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Abstract: Many problems in medical image reconstruction and machine learning can be formulated
as nonconvex set theoretic feasibility problems. Among efficient methods that can be put to work
in practice, successive projection algorithms have received a lot of attention in the case of convex
constraint sets. In the present work, we provide a theoretical study of a general projection method
in the case where the constraint sets are nonconvex and satisfy some other structural properties.
We apply our algorithm to image recovery in magnetic resonance imaging (MRI) and to a signal
denoising in the spirit of Cadzow’s method.

Keywords: cyclic projections; nonconvex sets; uniformly convex sets; strong convergence

1. Introduction

1.1. Background and Goal of the Paper

Many problems in applied mathematics, engineering, statistics and machine learning can be
reduced to finding a point in the intersection of some subsets of a real separable Hilbert space H.
In mathematical terms, let (S;);cs be a finite family of proximinal subsets (i.e., sets S such that any
x € ‘H admits a closest point in S) [1] of H with a non-empty intersection, we address the problem of
finding a point in the intersection of the sets (S;);c; using a successive projection method.

When the sets are closed and convex, the problem is known as the convex feasibility problem,
and is the subject of extensive literature; see [2-5] and references therein. In this paper, we take one step
further into the scarcely investigated topic of finding a common point in the intersection of nonconvex
sets. Convex feasibility problems have been applied to an extremely wide range of topics in systems
analysis and control, signal and image processing. Important examples are: model order reduction [6],
controller design [7], tensor analysis [8], image recovery [9], electrical capacitance tomography [10],
MRI [11,12], and stabilisation of quantum systems and application to quantum computation [13,14].

Extension of this problem to the nonconvex setting also has many applications, related to
sparse estimation and more specifically low rank constraints, such as in control theory [15], signal
denoising [16], phase retrieval [17], structured matrix estimation [18,19] and has great potential
impact on the design of scalable algorithm in many machine learning problems such as Deep Neural
Networks [20]. Studies of projection methods in the nonconvex settings have been quite scarce in the
literature [21-23] and a lot of work still remains to be done in order to understand the behavior of such
methods for these difficult problems.
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In the present paper, our goal is to investigate how the results in [22] can be improved in such
a way that strong convergence can be obtained. The results proved in [22] make the assumption
that the sets involved in the feasibility problem can be written as a possibly not countable union
of closed convex sets, and one of the sets is boundedly compact. Our study will be based on the
assumption that the convex sets in the family are uniformly convex, which allows to remove the
boundedly compactness assumption. As will be seen in Section 4, uniform convexity can be obtained
by simply modifying the algorithm even in the case where the sets S; are not expandable into a family
of uniformly convex sets.

1.2. Preliminary on Projections and Expansion into Convex Sets

The notation Card will denote the cardinality of a set.  will denote a real separable Hilbert space
with scalar product (- | -), norm | - |, and distance d. Let S be a subset of H. S denotes the closure of S.
S is proximinal if each point in A has at least one projection onto S. If S is proximinal, then S is closed.
When S is proximinal, Ps is the projection point-to-set mapping onto S defined by

(VxeH) Ps(x)={y €S | |x—y|=infes|x—2z|}.

ps(x) denotes an arbitrary element of Ps(x) and d(x,S) = |x — ps(x)|. B(x, p) denotes the closed ball
of center x and radius p. In the case of a projection onto a convex set C, Kolmogorov’s criterion is:

(¥ — Pe(x),x — Pe(x)) <0 M

for all x’ € C. Our work is a follow-on project to the work in [22] which introduced the notion of
convex expandable sets in order to tackle certain feasibility problems involving rank-constrained
matrices as described in [23]. We recall what it means for a nonconvex set to be expandable into
a family of convex sets.

Definition 1. A subset S of H is said to be expandable into a family of convex sets when it is the union of
non-trivial, i.e., not reduced to a single point, convex subsets C]- of H,ie.,

5 =Uje G @
where | is a possibly uncountable index set. Any family (C;);c; satisfying (2) is called a convex expansion of S.

Remark 1. Uncountable unions often appear in practice. An important example is the set of matrices of rank r
in R"™™ for 0 < r < min{n, m}. This set is the union of the rays passing through the null matrix and any
matrix of rank r different from zero. This constraint often appears in signal processing problems such as signal
denoising [16] and more generally, structured matrix estimation problems [19].

Uniform convexity is an important concept, which allows to prove many strong convergence
results in the framework of successive projection methods ([4], Section 5.3).

Definition 2. A convex subset C of H is uniformly convex with respect to a positive-valued nondecreasing
function b(t) if
V(x,y) € C*, B((x+y)/2,b(]x—y|)) C C.

Uniform convexity will be instrumental in our analysis. We define the following condition which
is stronger than the condition of being expandable into a family of convex sets.

Definition 3. A subset S of H is said to be expandable in uniformly convex sets when the sets C; in (2) are
moreover uniformly convex with the same function b(-). Any family (C;) ey of uniformly convex sets satisfying
(2) is called a uniformly convex expansion of S.
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1.3. The Projection Algorithm
For any point x in #, for the sake of simplicity, ps, (x) will be noted by p;(x). We will assume

throughout that the family {S;};¢; is finite.

