N
N

N

HAL

open science

Observer Design for Triangular Nonlinear Systems
Using Delayed Sampled-Output Measurements
Mohamed Kahelras, Tarek Ahmed-Ali, Theo Folin, Fouad Giri, Francoise

Lamnabhi-Lagarrigue

» To cite this version:

Mohamed Kahelras, Tarek Ahmed-Ali, Theo Folin, Fouad Giri, Francoise Lamnabhi-Lagarrigue. Ob-
server Design for Triangular Nonlinear Systems Using Delayed Sampled-Output Measurements. 55th
IEEE Conference on Decision and Control (CDC), Dec 2016, Las Vegas, United States. pp.1447-1451,
10.1109/CDC.2016.7798470 . hal-02332335

HAL Id: hal-02332335
https://centralesupelec.hal.science/hal-02332335

Submitted on 17 Jan 2022

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.

Distributed under a Creative Commons Attribution - NonCommercial 4.0 International License


https://centralesupelec.hal.science/hal-02332335
http://creativecommons.org/licenses/by-nc/4.0/
http://creativecommons.org/licenses/by-nc/4.0/
https://hal.archives-ouvertes.fr

Observer Design for Triangular Nonlinear Systems Using Delayed
Sampled-Output Measurements

Mohamed Kabhelras, Tarek Ahmed-Ali, Théo Folin, Fouad Giri, Frangoise Lamnabhi-Lagarrigue

Abstract— The problem of observer design is addressed for a
class of triangular nonlinear systems in presence of output
measurement sampling and time-delay. A major difficulty with
the considered nonlinear systems is that the state matrix is
dependent on the '"undelayed output signal" which is not
accessible to measurement, making existing observers
inapplicable. A new observer is designed where the effects of
time-delay and sampling are compensated for using an output
predictor. Defined by a couple of first-order ordinary
differential equations (ODEs), the present predictor turns out
to be much simpler compared to previous predictors involving
output and state predictors. Using the small gain technique,
sufficient conditions for the observer to be exponentially
convergent are established in terms of the maximum time-delay
and sampling interval.

I. INTRODUCTION

Time-delay (or dead-time) is a natural phenomenon in
most physical systems, see several examples in the books [9],
[16], [17]. But, control components such as sensors and
actuators, may also introduce additional delay in control
systems. In this respect, the penetration of digital technology
during the three last decades has led to networked control
systems where time-delay is inevitable due to communication
constraints [11]. It is well established that the negligence of
time-delays in control design may cause the instability of
control systems. For this reason an intensive research activity
has been devoted to control design of delayed systems,
leading to dozens of publications especially over the last
fifteen years, see the recent book [13] and references therein.
In output feedback control systems, involving online state
estimation, the system time-delay must be accounted for in
the underlying observer design. Although time-delays are
fundamentally distributed parameter nature, observer design
in presence of these elements has often been dealt with using
finite-dimensional design tools. Accordingly, one starts with
exponentially convergent state observers of ODEs (without
time-delay) and modify them so that exponential
convergence is preserved in presence of time-delay. The
main modification amounts to introduce one or several
predictors of the output and/or the state. In the more
challenging case of nonlinear systems, the approach has been
illustrated with observers based on drift-observability
property ([10]) and with high-gain observers [1], [7]. The
involved predictors prove to be useful in compensating the
delay effect up to some upper limit. To enlarge the maximum
time-delay, a set of predictors operating in cascade are
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implemented. First introduced in [10], this idea has been
widely used in subsequent works [1], [5], [6], [7], [15].

In parallel with the above "finite-dimensional" research
activity, the "infinite-dimensional" backstepping
transformation based approach has been developed, see e.g.
[16] and references therein. This approach consists in letting
the output sensor delay be captured by a first-order
hyperbolic PDE. Then, full-order observers are designed that
estimate both the system (finite-dimensional) state and the
sensor (infinite-dimensional) state.

In turn, the problem of designing sampled-output
observers for continuous-time nonlinear systems is also of
prime importance in regard of the fact that nowadays control
systems are implemented using digital means. This problem
has been investigated since the early nineties [8], but it has
witnessed a notable renewed interest on recent years, e.g. [2],
[12], [18]. Just as for the time-delay case, the main
underlying idea in all proposed sampled-data observer
methods is to start the design with an exponentially
convergent observer for ODEs (without output sampling) and
modify these observers so that exponential convergence is
preserved in presence of output measurement sampling. In
[18] the sampling effect has been accounted for by using a
zero-order-hold (ZOH) sampling of the output estimation
error as innovation term in the observer state equation. This
approach has proved to work well when applied to linear
observable systems that are disturbed by a globally Lipschitz
function of the state vector. To enlarge the admissible
maximum sampling interval, the observer gain is let to be
inter-sample exponentially decaying in [2] where exponential
convergence conditions are expressed in terms of LMIs
involving the sampling interval and other design parameters.
The time-varying delay effect caused by output sampling can
also be compensated for by inserting inter-sample output
predictors. This idea has first been introduced and illustrated
for triangular Lipschitz systems in [12].

