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Asymptotic Analysis of RZF over Double
Scattering Channels with MMSE Estimation

Qurrat-Ul-Ain Nadeem, Student Member, IEEE, Abla Kammoun, Member, IEEE,
Meérouane Debbah, Fellow, IEEE, and Mohamed-Slim Alouini, Fellow, IEEE

Abstract

This paper studies the ergodic sum rate performance of regularized zero-forcing (RZF) precoding
in the downlink (DL) of a multi-user multiple-input single-output (MISO) system, where the channel
between the base station (BS) and each user is modeled by the double scattering model. This non-
Gaussian channel model is a function of both the antenna correlation and the structure of scattering
in the propagation environment. This paper first makes the preliminary contribution of deriving the
minimum-mean-square-error (MMSE) channel estimate for this model. The system model accounts for
channel estimation errors and per-group channel correlation matrices for the users. The analysis assumes
that the number of BS antennas, the number of single-antenna users and the number of scatterers in each
group grow large while their ratio remains bounded. Under this setting, this paper derives deterministic
equivalents of the signal-to-interference plus noise ratio (SINR) and the sum rate which are almost
surely tight in the large system limit. The derived approximations are expressed in a closed-form for the
special case of multi-keyhole channel. We show that the performance of a massive MIMO system does
not scale linearly with the number of antennas under uncorrelated channel conditions and is actually
limited by the number of scatterers in the propagation environment. Simulation results confirm the close

match provided by the asymptotic analysis for moderate system dimensions.

I. INTRODUCTION

Massive multiple-input multiple-output (MIMO) is widely considered as a promising technol-

ogy for next generation wireless communication systems due to its potential to improve both
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energy efficiency and spectral efficiency [1]-[3]. However, most works on this subject share the
underlying assumption of rich scattering conditions and, thus, work with full rank Rayleigh or
Rician fading channel matrices. Although the use of full rank channel matrices facilitates the
derivation of closed-form capacity bounds and approximations, these models do not capture the
characteristics of realistic propagation environments, where the presence of spatial correlation
and poor scattering conditions significantly deteriorates the system performance [4]-[6].

Many works have already considered correlated Rayleigh fading channel models to study the
impact of antenna correlation on the performance of massive MIMO systems [3], [7]-[9]. One
popular correlation-based channel model utilized in several works is the Kronecker model [10],
[11]- the rank of which is determined by the spatial correlation in the transmit (Tx) and receive
(Rx) arrays. However, low rank channels have been observed in MIMO systems that have low
antenna correlation at both ends of the transmission link [12]. Gesbert er al showed in [4] that
the MIMO capacity is governed by both the spatial correlation at the communication ends and
the structure of scattering in the propagation environment. Motivated by this, the authors devised
a “double-scattering channel model” which utilized the geometry of the propagation environment
to model spatial correlation, rank deficiency and limited scattering. A special case of the double-
scattering model is the keyhole channel [5], [13], which exhibits null correlation between the

entries of the channel matrix but only a single degree of freedom.

A. Related Literature

The main literature related to the theoretical analysis of the double-scattering channel model
is represented by [14]-[21]. The authors in [14] studied its diversity order and showed that
a MIMO system with ¢ Tx and » Rx antennas and s scatterers achieves a diversity of order
trs/ max(t,r, s). The authors in [15] investigated the channel hardening property and showed
that unlike Rayleigh fading channels, keyhole channels do not harden, resulting in a degradation
of the spectral efficiency. The authors in [16] analyzed the ergodic MIMO capacity taking into
account the presence of spatial fading correlation, double scattering, and keyhole effects in the
propagation environment and showed that the use of multiple antennas in keyhole channels only
offers diversity gains, but no spatial multiplexing gain. The MIMO multiple access channel
(MAC) with double-scattering fading was studied in [19], where the authors obtained closed-
form upper-bounds on the sum-capacity and proved that signals sent along the eigenvectors of

the Tx correlation matrix maximize capacity.



A few papers have analyzed the double scattering model in the asymptotic regime targeting
massive MIMO settings [12], [21]. The authors in [12] studied this model without Tx and
Rx correlation using tools from free probability theory and derived implicit expressions of
the asymptotic mutual information and signal-to-interference-plus-noise ratio (SINR) of the
minimum-mean-square-error (MMSE) detector. The authors in [21] studied a MIMO multiple
access system with double-scattering channels and derived almost surely tight deterministic
approximations of the mutual information and the SINR of the MMSE detector in the asymptotic
regime. However, none of these papers have considered practical massive MIMO systems with
linear signal processing schemes and channel estimation. The authors are only aware of [20]
which describes the behavior of the double scattering model with channel estimation and linear

signal detection using analytical and numerical examples instead of theoretical analysis.

B. Main Contributions

The focus of this work is on the downlink (DL) of a single-cell multi-user multiple-input
single-output (MISO) system. We consider double scattering fading between the BS and the
users in its most general form. The users are further divided into G groups, such that the users
in the same group experience similar propagation conditions and are therefore characterized by
common correlation matrices. We use a realistic system model where the BS obtains channel
state information (CSI) from uplink pilot transmissions and applies MMSE estimation technique.
Under the assumption that the number of BS antennas, scatterers and users grow large, we derive
asymptotically tight deterministic approximations of the SINR and the ergodic sum rate with
regularized zero-forcing (RZF) precoding. These approximations can be easily computed and
are shown to be accurate for realistic system dimensions through simulations. The deterministic
equivalents are expressed in a closed-form for the multi-keyhole channel under perfect CSI
assumption and some important insights into the impact of different system parameters on the
sum rate performance are drawn. Our results show that massive MIMO techniques are only

useful in rich scattering environments.

C. Outline and Notation

The rest of the paper is organized as follows. Section II presents the transmission model and
introduces the double scattering channel model along with its MMSE estimate. In section III, the

asymptotically tight deterministic equivalents of the SINR and user rates with RZF precoding are



provided. A few case studies for the Rayleigh product channel are also considered. Simulation
results are provided in Section IV and section V concludes the paper. All technical proofs are
presented in the appendices.

The following notation is used throughout this work. Boldface lower-case and upper-case
characters denote vectors and matrices respectively. The superscript () represents the conjugate
transpose, [E[-] represents the expectation and log(-) represents the logarithm. The operator tr (X)
denotes the trace of a matrix X. The spectral norm of a matrix X is denoted by ||X]|. The N x N
identity matrix is denoted by Iy and the N x N diagonal matrix of entries {x,} is denoted by
X = diag(x1, xa, ..., zxn). A random vector X ~ CA (m, ®) is complex Gaussian distributed with

. . . a.s.
mean vector m and covariance matrix ®. The notation —> denotes almost sure convergence.

II. SYSTEM MODEL

Consider a single-cell multi-user MISO system where a BS equipped with /V antennas serves
K single-antenna users. We assume transmissions over flat-fading double scattering channels
under a time-division duplexing (TDD) protocol. The K users are divided into G groups of
K, g=1,...,G, users such that the users in the same group experience similar propagation
conditions. In this section, we outline the transmission model, discuss the double scattering

channel model and introduce its MMSE estimate.

A. Transmission Model

Under narrow-band transmission, the signal y;, , received by user % in group g is given as,
Ung =0l X+npg, k=1,... K, g=1,...,G, (1)

where h,g g € C™¥ is the channel vector from the BS to user k in group g, x € CV*! is the Tx
signal vector and ny , ~ CA(0,0?) is the receiver noise.

The Tx signal vector x is given as,
Kg

X=> > \/Prg8hySka: 2

g=1 k=1
where g, . € CN*! is the precoding vector for user k in group g, and py, > 0 and s, ~
CN(0,1) are the signal power and the data symbol for user k in group g respectively. The

precoding vectors satisfy the average total power constraint as,

E[[x|]’] = Elr (PG"G)] < P, 3)
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Fig. 1: Geometric model of the double scattering channel between the BS and the user k& in group g.

where P > 0 is the average total Tx power, P = diag(p11,p21, - - -, P11, P12, - - - PKa—1.G4 PKo.G) €

R¥*® and G = [Gy, Gy, . . ., Gg] € CV*¥ is the precoding matrix, where G, = [g, ,, - .., 8x, ,| €
(CNXKg.