Definition 4. (Method of Projection onto Uniformly Convex Expandable Sets)
Given a point xq in H, two real numbers « and A in (0, 1], a nonnegative integer M and a sequence (I,,) of
subsets of I satisfying the following conditions

Ci. (vneN) I,CI, I= U;?;fﬂ Ij and Card(I,) > 1

Co. (MmeN)(Viel,) a<wand Yjcp, aj, =1

the projection-like method considered in this paper is iteratively defined by

~If 3j € Iy such that p;(xn) € Nicy, Si
L Then —Ifl, # Isetl, = Iand goto1
(Vn € N) —Ifly =Iset Ay =1,u;, =1andgoto2 (©)]
—Else goto 2

2. Xpp1 =xn+ Ay Zie[n Xin (pi(xn) - xn)

with Ay, satisfying

Yicly %ipn [xn—pi(xa) > - . .
Cs. (VneN) A< A, < py where py, = { n=Yiet, @i pilxn)l? i xn & Niey, Si .
1 if xn € Nier, Si

Remark 2. Using the assumption Card(1,) > 1, the coefficients «; ,,, i € I,,, can be chosen in such a way that
the denominator in the definition of i, is not equal to zero. Note that one can relax the constraint Card(I,) > 1
in the case where yy, is well defined at every iteration, thus allowing to recover the cyclic projection method.

The numbers « and A ensure that the steps taken at each iteration are sufficiently large as compared
to the distance of the iterations to their projections on each S;, i € I. The use of the integer M ensures
that each S; is involved at least every M iterations. The “If” condition in Step 1 of the algorithm ensures
that x,, will move at each iteration by enforcing that it does not yet belong to all the selected sets S;,
i € Iy. Our method is an extension of Ottavy’s method [4] to the case of nonconvex sets. The idea of
using a potentially variable index set I, at each iteration allows to recover several variants, such as
cyclic projections [2,21,22,24] or parallel projections [2,23,24]. Notice that, due to finiteness of the
cardinality of I, finding an index j such that p;(x,) € Nicy, Si is easy if such an index exists.

1.4. Our Contributions

The main contributions of our work are a proof that strong convergence holds in the proposed
setting, and a new constructive modification of the projection method in order to accommodate the case
of non-necessarily uniformly convex expandable sets. Based on our findings, we will then weaken our
assumptions and provide a new algorithm which does not need uniform convexity, while preserving
strong convergence to a feasible solution. Applications to an infinite dimensional MRI problem and to
low rank matrix estimation for signal denoising are presented in Section 5.
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2. Ottavy’s Framework
2.1. Successive Projection Point-to-Set Mapping
Let « and A be two real numbers chosen in (0, 1). Define the point-to-set mapping
D:xeH—-Dx)={feH;f=x+A(x)(x—x)}

where X is a weighted average,

I(x) is a subset of selected constraints such that
I(x)CI and I(x) #®
a;(x), i € Iis a set of normalized nonvanishing weightings such that

ai(x) € 0,1, ) ai(x) =1, andp;(x) #x = a;(x) > a
iel(x)

A(x) is the relaxation parameter such that
A(x) € [A, +o0) and x # ¥ = A(x) € [A, u(%)]
with
p(x) = { Y, ai(x)x— Pi(x)lzl /|x —x%.
2.2. Ottavy’s Lemma
In [4], Ottavy proved the very useful lemma.
Lemma 1. Forany x € H,% € D(x), and z € N;¢; S;, the following results hold:
() [#—xP<p(lx—zP—|2-z=P)
” = 2 2 e _ o2
_ _¥ < z _ g —
(i) 2(x—z|x - %) < (1 + A) (lx =2 = |2 - 22)

24+ A -
(i) max )+ < GE) (jr -2 15— 2P)

3. A Strong Convergence Result

Let (x,),en be the sequence of iterates of the projection method defined by (3). In the present
section, we show strong convergence of this sequence to a point in N;¢;S;.
For every n in N and for each i € I, define

Tin =U{C CS; | Cisconvexand p;(x,) € C} T = Nie, Tin-

When the (finite) family (S;);c; is expandable into a family of convex sets, T, # @ for every n in
N and for eachi € I.
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Lemma 2. If the following conditions are satisfied

Ci (VnEN) T, #0

Cs. The finite family (S;);c; is expandable in convex sets

then, for every n in N and for every z, in T;;, we have

. 2
0 frarr =2l < 5 (v — 20 = s = 2f?)

.. 2
(i) 2 (n =2 | X = Xpi1) < (14 7) (100 = 202 = [xisa = 2a]?)
2+ 1)

, _ 2<( 12 AN
() - suplpin) =3l < 73" (bon =2l = [nss =)

Proof. Fix nin N and z, in T;. According to Cs, each point p;(x,) belongs to a set Cl-,jn C §;, a convex
set in the uniformly convex expansion of S; indexed by j,. Hence p;(x,) is also the projection of x,
onto C;;,, and z, € C;;,. Replacing respectively x, ¥ and z by xy, x,41 and z, in Ottavy’s Lemma
(Lemma 1, or [4, Lemma 7.1]), we obtain the desired results. [

Lemma 3. If the conditions Cy, C5, and

Cs. (F(zn)pen) such thatz, € T, forallnin Nand Y, ey |zni1 — zn| < +o0
are satisfied, then
The sequences(|x, — zn|)pen and (|x,41 — zu|)nen are bounded.

