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Abstract— A model which determines the electron emission 

from the surface of a microtip has been developed, it solves the 
multiphysics problem combining the heat transport and the 
current conservation inside the tip, which is coupled with a 
Monte Carlo model established to evaluate the electron space 
charge in front of the tip and to deduce the electric field at the 
surface of the tip. This modeling approach is versatile and it can 
be applied for several regimes lying from DC operation to 
nanosecond pulses. 
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I.  INTRODUCTION  

Vacuum electron sources exploiting field emission are 
operated under high voltage, generally in direct current (DC) 
mode or low frequency. The recent developments of 
nanosecond pulsed power supplies facilitate the emission of 
high density electron bursts. However, the electron emission at 
the surface of a microtip is limited by space charge (SC) when 
we reach high voltages (> 20 kV). A model has been developed 
to quantify the effects of SC on electron emission and 
breakdown voltage for different regimes (ns pulse to DC). 

II. NUMERICAL MODEL 

On the cathode, we consider, there is a tip with a hyperbolic 
shape. His height is equal to H = 10.14 µm and the curvature 
radius at the apex of the tip is equal to rc=143 nm. The domain 
of simulation with the tip is represented in Fig.1a).   A 2D 
axisymmetric model has been developed to determine the 
current emitted by this tip and to estimate the breakdown 
voltage. It is a multi-physics model that solves the heat 
equation and current conservation in the tip and the electric 
field outside. The equations and boundary conditions for the 
heat and current equation are detailed in [1]. The emitted 
current is calculated according Murphy Good's approximation 
[2].  
 To determine the electric field distribution in the inter-
electrode gap (Fig. 1), it is necessary to know the electron 
distribution in front of the MP, because it gives the source 
term of the Poisson equation. In vacuum, it depends only on 
the electron density ne in this region since none ionization is 
possible (no gas to be ionized):  

     (1) 

qe and 0 represent respectively the elementary charge and the 
vacuum permittivity. Note that our previous work [24] 
considered Laplace equation instead of Poisson equation, 
treated here. Knowing the voltage distribution, it is possible to 
determine the full electric electrostatic field distribution. 
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    (2) 

The height of the domain to determine the electric field is 
taken equal to 3H (Fig..1a)) because beyond this distance, the 
electric field becomes uniform and is given by the 
macroscopic field. The lateral width of the domain is taken 
equal to 2H, large enough to avoid any side effects. Hence, the 
boundaries conditions are: 

(3) 
Where  represent 
respectively the applied voltage, the inter-electrode gap (equal 
to 200 µm here), the axial component of the electric field 
along the top border of the simulation domain, the radial 
component of the electric field along the right border and the 
radial component of the electric field along the axis. 
In this work, the density in the inter-electrode gap has been 
obtained from the electron mean density in each mesh during 
the simulation, following a Monte Carlo (MC) approach 
detailed hereafter. 
Knowing the current distribution at the surface of the tip, it is 
possible to determine the initial position of the emitted 
electrons and the number of electrons in each mesh near the 
surface of the tip. Once out, the trajectory of the electrons is 
solved in relativistic regime for a small time step 1fs to meet 
the Courant Friedrichs Lewy (CFL) criterion. At the end of 
the simulation, it is possible to know the average number of 
electrons in each mesh and to deduce an average electron 
density in each mesh. A new electric field on the surface of the 
tip is determined and it is possible to solve the temporal 
heating and cureent conservation equations inside the tip. A 
new emitted current is deduced. These steps are repeated until 
the emitted current converges. An example of the electron 
density for an applied voltage of 38 kV obtained in front of the 
tip is shown in Figure 1 a). 
 



 

Fig. 1. Domain of simulation and the electron density in the inter-electrode space in front of a tungsten hyperbolic tip at 38 kV (a)) and 65 kV(b)) 
 

III. RESULTS IN DC 

Fig. 2 Fowler-Nordheim plot of thermo-field (TF) emission with SC (red 
square line) and without SC (black line), for a tungsten hyperbolic MP. The 
case of Pure Field emission (PF; dot dashed line) corresponds to an electron 
emission neglecting the thermo-ionic effects. dgap=0.2mm was kept constant. 

 
It is possible to represent the Fowler-Nordheim plot in cases 
of pure field (PF) emission and in the case of Thermo-Field 
emission (TF) with and without taking into account the SC 
(fig. 2) of a tungsten hyperbolic tip in DC. The black curve is 
limited to 38 kV because for this voltage, we assume the 
breakdown to have been reached, because the tip has reached 
the melting temperature [1]. For low voltages, the curves 

overlap each other because the tip does not heat up and the 
electron density in front of the tip is too low to modify the 
electric field and limit the electron emission. 
For higher voltages (> 25 kV), the red square curve becomes 
saturated because the electron density in front of the tip is high 
enough to reduce the electric field at the top of the tip and 
limit the current emitted. Taking into account the space 
charge, the hyperbolic tungsten tip reaches the melting 
temperature for a voltage of 65 kV, i.e. an increase of 80% 
compared to the model without the SC. 
By comparing Figures 1a) and b), which represent the electron 
densities in front of the tip at 38 and 65 kV respectively, the 
electron density is higher near the tip for 65 kV and stays 
higher far from the tip. 
 

IV. CONCLUSIONS 

A 2D axisymmetric model describing the electronic emission at 
the surface of a tungsten hyperbolic tip taking into account the 
space charge has been developed. It allows in particular to 
predict the breakdown voltage and to study the trajectory of the 
electrons in the inter-electrode space. This model allowed us to 
highlight the significant effect of the space charge on the 
emitted current and the breakdown voltage.   
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