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Abstract—This work considers the downlink of a multicell
massive MIMO system in which L base stations (BSs) of N anten-
nas each communicate with K single-antenna user equipments
randomly positioned in the coverage area. Within this setting, we
are interested in evaluating the sum rate of the system when MRT
and RZF are employed under the assumption that each intracell
link forms a MIMO Rician fading channel. The analysis is con-
ducted assuming that NV and K grow large with a non-trivial ratio
N/K under the assumption that the data transmission in each
cell is affected by channel estimation errors, pilot contamination,
and an arbitrary large scale attenuation. Numerical results are
used to validate the asymptotic analysis in the finite system regime
and to evaluate the network performance under different settings.
The asymptotic results are also instrumental to get insights into
the interplay among system parameters.

I. INTRODUCTION

Massive MIMO (also known as large scale MIMO) is
considered as one of the most promising technology for next
generation cellular networks [1]-[4]. The massive MIMO tech-
nology aims at evolving the conventional base stations (BSs)
by using arrays with a hundred or more small dipole antennas.
This allows for coherent multi-user MIMO transmission where
tens of users can be multiplexed in both the uplink (UL) and
downlink (DL) of each cell. It is worth observing that, contrary
to what the name “massive” suggests, massive MIMO arrays
are rather compact; 160 dual-polarized antennas at 3.7 GHz
fit into the form factor of a flat-screen television [5].

In this work, we consider the DL of a massive MIMO
system in which L BSs of N antennas each communicate
with K single-antenna user equipments (UE) randomly po-
sitioned in the coverage area. We assume that the system is
affected by channel estimation errors, pilot contamination, and
an arbitrary large scale attenuation. Maximum ratio transmit
(MRT) or regularized zero forcing (RZF) are used as linear
precoding techniques. Differently from most of the existing
literature, we model the intracell communication links as
MIMO Rician fading, which is more general and accurate
to capture the fading variations when there is a line-of-sight
(LOS) component. Compared to the Rayleigh fading channel,
a Rician model makes the analysis of massive MIMO systems
much more involved. To overcome this issue, recent results
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from random matrix theory and large system analysis [6], [7]
are used to compute asymptotic expressions of the signal-to-
interference-plus-noise ratios (SINRs), which are eventually
used to approximate the ergodic sum rates of the system. As
a notable outcome of this work, the above analysis provides
an analytical framework that can be used to evaluate the
performance of the network under different settings without
resorting to heavy Monte Carlo simulations and to eventually
get insights on how the LOS components affect the network
performance.

The main literature related to this work is represented by
[3], [8]-[11]. Tools from random matrix theory are used in
[8] to compute the ergodic sum rate in a single-cell MIMO
setting with Rayleigh fading and different precoding schemes
while the multicell case is analyzed in [9]. Similar tools are
used in [10] to solve the power minimization problem under
different configurations of cooperation among BSs. A similar
large system analysis is presented in [3] for the UL and
DL of Massive MIMO in cellular networks, wherein channel
estimation and pilot contamination are also taken into account.
All these works relies on random matrix theory but assume
that a Rayleigh fading channel model. In [12], the authors
investigate a LOS-based conjugate beamforming transmission
scheme and derive some expressions of the statistical SINR
under the assumption that N grows large and K is fixed.
In [13], the authors study the fluctuations of the mutual
information of a cooperative small cell network operating over
a Rician fading channel under the form of a central limit
theorem and provide an explicit expression of the asymptotic
variance. In [14], a deterministic equivalent of the ergodic sum
rate and an algorithm for evaluating the capacity achieving
input covariance matrices for the uplink of a large-scale MIMO
are proposed for spatially correlated MIMO channel with LOS
components. The analysis of the uplink rate with both zero-
forcing and maximum ratio combining receivers is performed
in [15].

The remainder of this paper is organized as follows.! Next

I'The following notation is used throughout the paper. Scalars are denoted
by lower case letters whereas boldface lower (upper) case letters are used
for vectors (matrices). We denote by I the identity matrix of order N and
call [A];x the (i, k)th element of the enclosed matrix. A random vector x ~
CN(m, C) is complex Gaussian distributed with mean m and covariance
matrix C. The trace, transpose, conjugate transpose, and expectation operators
are denoted by tr, 7', ¥ and E[].



section introduces the system model for DL. The asymptotic
analysis is performed in Section III and validated by means
of numerical results in Section I'V. Conclusions are drawn in
Section V.