The series Y, en(|xn — zn|? — |Xps1 — zn|?) is convergent.

)
)
(iii) For eachiin I, the sequence (|p;(xn) — Xn|)nen converges to zero.
) The sequence (|x, — zn|) eN is convergent.

)

The sequence (z,),cn converges strongly to a point in (;¢; S;-

Proof. (i) Let (z,),en be a sequence satisfying Cg, and let k in N. We deduce from Lemma 2(i) that
|11 — zk| < |xg — zg|. Then we have

k1 = Zia | < g = 26l + |21 — 2l < e — 2l + |20 — 2l
Therefore
%1 = Znr1| < [x0 — Zo| + Xf—g |2k+1 — 2]
and then Cg¢ ensures that the sequences (|x, — zx|)yen and (|x,11 — zn|)nen are bounded.

(if) Now, the cosine law, followed by the Cauchy-Schwarz inequality give

X1 — Zes1 2 = 01 — 2kl 2 (e — 2e | 26 — Zks1) + |26 — zkga 2

< e — 2l + 2 (21 — ziel 201 — 26| + |z — 2zl

(4)
Using Lemma 2(i), we then obtain that

0 < |a — 2> = |xisr — zl* < o — zi® = [xks1 — Zos1 [ + 2 [xig1 — 2ziel 201 — 2l

+ |21 — zl
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Thus

0 < Yo (e — ziel® = |2k — zl?) < |xo — 20/ +2 g %1 — 2kl [zies1 — 2zl
+ i zka1 — zl*

Since the sequence (|x,4+1 — zn|)nen is bounded and the series Y, < |2+1 — zn| is convergent, the result
(i) follows at once.

(iii) Lemma 3(i) and Lemma 2(iii), imply that lim, . sup;c; |pi(xn) — xn |> = 0. Thus for any
k e [0, M],

Jim, sup [pi(xn) 0] = 0.
Then we deduce from C; that limy, e sup;c; |pi(x1) — xn| = 0, which completes the proof of (ii).

(iv) Squaring the triangle inequality gives

|1 — zkl? = X1 — zkp1 P < 2 |1 — Zipa | 201 — 2zl + |21 — 2
< 2w — 2kl |21 — 2kl + 3 |zkpn — zl*

Using (4), we deduce that

|Xpr1 — Zis [ — |Xep1 — Zk|2‘ < 2|xpp1 — zk] |21 — 2| + 3 |zkg1 — 2l

Since the sequence (|x,4+1 — zn|)nen is bounded, and Y, < |244+1 — 2zx| is convergent, we deduce
from the last inequality that ¥, cn (| %11 — Zni1]? — |Xne1 — 2n|?) is convergent. Then using Lemma 3(i),
we obtain that the series ¥, en(|Xn+1 — Zui1]2 — |xn — zn|?) is convergent, which is equivalent to the
convergence of the sequence (|x, — zx|)yen-

(v) Since, by Cs, (zn)nen is a Cauchy sequence, it is strongly convergent to a point z in the Hilbert
space H. For every nin N, z, € Ty = Nicy, Tin C Niey, Si- Fix i in I. Due to condition Cy, there exists
a subsequence (z,(,))nen Of (zn)nen satisfying z,(,) € S; for all n € N. Therefore, z € S;. Since this
assertion is true for all i in I, and each S; is closed, we obtain that z € (;¢; S;. O

Remark 3. In the convex case, Lemma 3(iii) is known in the simpler case where (z, )¢ is chosen to
be a constant sequence in (;c; S; and is a consequence of the Fejér monotonicity [5].

We now state the main result of this section, which is strong convergence under the assumption
that the sets S;, i € I, are expandable in uniformly convex sets.

Theorem 1. If the conditions Cy4, Cg, and Cs.

The finite family (S;);c; is expandable in uniformly convex sets with respect to a function b are
satisfied, then the sequence (x),cn converges strongly to a point in ;¢ S;.

Proof. Notice that C; implies Cs. According to Cs, each point p;(x,) belongs to a convex set Cij, CSi
in the uniformly convex expansion of S;, indexed by j,. Hence p;(x,) is also the projection of x, onto
C;;,and z, € Ci,jn' Let (zn),en be a sequence satisfying Cg. Fix nin N, and i in I. Define

i,jn
H(xn, pi(xn)) = {x € H | (x = pi(xa) | pi(xn) — xn) > 0}.