B. Double-Scattering Channel Model

A main contribution of this paper is to apply the double scattering channel model proposed in
[4] to a multi-user MISO system. This model provides non-Gaussian channels between the BS
and the users with ranks that are determined by both the spatial correlation between the antennas
at the BS and the structure of scattering in the propagation environment. The expression of the

channel vector hy, ;, described by the double scattering model in [4] is given as,

1 =1/2 )\ ~
hig = /Sy | —=RYa WS, | Wiy, 4)

/5,
where S, is the number of scatterers at the Tx and the Rx sides in group g, Rgs, € C¥*V is the
correlation matrix between the BS antennas and the S, Tx scatterers in group g, S, € C%*5
is the correlation matrix between the Tx and Rx scatterers in group g, W, ~ i.i.d. CN(0,1) €
CN*% describes the small-scale fading between the BS and the scattering cluster at the Tx side
in group ¢ and Wy, ~ i.i.d. CN(0, S%,) € C%*1 describes the small-scale fading between the
user & in group g and the scattering cluster at the Rx side. Since the distributions of W, and
Wy are unitarily invariant, we can assume S, to be diagonal, i.e. Sy = diag(S1 4, 52,4, - -, Ss,.9)

without any loss of generality for the statistics of the received signal.



Schematic of the double scatting channel from the BS to user % in group ¢ has been illustrated
in Fig. 1, where 0,4 and o, represent the angular spread of the radiated signal from the BS
array and the Tx scatterers respectively in group ¢, 1, and ps, determine the mean angle of
departure (AoD) of the radiated signal from the BS array and the Tx scatterers respectively in
group g, where p; , = ps 4, and d; and d, , determine the spacing between the adjacent antennas

at the BS and between the adjacent scatterers in group g respectively.

C. Channel Estimation

During a dedicated uplink training phase, the users transmit mutually orthogonal pilot se-
quences that allow the BS to compute the MMSE estimates ﬁkvg of the channel vectors hy .
After correlating the received training signal with the pilot sequence of user £ in group g, the

BS estimates the channel vector hy, , based on the received observation, yj’, € CV*, given as,

1
tr tr
Yeg = Bkg + ——=my o)
k,g k.g M k,g
where n’,;’:g ~ CN(0,Iy) and p,. > 0 is the effective training SNR, assumed to be given here.
Lemma 1: The MMSE estimate flhg of the double scattering channel vector hy 4 in (4) is

given as,
hy, = d,Rps, Q¥ (6)

where d, = Sig(tr S,) and Q, = (ngBSg + p_LIN> _1.

The proof of Lemma 1 is postponed to Appendix A.

We stress that the estimate in Lemma 1 has been derived for a non-Gaussian channel. In
fact, MMSE estimator is very general and is not specific for Gaussian channels, as commonly
used in most of the massive MIMO literature. Under the orthogonality property of the MMSE
estimate, we can decompose the channel vector hy , as h;,, = flkhq + hy,, where hy, is the
uncorrelated channel estimation error. Note that lAlkyg and ﬁkﬁg although uncorrelated are not
generally independent due to the non-Gaussian nature of the channel. However, we will show
that ]E[flkH,gAlAlhg] = 0, where A is a N x N matrix with a bounded spectral norm, implying the
following lemma.

Lemma 2: Let A be a N x N matrix independent of hy, , and flhg, with a bounded spectral

norm; that is, there exists a C'y < oo such that ||A|| < C4. Then,

1 ~H » a.s.
oAbk, = 0. (7)

The proof is postponed to Appendix A.



D. Achievable Rates

Since the users do not have any channel estimate, we provide an ergodic achievable rate based

on the techniques utilized in [3], [22]. To this end, we decompose y;, 4 as,

Yk,g = \/pk’ygE[hﬁggk,g]sk,g + \/pk,g(th,ggk,g - E[hﬁggk,g])skﬂ

+ > gt 8 iy + g, (8)

(K'.9")7#(k.9)
and assume that the average effective channels E[th 48k 4] can be perfectly learned at the users.

Then the SINR ; , of user £k in group g is defined as,

Prg By g >

Vkg = . 9
pkvgvar[hgggk,g] + Z(k’,g’);ﬁ(k,g) pk'vg'EHth,ggk’,g’P] + o2
The ergodic achievable downlink rate 1), , of user k& in group g is given as,
Ry g =log(1 + k), (10)
while the ergodic achievable sum rate is given as,
G K,
Rom =Y _ Y Riy (11)
g=1 k=1

This paper considers RZF precoding, which is a state-of-the-art heuristic precoding scheme

with a simple closed-form expression given as [3], [7],

G=C¢HH+Kaly)H, (12)

o a7 ot ' H KxN 2
where H is the compound channel defined as [H, ,H,,... , H;|" € C , where H, =
lhig hoy, ... hg, )7 € CK*N o is the regularization parameter and ¢ is a normalization

factor to ensure that the power constraint in (3) is satisfied and is obtained as,

¢ = & ~
E[trPHE H + Koly)-2H" |

O]

) (13)

where © = ]E[trPfIV2fIH], where V = (I:IHI:I + Kaly)~'. The SINR in (9) is now defined as,
Dy M, Vi |
~ ~ H ~ ~ ~ ~
Eh, VH}; P Hik g Vi o] + prgvar [/ Vhy ] + ©

: (14)

Vk,gRZF =
p o s A ~ H ~H -
where p = 5, hy g is given by (4), hy 4 is given by (6) and H, gy = H, ,... . H,_;,hy ...

) TRg—1» )
A ~ ~ ~ H ~ H
H K—-1xN
hy_14.h, 14, 7th,ga Hg+17 e aHG] eC .



III. MAIN RESULTS

As the ergodic rate with RZF precoding is very difficult to derive for finite system dimensions,
we consider the large system limit, where NV, K, S grow infinitely large while keeping finite ratios.
Under this setting and the double scattering channel model in (4) and its estimate in (6), this

section presents the deterministic equivalents of the SINR and sum-rate with RZF precoding.

A. Preliminaries

The analysis in this work makes the following three assumptions.

A-1. For all g, N, S;, K, and K tend to infinity such that,

S S

0 < lim inf Ng < lim sup Ng < 00, (15)
K K

0 < lim inf Wg < lim sup Wg < 00, (16)
K K

0 < lim inf 79 < lim sup 79 < 0. (17)

In the sequel, the notation N — oo denotes Assumption A-1.

A-2. For all g, lim supy||Rpg,|| < oo and lim supSg||Sg|| < 00.

A-3. The random matrix %I:IHI:I has uniformly bounded spectral norm with probability 1, i.e.
lim sup,y||-LH" HJ| < oo, with probability 1.

The derivations in this work rely extensively on the Fubini Theorem. The complete statement
of this theorem can be found in [23] and its application to the study of a double-scattering
MIMO multiple access channel can be found in [21], [24]. In plain words this theorem implies
that if a deterministic equivalent g, exists for a function f, of a random series (H]),>; and a
deterministic series (H),),,>1 of matrices and if it can be proved that this deterministic equivalent
holds true for almost every such (H)),>; generated by a space 2, then the latter is also a
deterministic equivalent of the random series (H/,, H).),>1.

Using this mathematical idea, the derivation of the deterministic equivalents in this work

interprets the double-scattering channel model in (4) as,

by, = \/SyZyWi, (18)
where,
1 _
Z R}/c W,S,”. (19)

NV



Note that (18) is essentially a Rayleigh correlated channel model [7] but with a random Tx
correlation matrix Z,, which itself is a Kronecker model. The idea is to first assume Z, to be
deterministic and use RMT results for the Kronecker model to derive the deterministic equivalent
of the SINR. Under this setting, the estimate of the double scattering model in (6) can be

interpreted as,
h,, = ®,/°q,,,. (20)

where q, , has entries distributed as ~ CN(0,1) and ®,, is the covariance matrix of the channel

estimate given as,

®, = d’Rps,Q, (ZQZf + iIN) QR . (21)

Once we obtain the deterministic equivalent of the SINR in terms of certain fixed point equations
that depend on the matrices Z, using RMT results for the Kronecker model from [25], we extend
the analysis by allowing Z, to be random based on the Fubini theorem. In this second step, we
derive the deterministic equivalents of the fixed point equations under the actual random Z,s.

Our first theorem will introduce a set of 3G implicit equations which uniquely determines
the quantities (m,, m,, 59), 1 < g < G. These will be needed later to provide the deterministic
equivalents of v, , and corresponding rates.

Theorem 1: Consider the resolvent matrix (Alil(a) = (%I:IHI:I + aIN> 71, where the columns
of I:IH are distributed according to (6). Then the following system of 3G implicit equations in
mg, Mg and o4, 1 < g < G,

s _
1 ‘ 5,.504(Dy, @) Sy o
mg(a) = —d? e + —20,(Dg, ) |,
q(c) K9 (Z 14+ f;zdggg7jmg(a)5g(Dg7a) Ptr 4(Dy ))

j=1
1
o(@) 1+ my(a)
1 _
0y(Ry, ) = S—tr R,T(a),
g
where,
G — Sl K. 2 — _ _ —1
- D, —ZdSl ml(a) K. m(a) .
T(o) = — K2 %) _ + =D, +al , 23
“ (Z S (;1+%d%si7jmi<a>5i<ni,a>> KO, 3

has a unique solution satisfying mgy, m,4, d, > 0 for all g and o > 0, where R, is an arbi-

trary matrix with a uniformly bounded spectral norm, ]_)g = RBSgQgRBSQQf Rgsg and ﬁg =



Rps, Qng RY s,- Let U be any deterministic matrix with a uniformly bounded spectral norm.

