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Abstract In this paper, we consider an n-player non-cooperative game where
the random payoff function of each player is defined by its expected value and
her strategy set is defined by a joint chance constraint. The random con-
straint vectors are independent. We consider the case when the probability
distribution of each random constraint vector belongs to a subset of elliptical
distributions as well as the case when it is a finite mixture of the probabil-
ity distributions from the subset. We propose a convex reformulation for the
joint chance constraint of each player and derive the bounds for players’ con-
fidence levels and the weights used in the mixture distributions. Under mild
conditions on the players’ payoff functions, we show that there exists a Nash
equilibrium of the game when the players’ confidence levels and the weights
used in the mixture distributions are within the derived bounds. As an applica-
tion of these games, we consider the competition between two investment firms
on the same set of portfolios. We use a best response algorithm to compute a
Nash equilibrium of the randomly generated games of different sizes.
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1 Introduction

In strategic games, the rational players choose their strategies simultaneously
which results in payoffs for all the players. The payoffs of each player depend
on the strategies of all the players whereas the strategy set of each player
does not depend on other players’ strategies. The Nash equilibrium concept is
used to analyze the outcome of such strategic interactions. Nash [23] showed
that there exists a mixed strategy Nash equilibrium of a game with finite
number of players where each player has finite number of actions. Since then,
general strategic games have been extensively studied in the literature [11 10,
1T]. The games considered in the above-mentioned papers are deterministic in
nature, i.e., the payoffs and the strategy sets of all the players are defined by
real valued functions. However, the decision making process is often subject
to uncertainties due to the presence of various external factors [9] 22]. The
stochastic modelling of uncertainties present in the system depends on the
attitude of decision makers. The expected value criterion is used for risk neutral
players [25]. For risk averse players, the payoff criterion with the risk measure
CVaR [I8] 25] and the variance are considered in the literature [§]. A chance
constraint based payoff criterion for the case of risk averse players is introduced
in [26, 27]. Singh et al. [26] considered a finite strategic games where the
payoff vector of each player is a random vector, and each player is interested
in payoffs obtained with a given confidence level. They showed that there
exists a mixed strategy Nash equilibrium when the payoff vector of each player
follows a multivariate elliptical distribution. In [27], the authors showed that
the Nash equilibria of chance-constrained games (CCGs) considered in [20]
can be obtained from the global optimal solutions of a certain mathematical
program. Notice that there are zero-sum CCGs studied in the literature, see
for instance [2, [, 5] [©].

The above-mentioned papers on CCGs considered the case where players’
payoffs are random and the strategy sets are deterministic in nature. There is
a scarce literature on games with stochastic strategy sets defined by chance
constraints [24], 28]. Singh and Lisser [28] showed that a saddle point equilib-
rium of a zero-sum game with individual chance constraints can be obtained
by solving a primal-dual pair of second order cone programs. Peng et al. [24]
considered n-player games with deterministic payoff functions and the strat-
egy sets defined using joint chance constraints. They showed that there exists
a Nash equilibrium of the game when the random constraint vectors are inde-
pendent, and follow a multivariate normal distribution. A normal distribution
belongs to the class of elliptical distributions. In practical situations, a normal
distribution is often used to model the uncertain parameters, but, sometimes
the member distributions from elliptical class other than normal distribution
are used to model the uncertainties present in the system. For example, in fi-
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nancial market the random return vector from a portfolio follows an elliptical
distribution [16] as well as a finite mixture of elliptical distributions [3} 13} [17].

In this paper, we consider an n-player game where the payoff function of
each player is random and the strategy set of each player is defined by a joint
chance constraint. The players’ payoff functions are defined using expected
value of their random payoff functions and the random constraint vectors are
independent. We identify a list of prominent probability distributions belong-
ing to the class of elliptical distributions. Under mild conditions, we show that
there exists a Nash equilibrium of these CCGs if the underlying probability
distributions of random constraint vectors belong to the list. Then, we con-
sider the case where the random constraint vectors follow a finite mixture
of elliptical distributions from the list and we show that there exists a Nash
equilibrium of the CCG. The CCGs considered in this paper are significantly
different from the ones considered in [24]. Unlike [24], we consider expected
payoff functions for each player and the existence of Nash equilibrium is shown
for certain elliptical distributions and their finite mixture. As an application
of the CCG under mixture distributions, we consider the case of two invest-
ment firms which compete on the same market by investing in the same set
of portfolios. The random return vector of each firm follows a finite mixture
of elliptical distributions. The firms want to keep their random losses below a
certain threshold. The constraints on the random loss function of each player
are modelled as a joint chance constraint. We consider the case where each
firm incurs transaction cost which depends on the strategies of both the firms.
Each firm is interested in maximizing its expected payoffs over the chance-
constrained strategy set. We use a best response algorithm to compute the
Nash equilibrium of the game. The numerical experiments are performed on
randomly generated instances of different sizes.