II. SYSTEM MODEL

Consider a multi-cell multi-user MIMO system composed
of L cells, the BS of each cell comprising N antennas to
communicate with K single-antenna UEs. A double index
notation is used to refer to each UE as e.g., “user k in cell
7”. Under this convention, let h;;, € CV be the channel from
BS j to UE k in cell [ within a block and assume that

hji = /Bjiwiik (1)

where (5, accounts for the corresponding large scale channel
fading or path loss (from BS j to UE k in cell /) and wj;, €
C¥ is the small scale fading channel. The channel matrix
H; € CV*K from BS [ to BS j is thus given by Hj =

[hji1,...,hjx]. We assume that
R S IR l=5 @
Wiijk 1+l€7k 1+ j @
Wik = Zjlk L#5 )

where z;;; € CV is assumed to be Gaussian with zero mean
and unit covariance, i.e., zj;; ~ CN(0n,In), aj; € CV is
a deterministic vector, and the scalar x;, > 0 is the Rician
factor denoting the ratio between a;;;, and z;;. For notational
convenience, we let

Bk .
djj = 25 1= 4
jik 1+fijk J ( )
djir = Bjik 1#3 3)
such that hj;; can be rewritten as
hyjk = By + By (6)
hj;. = hj; (7

with hjlk = \/djlkzjlk and hjjk = \/djjklijkajjk.
A. Channel estimation

We assume that the BS and UEs are perfectly synchronized
and operate according to a time-division duplex (TDD) proto-
col wherein the DL data transmission phase is preceded in the
UL by a training phase for channel estimation. If a single-cell
MMSE estimator is employed [3], then the estimate h;;; of
h;; V5, k is given by

d.
-772’@ (y%, —
pltr + nzl djnk

hyjr, = by + hji) (®)

where p'" accounts for the SNR during the UL training phase
and y}j is given by

L

Y =hj+ > hut+— \/_ n'} ©)

1=1,1#j

with nﬁ ~ CN(0pn,Iy). The estimate fljjk is distributed as
hjjk ~ CN(Hjjk, ¢jjkIN) with
djindjik

(bjlk = ) L
pT + Z djnk
n=1

(10)

The estimated uplink channel of cell 7 is thus given by ﬁjj =
[ﬁjjl, ey ﬂjj k- According to the orthogonality principle of
MMSE estimation, the estimation error e;;; = hjj;; — ﬁjjk is
distributed as ~ CN (0w, (djjx — ¢jjk) In).

B. Achievable rates with linear precoding

We denote by g, € CV the precoding vector of UE k
in cell j. As in [1], [3], [16], [17] (among many others),
we assume that there are no downlink pilots such that the
UEs do not have knowledge of the current channels but can
only learn the average channel gain E{hg +&;k } and the total
interference power. Using the same technique from [18], an
ergodic achievable information rate for UE k in cell j is
obtained as

ik = 1ogy(1 + vjk) (11

where «;;, is given by
[E[hgis]l”
1 L& H
g+ 2 3 Ellhyjeul®] - [E(bgj, g5

where the expectation is taken with respect to the channel
realizations and pd! accounts for the SNR in the DL. The above
result holds true for any precoding scheme and is obtained by
treating the inter-user interference (from the same and other
cells) and channel uncertainty as worst-case Gaussian noise.
As mentioned earlier, we consider MRT and RZF as precoding
schemes [1], [3], [4], [16]. This yields

Vik = (12)

~

h; ~
CHAE o= — Vb (13)
\/E [% > ||hjjk||2]
k=1
u; .
gl = : = Vo (14)
VE EPIETE
k=1
where ﬁjk = %jS’\ljjk with
1 & -
- <Nth A+ AT ) . (15)
=1

III. ASYMPTOTIC ANALYSIS

We exploit the statistical distribution for the channels {H; }
and the large dimensions of N and K to compute a determin-
istic approximation of ;5 for MRT and RZF, which will be
eventually used to find an approximation of the ergodic sum
rate. In doing so, we assume the following grow rate of system
dimensions:



Assumption 1. The dimensions N and K grow to infinity at
the same pace, that is:

0 < liminf K/N < limsup K/N < 1. (16)

For technical reasons, the following reasonable assumption
is also imposed on the system settings [6]—[8].