Under assumptions A-1, A-2, A-3 and for o« > 0, we have

1 A —1 1 - as.
gtr(UC () — ?tr(UT(a)) — 0. 24)

N—oo

Proof: The proof of Theorem 1 is postponed to Appendix B

B. Asymptotic Analysis

This section provides the major contributions of this work as it copes with the channel model
in (4) and its estimate in (6) and provides the large system SINR analysis of RZF precoding.
To begin with, we first present the deterministic equivalent of the quantity %tr Qgéfl(a),
which will repeatedly appear in our analysis. The result is presented in the following lemma.
Lemma 3: Under the setting of assumptions A-1, A-2 and A-3 and for o > 0,

1 ~—1 a.s.
EU’ CI’gC (Oé) — mg(a) m 0, (25)

where m,(a) is obtained as the unique solution of (22).

Proof: Utilizing the result in (74) for U = ®, under the assumption of deterministic Z,s

yields,
1 ~—1L a.s.
Etr ‘ﬁgC (Oé) — eg(a) m 0. (26)

The result can be extended to random Z,s using Fubini Theorem and the deterministic
equivalent of e, is obtained as m, as shown in Appendix B.

The next lemma introduces the deterministic equivalent of an important quantity that forms
the mathematical basis of the subsequent large system analysis of the SINR in (14).

Lemma 4: Define x(a) = [x1(a), x2(a), - .., xa(a)]T, where y,(a) =25tr &,C (a)H PHC  (a),
where ®, is given by (21). Under the setting of assumptions A-1, A-2 and A-3 and for o > 0,

a.s

x(@) = x°(a) =0, 27)
where,
x°(a) = (Iy = J(a))"'¥(a), (28)
where,
- K; 1 _ 1 -
J(a)lgi = dzgm (ﬁgﬂ'(RBSgan ) + Eﬁi(RBSgan Oé)) : (29)

i 1 -~
= d2 ZZ 1+Z (5gz(RBs Q,,a)+ Eﬁi(RBSQQg,a)) , (30)
=1 =1



where,

2 ol 02
ﬁg,i(A, Oé) = g,i<A7 Oé) + 6g,i(A7 Oé), (31)
where,
iz i 54,5 Sg §gynM§<"RBsgAHf)i«a>
a1 Sl I (4 B a2 m ()5, 8,(Dg.a0)2 T (1+%d§mg(a)gg,n(sg(r’)g‘a»?’
Bg,i(A ) = 2 s, 55 s, 450 M](ARpg, AF D;,0) B " Hon
Bt <1+%d?mi(a>§i,j5i<ﬁi,n)>2( T 0 KL a5, oy | o i (RES QiRBs AT, )0 (AR, O Rle,a)>,
S _ H N
2 9 Aqt ]
2(A Oé) _ dz Z SQJMQ(ARBSQA ’D“Oo (32)
971 ? - K 2 — — — 27
K pir j=1 (1+ fgdgmg(a)sg,j(sg(nga @))
and,
Si - N H
~ d? - 5. M/(D;, AA”, « S; ~
BiA )= 2> — 1D, AL, 0) S+ —M(D;,AA" o) |, (33)
K - (1 + ?dz mi(a)si7j5i(Di, a)) Ptr
where,

1
M!(R,,L) = 5 Ry

A& D (KN e e )
(> == () diw GWS)M(D. L) +L )T, (34

z=1

where R, and L are arbitrary matrices with uniformly bounded spectral norm,
K; N\
W, = (Igi + ?dfmiéi(Di,a)Si) : (35)

and M'(D, L) = [M|(Dy,L), Mj(Dy, L), ..., Ms(Dg,L)]”, which can be expressed as a system

of linear equations as follows,

M/(]_)vL) = (IN - J(D))_lv(DaL)v (36)
_ 1 e = (M2 (K\? .
J(D)],,; = Su (D, TD,T) (% (?) dtr (siwfsi)> , (37)
v(D,L)], Sitr (D, TLT), (38)
g

forg,i=1,...,G.
Proof: The proof of Lemma 4 is provided in Appendix C.

Based on the results in Theorem 1, Lemma 3 and Lemma 4, the deterministic equivalent of
the SINR in (14) can be derived and is presented in the next theorem.
Theorem 2: Under the setting of assumptions A-1, A-2 and A-3 and for o > 0, the downlink

SINR of user k in group g defined in (14) converges almost surely as,

Vk,gRZF — Vi gRZF ﬁ 0, 39)

if g # 1,

if g =1,



where,
Prg(my(a))?

’yo - o « mg(a ) (40)
SR g (L my(a))? + Elvallim @)
where,
o o o 1 2 o
17, = wo(Iy,a) — xgla) + TTm@ Xg(a), S
g
where,
| G K
wg(Iy, o Z > mﬁg,i(lm a)(pri + xi (@), (42)
2:1 =1 ’
1 G K; 3
(I = ———— Gi(ly, i ; . 43
&Iy, a > 1+m@)Pﬁ(N(w@a+xA®) (43)

zlll

Proof: The proof of Theorem 2 is given in Appendix E.
Corollary 1: Assume that A-1, A-2 and A-3 hold true and o > 0. Then the individual downlink

rates 17, , of users converge as,

Ry 4 — R, F 0, (44)
where,
g = log(1 + VE,gRZF)a (45)

where p p7r 18 given by (40).

Proof: The proof follows from the application of the continuous mapping theorem [23] to the
logarithm function and the almost sure convergence of vj grzr in (39).

An approximation of the average system sum rate can be obtained by replacing Ry , in (11)

with its asymptotic approximation as,

¢ K,

Ry =Y > 10g(1+ 7 jrzr). (46)

g=1 k=1

The asymptotic expressions provided in Theorem 2 and Corollary 1 will be shown to be
tight by the means of simulations in Section IV, even for finite system dimensions. This means
they can be used for evaluating the performance of practical systems without relying on time-
consuming Monte-Carlo simulations. Despite being useful for this purpose, the expressions are
quite involved and do not provide direct insights into the interplay between different system
parameters. We therefore focus on the perfect CSI case and obtain some simplifications under

different operating conditions.



C. Rayleigh Product Channel

A special case of the double-scattering channel is the Rayleigh product channel which does
not exhibit any form of correlation between the Tx and Rx antennas or the scatterers [18]. This
model is popularly known as the multi-keyhole channel. We study this model for perfect CSI
and find that Theorem 2 can be given in a closed-form as shown in the next corollary.

Corollary 2: For G = 1, let S} = S, K; = K, and assume S; = I and Rzg, = Iy. Then
under perfect CSI, 1{zzr can be given in a closed-form as,

) Pz (1 —m)*(1 —m?a)

= — , a7
krRzZF ta + msz
where,
_ S(N — K + Km)? N S3a%(S —1)(N — K + Km) 48)
a*K(Sa—KerNerKm?)? K(Sa— Km+ Nm+ Km?)3(Sa — 2Km + Nm + Sm + 2Km?)’
S2(N — K + Km
b ( + Km) (49)

" K(Sa— Km+ Nm + Km2)(Sa — 2Km + Nim + Sm + 2Km?2)’
and /m is given as the unique root to,

S N S N SN Sa Sa
-3 o0 VY g 2N eV eay 0
m (2 K K)m+<1 K K+K2+K>m K 0, (50)

such that m € (1 — %, 1).

Proof: The proof is postponed to Appendix F.

Corollary 3: Under the setting of Corollary 2, let &, £ — co. Then 7fy, defined in Theorem

2 can be given in a closed-form as,

Fe(h ~ DL+ )

Virze = ; (5D
kRZF 1 + p#
where,
i 1—%—a+\/(a+%—1)2+4a
m = : (52)
2
Note that as %, % — 00, h behaves as a Rayleigh fading channel, whose SINR is given as

(51). A similar result has also been obtained in Corollary 2 of [7], where the authors derive the
deterministic equivalent of the SINR under RZF precoding, with the channel between each user
and the BS modeled as Rayleigh correlated.

Corollary 4: Under the setting of Corollary 2, let & — co and £ — oo with K > S. Then
Yirzr defined in Theorem 2 can be given in a closed-form as,

BicS

VirzF = K_S (53)




120

—— Monte-Carlo .n
- W = Asymptotic approximation .7
’
100-
— 80 — :
N p,=10dB
2 .
2 ot
Q2,6 60r L N
[0} &
T
*é p":ZdB
2 40r
201
-20 -15 -10 -5 0 5 10 15 20
p [dB]

Fig. 2: Sum rate versus SNR with o = 1/p.