The rest of the paper is organized as follows. Section [2| contains the def-
inition of the CCGs. In Sections [3] and [d] we show the existence of a Nash
equilibrium for a subset of elliptical distributions, and for a finite mixture of
elliptical distributions from the subset, respectively. Section [5| contains the ap-
plication of the CCG in financial market. We conclude our paper in Section

6l

2 The model

We consider an n-player non-cooperative game, where I = {1,2,...,n} de-
notes the set of players. Let X C [Rﬁ . be a strategy set of player ¢ which is a
convex and compact set; [Rl+ . denotes the positive orthant of R’. The generic
element of X" is denoted by z* and the vector of strategies of all the players
except player i is denoted by z~%. The strategy profile of all the players is
denoted by = = (z%,27%). Let £ : 2 — R? be a random vector defined on prob-
ability space (£2, F,P). For each w € {2, let v;(z, {(w)) represents a real valued
payoff function of player i which is defined on [, ; [RZJr L X R<. The players use
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expected payoff criterion and the payoff function of player i is defined as

u;(r) = Ep[vi(x, §)], (1)

where Ep denotes the expectation operator associated with probability mea-
sure P. The strategy set of player i, i € I, is restricted by the following joint
chance constraint

P{A"2' <b'} > a, (2)

where o is confidence level of player i, A* = [A}, A},... A% " is a K; x I;
random matrix defined on the probability space (£2, F,P) , and b’ € R¥:; T
denotes the transposition. For each k = 1,2,..., K;, A% is the k"™ row of A°.
For a given «;, the feasible strategy set of player i is defined by

si, = {o' e Ry, |a' € X P{AW <} 2 i}, Viel (3)
Let o = (ay)ier be a confidence level vector. We denote S, = HS;@ and

iel
Syto= H Séj. We assume that the set S?, is nonempty, and the proba-
jEL;j#i A
bility distribution of the random matrix A* and the probability level vector «,
and the payoff functions defined by are known to all the players. We call
this game a CCG which is a non-cooperative game with complete information.
A strategy profile x* = (¥, 27%) € S, is a Nash equilibrium of the CCG at
confidence level vector « if and only if for each ¢ € I,
wi (2, 27) > (2t 27™), Vo' e S’g

Assumption 1 For each player i, i € I, the following conditions hold.

~

vi(xt, 274 €) is a concave function of ' for every (z7% &) € X% x RY.
v;(+) s a continuous function.
3. Eplvi(x,&)] is finite valued for any x € X.

o

In this paper, we consider the case where the row vectors A%, k =
1,2,...,K;, of matrix A%, i € I, are independent [I5]. We select a subset
of elliptical distributions given by Table [I| and we show that there exists a
Nash equilibrium of CCG. In addition, we show that a Nash equilibrium exists
when the probability distribution is a finite mixture of the elliptical distribu-
tions listed in Table [Il

Definition 1 A d-dimensional random vector ¢ follows an elliptically sym-
metric distribution Ellipg(u, X, @) with location parameter u, positive definite
scale matrix X, and characteristic generator ¢, if its characteristic function is
given by Eeit'¢ = e“Tﬂcp(tTEt).
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The probability density function (if it exists) of an elliptically symmetric dis-
tribution is given by

__ ¢ Ty-1

rw = =t (Viu - - ). (1)
where g(+) is a nonnegative function called radial density, and ¢ > 0 is a nor-
malization factor such that f integrates to one. The elliptical distributions
with location parameter u = 0 and scale matrix X' = I 4 are called as spher-
ical distributions [12]; 0 and I ;x4 denote a d X 1 zero vector and a d x d identity
matrix, respectively. Table [I] presents a short selection of prominent spherical
distributions, together with their radial densities for univariate case [12].

Table 1: List of selected 1-dimensional spherical distributions.

