters on the behavior of robot manipulators. In agreement

with this approach, the effect of tolerances associated with

the manipulator parameters on the reliability was studied

[1], [2]. Moreover, Polynomial Chaos Theory was applied to

study the effect of uncertain inertia and payload on SCARA

robot dynamics [3].

Additionally, an approach based on fuzzy dynamic anal-

ysis has been applied to study uncertain parameters in a

two-link planar robot manipulator [4]. The aforementioned

approach is suitable when the stochastic process that governs

the uncertainty is unknown; thus uncertain parameters are

modeled by means of fuzzy variables [5]. This contribution

aims at applying the fuzzy dynamic analysis in order to

analyze and quantify the effect of uncertain parameters
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modeled as fuzzy variables in the dynamic response of

parallel robots, specifically, a 2-DOF planar parallel robot.

According to the previous discussion, it is necessary

to analyze the dynamic response of parallel robots under

uncertain parameters, i.e., to analyze how the robot dynamics

is affected by uncertain friction in the joints, and thus to

quantify these effects into the dynamic response of the robot

by using straightforward numerical methods. Moreover, it is

necessary to evaluate the effect of these uncertainties in terms

of position accuracy of the parallel robots.

In this contribution, the dynamics of a 2-DOF planar

parallel robot with fuzzy uncertain friction is analyzed. The

simulation of the robot under uncertainties is performed

by means of a numerical method based on fuzzy dynamic

analysis. A computed torque control scheme is analyzed

under fuzzy uncertainties. The remainder of this paper is

organized in five sections sections. After the introduction,

section II introduces the parallel robot model and the tracking

position control scheme. In section III, the fuzzy dynamic

analysis is presented. The numerical results are shown in

section IV. Finally, the conclusions and further work are

outlined.

II. ROBOT MODELING

The 2-DOF planar parallel robot has two kinematic chains.

Each kinematic chain includes an active or actuated joints,

denoted as θai, a passive or free joint, denoted as θpi for

i = 1, 2, and two links. The geometry planar parallel robot

is defined according to Fig. 1. The active joints are rotational

and they are located at points Ai with Cartesian coordinates

(xai
, 0)T , for i = 1, 2. The passive joints are rotational and

they are located at the points Bi. The length of the links

are defined by l11, l12, l21 and l22. The end effector of the

mechanism is located at P where its position is defined by

the Cartesian coordinates (xp, yp). Additionally, the fixed

reference frame O is defined in the middle of A1A2.The

gravity acceleration acts perpendicular to the plane xy within

the manipulator works.

A. Dynamic of the Kinematic Chain

The modeling of each single kinematic chain is analyzed

separately in order to simplify the total formulation of the

dynamics of the robot. The dynamic equation is obtained by

means of the Lagrange formulation presented in the Eq. (1).

This approach takes into account the kinetic and potential

energies of the mechanism according to [6].

τ i − fi =
d

dt

(
∂Li

∂θ̇i

)
− ∂Li

∂θi
(1)



Fig. 1: The 2-DOF Planar Parallel Robot

where τ i = (τai, τpi)T is the vector of the joint torque,

fi = (fai, fpi)T is the vector of the active and passive joint

friction, θi = (θai, θpi)T is the vector of joints for each i−th
kinematic chain. Moreover, Li is the Lagrangian defined by:

Li = Ki − Pi (2)

With Ki and Pi being the kinematic and potential energy,

respectively. As the gravity is acting in the −z axis direction,

the potential energy is null. Figure 2 shows one of the

kinematic chains.

Fig. 2: Kinematic chain of the robot

The total kinetic energy is Ki = K1i + K2i, where K1i

and K2i represent the kinetic energy of the first and second

link of the i− th kinematic chain respectively (see Fig. 2),

thus:

K1i =
1
2
Iz1iθ̇

2
ai +

1
2
m1i(ẋ2

c1i + ẏ2
c1i) (3)

K2i =
1
2
Iz2iθ̇

2
pi +

1
2
m2i

(
ẋ2

c2i + ẏ2
c2i

)
(4)

m1i and m1i are the masses, and Iz1i and Iz1i are the

inertia moments of the links for each i− th kinematic chain.