It is commonly believed that the capacity of massive MIMO systems scales linearly as
min(N, K) under i.i.d. channel gains and perfect CSI. However, Corollary 4 refutes this as
it implies that the performance of a massive MIMO system is actually limited by the number
of scatterers in the environment. For a low number of scatterers, deploying more antennas will
yield no benefit. Massive MIMO techniques are therefore only useful in very rich scattering

environments. This result will be verified using simulations as well.

I'V. SIMULATION RESULTS

Under the double scattering model, the correlation matrices Rpg, and Sg are given as Rpg, =

G(titg, 0t g, di, Sy) and Sy = G(ps g, 05 g, ds 4, S,), Where G(u, ¢, d,n) is defined as [20], [21],

1 = , s jo
G(p,0,d, 1)k, = - 2,1 exp ( —i2md(k — 1) cos (E + — + u)) (54)
="z

All parameters have already been defined in Fig. 1.

The parameters are set as G = 4, K = 80, N = 80, S,={80,90,84,94}, 11,4 = ps,4={—7/3,
—7/9,7/9,7/3}, 01 g={n/5,7/6,7/5,7/T} and o, ;={7/6,7/6,7/6,7/6}. Also, d; = 0.5 and
dsy = 2 for all g. We assume an equal number of users in each group, i.e. K, = K/G, with
uniform power allocation, P = Ix. Fig. 2 compares the downlink system sum-rate Ry, =
Zle Zf:"l log(1 + 7j,g,,.) Obtained using 2000 Monte-Carlo realizations of the SINR in (14)

to the deterministic approximation provided in (46), where V¢ r7r is given by (40). It can be
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Fig. 3: Sum rate versus SNR for a multi-keyhole channel with o = 1/p.

seen that the asymptotic result derived in this paper yields a good approximation for moderate
system dimensions. The sum-rate is decreasing at high SNR values for p;,, = 2dB, because the
regularization parameter « does not account for p;, and thus the matrix a'H + Kol in the
RZF precoder becomes ill-conditioned as the quality of the estimate deteriorates. Furthermore,
note that the mismatch starts to increase for high SNR values due to the slower convergence
of vj grzr to its deterministic approximation as well documented in RMT literature [7], [26].
Therefore, higher system dimensions are needed for a better approximation at high SNR values.
Fig. 3 studies the effect of the number of scatterers on the system sum rate for a single
group with multi-keyhole channel, i.e. G = 1, Rgg = Iy, S = Ig, with N = 20, K = 20 and
perfect CSI. The downlink sum-rate in (46) plotted using the closed-form expression of v} r x
in Corollary 2 is close to the Monte-Carlo result even for very low number of scatterers. The
spatial multiplexing gains are seen to increase linearly with S. However, for S > N, the gains
start to decrease since the degrees of freedom are limited by the number of antennas at the BS.
The limiting sum rate as S/N, S/K — oo is also plotted using the SINR in (51). As the number
of scatterers increases, the performance approaches to that of a Rayleigh fading channel.
Finally, we study the downlink performance of the double scattering channel as the number
of BS antennas increases for a single group with S = 20, K = 40 and perfect CSI. The results
are shown in Fig. 4 for both the correlated and uncorrelated cases. It can be seen that as the

number of antennas increases, the performance of both cases saturates to a limiting sum-rate as
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N/S,N/K — oc. For the case where Rgs = Iy and S = I, this limiting sum rate is given by
substituting (53) in (46), which is also plotted in blue on the figure. This result is in contrast
to the common belief that the performance of a massive MIMO system scales linearly with the
number of BS antennas if the antennas are uncorrelated and perfect CSI is available. In fact,
the performance is limited by the number of scatterers in the environment and the benefits of

massive MIMO can not be realized in poor scattering conditions.

V. CONCLUSION

In this paper, we studied a multi-user MISO system with double-scattering fading channels that
are more realistic than the commonly used Gaussian channel models. The system performance
of this non-Gaussian channel is extremely difficult to study for finite system dimensions so we
focused on the massive MISO setting. We first derived the MMSE estimate for this channel
model. Then under a user-grouping setting with per-group channel correlation matrices and
the assumption that the number of BS antennas, scatterers and users grow infinitely large, we
derived almost surely tight deterministic approximations of the SINR and the sum rate with RZF
precoding. Simulation results showed a close match between the asymptotic and the Monte-
Carlo simulated sum rate for relatively small system dimensions and provided insights into the
performance of multi-keyhole channels. The results highlighted that massive MIMO performance

is actually limited by the number of scatterers in the environment.



APPENDIX A
MMSE ESTIMATE

A. Proof of Lemma 1

The MMSE estimate fl,w of h; , is computed as ﬁk,g = F,y}/, where F, is obtained as the

solution of min g E[||hy, — Fyy;/,[|?] resulting in,

o —1
Fo = Coir, o,

where,
T'H
Cop vy, = Elhygyiy | = Elhgghi].
L 12 o 1/2H
- S_RB/SgE[WgSgW;{]RB/Sg )
g
L _i/2 o 1/2H 1 a
= S_RB/SQ (tr Sg>INRB/Sg = S—(tr S¢)Rzs,,
g g
and,
r o trH 1 r o trH
Cyz,fgyfcfg = E[yfc,gyz,g ] =E |:hk79th,g + Enz,gnz,g :| )
1 _ 1
= —(tr S,)R + —1Iy.
Sg< ' g) b5 Ptr N
Therefore,

. 1 _ 1
hy, = S—(tr Sg>RBSgQg (hk,g + \/p—tnzg) :
g 'S

B. Proof of Lemma 2

We deal with E[h;/ gAlAl;W] and E[ﬁkHyAflkvg] separately.

N d
E[th,gAhk,g] = dgE[th,gARBSgQghkvg] + \/—g—E[th,gARBSganZg]’

Ptr

=11+ 15,
Due to the independence of nj/, and h;,, we can show that 7; = 0. Now,

d W S ~ Q ~
T = S_QE[WkH,gS;/QE[WfR}B/ggARBSQQgR}B@gWQ]Wk,g}S;/zwk’g],
g

S8

= —gE[ngsgwk,g]tr(RBSgARng Qg),

| & W

= Lur(S,)tr(Rps, AR5, Q,).

g

(55)

(56)

(57)

(58)

(59)

(60)

(61)

(62)

(63)

(64)

(65)

(66)



Similarly we deal with E[ﬁkH,gAlAlky] as,

“H o~ d?

Elh, Ahy,] = Eh{ QYR ARps,Q,hy ] + p—gE[ngj Q/Rps ARps, Q0 ], (67)
tr

@2 a2
— ggtr (Sg)tr(Rps, Q) Rijs ARps, Q) + p—gtr(Qf Rjjs, ARzs,Q,), (68)
g tr
dy 1
= ggtr(Sg)tr ((ngBSg + p—IN) QJ RgSgARBSgQg) , (69)
g tr
d. — _
= ggtr(Sg)tr(RBSgARngQg). (70)

g

As a consequence E[(hy, — lAllw)H Aﬁkvg] = 0. Using standard tools from RMT, we can show
4

that the E | |+ (hy, — lAlk,g)H AlAl,w is bounded and converges to zero, implying,
1 n HaL a.s.
5 (g — i) AR, 20, (71)

APPENDIX B

PROOF OF THEOREM 1

As a starting point we assume Z, to be deterministic such that lim sup | |Zng || < oo, which

allows us to use the expression of fl,w in (20) to have,

G Ky
~ 1 - L H
C=— > @.q, 4, @) + oy, (72)
g=1 k=1
G ~1/2 = ~H =128
- Z P, Qlk,Q, @, +al, (73)
g=1

where Q, ~ CN/(0, Kig) € CN*Ka and @, = %(I)g, where @, is given by (21).
~ _ _ ~ H
We now rely on the observation that @;/QQgIKngtI);/Q can be considered as a double
scattering channel model with deterministic correlation matrices é;/z. Under this setting, the

C . . ~—1 . . . .
deterministic equivalent of %tr UC can be obtained using Theorem 3 in Appendix G as,

G -1
]— ~—1 ]- Jged a.s.
where (e,, €,) are given as a unique solution to the following set of implicit equations,
1
e = 75
eg 1 + eg ? ( )

G —1
1 ~ ~
9 i=1



Now for the actual double-scattering channel model, Z s are random and modeled as V—ls:RgggWgS;/ 2

Using the Fubini Theorem [24] we can extend the result in (74) to random Z,s. This does not
affect the expression of e,, but e, are now random quantities and we need to find a deterministic
equivalent, denoted as m, for them, such that, e, — m, ﬁ 0.