Probability Radial density Qg4 a;
distribution
normal e~ %“2 W}i(l)
1,2\—(14v)/2 .
t 1+ i ) (1+v)/ , &Dlzc(l)
v > 0, v integer
Cauchy (1 +u?)~! wi(1) ~
max Qg
. k=1,2,....K;
Laplace e lul wi(1)
u2(N—1)e—ru2S’ . ON—1 i
Kotz type rs>0.N > % 144 ( Sor )
2\ — IV
Pearson Type (1 + %) , i ( - )
VII distribution | ., >0,N > % k 2N—1

3 Existence of Nash equilibrium under elliptical distribution

The convexity of the feasibility set of joint chance constraint plays an im-
portant role in the existence of Nash equilibrium for the CCG. When there
is only one random linear constraint, i.e., K; = 1, the chance constraint
is equivalent to a second-order cone constraint [I4]. When the row vectors
Atk =1,2,...,K;, are independent and follow a multivariate normal dis-
tribution, then, Strugarek and Henrion [I5] showed that the joint chance con-
straint (2) is convex for large values of «; and Shen et al. [24] proposed a
new convex reformulation of . Sometimes, in practical situations the distri-
bution of uncertain parameters belongs to the class of elliptical distribution
[16]. We identify a list of prominent elliptical distributions as given in Ta-
ble |1| and propose a convex reformulation of when the row vectors A%,
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Under independence assumption, the joint chance constraint (2f) can be equiv-
alently written as ]_[kK:‘1 F{A};xi < b}C} > «, or alternatively with nonnegative
auxiliary variables z}, [7]

k=1,2,..., K; are independent and follow Ellip;, (uz, X g@% from Table
2

P{ALe <bi} >l k=1,2,-- K,
Ko , ()
osi=1,2>0 k=12 K,
k=1
The chance constraint given in can be treated as an individual chance

constraint with af’l" confidence level. Using the reformulation of individual
chance constraint from [I4], we have the following reformulation of joint chance
constraint (2)) [7]

. . . i o1 . .
() ()T’ + 0 (af) | (202 0| < b VR =12, K,
i K
a; = 3 (41) zi =1, (6)
k=1

where Lpffl() is a quantile function of an 1-dimensional spherical distribu-
tion, and ||| is the Euclidean norm. The deterministic reformulation (6) of
is not convex due to constraints (i) from (@ When «; > 0.5, we have

i -1 ( af;‘) > 0, where 0 < z; < 1. Then, under logarithmic transformation

[20] y; = log x;,] =1,2,...,1;, we have the following reformulation for (@)

. i .1 lo Wii_l oi;;]l.—i-i’ .
(i) (i) Tev" + (1) % e (%) ( ) U <bi YE=1,2,... K,

o T

(iii) 2 >0, Vk=1,2,..., K;,
(7)

i

, . T
. ¥ T
where 1;, is an [; x 1 vector of ones, and eV = (eyl,...,eyli) and
N ) N ) R \NT
log (#}) (%’“)lzﬁy’ ( log (%) (%’“)eri log (%) (aik)ﬂfi)
e =|e so..,€ .

Let Y = {yi eRY |yl =Inal, o' = (af,...,2])7, 2’ € Xi}. The set Y
is a compact set because it is an image of X* under logarithmic transforma-
tion. The convexity might not be preserved under logarithmic transformation.
Therefore, we consider only X° for which Y is a convex set, see for instance
[24]. From now onward, we consider the strategy set X¢ for which Y? is a

Ml
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convex set. The reformulation of the feasible strategy set SZ” of player i, i € I,
is given by

Si, = {(yi,zi) eY' xRK | (y,2%) € @;} (8)

The convexity of reformulated feasible strategy set 5}1 corresponding to el-
liptical distributions listed in Table [1] depends on the convexity of function

log (W,ﬁ)_l (af’z> [24]. We show that the function log (Q/,i)_l (af’i) is convex
in z}c for probability distributions listed in Table |1} In order to come-up with
the convexity of the set Sfli, we consider the following assumption.

A_ssumpt_ion 2 For eachi € I and k = 1,2,...,K;, all the components of
X and py. are nonnegative.