Additionally, (xc1i, yc1i)T and (xc2i, yc2i)T are the Cartesian

positions of the center of mass of each link that are defined

by:

xc1i = r1i cos θai

yc1i = r1i sin θai

xc2i = l1i cos θai + r2i cos θpi

yc2i = l1i sin θai + r2i sin θpi

By substituting the previous relations in the Lagrangian of

Eq. (2), it is obtained:

Li = Ki =
1
2
θ̇2

aiα +
1
2
θ̇2

piβ + γθ̇aiθ̇pi cos(θai − θpi) (5)

where αi = Iz1i +m1ir
2
1i +m2iL

2
1i, βi = Iz2i +m2ir

2
2i and

γi = m2iL1ir2i.

The dynamics of each i− th kinematic chain is obtained

by substituting the Lagrangian of Eq. (5) into the Lagrange

equation of Eq. (1), thus:

τ i − fi = Mi(θi)θ̈i + Ci(θi, θ̇i)θ̇i (6)

where

Mi(θi) =
[

αi γi cos(θai − θpi)
γi cos(θai − θpi) βi

]

Ci

(
θi, θ̇i

)
=

[
0 γiθ̇pi sin(θai − θpi)

−γiθ̇ai sin(θai − θpi) 0

]

B. Dynamic Model

The complete dynamic model of the two kinematic chains

is formulated by combining the model of the two kinematic

chains of Eq. (6), thus:

M(θ)θ̈ + C
(
θ, θ̇

)
θ̇ + f = τ (7)

with θ = (θa,θp)T , θ̇ = (θ̇a, θ̇p)T , f = (fa, fp)T and τ =
(τ a, τ p)T . τ a = (τa1, τa2)T is the vector of input torque

in the active joints, τ p = (τp1, τp2)T is the vector of the

torque in the passive joints . fa = (fa1, fa2)T is the vector of

frictions in the active joints, fp = (fp1, fp2)T is the vector of

frictions in the passive joints. An input torque is not applied

in passive joints, thus τ p = (0, 0)T . Moreover, the friction

in passive joints is assumed negligible when compared with

friction in active joints thus fp = (0, 0)T . The friction in the

active joints considers the viscus friction, viθ̇ai, and coulomb

friction, disign(θ̇ai), thus:

fai = viθ̇ai + disign(θ̇ai) (8)

The mass and Coriolis matrices (see Eq. (7)) of both kine-

matic chains are given by:

M(θ) =

⎡
⎢⎢⎣

α1 0 γ1cap1 0
0 α2 0 γ2cap2

γ1cap1 0 β1 0
0 γ2cap2 0 β2

⎤
⎥⎥⎦

C
(
θ, θ̇

)
=

⎡
⎢⎢⎣

0 0 γ1θ̇p1sap1 0
0 0 0 γ2θ̇p2sap2

−γ1θ̇a1sap1 0 0 0
0 −γ2θ̇a2sap2 0 0

⎤
⎥⎥⎦

where capi = cos(θai − θpi), sapi = sin(θai − θpi), for i =
1, 2.



C. Complete dynamic model

The complete dynamic model is obtained by considering

the coupling of the kinematic chains at the passive joint

of point P . The kinematic constraints of the coupling are

derived from the Jacobian matrix. By using the D’Alembert’s

principle and the principle of virtual work, the torques of the

active joint τ a and torque of the joints τ satisfy the relation:

τ a = ΨT τ (9)

where Ψ = ∂θ/∂θa, consequently Ψ = [I,J] with I being

the identity matrix and J = ∂θp/∂θa where:

J =
∂θp

∂θa
= −

[
∂h
∂θp

]−1 [
∂h
∂θa

]
(10)

with:

h =
[
l11ca1 + l12cp1 + xa1 − l21ca2 − l22cp2 − xa2

l11sa1 + l12sp1 − l21sA2 − l22sp2

]

where cai = cos θai, sai = sin θai, cpi = cos θpi, spi =
sin θpi for i = 1, 2. The dynamic equation of Eq. (7) is

multiplied by the constraint of Eq. (9) leading to:

ΨT M(θ)θ̈ + ΨT C
(
θ, θ̇

)
θ̇ + ΨT f = ΨT τ (11)

Moreover, the following relations are established:

θ̇ =
∂θ

∂θa
θ̇a (12)

θ̈ = Ψ̇θ̇a + Ψθ̈a (13)

The relation of Eqs. (9), (12) and (13) are substituted into

Eq. (11), therefore the total dynamic equation is expressed

as follows:

Mtθ̈a + Ctθ̇a + fa = τ a (14)

where Mt = ΨT M(θ)Ψ and Ct = ΨT M(θ)Ψ̇ +
ΨT C

(
θ, θ̇

)
Ψ.