According to Cz, p;(xn) and z, belong to a uniformly convex set C;;, C S;. Thus

B((Zn + Pi(xn))/zzpi,n) C Cirjn’
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where p; , = b(|zy — pi(xn)|). Since p;(x,) is also the projection of x, onto C;,, it results from the
Kolmogorov criterion (1) that
Cij, C H(xu, pi(xn))-

Then
B((zn + pi(xn))/2,pin) C Cij, C H(xn, pi(xn)).- Q)

Now, consider the translation T : x — y = x — (p;(x4) — z4) /2. Clearly,
x € B((zn + pi(xn))/2,pin) ifand onlyif y € B(zu,pin)- (6)

On the other hand, using z, € C;;,, we get that x € H(xy, pi(xn)) implies y €
H(xy, pi(xn)). Indeed,

(v —pi(xn) | pilxn) — xn)= (x = (pi(xn) — 20) /2 = pi(xn) | pi(xn) — xu)
= (i) | pion) — ) — 5 {piCen) — 20 | piCn) — )

and since z, € Ci,jn/ Kolmogorov’s criterion gives

—_

> (piln) = 20 | piCn) = xa) <0,
which implies

(y = pi(xn) | pi(xn) — xn)= (x — (pi(xn) — 2n) /2 = pi(xn) | pi(xXn) — xn)
> (x = pi(xn) | pi(xn) = xn)

and, after recalling that x € H(xy, p;(xx)),
(y = piCxn) | pi(xn) —xn) 20
which implies that y € H(x,, p;(x)) as desired. Hence (5), together with (6) imply
B(zn, pin) C H(xn, pi(xn))-
Now, assume x;,, € S;, and define

Yn = zn + (pi(xXn) — xn) /| pi(xn) — X
Up = Zpn +Pi,n(zn _y?l)'

One easily checks that |u, — z,| = p;,, i.e., uy € B(zyn, pin). Thus, using (2.2), we get u, €
H(xy, pi(xn)), ie., (un — pi(xu) | pi(xn) — xn) > 0. Therefore

(zn = pi(xn) | pi(xn) — xn) > (zn —un | pi(xn) — xu) = i |pi(xn) — xnl. @)

Since this inequality is obviously satisfied when x,, € S;, it holds whether x,, ¢ S; or not. Now, let

= min p;
Pn or Oins
and
o = inf py,.

neN

The case: p = 0.
In the case where p = 0, we have
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o either there exist np in N and i in I, such that p;, ,, =0,
e or liminf, e pr = 0.

In the first case, since b(-) vanishes only at zero, we have z,,; = p;,(xn,) and p; (xn,) € Ty, C
nielno Si. According to (3), pj, (xu,) € Nies Si,and for alln > ng, x, = p;,(xn,). Therefore, the sequence
(xn)nen has converged to a solution in a finite number of steps. In the second case, there exists
a subsequence (0,(,))nen which converges to zero. Fix i in I. Since b(-) is nondecreasing,

petn 2 min ([l = i) = ) = (3] ) ®

According to Lemma 3(ii) and (iii), (|p;(xn) — pj(xn)|)nen converges to zero for all j in I, and
(|zn — pi(xn)|)nen converges to a limit ¢ independent of i. Hence, for all € > 0 there exists N in N such
that foralln > N, |z,(,) — pi(Xe(n))| = ¢ —€/2and |p;(xn) — pj(xn)| < €/2forall jin I. Thus, for all
n > N, and forall jin I, |z,(,) = pi(Xo(n))| = |Pi(Xo(n)) — Pj(Xo(m))| = ¢ — €.

Assume ¢ > 0, and take € = ¢/2. Then, since b(-) is nondecreasing and vanishes only at zero,
we deduce from (8) that for all n > N, Po(n) > b(c/2) > 0, which contradicts limy,_ Po(n) = 0.
Hence, ¢ = 0, and lim, 0 |24 — pi(x4)| = O for all i in I. Using Lemma 3(ii), we deduce that
lim,e0 |Xn — zn| = 0, and it results from Lemma 3(iv) that (x,),cn converges strongly to a point in
Nier Si-

The case p # 0.
In the case p # 0, we deduce from (7) that

(zn — pi(xn) | pi(xn) — 2xu) = p [pi(xn) — xn]
and since (p;(x,) — xu | pi(xn) — xn) = |pi(xn) — xu]> >0,

(zn — xn | pi(xn) — x0) > p [pi(xn) — xnl. )

Therefore, combining the definition of x,,;1 and (9), we have

An Z Xin |pi (xn) — xn| < Z azn Zn = Xn, Pi (Xn) — Xn)

i€l icly

= <Zn — Xp, An Z Xin (Pi (xn) - xn)>

i€l

(zn — Xn, X1 — Xn) -

Using Lemma 2(ii) and Lemma 3(i), we deduce that the series ), cn |41 — X is convergent.
Then (x,),en is a Cauchy sequence, and is therefore strongly convergent to a point x* in #.
Using Lemma 3(ii), we deduce that (p;(x,)),en is also strongly convergent to x* for any i in I.
Since each set S; is closed, we immediately conclude that x* € (;c; S;, which completes the proof. [

4. Projections onto Stepwise Generated Uniformly Convex Sets

In this section, we show how the results of Section 3 may be used to define a strongly convergent
cyclic projection algorithm in the case where the sets S; are only expandable in convex sets, but not into
uniformly convex sets. To our knowledge, this method is new, even in the convex case. The underlying
idea of the algorithm is as follows. First, note that the condition Cy is realistic for the type of nonconvex
sets considered in this paper, and may be interpreted as a strong consistency condition. On the other
hand, in many cases, a trivial sequence (a;,),cn Where a, € T, for all n in N is already known, as in
the applications presented in Section 5. Using this sequence, we define a projection method which
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converges strongly to a point in (;¢; S;. For every nin N, iin I, and a; in T},, B; ,, will denote the closed
ellipsoid with main axis [a,, p;(xn)], with center 1/2(a, + p;(x,)), which is rotationally invariant
around this axis and with maximal radius equal to |a, — p;(x,)|/2 and with minimal radius equal to
¥|an — pi(x4)|/2 for some y € (0,1). We denote by p!(x;,) the projection of x, onto B; ,; see Figure 1.