The problem of dealing simultaneously with both time-
delay and output-sampling in observer design, has recently
been investigated in [3], [4], [14]. The sampling and delay
effects have been compensated for using inter-sample output
predictors and state predictors. It was shown that the insertion
of these predictors in any continuous-time observer, that is
globally exponentially stable and robust with respect to
output measurement errors, yields to an exponentially stable
sampled-output observer. In the present work, sampling and
delay effects are compensated for using only output
predictors. Since no state predictors are involved, the new
observer turns out to be much simpler, compared to those
proposed in previously discussed works. Using the small gain



method, sufficient conditions are established for the observer
to be exponentially convergent. The sufficient conditions
particularly involve the admissible maximum time-delay and
sampling interval.

The paper is organized as follows: the observer problem
is formulated in Section 2; the observer design and analysis
are dealt with in Sections 3 and 4, respectively; a conclusion
and reference list end the paper.
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Fig. 1: System to be observed

II. OBSERVER PROBLEM FORMULATION

The continuous-time system under study is depicted by Fig.
1 and described by the following model:

x(1) = A1), z(1))x(2) +b((2),x(1)) (1)
z(t) = cx(t) (1b)
y@)=z(t—-r)=cx(t—r) (1c)

where x(f) e R" is the state vector; z(f)eR and y(f)eR
are respectively the undelayed and delayed outputs;
v(t) e R™ is a known external input; the integer n and the
delay » >0 are respectively known integer and real; the raw
ceR™ and the A(v,z) eR™",

b(v,x) e R" are known and have the following triangular

vector functions

form:
[0 a,(v,2) 0 0 |
0 0 a,(v,z) :
Av,z) =|: : .. ) 0 (2a)
0 0 0 a, ;(v,.2)
0o 0 0 0 |
bl (V’xl)
b b b
b, x) = | P20 (2b)
b, (v,x)
¢=[10...0]e R™ (2¢)

where a;(v,z)eR and b;(v,x,,..,x;) € R are known
functions.

The problem under study is to design an observer providing
online estimates X(#) of the state vector x(¢) such that the

estimation error x(¢) — x(¢) converges exponentially to the
origin. The observer must only make use of the external
input v(f) € R™ and the delayed output samples:

W)=zt —r)=cx(ty —r)

where the 7, 's denote the sampling instants. The set {¢, } is
any partition of R, i.e. an increasing sequence such that
t, =0, with

7= sup (¢, —¢;_;). The observation problem will be dealt
0<k<oo
with in the next section under the following assumptions:

Al. All system signals (v, x,y,z) are bounded and an upper

t, >0 as k—oo, and 0<7<o

bound y,, on the output amplitude | y(t)| is known.

A2. The functions a;(v,z) (i=1---n) are class C° with
respect to v, and C' with respect to z while the functions
b,(v,X{,..., x;) (i=1---n) are globally Lipschitz .

A3. The pair (A(v,z),c) is uniformly observable i.e.

|det(0(v, z))| >¢,>0, YveR",VyeR (3a)
for some (unknown) real constant &,, where O(v,z)

denotes the nx n matrix,

c

O(v,z) = CA(?}’ ?)

(3b)
cA" (v, z)

A4. There is a (unknown) real constant 0 </ <o, such
that:

sup ‘f“(v, Z)F_l(v, z)| < (4a)
veR"” ,‘ z‘SyM
where ['(v,z) e R™" is defined as follows:
1 0 0
0 q :
I'(v,z)=|: 0 |- Vve R",zeR (4b)
n-1
0 - 0 a,
i=1

where the g, 's are as in (2a).