To do this, we first define quantities e, ; ; and €, ; fori =1,...,G, 7 =1,...,5,, which are

given as unique solution to following set of fixed point equations.

1

Eoii= ——, 77
Coiid = 7 tegig (77)
| AR
€gij — ?tl’ (bg’i’j(z él,i,jq)l,i,j + OKIN)_l. (78)
g =1
where,
5 Ky 1 H 1 HypH
‘ig,i,j — ?dQRBSgQg Zgﬂ"jzg’i’j + EIN Qg RBSg7 (79)
where,
Z,, if i # g,
Z,;; = (80)
[Zg,la--'7Zg,j—l7zg,j+la--'7Zg,Sg]7 le =4dg.
It can be shown following the techniques used in Appendix E of [24] that for all g, 1, 7,
€g = €gij 7.0, 81)
&g — Egij ——— 0. (82)
Now using the expression of ®, from (21) in ¢, we have,
dﬁ m, 1 HypH . d -
¢y = 72 Rpss,Q, | Z,Zy + EIN QR z; a®; +aly) (83)
d2 Sg G ~ -1 2 1 . G ) -1
= ?g Z Z;{,ijRgSg Z éﬁI)l- + aIN RBSgngg,j + Eg—ttr Dg éi(pi + OZIN s
j=1 i=1 T i=1
=T, + Ty, (84)

where Dg = Rpg, Qng Rgsg. First we treat 77 using Lemma 11 in Appendix G to remove the

_ -1
dependence of (Zszl e;P; + aIN) on the vector z, ; as,

s H oHpH ¢ Ki 2. g H 1 HpH Kg 2 ) L H oHpH -1 )

T = ﬁ Zg zg Qg RBSg (Zz‘:l R di€i,g,;RBs; Qi (thi + Ptr IN) Q; RBSi - K dgey,y,JRBSgngg,ng,ng RBSg +aly RBSgngg,J
K = .  Kguo,H QHRH ¢ Kigpo gH 4 1 HRH Kg 25 . ,H QHRH -1 o
i=11+8&g,9,5 & 4324 ;Qq RBsg 2t B di%igeiRBs, Qi (ZiZ7 + 571N ) Q; Ris, = & 9389.9,iRB54Qg2g,524 ; Qg RBsg +aly Rps,Qq2g,;
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Then from Lemma 7 and Lemma 9 in Appendix G we have,

_ _ ~ —1
dg S9 sg,—;jtr Dg (Zlel e;P; + OIIN>
T - 2 ‘

a.s.

0, (85)

j=1 1+ ég%dgig—;jtr ﬁg (Zil éﬁf’i + aIN)
where D, = Rps,Q,Rps,Q) Rijs, .
Notice that 'in is still a function of Z; which is random. To remove the dependence of 7; on
_ N -1
Z;, we need the deterministic equivalent of Sigtr D, (Zf’;l e;P; + al N) . Using the expression

of ®; in (21) and Theorem 3 in Appendix G we have the following convergence,

G -1 G
1 _ = 1 a.s.
—1tr Rg < E eP; + OzIN) — S—gtl‘ Rg(i:E 1 sz + —d2_D + OfIN) —— 0, (86)

Sg i1 N—o0
where R, is any deterministic matrix that satisfies lim sup N||Rg|| < o0 and,
d3ey5.j
) (87)
fo= S Z 1+ Kgd2fg( )égggd
1 == Kl 9 € ~ 1
fo(Ry) = S_gtr Rg(; fiDi + ?di EDi +aly) ™, (88)

such that (f,(R,), f,) > 0. Substituting f, in f,(R,), we have,

>
G — Sz K 22— — _ —1
1 D, i 26,3, K; e ~
R,)=—trR — K 1 v ZPED, + ol . 89
fg( g) Sgr g(;si<;1+%d?fi( — >+K2p +06N> (89)

—1 D;)éis; tr
Consequently,
S, _
1 . Sgifs(D a.s
T -~y ngﬂfg(_ ) es g (90)
K7 1+ eyd2sy,; fy(Dy) N—ee
Similarly 75 can be derived as,
S
T, — K fg( ) m 0. 91
Plugging 7 and 7% into the expression of ey 1n (84) yields,
S _
1 2 - ggjfg( ) Sg N
ey = —d + —=f,(Dy) | + €, 92)
K7 (; d2sgjegfg( g)  Pu
where ¢, Na—s> 0. Consider the deterministic counterpart of (e,(«), €,(), f4(Ry, @)) as,
—00
S _
1 - S4.i04(D S, ~
my(a) = = (Z 1 E— —gag<ng,a>> ,
K oL+ 25 ymg(@)dy(Dg, ) P
1
mg(a 93
1
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G — Sz K 2 — _ _ —1
- D, 2d:s; imi(a) K; ,mi(a) -~
T(a) = § — § K2 ] - + AP D; ol : 94
(Oé> < S. (j:1 1+ %dgsi,jmi(a)(si(])h&)) K aln 94)

i=1 % Ptr
Define T; = maxgyle,(o) — my(a)|, To = max ,4le,(a) — my()], Ts = max,|f,(Ry, o) —
d,(Ry, )| and € = max,|e,|. It can be shown that,

T17T27T3 %07 (95)

for « sufficiently large and e Na—8> 0. The result can be extended to all o by Vitali convergence
—00
theorem [27].

Now combining (74) with the result in (86) for R, = U will yield,

1 ~—1 1 T a.s.
ZUC (a) = 22UT(a) =20, (96)

where T(«) is given by (94).

This completes the proof of Theorem 1. The uniqueness of the solution (m, m,,d,) can be
proved by showing that the G-variate function in (93) is a standard interference function [see
Definition 2 and Theorem 8 in [28]]. The proof of uniqueness will follow similar steps as done

for Theorem 2 in [28] and has been omitted.

APPENDIX C

PROOF OF LEMMA 4

We are interested in finding the deterministic equivalent of:

1 o H
Yo = 75t €,C ‘HPAC . 97)

First we need to control the variance of x, and prove that var (),) converges to zero. This

can be done using standard tools from RMT (see [8]) and will imply that,

Xg — X —— 0, (98)

N—o00
where xg = E[x,]. This allows us to focus directly on E[x,].
Using the expression of @, in (21) we have,
a1

1 1 ~—1~H
Xy = 7B {tr R;s,Q, <Zng + p—IN) Q;Rj5;,C H PHC |, (99)

tr

1
=d, (“Z(RBngg) + pTEO(RBngg)> : (100)
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where,

1 a1 Ho a1

ry(Rps,Q,) = o5t Rps5,Q,Z,Z,;Q,/R55 C H PHC (101)
1 a1 H a1

¢(Rps,Q,) = ek Rps,Q,Q) Ry C H PHC (102)

and rj and £° denote their respective expectations. We therefore start the proof by deriving the
deterministic equivalents of x,(A) and £(A), where A is a deterministic matrix of uniformly

bounded spectral norm. Plugging these results in (100) will complete the proof of Lemma 4.

A. Deterministic equivalent of rk4(A):

The aim of this section is to derive a deterministic equivalent for the random quantity,

1
Kg(A) = et AZ,ZIATC ‘HpHCT (103)

We can again control the variance of x4 and show that it goes to zero implying that,

Kg(A) — KJ(A) —= 0, (104)

N—o00
where x9(A) = E[xy(A)] This allows us to focus directly on E[x,(A)]. Using the result from
)~! and the

last section in (74) that tr ¢ o ~tr T —= 0, where T = (EZG ) 1+
N—oc0 i

resolvent identity given as,

G ~
. o b. I R
C' -T=T(T"'-C)¢" :T<Z i ——HHH-> ¢ (105)

we decompose k4 as,

1 1 D, 1.H_ -1
bg(A) = 5t AZ, Z'A"TH PHC ' + e ) AZngAHTmC H PHC
i=1 v
¢ H -1~ H —1
-7 > tr AZ,ZYAYTH, H,C H PHC (106)
=1
— 2+ Zs + 7. 07

We will only deal with the expectations of the terms Z; and Z3, since Z, will be compensated

by terms in Z3. We begin with applying Lemma 6 from Appendix G on Z; as,

Zl K2 ZZPM

i=1 [=1

1 G K;
SONWAE
=1 =1

AH ~—1 R
[hl,ic[l,i]AZQZfAHThl,i:| 108)

1¢oH -1 -
1 + ?hl,ic[lﬂi]hlﬂ;