Definition 5. (Method of Double Projection onto Convex Expandable Sets)

Assume Cy is satisfied. Given a point xo in H, two real number « and A in (0,1], a nonnegative integer M,
a sequence (1) of subsets of I and a sequence (ay),cn where a,, € T, for all n in N, the projection method onto
stepwise generated uniformly convex sets is iteratively defined by

L (Viely) pi(xn) = ps,(xn)
—If 3j € I such that pi(xn) € Nicy, Si
(¥ € N) 5 Then —IfI, # Iset I, = [ and go to 2
—Ifly=1IsetAy =10, =1landgoto3
—Else goto 3

3. Xpy1 = Xn+ An Licr, i (P;(xn) — Xn)

under the conditions Cq, Cy, and

Yicly Yin \xn*Pf'(xn”z ; . .
Cg (VI’Z c N) A < /\n < tn where Uy = \xn—Ziezn ®in pl’.(xn)|2 lfxn ¢ mzeln Bz,n
1 ifxn c ﬂieln Bi,n-

In the remainder of this section, the sequence (x,),cn is defined by the algorithm of Definition 5.
The main result is the following.

Theorem 2. If the condition Cs is satisfied, and the sequence (a,),cn introduced in Definition 5 satisfies Cg,
then the sequence (xy,),c converges strongly to a point in ;¢ S;.

Proof. The method introduced in Definition 5 is a general projection algorithm onto specific uniformly
convex sets constructed at each iteration. For every n in N and each i in I, a, and p}(x,) belong to
B; ;. Then Lemma 2 and Lemma 3 where p;(x,) and (z),en are respectively replaced with p!(x;,) and
(an)pen hold true. In the same way, taking (z,,),en = (4n) e In the proof of Theorem 1, we deduce
that the sequence (x;),cn converges strongly to some point x* in H. Nevertheless, since p;(x,) is
replaced with p/(xy), itis still not clear why x* € (;¢; S;. Let us now address this specific point. Fix n in
N,iin I, and a, in T,,. According to Cs, a, and p;(x, ) belong to a convex set Cij, C Si,and pi(xy)is also
the projection of x, onto C; ;,. Hence the Kolmogorov criterion (1) gives (p;(xn) — an | xu — pi(x4)) >
0. Therefore
(pi(xn) = an [ xn = pi(xn)) + (pi(xn) — an | pi(xn) — pi(xn)) 2 0

which implies

(pi(xn) —an | xn — P;(xn» > (pi(xn) —an | pi(xn) — P;(xn»- (10)

Moreover, since the segment [a,,, p;(x,)] is the main axis of the ellipsoid B; , and pj(x,) € B;,,
we have (a, — pi(xn) | pi(xn) — pi(xn)) > 0. Combining this with (10), we get

0 < (pi(xn) — an | pi(xn) — P;(xn» < A(pi(xn) —an | xn — Pg(xn» < |pi(xn) — an| |xn — P;(xn)‘

We deduce from Lemma 3(iii) where p;(x,) is replaced with p/(x,) that limy, e [p}(x) — x| = 0.
On the other hand, as p;(x;) is the projection of x, onto Cij,, and a, € C;j,, we have |pi(xn) — an| <
|xn — an|. Moreover, following the same steps as in the proof of Lemma 3(i) gives that (|x, — a,|),en
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is bounded, from which we deduce that (|p;(x,) — ax|),en is bounded as well. Therefore we deduce
from the last inequality that

lim (a, — p;i(xn) | pi(xn) — pi(xn)) = 0. (11)

n—oo

Let x = a, — pi(x,) and y = pi(x,) — pi(xx). Then, we have

X —y=an— pi(xn)

and
vy = (G (@t (@ = Dpion)) ~ pic)) 12)

forallw € R.
Assume that p!(x,) # pi(xs). Using Claim 1, we get that

1
(o= piten) | 5

in

(an + (w5 — Dpi(n)) — pf(xn>> <0

as long as we enforce

' <P( n) — fn |P1(xn)*ﬂn>
in Z Tp1Con) — an | pi) — PLC0n)) 4
In particular, we can take
— max <P( )—ﬂn|l91(xn)—ﬂn>
= e e 0

for any appropriately chosen € > 0. Using Niculescu’s Lemma 4 in Appendix B, we obtain that

Win — pi(xn), p; Hxn) — pixn)) ,
(o %) o=t bed s iy g,

Note that this inequality also holds without resorting to Claim 1 if p(x,) = p;(x). According to
Theorem 1, (x,),en and (p!(x,))nen are strongly convergent to a point x* in 7. We now split the
remainder of the argument into the following complementary cases involving an increasing function
o: N — N which parametrises possible subsequences.

o If the sequence (|a, — pi(xy)|)nen converges to zero, then using Claim 2, (|pi(xy) — pi(xn)|)nen
also converges to zero. Therefore, (p;(xn)),en is also strongly convergent to x* for each 7 in I.
Since each set S; is closed, we again conclude that x* € ;¢ S;.