Assumption 2. As N, K — oo

sup il < oo 17)

vl

which implies that the Euclidean norm of the column vectors
{hj;i} are uniformly bounded in N, K.

Our first result is the asymptotic approximation of the SINR
of the system when MRT is employed.

Theorem 1 (MRT). Let Assumptions 1 — 2 hold true. If MRT

is employed, then 7MRT W?ART — 0 almost surely with

_ LoH — 2
0 (qujk + Nhjjkhjjk)

L
1 < D 42
Npd + Sk + Z 91¢l7’k
I=1,1#j ’

=MRT __
ol =

(18)

where 3;, takes the form

= L3S & e
Sjk—NZZ wijn | Sui + w7huibui

=1 i=1

1 & 1 —
+N 93 <¢JJZN ]jkhﬂﬂk + =
k

‘hwhﬂk‘ ) (19)
i=1,i#

and 0; is given by

j <K Z <¢ij + hgngﬂé))

Proof: The proof is omitted for space limitation. It follows
the same arguments of those in [3, Theorem 4] taking into
account the different system model due to the presence of the

(20)

LOS components. -
As for the RZF, we call ®;; = diag{¢;j1,...,d;jx } and

rewrite H77 = [hjjl ...h”K] c CNXE 4
Hj; = Z;;®;; + Hy;. 1)

Then, let us introduce the fundamental equations that are
needed to express a deterministic equivalent of v, under RZF.
We start with the following set of equations:

1 N = AN

5J_Ntr<Aj(1+5j)IN+NH (L +8;®5) Hjj) (22)

—He (1

0=~ tr®jj (Aj (Ix +0;®35)+ 1” g”>
+9;

(23)

which admits a unique positive solution in the class of Stieltjes
transforms of non-negative measures with support R [6], [7].
The matrices

-1
s (L +0; 8 5) 1ﬁj§> (24)

T, = <)\j(1 +ZSVJ-)IN+—ﬁ

-1

T N (I +6;®55) + IHH” (25)
_ C(Tx B

J J J =37 N 1 + 5

are appr0x1mat10ns of the resolvent QH = (%ITI”ITIJI? +

AIn)~! and co-resolvent Q;; = (& HHHJJ + \Ig)!
Also, let us define the following quantities:

1

9, = <tr (T2) (26)

~ 1 N2

v =t (‘%Tj) @7
1 — — —H

Fy = <5t (T2H, (L +0,@5,) @, Hy)  28)

A; = (1—Fy)* = 2\20,7;. (29)

Then, the following theorem summarizes a major result of this
work:

Theorem 2 (RZF). Let Assumptions 1 — 2 hold true. Then,

if RZF is employed we have that maxy, ’”yRZF - V?kZF’ — 0
almost surely with
()
_?kzp _ : . i — (36)
1jkOL
Npdl + Sjk + 1:127137&]‘ 7/}l (1J:uzk
with T;j, given by
[ ! 1 37
i

and

L — U 2
Sik = Yy (Egr = Aupugne) _wj(lijgjk)

5 ( 1¢_z£k51 >
I=1,1] Uik

with &1, and ;i being given by (30) —
the next page.

(39)

(35) on the top of

Proof: The proof is very much involved and relies on
results in random matrix theory [6], [19] as well as some recent
ones on deterministic equivalents of bilinear forms [7]. Due
to the space limitations, it is omitted. A complete proof will
be provided in the extended version. [ ]



&k = dijrdi — M[Tilrk (G1;001)° L#j (30)
ik = 05 (djjr — djj) + 1 — N[ Tyler l=3j (31
fjr = dijrVi — S0\ [T ki (271 — O[Tk (dunTs + ?zk)) l#] (32)
Hjjk =V ( ik — ©jjk ( [Tylik)) + A?[’i‘]]ikfﬂc l=j (33)
_ 11
v = AN trTl (34)
RS AT -~
_ _1-F [TINH” H”Tllkk U [ [Ti®uTi]kk
k=R A m T e TA | ma  du )
o NTR. (1 + &) ! (T3

A. Limiting case N — oo with K/N — 0

We now look at the limiting case in which N — oo such
that /N — 0. The following results are easily obtained from
the asymptotic analysis above:

Corollary 1 (MRT). If N — oo such that K/N — 0, then:
_ CH o N\2
0; (¢jjk + %hjjkhjjk)
K 2 L _
Z jifh‘]]lh.]]k; + Z el(blzjk
i=1,i£k I1=1,1#j
with 9;' given by (20).