~H ~—1 A ~—1 ~H ~—1 ~ ~ P N
h, ;,Cp ) AZyZy A" Thy; (%“ ®;Cpi) — %hl,ic[l,i]hhi) 5 hﬂc[z JAZ,ZI AT Th, >
N i€, .
~H A —1 ~ ~—1 ~—1
(1+ 7hy  Cyahia)(1+ gtr @,Cy ) 1+ tr &:Cp
(109)



23

Assuming Z, to be deterministic and using the fact that lim sup N||ZgZ§I || < oo almost surely
(proved in [24]), we can use the expression of flkhq in (20) and show with the help of Lemma 7
from Appendix G that the first term on the right side of the above equation is negligible. Now
using the Lemma 9 and Lemma 3 on the denominator of the second term will yield,
|G B [hy G AZZ I A T, |
E[Z,] = ﬁzzpu o +o(1), (110)

i=1 [=1

Using Lemma 7 with the expression of ﬁ;w in (20) we have,

| G i @€ AZ, 2 AT
_ 1 D | 1). 1
K Z; ; K, 1+ m; o) ain

Now using Lemma 9 and Theorem 3 from Appendix G we have,

1 &L, B [ ®TAZ,ZI AT
== Pid 1). 12
D% Trm +o(1) (112)

i=1 [=1

Note that the analysis in the last two steps can be extended to random Zgs using Fubini
Theorem and we need the deterministic equivalent of 3,,(A) = L E|tr éiTAZng A”T] under

the actual random Z,s. Using the expression of ®; from (21) results in,

Byi(A) = ?E {tr Rzs,Q; (ZiZf{ + —IN) QX RgSiTAZngAHTl , (113)
tr
d2 Si d2
=k EZ ZS;QZHREISZ-TAzngAHTRBSiQiZi,j +E [K tr Rps,Q,Q/'R}j5 TAZ, ZHAHT
Jj=1 tr
=hi+ T (114)

We analyze the two terms separately. First we use Lemma 11 from Appendix G on 7} to remove

the dependence of T on z; ; as follows,

2 5; 22 QR TAZgZHAHT Rps,Q;izi if g i

T K Zuj=1 (1+7m; —1df H.QUREG TiRps,Qzi5)> ’
4 pr—

Z E z! ]QHRgS TA(ZyZH —2;, JzH JAHT, iRps; le”ﬂH AHT,; iRps,; Q2,21 QHRBS T;Az; if g =i

Jj=1 (1+m; szf ZHJQHR T iRBs; Qi z,5) 7

-1

where T, = (zfi B2 Ry, Q, (ZZZ{I + I%IN> Q/RYy — a2 Rps,Qiz: 21 QI RY + aIN)

Next we use Lemma 7 and Lemma 9 from Appendix G to get the following,

5, - + o0 1
(]."sz 5 dz % Jtr Rps; QHRHS TRps; Q1)2:| ( )
Lir Rps; QHR s, TA(ZgZE —2;, ;21 )AH TR g5, Ql—i—(sg L Rps, A7 TRps, Qi)(sé—’ijtr Rps, QR TA) o(1)
(14+m; ¢ Kige? ” L Rps; QHRHS TRps,Q;)?

s
&2 S é—’jtr RBsiQZHRgSiTAZngAHTRBSiQi
K £Zuj=1

T, =

xge|d
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Using the Lemma 11 to remove the dependence of T on z, ; and using the deterministic equiv-

alent of f;(D;) = 4tr D,T derived in Appendix B as 6;(D;), where D; = Rps,Q;Rps,Q/ Rl ,

yields,
( zH AHT T
df ZSi ]E SZ] Z zy, nATT RBSinRBS Q RBS TyAzg lf g 7£ Z
—L - K
K j=1 ldezszj ( 1)) (1+m9 K:ngzanHRBSgT RBSgnggﬂl)Q ’
T, — d? S; E 55,5 g,nA TgRBSiQiRBS Q RBS TgAzg n
4 — ij:I an 1d2 5:(D:))2 ~ Kg 0.0 ogHRH 2
n#j T MiSi,j ’L(D’L)) (1+m97d Zg nQ R BSg TgRBS(]ngg n)
H HpH
+£ ZSZ B 57 ;0:(Rps; Q;Rps;A )5i(A1}BSiQi Rps,) if g =i.
K j=1 (1+ By de,sl j5¢(D¢))2

\

Finally we use Lemma 7 and 9 from Appendix G to get the following approximation for 77,
( - 1 HTT
d2 B Sz R Sg, ”E[S tr RBS A TD'TA} . .
S - 1) if
s Dl (1R d27354,36:(00)) (14 S 437 50,18 (D)) Toll) ifg#i,
59.mEl5- -t Rps AHTD;TA]
. Siyj g, g

1= (RS n;”g T 500+ S 50500
d? 6i(Rps;Q;Rps;A")5;(ARps; QHRBSZ) . .
\+ Z] 1 (1_,’_ ’Ld2m157,] ( z)) + (1) lfg = 1.
Similar steps would yield the following deterministic equivalent for 75,

g i 5,/E[&tr Rps, A TD,TA]
Ts = g _ +
Kpw <= (1+ By d25,,,04(Dy))?

=1 K

o(1). (115)

N HpH
where D; = Rps,Q;Q;' R4
In order to complete the calculation of the deterministic equivalent of Bg,i’ we need the

deterministic equivalent of M (R, L) = E[Sigtr R,TLT] which is stated in the following Lemma.

Lemma 5: Define M,(R,,L) = E[Slgtr R,TLT]| where R, and L, g = 1,...,G are deter-
ministic matrices with uniformly bounded spectral norm. Then under the setting of assumptions
A-1, A-2 and A-3 and for o > 0,

,Gf)sz K\ 0 we "(D T
T( Y =5 () die (S.WIS)MI(D.,L)+L| T

z=1 z

1
M!(Ry,L) = g R, +o(l), (116

where,

K, N\
W, = (Isl. + de m;0; (DZ-)Si> : (117)
and M'(D, L) = [M](Dy,L), Mj(Dy, L), ..., M,(Dg,L)]”, which can be expressed as a system

of linear equations as follows:

M'(D,L) = (Iy — J(D))"'v(D, L), (118)
_ 1 o m2 K\ > _

J(D)),: = =—tr (D,ID,T) [ == ( — ) ditr (S;W3S)) |, 119

JB),; = 5t O, ><Si(K) ‘ >> (119

v(D,L)], = —t (D,TLT), (120)
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for g,2 =1,...,G. The proof of Lemma 5 can be found in Appendix D.
Using Lemma 5, we have the deterministic equivalent of terms 7} and 75 and hence (3, ,(A).

This yields the expression of E[Z]] as,

E(Z ZZ“@ +o(1). (121)

=1 [=1
We now study Z3. Using Lemma 6 from Appendix G we have,

G K i AZ,ZTATTH, Zhl,C[l JHPHC

i:s Z : (122)

=1 1 + %hl iC[l z]hl 7

tr AZ,Z A" Th, Zh“C[l 1]H PHC“]

L& E 1 & tr AZGZ AT Th“hhc[“]H PHC|, Z]hl Zh“C[l i
Ty : FLY
i=11=1 1+ KhlzC[l 7]hlz i=11=1 (1+ Kh“c[l z]hlv)

= Z31 + Zs2. (123)

AH A —1 ~
We sequentially deal with terms Z3; and Z3,. Note that %hMC[l?;hM converges to m,; using
Lemma 7 and Lemma 3. This yields,

C SH a—1 AH a1
Ki | [tr AZ,ZE AP Th b, ;€ H PHC[M]}

1
E[Z31] = — — 1), 124
ol 31:2112 1+m; +olD (2
CH a—1 s ~H A—1 .
1 G EE [hl e Z]H L P H, o C i AZgZE AT Thy z] E [hz,z‘c[l,i]hl,ihz,iC[z,i]AZQZEAHThl,i] .
LSS o€ LSS, o ot

i=11=1 i=11=1

=0y + Vs (125)
The quadratic forms in ¥, can be shown to have variance O(K ~?). Assuming Z, to be determin-
istic, we can use Lemma 10, Lemma 7, Lemma 9 and Theorem 3 from Appendix G sequentially

to obtain,
P 1 x a1 HAH
| K [ (@ CMH . (@ichngg A T>]
== ). 12
KZZPM T+ m +o(1).  (126)

=1 [=1

Extending the analysis to random Z, based on the Fubini Theorem and using Lemma 3 we have,

:——ZZ “W“ To(1). (127)