o If the sequence (|a, — p}(xn)|)nen does not converge to zero, and the sequence ((p}(x,) — a, |
pi(xn) — pi(xn)))nen converges to zero, then we must have |a, () — p;(xs(n))| > € for some e > 0
and some subsequence indexed by an appropriately chosen increasing function ¢. This implies in
particular that

/

M 1pi (%)) = o) 1€08 (Pko(m) = oty PilFon) = PLxo(m) ) | = 0.

n— o0

As a result, either
timcos (o) = oy Pilon) = PhEo)) =0 (16)
or

lim |pi<x0(n)) - P;(x(r(n)” =0.

n— 400
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Notice further that (16) holds only if (|p;(xXe(s)) — Pi(Xe(n))|)nen converges to zero. Thus, both cases
simplify into the conclusion that (|p;(Xy(s)) — Pi(Xs(n))|)nen converges to zero. Therefore
(Pi(Xg(n)) ) nen is also strongly convergent to x* for each i in I. Since each set S; is closed, we again
conclude that x* € ;¢ S;.

e If both sequences (|a, — p}(xn)|)nen and ((pi(xn) — an | pi(xn) — pi(xn)))nen do not converge
to zero, then [a,(,) — pi(Xo(n))| > € and (pi(Xy(n) = ao(n) | Pi(Xe(n)) — Pi(Xp(n)) > € for some
€ > 0 and for some subsequence indexed by an appropriately chosen increasing function o.
Since |a, — pi(xy)| is the length of the main axis of B;,, and, as such, bounds from above the
distance between any two points in B; ,, we deduce that |a, — p}(x,)| < |a, — pi(x,)|. Furthermore,
since the sequences (|a, — pi(xx)|)nen and (|a, — xu|)nen are bounded, we deduce that

lan — pi(xn)| < |an — xn| < B
for some B > 0. Then using the Cauchy-Schwarz inequality in the numerator in (14), we get

B2
Wi o (n) € [G, ?]

for some € € (0, B). Since |a,(,) — Pi(Xs(n))| > €, we deduce from (11) and (15) that (|p;(xy(s)) —
Pi(Xe(n))|)nen converges to zero. Therefore, (p;(xXy(n)))nen is also strongly convergent to x* for
each 7 in I. Since each set S; is closed, we again conclude that x* € N;¢; S;.

These previous cases cover all the possible cases and all lead to the conclusion that x* € (;; S;.
The proof is thus complete. [J

The two following claims were instrumental in the proof of Theorem 2. We now provide
their proofs.

Claim 1. Assume that p}(x,) # pi(xs). Then

<Pz{(xn) —an | pi(xn) — an)

(17)
(Pi(xn) = an | pi(xn) = pj(xn))
is a well defined nonnegative real number. Moreover, we have
1
(o = P | (o @i = DpiCn)) = pitn) ) <0 as)
for all
Wi > (pi(xn) — an | pi(xn) — an) '
7 pi(xn) —an | pi(xn) — pi(xn))

Proof. We have p/(x,) & [an, pi(xn)]. Indeed, assume for contradiction that p}(x,) € [an, pi(x4)].
This would imply that p!(x,) lies in the interior of B; ,, and therefore x,, = p!(x,). However, since by
convexity of C;j,, [an, pi(xn)] C C;,, this would imply that x,, € C;; , and therefore p;(x,) = xn =
pi(x,), the sought-after contradiction.

Consider now the 2D plane containing a,, p;(x,) and p}(x,). Set g, to be at the intersection of the
line perpendicular at p!(x,) to [a,, pi(x,)] with the segment [a,,, p;(x,;)] (see Figure 1). First, we have

<P§(xn) —an | pi(xn) — an) = cos(w;,) |Pz,‘(xn) — anl|pi(xn) — an

and
’P;(xn) - an‘z = (gn —an | P;(xn) —ap) = COS(“i,n) lgn — ”n||P;(xn) — ay|
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from which we obtain X
|gn — an| = |p:(xn) — an|” |pi(xn) — an|
n n|{ —
(Pi(xn) — an | pi(xn) — an)

Since B; ,, is an ellipse with maximal axis [a,, p;(x,)], our next step is to express g, as the convex

(19)

combination
8&n = Gi,n an + (1 - Hi,n) Pi(xn) (20)

of a, and p;(x,) for some 0; , € [0,1]. Notice that (20) implies

18n — an| = (1= 0;)|pi(xn) — anl,

which itself gives
|8n — an|
Oip=1— —5———.
v |pi(xn) — an|
Using (19), we get

‘P;(xn) - an‘z _ <Pf(xn> —an | pi(xn) — P;(xn»
<P;(xn) —ay | pi(xn) — an) <P;(xn> —a | Pi(xn) —an)

0;p=1-

Notice further that, by construction, since [a,, p;j(x,)] is the main axis of B;, and since, by
assumption, p}(x,) # pi(xn), we have (see Figure 1)

(pi(xn) — an | pi(xn) — pi(xn)) > 0. (21)

Then, setting

d,= ! (an + (win —1)pi(xn)),

Win
we see that we need to take w;, > 1/6;,,ie.,

(pi(xn) = an | pi(xn) — an)

pi
(xn) = an | pi(xn) — P;(xn)y

(which, owing to (21), is well defined), in order to ensure that

Win 2

(p

<”” — pi(xn) | dn — P;(xn» <0
i.e., (18) holds. Finally, (19) and (21) together ensure that (17) is nonnegative. O

Claim 2. We have
|an — P;(xn” > ‘P;(xn) — pi(xn)|-

Proof. By definition of p;(x,), the fact that a, € S; implies that
|pi(xn) — x| < lan — xal.