Lemma 1 Let X be a k x k symmetric positive definite matriz with non-
negative entries and q(0) = (q1(6),q2(8),...,qx(0))T be a k x 1 wector of
functions, where each component ¢;(d) is a non-negative convezx function of

8. Then, ||X2q(8)|| is a convex function of 8.
Proof The proof follows from the Proposition 2.1 of [I4]. O

Lemma 2 For each i € I and k = 1,2,...,K;, let (¥{)7*(-) be a quantile
function of 1-dimensional spherical distribution listed in Table[]. Then, there
exists an oy ; such that log (!I/Ii)_l (afz’“) is a convex function of zi on [0,1]
for all a; € @ 4, 1].

Proof The proof is given in O

Lemma 3 For each i € I, let the convex set X* be such that Y is a conver
set. If Assumptz'on holds for the elliptical distributions listed in Table St
1 € 1, defined by (8)) is a convex set for all o; € [, 1]; @; is given in Table ,

Proof 1t is evident that (u};)Teyi is a convex function of y® because the

components of u} are nonnegative. From Lemma log (%)~ (af}“ ), k=

1,2,...,K;, is a convex function of z} for all o; € [a;, 1]. Therefore, all the

.. . 10g(‘1';i)71<afk>-1zi+yi
components of the vector of composition functions e are
nonnegative and convex function of (y°, z;,). The entries of X} are nonnega-

1 log (W} ’1( f'i)n.Jr
tive. Then, it follows from Lemma (1| that (2,@) e o8 (V) (o Jhuity is a

convex function of (y, z}). Therefore, the constraints

: og (7)) (aik )1, 4y _
(iyTer + ||(zi)® 5 G I <bL Vk=12,... K,

are convex in (y°, 2°%) for all a; € @, 1]. The other constraints of g}% are convex
constraints. Hence, Séi, i €1, is a convex set for all a; € [ay, 1]. O
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Finally, we show that there exists a Nash equilibrium of a CCG for which
we need the following assumption on the players’ payoff functions.

Assumption 3 For each playeri, i € I, the payoff function u;(-,x~%) satisfies
the mnon-increasing condition for every x=° € X' i.e., for any two points
z and T° such that z% < Z% for all k = 1,2,...,1;, we have u;(z?,27%) >
w; (7, 7).

Theorem 1 Consider an n-player CCG where

1. Assumptions[1] and [3 holds,

2. the row vectors of A, i € I are independent,

8. for each k = 1,2,... K;, the row vector A}‘€ ~ Ellip, (u};,Z};;g&};) w.r.t.
Table |1}, where the location vector ut and the scale matriz X% satisfy As-
sumption[J

Then, there exists a Nash equilibrium of a CCG for all a € [an,1] X [@2, 1] X
. X [@n, 1]; @y, © € I, is given in Table .

Proof Let « € [aq,1] X [@2,1] X ... X [@n,1]. Under Assumption [1} the payoff
function wu;(z%, 27%), i € I, is a concave function of z? for every x=* € X ¢,
and a continuous function of x. For each ¢ € I, define a composition function
Vi = u; od;, where d; : [[1_; RY — [T, [R{(_’+ such that

d; (yl,yQ,...,y") = (eyl,eyz,...,eyn>.

Under Assumption [3] V;(y*,y~¢) is a concave function of y* for all y~¢. The
function V;(y) is a continuous function of y. It follows from Lemma [3| that
the reformulated strategy set 5& of player i, i € I, is a convex set. For each
i €1, 53 is also a compact set. Then, there exists a Nash equilibrium for an
n-player non-cooperative game with the payoff functions V;(y), ¢ € I, and the
strategy sets 5}11 , ¢ € I [10, [I1]. Therefore, there exists (yi*, zi*)iel such that
for each i € I,

Vily™ y™) = Vil y ), Y (v, 2) € Sl
For z* = e¥" we have for each i € I,

wi (™, 7)) > uy(xt, 27 ™), YV at € Sflq

Hence, z* is a Nash equilibrium for a CCG for all « € @1, 1] x [@2,1] x -+ - X
[an, 1]. O

A natural question is whether we can extend Theorem [I]for the entire elliptical
family of distributions. The results on the existence of a Nash equilibrium are
mainly based on the fixed point arguments of a certain set-valued map, which

in our case depends on the convexity of function log (!I/,i)_l (af;“). We give

an example of an 1-dimensional spherical distribution for which it is not a
convex function. Due to this, the present approach cannot be used to prove
the existence of Nash equilibrium for the entire class of elliptical distributions.
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Ezxample 1 Consider an 1-dimensional spherical distribution with probability

density function
3,2
_ §y RS [_Ll]v
) {O, otherwise.