D. Position tracking control

Computed Torque Control (CTC) is composed of two

independent loops: an inner-loop to linearize the non-linear

dynamic of the robot by means of feedback linearization and

an outer-loop to track a desired trajectory. Thus, the nonlinear

dynamic equation of the robot (Eq. (14)) can be written in

a simplified way:

τ a = A(θ)θ̈a + h(θ, θ̇) (15)

where A(θ) = Mt and h(θ, θ̇) = Ct + fa.

The robot equations can be linearized and decoupled by

nonlinear feedback. Let Â(θ) and ĥ(θ, θ̇) be the estimates

of A(θ) and h(θ, θ̇), respectively. Assuming that:

Â(θ) = A(θ) ĥ(θ, θ̇) = h(θ, θ̇)

the problem is reduced to a n linear and decoupled double-

integrator system, where n is the number of degrees of

freedom of the robot (i.e. n=2 in this application).

θ̈ = wc (16)

with wc being the new input control vector. Equation (16)

corresponds to the inverse dynamic control scheme, where

the dynamic of the robot is transformed into a set of double

integrators (see Fig. 3).

Fig. 3: The computed torque and PID block diagram.

Considering a PID controller on each joint in the outer

loop (assuming perfect decoupling between the axes) one

has:

wc = KP (θd
a−θa)+KD(θ̇

d

a−θ̇a)+KI

∫
(θd

a−θa)dt (17)

The controller gains are KP = diag(kP1 , kP2), KD =
diag(kD1 , kD2) and KI = diag(kI1 , kI2). It is worth to

mention that the joint space position error is e = θd
a − θa,

where e = (e1, e2)T ∈ R
2×1. The controller gains are

tuned in order to have in continuous-time domain the follow-

ing closed-loop characteristic equation for each decoupled

double-integrator of Eq. (16): (s+ωr)(s2+2ξωrs+ω2
r) = 0,

where s is the Laplace variable. By selecting ξ = 1 all the

closed-loop poles are assigned to ωr. Thus kP = (1+2ξ)ω2
r ,

kD = (1+2ξ)ωr, kI = ω3
r , additional details can be obtained

in [7].

For the position tracking control scheme shown in Fig. 3,

it was assumed in Eq. (16) that the estimated and real terms

are equal. Experimentally, this assumption is not valid due

to the existence of unknown or uncertain parameters, e.g.

friction parameters. In this way, it is necessary to analyze the

effects of uncertain frictions on the closed-loop dynamics of

the robot system. The parameters of the friction are defined

by the vector of parameters x, where

x =
[

v1 v2 d1 d2

]T
(18)

III. ANALYSIS OF DYNAMIC SYSTEMS UNDER FUZZY

PARAMETERS

In several cases, some parameters of the system cannot

be accurately estimated due to their small variations around

their nominal values. In these cases, these parameters can

be modeled by means of fuzzy variables. The fuzzy set

theory was initially formulated by [8] to represent vague or

ambiguous information. Thereby, it is possible to represent

inaccurate or uncertain parameters by using fuzzy variables,

specially when the stochastic process which models the

uncertain parameters is unknown.

A review of the literature focused on the non-probalistic

approaches to analyze parameter uncertainty in which two

main approaches where presented to model the uncertainties:



(a)

(b)

Fig. 4: Fuzzy sets and α-level representation: (a) α-levels,

(b) Fuzzy set.

interval quantities analysis and fuzzy variables analyis [9].

These two approaches require the solution of interval prob-

lems. The methodology to analyze the fuzzy uncertainties in

this paper is based on the α-level optimization which allows

to map fuzzy uncertainties without special properties [10].

The basic concepts of the fuzzy variables are introduced in

the bellow.

A. Fuzzy Variables

Let X be an universal classical set of objects whose

generic elements are denoted by x. The subset A (where

A ∈ X) is defined by the classical membership function

μA : X → {0, 1} (see Fig. 4a). Furthermore, a fuzzy

set Ã is defined by means of the membership function

μA : X → [0, 1], where [0, 1] is a continuous interval. The

membership function indicates the degree of compatibility

of the element x to Ã. The closer the value of μA(x) is to

“1”, the more x belongs to Ã.