Remark 1. a) The complexity with the present observation
problem lies, on one hand, in the interference of delay and
sampling effects and, on the other hand, in the complexity
of model (la-d) involving the signal z(¢) (which is not
accessible to measurements due to output delay) in the
state matrix A(v,z) . This makes the first term on the right

side of (1a) subject to a double uncertainty induced by the
state vector x(¢) and the undelayed output z(¢). It turns

out that the existing sampled-data observers (e.g. [2], [6],
[12], [18]) are applicable to the system (1la-c).

b) In view of Assumption Al, it follows from A2 that the
functions a;(v,z) (i =1---n) are also Lipschitz in z on

the compact set |z| <y - Since the input signal v(¢) is
bounded, there exists a real constant /, such that, for

i=1--n and all real numbers Z1,Zy ¢

|a,-(v,zl)—ai(v,22)|Sla|zl—Zz|, where [/, is only



dependent on the functions a;(.,.) and the supremum of

()|
¢) Similarly, it readily follows from A2 that, there exists a
Lipschitz  constant [,  such that, for

|b(v,2)) = b(v, 2,)| < Iy |z, — 2,

Z1,29,

, for some constant /, that

is only dependent on 5(.,.) and on the supremum of |v(t)| .

In this respect, let us note that instead of the globally
Lipschitz assumption on b(.,.), one could alternately

assume this function to be C' in x . Since the state vector
trajectory x(¢) lies in a known compact domain, say D,
(by Assumption Al), one would conclude that b(.) is
Lipschitz on D, . Then, the state estimation problem could
be solved by replacing b(v(¢),%(¢)), in the observer
described in Section 2, by b(v(t), P(x())) where P()
denotes the orthogonal projection on the domain D, . This
alternative has been illustrated (in the absence of output
sampling and time-delay) in [20].

d) Assumption A3 is also usual in observer design literature.
Presently, that assumption amounts to assuming that,

| i‘nf |al- (v, z)| > g, >0, for some real constant &, >0.
Z|<yy

e) Assumption A4 is a technical condition induced by the
fact that the state matrix A(v,z) is presently signal-
dependent. A similar assumption was required in the non-
delayed non-sampled case dealt with in [19].

f) The class of systems defined by (la-c) is much wider
than those in most existing works on sampled- and/or
delayed-output based observer design, see e.g. [18], [12], [3],
[2], [4], [6]. Indeed, in those works either the state matrix
A(v,z) is either constant or only dependent on the input
signal v. In those works not involving output-delay, the
signal z in the (corresponding) function b(v,x) coincides
with the output that is accessible to measurements (here
denoted y ). The fact that z is presently inaccessible to

measurements entails an extra difficulty m
III. SAMPLED-OUTPUT OBSERVER DESIGN

Since no existing sampled-output observer is applicable to
system (la-c), a new observer will now be constructed. To
this end, some relevant expressions are immediately
established from the problem formulation of Section II. In
this respect, the following saturation operator, suggested by
Assumption A1, will be used in the observer:

5). ©)

where sgn(.) designates the sign function and y,, is as in

a(&) =sgn()min(y,,,

Assumption Al. On the other hand, it follows from
equations (la-c) that the (delayed and non-delayed) outputs
undergo the following ODEs, respectively:

V() = cAv(t = r), y(&) x(t — 1) +cb(v(t — 1), x(t — 7))
2(6) = cAW(2), z(0) Jx(t) +cb(v(), x(1))

(6)
(6b)

In view of (lc), equation (6b) also rewrites in the integral
form:

2(t) = y(O)+ [ cA(s), 2(5) Jx(s) +eb(v(s), x(s))ds

Considering the above observations, the system model (1a-c)
suggests the following sampled-output observer:

2(t) = AW(e), o(w. () )i () +b(v(e), (1))
—T7 (v(@),0(w, )N K(ck() —w, (1))

Wy (0) = et = ), 0w, )i = ) +eb(v(t = r),3( 7))
(7b)

(7c)

(6¢)

(7a)

for ¢, <t<t,,

wy, (t5) = y(tr)

w. (1) =w, (0)+ [ cA(v(s), o(w, (s))i(s) +eb(v(s), 3(s) s
(7d)
where

1 1
A =diag| —,...,
'F

0"

} e R™ forany 6 >1 ®)

and the gain K € R” is chosen such that the matrix 4 —Kc
is Hurwitz with

0o 1 0 0
0 0 1 :

A= : 0 )
0 0 0 1
0 0 - 0 0

Note that K exists because the pair (4,c) is observable. In
(7a), the X(s) (-r <s<0) are
arbitrarily chosen. In (7d), one uses the initial conditions
w_(s)=2z(s)=y(s—r), (- <5 <0). In view of (6a-c), the

initial state estimates

variables w,,(z) and w_(#) are nothing other than estimates

of the delayed and undelayed outputs y(¢) and =z(¢),
respectively. In fact, w, (¢) is a prediction of y(r) over the

open intervals (¢;,¢,,;), it is generated by the predictor (7b-
c¢) from the output samples y(#;), y(¢;_;)... Then, the filter
(7d) is resorted to get the estimate w,(¢) of z(¢). Since
none of w(¢) and w_(¢) are a priori bounded, these signals

enter through their saturated versions in the observer
equations (7a-d). Without using this saturation, it will not be
possible to ensure the boundedness of the various observer
signals.