Corollary 2 (RZF). If N — oo such that K/N — 0, we have
that:

(40)

Y = A (46)
Sik+ >0 i [Tiliy
1=1,1#j
where
— 1 9 1 |~ =H ~
1/)j = Xtr‘I’jJ‘T] + KNtI‘TjHjojjTJ (47)
with
1—H -t
T = | NIk + @55 + HjoH (48)
and also

L _ _ ~ 2
Sjk = Zi/)z (ke — Mipuje) — 1, (1 —Aj [Tj]kk)

=1

L
Z wl¢l2jk[Tl]ik
1=1,1#j
with &1 and ;i being given by (41) — (45) on the top of
the next page.

Proof: If N — oo with K /N — 0, then we have that

0; = /\;1, 0; = 0. Moreover, we have that ¥; = /\]72, F; =
05 =0,A; =1,7; =2 n

(49)

The above corollaries show that when N grows at a faster
rate than K, differently from Rayleigh fading, the asymptotic
interference does not necessarily vanish as it depends on the
LOS components. If MRT is considered, it is easily seen from
(40) that the remaining interference is due to the intracell
interference, which depends on the inner products between
different channel vectors h;;; and h;;j. Similar observations
can be made under RZF.

Consider now a system in which thh”;C - 0Vi#k
as N — oo. This amounts to assuming that the UEs are
selected such that the favorable propagation conditions are
asymptotically satisfied [20]. Then, we have that:

Corollary 3 (MRT). If N — oo with K/N — 0 and
J{,hjﬂh”k — 0 Vi # k, then:
_ —H — \2
—vrr _ (qujk + %hjjkhjjk)
Vik T
> elﬁb%ﬂc

I=1,1#j

(50)

with ﬁj given by (20).
Corollary 4 RZF). If N — oo with K/N — 0 and

J{,hjﬂh”k — 0 Vi # k, then:

- 5
bjjht+xhiihyn )

(n L
_RZF __ J(Xj-l‘(ﬁjjk-l-%hjjkhjjk

ot D ;6D
O [ —fur
lzgl:;éj v <)\L+¢zzxc+%hﬁkh”k>
v “H — \2
1/1-(¢jjk + %hjjkhjjk)
Tz p) (52)
Aj +¢“,C+N JJk bk
l:%l:?g] ( A+t 7 by huk > wlgblﬂf
with ; given by
K L—H —
V=% > Pisk + whygrtin 5

LH = )2
=1 (/\j + ¢jjk + Nhjjkhjjk)



dijk [T4)in

Sk = 3 o L#] (41)
1 ~ .
Cigk = 3~ (djjr — Gjje) + 1 — N[ Tjlkk l=j (42)
]
1 Duk .
Hijk = )\12 (dlm - 2¢17k[Tl]kk) + <bl]k( ¥ + §lk) [T1)3, L#j (43)
1 ~ _ .
pijk = 3 (digk — Ssin(1 A2 [Tj]kk)) + M2[T512, S l=j (44)
J
=R oZh T IO
_ {Tl ~Hu H”Tl} we L [ [Ti®uT]kk
Sik = Y= + v\ Tme duk (45)
/\l [Tl]kk l [Tl]kk

Proof.' The result follows from observing that, if
1hl hji, — 0 Vi # k, then T; in (48) becomes diagonal

N Mg
with elements [T;]xr = (\j + ¢j;k + %Eﬁkﬁjjk)’l. Also, it
can be proved after standard but tedious calculus that 5, — 0.
|
In line with [15], [20], the above corollaries show that if the
MIMO Rician fading channel results in favorable propagation,
then the interference vanishes as N grows unbounded for both
MRT and RZF. In practice, this means that those asymptotic
values can only be achieved if some UEs are dropped from
service [21]. From Corollaries 3 and 4, it also turns out that, as
for Rayleigh fading channels [3, Corollary 1], the asymptotic
SINRs under RZF and MRT are not necessarily the same. This
is because the matrix Q; under RZF depends on the correlation
matrix ®;; through (21).