Thus x;, belongs to the half space

H =L e % (= 3o+ pio) i) = 30+ pian))) 20

which is the set of points in # which are closer to p;(x,) than a,. Clearly, pi(x,) € H as well,
which completes the proof. [J
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5 -4 -3 -2 -1

Figure 1. Section of the ellipsoid B; ,.

5. Applications

5.1. MRI Image Reconstruction: The Infinite-Dimensional Hilbert Space Setting

The field of inverse problems was extensively investigated in the last five decades, fueled in
particular by the many challenged in medical imaging. Projection methods have played an important
role in the development of efficient reconstruction techniques [25], a well studied example being the
method of projection onto convex sets (POCS) [2]. In recent years, techniques from penalised estimation
have gained increasing popularity since the discovery of the compressed sensing paradigm, allowing
for fewer measurements to be collected whilst achieving remarkable reconstruction performance.
One penalisation approach which has been a center of focus since its introduction is the Rudin Osher
Fatemi functional [26], which can be described as follows: the reconstructed image u is the solution of
the minimization problem,

A
argmin ||u| + 2 [ (Yops (%) — Afu](x))?dx
ue%V(Q) ™VQ) T 5 /Q Yobs

where A is a positive relaxation parameter and the term [|u||ry(q) is defined in Appendix A. The term
Jo,(Wobs (x) — Afu](x))?dx is called the fidelity term and the term [1]lTv () is called the regularisation
term. This infinite-dimensional minimization problem enforces the solution, which is a priori in L?(Q2),
to satisfy a finite bounded variation (BV) norm constraint.

One important remark is that the optimisation problem can be turned into a pure feasibility
problem by imposing the TV-norm and the fidelity terms to be less than or equal to a certain tolerance.
Using this approach, one can define an alternating projection procedure as in Algorithm 1 below,
where we will use the forward operator A = F,;,, the partial Fourier Transform which plays
a central role in MRL The usual Fourier transform will be denoted by F as usual.

In this example, we will use the projections on the sets

S = {0 L) | (4 v — Al ()P < iy 2 € R |,

S2 = {u e 12Q) | |ullprv) < 7rv}

S3 = {u € LZ(Q) | ]:partial [u] = )\yobsz A€ R+} .
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The set S, is not convex for p € (0,1), but, since the epigraph of | - |, /() is a cone, the set S5 is
expandable into convex sets as discussed in [22,23]. Notice that when the scaling factor A is dropped
in the definition of S; and S3, the problem is equivalent to the standard TV-penalised reconstruction
approach. Introducing this scaling factor allows to recover a solution up to a scaling, which can easily
be recovered by rescaling the solution by using the constraint J 4,4 [u] = Yops as a post-processing
step. The introduction of the scaling « in these definition allows the null function to belong to the
intersection of the sets 51, S; and S3. Thus, we will set a, = 0, n € N in the sequel. In what follows,
Tobs Will be the function will value equal to zero except for the observed frequencies which are taken
as the observed values.

Our implementation is described in Algorithm 1. Experiments were made after incorporating
the projection onto the TV ball into a freely available code provided in [27]. The fidelity term was
set to 175jg = 1073 and the regularisation term #7y was tuned using cross validation. The projection
onto the TV-ball was computed using the method described in [28]. In order to avoid numerical
instabilities, the iterates were rescaled every 10 iteration, which does not change the convergence
analysis due to conic invariance of our formulation. We chose very thin ellipsoids B; ,, by setting
a = 107°. A numerical illustration is given in Figure 2 below. Extensive numerical simulations will be
presented in a forthcoming paper devoted to a thorough study of projection methods for MRI and
X-ray computed tomography (XCT).

Algorithm 1: Alternating projection method for MRI for p = 1.
Result:
1 Y = Fpartial[to]  observed data;

2 yy  bound on the TV norm;

3 1fig  bound on the fidelity term;

4 € convergence tolerance;

5 Compute y© from y by filling in unobserved with zeros ;
6 Setk=1,u1 = F ({ops) ;

7 while Difference between two successive iterates larger than € do
s | Compute p’(uy) = Pp, , (un);

9 | Compute p)(un) = Pp,, (un);

10 | Compute pj(uy) = PB3 L(uy);

11 Set w1 =ty + Au Loy i (P(utn) — tn);

12 end while

Since S; and S3 are convex and S; is expandable into convex sets, we deduce from Theorem 2
that Algorithm 1 converges strongly to a point in ﬂ?zl S;

reference (fuII dataset) | POCS reconstruchon

100
200
300
400

500 - -
100 200 300 400 500 600 70O BODO 900 1000

Figure 2. POCS reconstruction with 30 iterations.
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5.2. A Uniformly Convex Version of Cadzow’s Method

The method presented in Section 4 is now applied to a denoising problem in the spirit of Cadzow’s
method [16].