Thus, the fuzzy set is completely defined by:

Ã = {(x, μA(x)) |x ∈ X}; 0 ≤ μA ≤ 1 (19)

Fig. 4a presents a fuzzy set described as a fuzzy triangular

number, this is the simplest representation of a fuzzy variable

that is defined by xl, xr and xn. In this method, the fuzzy

variables should be represented as a set of intervals for

computational purposes by use of the α-levels (See Fig. 4b).

The fuzzy set Ã is represented by means of subsets which

correspond to real and continuous intervals, thus:

Aαk
= {x ∈ X, μA(x) ≥ αk} (20)

The α-level subsets of Ã have the property:

Aαk
⊆ Aαi

∀αi, αk ∈ (0, 1] ; αi ≤ αk (21)

If the fuzzy set is convex (in the unidimensional case), each

α-level subset Aαk
corresponds to the interval [xαkl, xαkr]

(see Fig. 4b), where:

xαkl = min[x ∈ X|μA(x) ≥ αk]
xαkr = max[x ∈ X|μA(x) ≥ αk]

B. Fuzzy Dynamic Analysis

The fuzzy dynamic analysis is an appropriate method to

map a fuzzy input vector x̃ onto the output z̃ using the

numerical model of the parallel robot. The fuzzy dynamic

analysis based on the α-optimization [11] is mainly com-

posed of two stages illustrated in Fig. 5.

In the first stage, for computational purposes, the input

vector that corresponds to the fuzzy parameters is discretized

by means of the α-level representation used in Eq. (20)

and Fig. 4b. Thus, each element of the fuzzy parame-

ters vector x̃ = (x̃1, . . . , x̃4) is considered as an interval

Xiαk
= [xiαkl, xiαkr], where αk ∈ (0, 1] and i = 1, . . . , 4.

Consequently, the crisp sub-space Xαk
is defined, so that

Xαk
= (X1αk

, . . . , X4αk
), where Xαk

considers the four

uncertain parameters of Eq. (18).

The second stage is related to solving an optimization

problem. This optimization problem consists in finding the

maximum and minimum value of the output for the mapping

model given by z = f(x) where f(x) is the dynamic model

as function of the set of parameters x, thus:

zαkr = max
x∈Xαk

f(x) zαkl = min
x∈Xαk

f(x) (22)

zαkr and zαkl correspond to the upper and lower bounds

of the interval [zαkr, zαkl] in the α-level αk. The set of

discretized intervals [zαkr, zαkl] for αk ∈ (0, 1] forms the

whole fuzzy resulting variable z̃ (see Fig. 5).

Fig. 5: Sub-space Xαk
and resulting fuzzy variable z̃.

The fuzzy dynamic analysis of a transient time-domain

system demands the solution of a large number of opti-

mization problems regarding all α-level of interest for each



considered time step. Each upper and lower bound of the

system analysis at a certain time instant is obtained by us-

ing Differential Evolution algorithm [12] since evolutionary

strategies have been used to solve optimization problems in

robotics with success [13]. The output value of the transient

analysis at the evaluated time-step constitutes the objective

function of the optimization problem. The inputs to this

function are the uncertain parameters previously described

in Eq. (18). Full developments of the method are given in

[10].

IV. SIMULATION RESULTS

The model of the controlled robot of Fig. 3 was used in

the numerical simulation that was implemented in software

matlab R©/simulink. The values of parameters of the parallel

robot are given in table I. The gains of the controller are

determined by selecting the parameters ξ = 1 and ωr =
70rad/s in order to obtain a damped response without

overshoot.

TABLE I: Parameters of the robot.

Parameter Value Parameter Value

l11(m) 0.244 Iz12(kg/m2) 0.010
l12(m) 0.244 Iz21(kg/m2) 0.005
l21(m) 0.244 Iz22(kg/m2) 0.005
l22(m) 0.244 v1(Nms/rad) 100

mai(kg) 1.2 v2(Nms/rad) 100
mbi(kg) 1.0 d1(Nm) 50
r1i (m) 0.12 d2(Nm) 50
r2i (m) 0.12 xa1(m) 0.25

Iz11 (Kgm2) 0.010 xa2(m) 0.25

The uncertain parameters are modeled by means of fuzzy

triangular numbers which is the simplest manner to describe

a fuzzy variable, the triangular fuzzy variable was previously

described in Fig. 4a. Hence this representation of the fuzzy

uncertain parameters is sufficient for the numerical evalua-

tion of an uncertain parameter in the fuzzy dynamic analysis.