The cumulative distribution function ¥ can be expressed as

07 (—OO,—l),
lp(y): %y3+%aye [_1v1]7
7 (+oo).

Let h(z) = log (#) " (a®). We have h(z) = +log(20% — 1). For o > 3, the
second derivative of h(z) is given by

B () = %(loga)%ﬁ (M) .

It is easy to see that 2 (z) < 0. This implies that log (¥) " (o) is not a convex
function.

4 Existence of Nash equilibrium under a finite mixture of elliptical
distributions

We assume that the probability distribution of row vector A%, k =1,2,..., K;,
is a finite mixture of elliptical distributions listed in Table [} The density
function f}(u) of A% is defined by

Mj
f) =" wj, p fi (W), (9)
m=1

where f,i’m(u) is the density function of an elliptical distribution from Table
with location parameter u?m, scale matrix Z};mw and characteristic generator

P - In addition, (wzm)%il is a weight vector such that wj ,, > 0 for all

m=1,2,.. .,M,i, and ZAmlil w?m = 1. From the definition of the mixture
distribution, we have

M}
P{dia’ <bip= [ filAp)dA} = sz,m/_ e (AR)dAL,
Ajzi <} =1 Aj i <b}

(10)
In this case, the joint chance constraint can be reformulated as

Mk: .
> Wi Pep, (A2t <UL} > aF k=12, K,
m=1 (11)

K;
ozi=1, 220, k=12, K,
k=1
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where P p,, {-} denotes the probability function of the mth probability dis-

tribution P,,,. We introduce an auxiliary varlables Mems M = 1,2, MY,
k=1,2,. KZ, and reformulate the constraint ( as follows

D)NPM{A.’I} <b}>nkm7 :172,...,Mk,k:1,2,...,Ki7

) ] 2.

Z_wlk,mnlzﬁ,mzaikv k:1a27-~-aKi (12)

m=1

K;

Y s=1 2,20, k=12, K,

k=1

which is equivalent to
(Hiosn) "2 A (T ) ™ Ol ] (Zhn) * || < s
m=1,2,..., M}, k=1,2,..., K,

Mk
Zwkmnkmzal ) k:1727-'~7K1a

m=1
K;
Y si=1 2,20, k=12, K,
k=1

(13)
where (W,ﬁm)*l() is a quantile function of one dimensional spherical distribu-
tion. By taking r,iym = (W,;m)_l(n,i,m), we have the following reformulation of
joint chance constraint

. . 1 . .
(@) (i) 2"+ 7| (k) * 27| < bR
m=1,2,...,Mi, k=1,2,..., K,

Mk- .
- (i) ;w?m%&m(r}ﬁm) >a* k=1,2,...,K; (14)
K;
(iii) 2 =1,
k=1

(iv) 2z >0, k=1,2,..., K.

The reformulation (14) is not convex in the new variables
(2, (rk m)f 1M;’; 1 (zi)szl) To apply the logarithmic transformation as
in the previous case, it is necessary to have r};’m > 0 for all £ and m. Next,

we show that for each k and m, ri =~ > 0, under certain conditions on weight
vectors and confidence level.

Lemma 4 For a given «; € [0,1] and for each m = 1,2,..., M} and k =
1,2,...,K; z‘fw,i.m 2 (1 — «;) such that Zm lwkm =1, where 3 <
C <1, then i, > (WZ m) (C)>0.

-C
1
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Proof For each k and m, it follows from constraint (i7) of that

i i i i zh
1- wk,m + wk,mwk,m(rk,m,) Z ;.

Therefore,
11—«

v (r >1—- —1.
k,m( k,m) = wi,m

For 0 < z,@ < 1, we have oziz’l“ > «;. Then, under the condition on the weight
vector, we have rj > (7, )7 (C) > 0. |

For the elliptical distributions listed in Table [ we derive the bounds on
confidence level and weights for which the condition of Lemma {4] is satisfied.
Let wj, ,,, € [w;, 1] for all k and m , where w; is defined as in the third column

of Table |2l Such a choice of w?m does not need to form a weight vector for an

arbitrary choice of a;. The condition 0 < wlk m <1 gives oy > 1 — Bil , and
’ k,m
the condition Z%il wi - =1leads to a; > 1 — ——1——_ The uniform lower
' X Bl

bound a; on «a; can be obtained by taking into account all the constraints
and it is given in the last column of Table [2| Therefore, for a; € [a;,1] and
Wy, € [w;,1] for all k and m, it is easy to see that the condition of Lemma
is satisfied. Therefore, 7} ,,, > 0 for all £ and m.