Remark 2. a) The observer (7a-d) is inspired by the high-
gain observer proposed in (Schreier et al., 2001) for
continuous-time systems with no output delay and no
output sampling. The main novelty of the new observer is
the inter-sample predictor (7b-d) providing the estimates
w,(¢) (of the non-delayed output z(#)) which is used in



the innovation of the state equation (7a). Another new
feature of the present observer, compared to [19], is the
saturation operator o(.). These novel features will prove
to be useful in getting rid of the delay and sampling
effects.
b) Note that expression (7d) can be reformulated as follows:
w (1) =w, (0) + ()

with 9(¢) defined by the following ODE:

t) = cAW(e), o (w. (£))(2) +cb(w(D), (1))
— AWt = 1), o(w, (t = 7)) )i (t — ) +cb(v(t — 1), 5(t = 7))

H0) = fr cA(W(s), (¥ (s — 1)) )x(s) +cb(v(s), fc(s))ds m

IV. OBSERVER ANALYSIS

The sampled-output observer defined by equations (7a-d)
will now be analyzed. For analysis purpose, the following
errors are introduced:

X=x-x, (10)
Subtracting system equations (la), (6a) and (6¢) from the
corresponding observer equations, i.e. (7a), (7b) and (7d),
one gets using (10) and rearranging terms the following
equations describing the error dynamics:

e, =w, -y, e, =W, —zZ

X = lA(v, o(w, ))— r (v, o(w, ))A_chl;
+ (A(v, o(w, )) - A(v, z))x + (b(v, fc) - b(v, x))
+T7'(v,0(w,))A " Ke,
&, (t) = cA(t =), o (w, ()Rt 1)
+ ch(v(t - r),O'(wy (t)))— cA(v(t -r), y(t))Jx(t —r)
+eb((t =), 5(2 = 7)) —cb((t = ), x(t — 1))

(11a)

for 1, <t <ty (11b)
e,(t;)=0 (11¢)
e.()=e,O)+[ cAlv(s),o(w, ()R (s)ds
[ A((s). 0w, () - AW(s). 2()(s)ds
1 b)) -bs)x)ls (1)

Note that the argument ¢ has deliberately been omitted in
(11a) to alleviate it. The main result is now stated in the
following theorem:

Theorem 1. Let the sampled-output adaptive observer (7a-d)
be applied to the system (la-c), subject to Assumptions Al-
A4. Then, there exists a real constant 1< 0" <o such that if
0>0" then, there exist real constant 0< " <o and

0<r <o so that, if r<7 and r<r" then, V¢>0:
~ —at/2 ) —at]2
[F@)] < pre™?, le, 0] < pye™?, le. (0] < poe™”?,

for some real constants > 0,0, >0,p, >0,p,>0 =

Proof. The proof is partly inspired by [19], [12]. For

Remark 3. Admissible values of the delay r and the
maximum sampling interval 7 are those satisfying
conditions (45), (51) and (57). Accordingly, the maximum
admissible values, say r,, and «,,, depend on the free
parameter « which has been introduced for analysis
purpose. The smaller « the larger the maximum admissible
values. It follows that r,, and «,, are obtained by letting
a =0 in (45), (51) and (57). Doing so one gets:
1
LBy
1M+rM(l—laﬂ7rM) < 1
(=18 =1, By70s) 10O +1,)
Then, the sets of admissible delay and sampling interval are

respectively defined by
O<r<rn,and 0<7<7),

1
Iy <——,Ty < (58a)
laﬂ7

(58b)

G99 m

V. CONCLUSION

This study has addressed the problem of state estimation
for the class of nonlinear systems (la-c)-(2a-c) using
sampled output measurements. The problem complexity lies,
on one hand, in the interference of the output time-delay and
sampling effects and, on the other hand, in the injection of
the undelayed output (which is not accessible to
measurements) in the state matrix 4(v(¢),z(¢)) . The proposed

observer (7a-d) features a simpler output predictor defined
by two ODEs (while previous observers involved output and
state predictors defined by several ODEs). The maximum
sampling interval and time-delay for the observer to be
exponentially convergent are well defined by inequalities
(58).