Let x = [xq,...,xn_1] " be a complex-valued vector of length N. Let A be a linear operator which
maps x into the set of Hankel L x K matrices, with L > K, L + K = N + 1, defined by setting the (i, )
component to the value x;; 5 i.e.,

X0 X1 X2 st XK—-1

X1 X2 X3 s XK
H(x)=| X2 X3 X3 -+ XK1
XL—-1 XL Xp41 - XN-1

The adjoint operator associated with H, denoted by H*, is a linear map from L x K matrices to
vectors of length N, obtained by averaging each skew-diagonal.

The denoising problem we consider in this section is the one of estimating a signal x corrupted by
random noise, as described in the observation model

Y= Xt + €4,
fort =0,...,N —1, where

e x;isasum of damped exponential components, i.e.,

K

xe =Y ckppexp(mfit),
k=—x

with 2k +1 < K, pi a real damping factor satisfying |px| < 1, f; a real number representing
a frequency and ¢ a complex coefficient,
e ¢;is arandom noise.

This denoising problem is of crucial importance in many applications and is also known as
super-resolution in the literature; see [16,29-33]. The main motivation behind Cadzow’s algorithm is
that many signals of interest have low rank Hankelization. In mathematical terms, we can often look
for approximations and denoising, for signals which satisfy the constraint that rank(?{(x)) = r where
r < 2k + 1. Such constraints are important when the observed signal is corrupted with additive noise,
which increases the rank of #(x). Consequently, an intuitive way of estimating x from y is to do rank
reduction: starting from X =y =[yo,...,yn_1], the Cadzow’s algorithm iteratively updates the
estimate via the following rule

) = HHT(H(xM)), n=0,1,...

Here 7, computes the truncated singular value decomposition (SVD) of any L x K matrix X,
that is,

r
T(X) = Y05 u9],
j=1

with

K
P . . *
X = X;q ujv;
]:
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being an SVD of X and with 07 > 0, > ... > 0k being the singular values. As is now well
known, Cadzow’s algorithm is easily interpreted as a method of alternating projections in the matrix
domain [23]. Denote by P4, the projection onto the set M, of L x K matrices of rank r, and by P,
the projection onto the space My of L x K Hankel matrices. Then, Cadzow’s method is easily seen to
be equivalent to the following matrix recursions

X0 = Py, (P, (X)), m=0,1,...

Since My is convex and M, is expandable into convex sets, we deduce from the main result
of [22] that Cadzow’s method has cluster points in My N M,. On the other hand, applying the method
of Section 4 can be advantageous in the application of projection methods to the case of low rank matrix
constraints such as in the application of Cadzow’s method. In particular, our method shows that the
SVD can be computed only approximately in the first iterations and still belong to the ellipsoids B; ,;,
thus implying possibly important computational savings. Our new method converges to a point in
My N M,.

An example showing the efficiency of Cadzow’s method is presented in Figure 3 below. In this
experiment, we set the signal-to-noise ratio (SNR) to 3.5 dB and the rank constraint equal to 15
(an appropriate choice for the rank can be made using statistical techniques such as cross-validation).
We took K = |[N/2 —10].

ECG Signal

original ECG signal
#*  noisy signal
denoised signal using our method |

o

2.5

Amplitude
o

-

0.5

0 20 40 60 80 100 120 140 160 180 200
Sample index

Figure 3. Application of our method to denoising a benchmark Electrocardiogram (ECG) type signal.

6. Conclusions and Future Work

The work presented in this paper is a follow on project to the work of [22]. We obtain strong
convergence results in Hilbert spaces in the case of uniformly convex expandable sets, a notion which
refines the definition of convex expandable sets introduced in [22,23]. We showed that the proposed
methods apply to practical inverse and denoising problems which are instrumental in engineering and
signal and data analytics.

Future work is planned in developing new and faster algorithms for nonconvex feasibility
problems, using acceleration schemes such as Richardon’s extrapolation [34].
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Appendix A. Definition of the Total Variation (TV) Norm

Recall that a function u is in BV (Q) for a bounded open set O C R if it is integrable and there
exists a Radon measure Du such that

./Qu(X) div g(x)dx = — /;)(g, Du(x))dx

for all g € C! (Q, Rd). This measure Du is the distributional gradient of u. When u is smooth,

Du(x) = Vu(x)dx, and TV-norm is equivalently the integral of its gradient magnitude,

lullrviey = [ |Vuld

For p € [1,4+o0], the LP-TV norm is defined by

1
r
Iullpaviy = ([, 1vurar) (a1

For p € (0,1), formula (A1) defines a quasi-norm which is nonconvex, called the LP-TV norm by abuse
of language, as is common in the image processing community.

Appendix B. Niculescu’ Lemma

Niculescu’s Lemma [35] (Theorem 2), [36] is a converse of the Cauchy-Schwarz inequality. It can
be stated as follows.

Lemma 4. Assume there exist two positive real numbers w and w’ such that
(x—wy|x—wy) <O0.

Then, we have
<x’ .1/> - 2 2

(x,2)2(y,y)? o 4 Jw

w’ w
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