Table 2: Bounds for confidence level and weights used in the mixture

distribution
Probability B m W; @
distribution
1
normal - (1)
1
¢ 70
1
Cauch; —u ]
y 1 %-,],,,,.(1) B {Bi,m(l - ai)} Lmax 41— M;
— ; e=1,2,..., i 1} i
Laplace -9, D m=1,2,..,My Sk Bleym
Kotz type %
1—%,m((—2f};:1)ﬁ)
Pearson Type 1
v 1*"’:3.,”(\/ﬁ)

Now, we reformulate by using the change of variables under logarith-
mic transformation. We transform the vector ' € X* into a vector y* € R%,
where y; = Inzj, j=1,2,... ., and 7, = Inrp . m=1,2,... My, k=
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1,2,..., K;. We have the following reformulation of

) i ’ 4 i i Ti . .
(8) (i) "€+ () 76V FTom T
m=1,2,..., M}, k=1,2,..., K,

< b,

M,
7 % Thom
P (i4) mZ:lwk’m!I/k’m(e em ) k=12 K;, (1)
K;
(4i1) zp =1,

() 2z, >0, k=1,2,..., K,

The reformulation of the feasible strategy set S(a;) of player i, i € I, is given
by

Se, = {(y”,zﬂr{,...,r}(i) €Y x RE x RMi x - x RMr

(v 2"l o7k € QL ). (16)

It is easy to see that gfx is a compact set. As similar to Assumption [2} we have
the following assumption on the location and scale parameters of the elliptical
distributions used in the mixture.

Assumption 4 For eachi € I, m = 1,2,..., M}, k =1,2,...,K;, all the

components of X% m and wi . are nonnegative.

To prove S’ ~a convex set for a given «y, it is enough to show that the con-
straints (4) and (1) of (1) are convex.

Lemma 5 For each i € I, suppose o € [a;, 1] and wj,,, € [w;,1] for all
k=1,2,...,K; and m = 1,2,..., M}, where &; and w; are given as in Table
. If W,@m() is one dimensional distribution function of spherical distributions

. - y @ . - ;
listed in Table|q, W}, (eTkm) is a concave function of T, .

Proof The proof is given in O

Lemma 6 For each i € I, let the convex set X* be such that Y is a convex
set. Suppose that the probability distributions used in the mizture are from
the list given in Table @ Then, under Assumption |4}, the strategy set SZ”
i € 1, defined by is a convex set for all o; € [&;,1] and w}, . € [w;, 1],
m=1,2,..., M}, k=1,2,...,K;; a; and w; are given in Table

Proof As a nonnegative linear combination of concave functlon is a concave
T m —
function, it follows from Lemma |5| that Zm L Whn O (€ k. ) —a;* is a

concave function of ((Tkm)%;l,zk . Hence, for each k = 1,2,..., K;, the

constraint (i) of is a convex constraint. Under Assumption [4] it follows
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from Lemma that | \(Z,’;’m)%eyw"’ivmfﬂli

each k and each m. For each k and each m, (ut , )Te¥" is a convex function

is a convex function of (y*, 7} ) for

of y* because p?c’m > 0. Therefore, for each k and each m the constraint (z) of
(L5) is a convex constraint. It is easy to see that the other constraints of S’g
are convex constraints. Therefore, S}l is a convex set. O

Finally, thanks to the convex reformulation of feasible strategy set for each
player, we show that there exists a Nash equilibrium.

Theorem 2 Consider an n-player CCG where

1. Assumptions[1] and [3 holds,

2. the row vectors of A*, i € I are independent,

3. foreach k =1,2,...K;, the row vector A%, i € I, follows a finite mizture of
multivariate elliptical distributions listed in the Table[3, where the location
vector py, ., and the scale matriz X} =~ of the mth elliptical distribution
satisfy Assumption [}

4. foreachi € I, the weights wy, ,,, € [0, 1], k=1,2,... K;;m=1,2,..., M},
where w; is given in Table[J

Then, there ezists a Nash equilibrium of the CCG for all a € [aq, 1] X [2, 1] X
- X [@n, 1]; @y, @ € I, is given in Table @