REFERENCES

[1] Ahmed-Ali T., E. Cherrier, and F. Lamnabhi-Lagarrigue.
Cascade high gain predictors for a class of nonlinear systems.
IEEE Transactions on Automatic Control, vol. 57(1), pp. 221—
226,2012.

[2] Ahmed-Ali T., E. Fridman, F. Giri, L. Burlion, F. Lamnabhi-
Lagarrigue. Using exponential time-varying gains for
sampled-data stabilization and estimation. Automatica, vol.
67, pp. 244-251, 2016a.

[3] Ahmed-Ali T., I. Karafyllis, and F. Lamnabhi-Lagarrigue.
Global exponential sampled-data observers for nonlinear
systems with delayed measurements. Systems and Control
Letters, vol. 62(7), pp. 539-549, 2013.

[4] Ahmed-Ali T., 1. Karafyllis, M. Krstic and F. Lamnabhi-
Lagarrigue, “Robust Stabilization of Nonlinear Globally
Lipschitz Delay Systems”, in "Recent Results on Nonlinear
Time Delayed Systems" (Eds. M. Malisoff, F. Mazenc, P.
Pepe and 1. Karafyllis) Advances in Delays and Dynamics,
Springer, 2016b.

[5] Besancon G., D. Georges, and Z. Benayache. Asymptotic state
prediction for continuous-time systems with delayed input and
application to control. In European Control Conference,
ECC’07. ECC, 2007.

[6] Cacace F., A. Germani, and C. Manes. A Chain Observer for
nonlinear systems with multiple time-varying measurement
delays. SIAM J. Control Optimization, vol. 52(3), pp.1862-
1885, 2014.



[7] Cacace F., A. Germani, C. Manes. An observer for a class of
nonlinear systems with time-varying measurement delays.
Systems & Control Letters, vol. 59 (5), pp.305-312, 2010.

[8] Deza F., E. Busvelle, J.P. Gauthier, D. Rakotopara. High gain
estimation for nonlinear systems. Systems & Control Letters,
vol. 18 (4), pp. 295-299, 1992.

[9] Fridman E.. Introduction to Time-Delay Systems: Analysis
and Control. Birkhauser, 2014.

[10] Germani A., C. Manes, and P. Pepe. A new approach to state
observation of nonlinear systems with delayed output.
Automatic Control, IEEE Transactions on, 47(1). pp. 96-101,
2002.

[11] Hespanha, J., P. Naghshtabrizi, and Y. Xu. A survey of recent
results in networked control systems. Proc. of the IEEE,
Special Issue on Technology of Networked Control Systems,
vol. 95(1), pp. 138-162, 2007.

[12] Karafyllis 1., C. Kravaris. From continuous-time design to
sampled-data design of observers. IEEE Trans. on Aut.
Control, vol. 54 (9), pp. 21692174, 2009.

[13] Karafyllis 1., M. Malisoff, F. Mazenc, P. Pepe. Recent Results
on Nonlinear Delay Control Systems. Springer, 2016.

[14] Karafyllis, I. and M. Krstic. Stabilization of Nonlinear Delay
Systems Using Approximate Predictors and High-Gain
Observers. Automatica, vol. 49, pp. 3623-3631, 2013.

[15] Kazantzis N. and R. A. Wright. Nonlinear observer design in
the presence of delayed output measurements. Systems &
control letters, vol. 54(9). pp. 877-886, 2005.

[16] Krstic, M., Delay Compensation for Nonlinear, Adaptive, and
PDE Systems, Birkhduser Boston, 2009.

[17] Michiels W. and S.-I. Niculescu: Stability, control and
computation for time-delay systems. An eigenvalue based
approach, SIAM : Philadelphia, Series : "Advances in design
and control", vol. DC 27, 2014.

[18] Raff T., M. Kogel and F. Allgower. Observer with Sample-
and-Hold Updating for Lipschitz Nonlinear Systems with
Nonuniformly Sampled Measurements. American Control
Conference, Washington, USA, pp. 5254-5257, 2008.

[19] Schreier G., J. DeLeon, A. Glumineau and R. Boisliveau.
Cascade nonlinear observers. Application to an experimental
induction motor benchmark. IEE Proc. Control Theory Appl.,
vol. 148 (6), pp. 509-515, 2001.

[20] Shim H., Y.I. Son, J.H. Seo. Semi-global observer for multi-
output nonlinear systems. Systems & Control Letters, vol. 42,
233-244,2001.