Thus, a fuzzy variable can be written as:

x̃i = xi(1− p/100, 1, 1 + p/100) (23)

where xi represents the nominal value of the parameter ith
parameter of x of Eq. (18) and p stands for the maximum

percentage of dispersion in level α = 0. In the analysis, the

fuzzy response is evaluated considering three different α-

levels as a means to evaluate the α=level in the maximum,

minimum and intermediate value. When α = 0 the major

dispersion is considered, α = 0.5 considers an intermediate

level of uncertainty and α = 1 evaluates the response with

the nominal parameters.

The parameters used in the Differential Evolution Algo-

rithm to solve the α-level optimization of the fuzzy analy-

sis are given as follows: population size=10 per uncertain

variable, 100 generations, crossover probability rate =0.8,

perturbation rate =0.8, and the strategy for the mutation

mechanism is DE/RAND/1/BIN. These parameters have been

successfully tested in various previous contributions [12].

The objective function for the α-level optimization is based

on the joint space position error e(t) (see Fig 3), thus:

f(x̃, k) = |e1(k)|+ |e2(k)| (24)

with x being the set of the considered uncertain parameters

at a specific discrete step time k. The tracking trajectory is

analyzed to evaluate the effect of small uncertain friction

parameters on the position accuracy.

In order to analyze the effect of uncertainties in the

position accuracy of the robot, small variations in some

parameters around their nominal values are introduced in the

model. Table II gives the maximum percentage of dispersion

of each triangular fuzzy parameter considered in the model.

The dispersion of the structural parameters are in agreement

with standard manufacturing tolerances.

TABLE II: Dispersion of Fuzzy uncertain parameters.

Parameter Dispersion (p) Parameter Dispersion (p)
v1 5% d1 5%
v1 5% d2 5%

A circular workspace reference trajectory with transla-

tional motion of the movable platform in x − y axis was

implemented (Fig. 6).

����� ����� � ���� ���� ����

���

����

����

����

����

���

y
[m

]

x[m]

Fig. 6: Workspace reference, circular trajectory.

The joint space reference trajectories for the two active

joints are generated from the circular workspace trajectory

of Fig. 6 with the help of the inverse kinematic model. As a

result, the reference trajectories for the two active joints are

obtained in Fig. 7.

Fig. 8 shows the tracking error of the joints of the active

joints considering the fuzzy uncertain parameters of table II.

Even though the controller was tuned to provide a damped

response, the accuracy of the manipulator is affected by small

uncertainties on the friction parameters; consequently this

variation increases the position error of the parallel robot.

As seen, the maximum variation in the joint error over the

circular trajectory of each joint is obtained when α = 0. This

variation is not negligible and it should be considered in the

overall performance of the parallel robot.

Joint errors are not negligible as seen in Fig. 8. Conse-

quently, the variation of the trajectory of the end effector

produced by the uncertain parameters is evaluated in order to
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Fig. 7: Joint reference of the active joints.
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Fig. 8: Joint error, tracking error with fuzzy parameters.

determine how uncertain parameters affect the accuracy. The

variation in the position tracking of the end effector in the

xy-plane is showed in Fig. 9. The results indicate that small

variations of the friction parameters produce a significant

variation in the tracking position introducing position error

during the motion of the end effector.

V. CONCLUSIONS

The effect of uncertain parameters on the dynamic be-

havior of a 2-DOF fully parallel robot was analyzed in

this contribution. Specifically, the PID computed torque was

analyzed by considering uncertain frictions in the joints. The

simulation results indicate that small uncertain friction in the

active joints can affect significantly the dynamic behavior of

the system in terms of position accuracy. Therefore, uncer-

tain parameters should be taken into account in numerical

simulation to obtain reliable numerical models for design

purposes.

The fuzzy dynamic analysis used in this contribution

demonstrated to be a straightforward methodology to quan-

tify the effect of uncertain parameters on the dynamic

response of a parallel robot manipulator.

Further work will encompass the study of control tech-

niques and design methods of parallel robots under uncertain

parameters and dynamics.
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Fig. 9: Tracking position of the end effector subject to

uncertain friction in xy-plane.
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