B. A case study

The above asymptotic results will be validated in Section
IV and used to make comparisons between MRT and RZF
under different settings. In addition to this, they can be used
to get some insights on the effects of the Rician component.
To this end, let us consider the regime in which N and K
grow to infinity at the same pace and assume that the channel
can be simply modelled as follows:

=y 54
=\ T 1 TRk T\ T VA GL)
hj;, = \/—Zglk L#35 (55
such that
1
k= ———— l=j 56
(bjjk (1 + :‘i)2u J ( )
!

= 145 57
Djk T #J (57)
with v = H”’%@ and L = (L — 1)+ 1+»-; Assume also that

H,; has orthogonal columns such that H H = 71k

af
This is achleved if the vectors a; ;i are such that N,k =

1and ; ﬂaj ik = 0 Vi # k. For simplicity, we consider only

MRT (despite being much more involved, similar results can
be obtained for RZF):

Corollary 5 (MRT). Let Assumptions 1 — 2 hold true. If the
channel is modeled as in (54) and H;; satisfies the condition
above Yj, then

e !
J 11 K (T1 1 - 1
a5 4 (T 4 ) + 2 (T - )
- 1
L 1+=k 1 K— _
= — A + 271B (L . )
Npdl 1 ptr + N +7'2 1+k
~—~—
Noise Imperfect CSI Interference Pilot Contamination
o tr — o 1
where v = 1+”ptrf and L =o(L = 1)+ 5, 7= = + &
and
K— 1 1+ K1 &k
A = —L _ - P —
<N +di1> T +NT21+I€
1 1
BT tf L1k
T 214K

From the above results, it follows that the effective SNR
vN pdlﬁ increases linearly with N as it happens for
Rayleigh fading channels [3, Corollary 2]. Also, it increases
with the Rician component « as v{i. As for a Rayleigh
model, the channel estimation errors and interference vanish
only if N grows large. Indeed, if x increases A tends to
%f + ﬁ whereas B goes to L. On the other hand, the
pilot contamination term goes to zero with x as 1/x2 (since
T — k/v as k grows large).

IV. NUMERICAL RESULTS

Monte-Carlo simulations are now used to validate the accu-
racy of the above asymptotic analysis for finite values of N
and K. We consider a multi-cell system with L = 3 cells. The
inner cell radius is normalized to one and We assume that the
large scale coefficients are given by 3, = - is
the distance from BS j to UE £ in cell [ and o = 2.5 is the
path loss exponent. We further assume that p** = 6 dB and
the transmit SNR is pd' = 10 dB.
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Fig. 1. Average rate per UE vs N when K = 10 and the Rician factor is
0.1, 5 and 30.

Fig. 1 illustrates the average rate per UE when N grows
large and K is kept fixed to 10. Also, we assume that \J' =
T £ The Rician factor is assumed to be the same for all
UEs ie., kjr = Kk Vj,k, and equal to k = 0.1,5 and 30. As
seen, the asymptotic results perfectly match the Monte Carlo
simulations. Moreover, as both « and N increase, the gain
of RZF over MRT becomes less significant. In particular, for
t = 30, RZF and MRT achieve the same performance when
N is larger than 300.

In Fig. 2, we further investigate the impact of x when N
is kept fixed to 100 and K = 10. As expected, both schemes
have better better performance for higher values of x and RZF
always outperforms MRT.

V. CONCLUSIONS

We investigated the effect of a Rician fading channel on the
DL ergodic sum rate of MRT and ZF precoding schemes in
massive MIMO systems with a very general channel model
under the assumption that data transmission was affected by
channel estimation errors and pilot contamination. Recent re-
sults from random matrix theory were used to find asymptotic
approximations for the sum rate of the investigated precoding
schemes. Such approximations turned out to depend only
on the long-term channel statistics, the Rician factor and
the deterministic component. Numerical results indicated that
these approximations are very accurate. Applied to practical
networks, such results may lead to important insights into
the system behavior, especially with respect to the Rician
factors, the deterministic components, CSI quality and induced
interference. Moreover, they can be used to simulate the
network behavior without to carry out extensive Monte-Carlo
simulations.
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