=1 [=1
The term W, is compensated by Z5. To see this, observe that the first order of the term does

not change if we substitute I:IM by H and Py by P. Then using Fubini theorem, Lemma 7

and Lemma 9 from Appendix G we have,

G K; AL H e 2 —1 HAH
1 i tr $,C H PHC AZ,/Z A"T
U = —— E g 1 128

—E[Zs] + o(1). (129)
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. . . . o ~H A -1 . L .
Finally, it remains to deal with Z3,. Substituting %hMCUﬂ-]hM by its deterministic equivalent

from Lemma 3, we get,

HaH T .. .h
- 1 ZEE{h“CM]AZ JZU A Th, b, C o Hy Py H ]hl,i]
32 N K4 =1 =1 (1 +mz>
|G & E b Gy AZ 2 ATy Cy by C 1 .
g 2 T my Fol) 0

Analogously to before, E[Z3;] can be simplified as,
G 5 B[t (€ AZZIAT)|E | L (@
(1 + m,;)z

, P HAH 1 A
+i2ipz~E[K r (8.0 AZZIAT) B | Lu (8,67 |E[Lu (8,67 o
Kao ' (1 +m;)? ’
(131)
G K; 3 G K; =
1 ~ Byi(A)x7 | 1 ~ - miByi(A)
== PoilXe | 2 PR L o(1), 132
K;;(Hmi)? K;le’ Atmy oW (132)
where x¢ is defined in (100).
Combining (121), (127) and (132), we obtain,
o 1 . B ﬂ(A) o
Ro(A) = T DD g e i+ ) +o(1): (133)
i=1 =1 v

B. Deterministic equivalents of {(A) and x,:
Using similar argument for {(A) = 5tr AAZCT'HPAC ™ as done for kg(A) in (104), we
have £(A) — £°(A) Na—s> 0, where £°(A) = E[£(A)].
—00

Repeating the same steps as done for l€0<A), we obtain,

. _
KZ”Zl 73 (i ) + 0(1), (134)
where,
Gia) = & i i MiDLAAT) S0y Ay (135)
K\ & (04 BdmiE D)2 pe ’

where M/(R;,L) has been defined in Lemma 5.
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Plugging (133) and (134) into (100) yields the deterministic equivalent of Xy as,

2 G K; 3
-3 =22 (bt x?) (—6“( 2 )+i—@(RBS~"Q9>> +o(l).  (136)

i=1 I=1 (14 m;) prr (14 my)?
Now x° = [x7,X$,---,x2]" can be expressed as a system of linear equations as,
x’ = (Ixv = )7V, (137)
where,
= K; 1 _ 1 -
2 7
g = gf—(l R (ﬁg,i(RBngg) + E&(RBSQQQO : (138)
- d2 ZZ - (ﬁgz(RBS Q,) + Bi(RBSgQg)) : (139)
'K i=1 [=1 1 +m Ptr

Also, plugging (136) into (133) and (134) completes the deterministic equivalents of (A)

and £°(A) respectively. These terms will later be needed in the proof of Theorem 2.

APPENDIX D

PROOF OF LEMMA 5

To derive the deterministic equivalent of M(Ry, L) = E[4- 5T R ,TLT], where R, and L,
g =1,...,G are deterministic matrices, we use the results from Appendix B in (86) and (89)

along with || f;(R,) — d,(Ry)|| Na—s> to have,
—00

1 a.s.
S—gtr RgT — 59(Rg) N—>—oo>’ (140)
where §,(Ry) = SiR T, where T is given by (94). To this end note that,
d 1 -1 -1
MRy, L) =E [@S_tr R, (T —IL) |l:0} . (141)
The deterministic equivalent of St R, (T~ — (L)™' is obtained using Theorem 3 as,

1 G
1 = R K a.s.

g - K Z N—o00
(142)

where F,(R,, L), Fg are defined as the unique solution to,

S Ky 12~ —
_ 1 <& ngmgsgj
Fy=— Z = — (143)
Sg 1+ F2d2Fy(Dy, L)imgy5,.;

1 G _ K, ,m
F,(R;,L) = tr R,(> ED, + —Zd>—=D, — IL + oly) ™, (144)

Sg K Ptr
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such that (F,(R,,L), F,) > 0. Substituting F, in F,(R,, L), we have,

-1
L= d?m,s, 5. 4 1
Fy(Ry,L) tR bt D. + ~zg2™e D—lL+I :
ol ' (Z Z I+ E@ED. Lyms., © K p o
(145)
Note that F,;(R,, L) reduces to d,(Ry) for [ = 0.

The expression of M/ (R,, L) can be obtained by using (141) and (142) to get M;(R,,L) =
4 Fy(Ry, L)|10 + o(1) resulting in,
G & - 2
. D.m? (K.\" u & w2s 1/ (D) -
T (Z 5 <f> dr (S.W?S,)M!(D.,L)+L | T

z

1
M (Ry,L) = S—gtr R, + o(1),

z=1

(146)

where W, = (Isi + %d?midi(f)i)gi)_l

Note that M/(R,, L) depends on the values of M(D.,L). The latter can be expressed as a
system of linear equations by solving (146) for R, = D,. This system is represented by (118).

APPENDIX E

PROOF OF THEOREM 2

The deterministic equivalents of the energy term |E[h;] g\A’lAlkyg] ,
~ ~H o N ~ o~
malization, the interference term E[th o VH . o Pk g Hik g Vhy o] and the variance term var (th sVhiy)

are worked out separately to yield the deterministic equivalent of the SINR.

A. Deterministic equivalent of ]E[hggf/izk,g”?'
Note that th’g\Afﬁk,g can be written as %hggé_lﬁk,g, where C = %I:IHICI + al. In order to
remove the dependency of C on flk,g, we use Lemma 6 from Appendix G to get,
1 hy gc[k g}h’f ghk gc[k Q]hk g
K2
S (R N ) T

A~ 1 R BN
h; Vh,, = Ehkf{gc[k’g]hk (147)

aA—1 A

We know from Lemma 2 that %th’gC[hg]hk,g 1 hk gC[kg hkg —> 0. Therefore we are only

interested in the deterministic equivalent of %hk, gC[,ﬁ g]hk g Wthh can be treated using Fubini
~H ~—1 ~

Theorem and Lemma 7 and Lemma 9 as h,, o Clie.ghg — =®, C '~ (. The deterministic

N—00
. ~—1 . .
equivalent of %'@gC been derived in Lemma 3 as m,. Note that Lemma 3 not only implies
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almost sure convergence but also convergence in mean. Therefore by dominated convergence

theorem and continuous mapping theorem we have,

DA m?2

H 2 g a.s.
[E[nf Vhy,| Ty 7o 0. (148)

B. Deterministic equivalent of ©:

~H ~AD A 1 a1 AT
©=Er PH V'H =E {ﬁu PHC 'C H |, (149)
1 A1 H_ ~oa—1 o
~E |t € 'H PHC }:g (In), (150)

where £°(A) was derived in the last section and is given by (134).

~ ~H A N
C. Deterministic equivalent of E[hggVH[k7g]P[k7g]H[k,g] Vhy ,4):

~ ~H ~ ~
Denote hﬁ o VHy, 1Pk g Hik g Vi g as Ty 5. Using Lemma 6 from Appendix G we decompose

T as,

H A=l ~H - —1 ~  ~H -1

v, = 1 W et f5E P Ho €7 1y Cre g1 ik, 1Pk, g1 Hik,g) Cli g1k, gk, g Clie g ik g

kg = g2 Tkag kgl kg1 TRy gl MR g1 [k, 9] R T s 1H A1 - ’

L+ ehi g Cri g g
H A=l ¢ oH ~—1 ~H - A1 H A=l ¢ oH ~A—1 ~H - —1 ~  ~H a—1
1y Crgihi gy g Crie g1 Hik, 1 Pl g Hik, 0] Cli g hieg 1 1 g Crie gihie, gl g Crie, 1 Hik, 01 Pk, o) Hik, 0] Cli g e, g Mk g Cl, g1 Mg
3 “H ~—1 ¢ 1 “H ~—1 - )

K L+ ehy  C g g K (1+ ghy o Cpp g )

=X+ Xo+ X3+ X4. (151)

Let us begin by treating X;. Using h;, , = flk,g + flk,g and Lemma 2 we get,

1l H -1 ~H N A—1 ~ 1l ~g ~—-1 ~H - A1 ~ w.s.
X1 (ﬁhk,gcw,gJH{k,g}P[kvgJHleC[k,glhk,g + ﬁhk,qu,g}H[k,g}P[k,g}H[k,g]C[k,g]hk,g) oo O
(152)

“H ~—1 ~H N Al o~ N
Let X} = 50y, CroHiy o Pik.ot kg Gl fig. Using the expression of g, in (20), Fubini

Theorem and Lemma 7 we have,

1 ~—1 ~H ~ ~—1
1 a.s.
Xl — ﬁtr (I)gc[k:,g}H[k,g]P[k,g]H[k,g}C[k,g] ]\/'_>—oo> O (153)
To this end note that,
1 ~—1 ~H ~ ~A—1
ﬁtr (I)gc[k,g]H[k,g]P[k,g}H[k,g]C[k,g} = Xg + 0(1) (154)
Therefore,
X{—x; —=0, (155)
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where xy was derived in the last section and is given by (136).
Now let X2 = hkgC[k g]Hkg]P[k g Cp, hkg Under deterministic Zg, hy,, ~ CN'(0,Z,Z5 —

®,). Using this along with Lemma 7 we have,

X?— —tr (Z,27 —

g

~l o 2 ~—1 a.s.
@) Cpp g Hip g P Hit g Crogy — 0. (156)

The analysis can be extended to random Zgs using Fubini Theorem. In fact, we know from

Appendix C that,

1 ~—1 ~H ~ ~—1
ﬁtr ZngI;{C[k,g]H[k,g]P[k,g]H[k,g}C[k:,g] - l‘fg(IN) + 0(1), (157)
1 ~—1 ~H ~ ~A—1
ﬁtr (I)gc[k,g]H[k,g]P[k,g}H[k,g]C[k:,g} = Xg + 0(1) (158)
Therefore,
X7 = (5g(Iv) = x9) 7= 0, (159)

where xg (A) and Xy were derived in the last section and are given by (133) and (136) respectively.

Consequently,

X — (RZ(IN) Xy + Xg) EELEN) (160)

N—o0
Next note that,
L oH o1
Xy = Y, &g ClpgiPig (161)
~H ~—1 ~ )
]. + %hk,gc[k,g]hkvg

where,
1
Y = —hi1, € Hi P Fle i (162)
Using Lemma 2, we have
1
Yy = 2o5hy, o Crrg Mg P e g]hkg — 0 (163)

Note that Yo = X 11, which has already been worked out in (155). Also using Lemma 2, we have
%ﬁggé[;vlg}hk,g - %ﬁggé[;g]flkjg N:—SOJ 0. Now using Lemma 3 and (155) on X, yields,

mgy o a.S.

1—|—mg 9 Nooo

Xo + > 0. (164)

Similar analysis yields the deterministic equivalent of X3 as,

m
X SV N 165
3+ 1—|—mng N—o00 ( )
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Next note that,

H
X@-—Y'thgc%mhkgxhkgcwmhkg (166)
(1+ hk oCl., g]hkg)
where,
1 ~H ~—-1 ~H R 1
Yo= ﬁhk’gc[k’g}H[kvg]P[k’g]H[k,g}C[lﬁg]hk’g. (167)

Y, = X, which has already been worked in (155). This yields the deterministic equivalent of

X, as,

m2

=l a6

Combining (160), (164), (165) and (168) yields the deterministic equivalent of T ,. Note that

the lemmas utilized in this section not only imply almost sure convergence but also convergence

in mean. Therefore,

H x ~H 2 - o o 1 o a.s.
Ehy o VH ;o Pre g Hik, g Vi o] — (fﬁg(lzv) Xt +mg>2><g) — 0. (169
D. Deterministic Equivalent of var (h; gf/iz;w)
Define the following quantities,
~H A~
a = hy, Vi, (170)
a = Efh! Vhy, ], (171)
b=E[h, V] (172)

By matrix inversion lemma we have 0 < a,a < 1. Moreover E[b] = 0 and E[ab] = E[ab*] = 0.

Thus,

var (h{ Vh; ) = E[ja+b—al’], (173)
=E[(a — a)(a +a)] + E[[], (174)
< 2E[|a — al] + E[|b]]. (175)

We have already shown that a —

—2* 4 0. Since a and @ are bounded, so by dominated
1+ mg N—)oo

Convergence theorem we have E|la — a| N—> 0. Moreover one can show that E[b*] <
—00

] d2||Rps, |? —> 0. Therefore,

var (h{ \Vh;,) == 0. (176)

N—oo

Combining the results of the five subsections completes the proof of Theorem 2.
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APPENDIX F

PROOF OF COROLLARY 2

Note that this corollary deals with the perfect CSI case for which Theorem 1 and Theorem 2
will be reformulated by setting p;,, = co. Under the assumptions of the corollary, the fundamental

equations in Theorem 1 can be reduced to,

1
n=-—— 177
m=a +m’ a7
So
- 178
m K(1+md)’ (178)
1
§=— . (179)
mm Sa
N(SK +N
From (177), we have,
1_p
m=-—1" (180)
m

Solving (178) for ¢ and replacing m with (180) yields,

1—m
0= . 181
Y gy (181

Solving (179) for § and replacing m with (180) yields,

N K Km
= ———+

~ Sa  Sa | Sa (182)

Equating (181) and (182) and re-arranging the terms as a polynomial in m yields,
m?’—(2—%—%)m2+(1—%—%+§(—]¥+%>m—%:o, (183)

By Theorem 1, only one of the roots of this polynomial satisfies (m,m,d) > 0. From (180),
we have m < 1. From (181) we have m > (1 — £). Hence m € (1 — 2,1).

The SINR in Theorem 2 can be simplified similarly under the assumptions of Corollary 2
by setting p;, = oo and expressing everything in terms of m. Note that for perfect CSI, the
interference term will only depend on x°(Iy). Also note that the expression of M’'(R,L) in
Lemma 5 can be obtained by expressing (145), simplified for the setting of Corollary 2, as a

polynomial in F'(R,L) and applying implicit function theorem with respect to .
APPENDIX G

RELATED RESULTS AND LEMMAS
Theorem 3 [[25], Corollary 1]: For k € {1,...,K}, let (ng)n>1 = (ng(N))n>1 be a

sequence of positive integers and let (Ry n)n>1, Reny € CVY, (Ty n)ns1, Ty € CX™ and
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(Dn)n>1,Dn € CN*N be three sequences of non-negative definite Hermitian matrices, satisfy-
ing lim sup v ||Rg || < oo, lim supy|| Tk || < oo and lim sup||Dy|| < co. Let (Xi n)n>1, XN €
CN*" be a sequence of random matrices with i.i.d. complex Gaussian entries with zero mean
and variance 1/n;. Denote By = ), Ri{]iXk,NTk7NX5NRi{]%. Let ¢, = ng/N and assume that

0 < lim infyc, < lim supyc, < oo for all k. Then,

K
1 1 1 1 a.s.
—tr Dy ( By + —Iny | — —tr Dy eRin+ Iy | —— 0, (184)
N T N — ’ T N—o00
where,
_ 1 1
ep N = n_tr Ty n(exnTin+ 1), (185)
k
1
1 Ko 1
er,N = —tr Ry v R v + =1y ; (186)
T il xr

such that e, v, ex y > 0 for all .
Lemma 6 (Common inverses of resolvents:) Given any matrix H € CV*X_ Let h;, denote its

k" column and Hj;; denote the matrix obtained after removing the k" column from H. The

resolvent matrices of H and Hy,; are denoted by C'(a) = (%HHH + ozIN)f1 and C[;]l(oz) =

(LHHY + aly) ™. Then,

1 Cp ()hyhy/ Cy (a)

C'(a)=C,/(a) — = — : (187)
k] K 14 £h!Cyy (a)hy
and also,
Cil(a)hk
Cla)hy, = — 0 (188)
Lemma 7 (Convergence of quadratic forms): Let vy = [x1,79,...,2n5]T be a N x 1 vector

with i.i.d. complex Gaussian random variables with unit variance. Let Ay be an N x N matrix
independent of x,, whose spectral norm is bounded; that is, there exists C'y < oo such that

||A|| < C4. Then, for any p > 1, there exists a constant C,, depending only on p, such that,

1 1 NN
Exy { SXNANKY — tr (Ay) ] <2 (189)
where the expectation is taken over the distribution of xy. By choosing p > 2, we thus have,
1 1 a.s.
NX%ANXN — Ntr (AN) m 0. (190)
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Lemma 8: Let Ay be as in Lemma 6 and xy,y, be random, mutually independent with
complex Gaussian entries of zero mean and variance 1. Then,

1 a.s.
NxﬁANyN — 0. (191)

Lemma 9 (Rank-one perturbation lemma): Let C™* (o) and C[;]l(a) be the resolvent matrices
as defined in Lemma 5. Then for any matrix A we have,
1

FIA(CT (@) = Cyy(a)) < [IA]l; (192)

Lemma 10: Let Xy, Yy be two scalar random variables, with variances var(Xy) = O(N~?)

and var(Yy) = O(N~2). Then,
E[XxYy] = E[Xy]E[Yx] + o(1). (193)

Lemma 11 (Matrix Inversion Lemma): Let A be N x N Hermitian invertible matrix. Then for

CN*! and any scalar 7 € C such that A 4 7xx is invertible,

H H x7A7!
A+ xXx") )= —————. 194
( ) 1+ rxHA 'x (154)

any vector X €
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