Proof Tt follows from Lemma |§| that the reformulated strategy set 53, 1e€1,
is convex for all « € [@;, 1]. Then, the proof follows from the similar arguments
used in Theorem [l O

5 Competition in financial market

We consider the case of two investment firms which compete on the same
market. Each firm invests in the same set of portfolios consisting of different
assets. Let J be the set of portfolios and Ay be the set of assets in the portfolio
k. We assume that the portfolios are disjoint, i.e., for any k, l € J, Ay and A
are disjoint sets. Each firm decides to invest its money in different portfolios
whose returns are defined by random vectors. Let zf = (xzj)jeAk be the
investment vector of firm 4, i = 1,2, for kth portfolio; x};j represents the
amount of money firm i, invested in the jth asset of kth portfolio. Let x* =
(7% )kes denotes an investment vector of firm i. The set of investments X of
firm ¢ is defined as

Xz{xl| Z xijSW,i, ILjZ&, VkEJ,jEAk},
JEAL
where ¢; > 0 is the minimum amount invested in any asset by firm ¢ and

W} denotes the maximum amount that can be invested by firm i in portfolio
k. The vector * = (z',2?) € X! x X? represents an investment profile of
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both the firms. Let R}, = (R};)jea, be a random return vector of firm i from
portfolio k. For a given investment vector %, the total return received by firm
i from portfolio k is defined as (z%)T R and (—a%)T R represents random loss
incurred by firm i (negative return) from portfolio k. Let di be the maximal
allowable loss level of firm 4 from portfolio k. Firm i wants to keep its random
losses below the maximal allowable level with at least «; probability, i.e.,

P{(—z})"R}, <dj, ke J} >a;, Vi=1,2.
Therefore, the set of feasible investments of firm 4 is given by

s, ={z' € X' | P{(~a}) R, <d},, ke J} = i}, (17)
We consider the case where each firm incurs transaction costs. The transaction
costs can be used to model a number of costs involved in a financial market,
e.g., brokerage fees, bid-ask spread and market impact [19] [2I]. Usually the
transaction costs are higher for popular assets due to the participation of many
firms and it is directly proportional to the money invested in it. Therefore,
the transaction cost incurred by a firm also depends on the investment of
other firms. In this paper, we consider the quadratic transaction costs, i.e.,
for a given investment profile (z,z%) for portfolio k, the firm 1 incurs cost
cp(xh)T (xf +23) and firm 2 incurs cost ¢2 (22)7 (2} + 22) to manage portfolio
k. Then, for a given investment profile z = (2!, 2?), the payoff function of firm
i, ¢ = 1,2, is given by

wi(a!,2®) = Y (EIRY) T2y — Y cilai) (e +23).
kelJ keJ

Under the logarithmic transformation, the payoff functions of firm 1 and firm
2, are given by

Vily',y?) = Y (E[RE] — che?)Tevs — 3" cf 37 e,

keJ keJ  jEA
Valo' %) = S (ER - et - Y e,
keJ keJ JEAL

where eVk = (eyij)jeAk, 1=1,2.

For a fixed 2, the function V;(y!,4?) is a concave function of y! if its Hes-
sian matrix is negative semidefinite. Therefore, V; (y!,4?) is a concave function
of y! for a given y? if

dekesi + che¥s > E[RL], j € Ak € J. (18)
Similarly, Va(y',%?) is a concave function of y? for a given y! if
4cieyii + ciey’ij > [E[R%j], je Ay, ke d (19)

The conditions and are satisfied for suitable choice of the minimum
invested amount ¢; of firm ¢. The mixture of elliptical distributions are often
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used in the literature to model the random return vectors in financial market
[3L 13, [17]. We assume that the random return vectors R}, k € J, are indepen-
dent and follow a mixture of elliptical distributions. Then, under logarithmic
transformation the convex reformulation S’; of is given by , where

Yi= {yl | Z eYii < W, y,i,j >lIn(g;), Vke Jje Ak}.
JEAL

If the conditions and are satisfied, it follows from Theorem [2| that
there exists a Nash equilibrium of the game.

5.1 Best response algorithm

In this section, we present a best response algorithm which is used to compute
the Nash equilibria of the above game problem. For a fixed (32, 22, (T,?)ke J) €
S? ,» Player 1 solves the following convex optimization problem

P, max Vi(yl, y?
[P1] T 1y y7)
st. (y' 2t (kes) € g(lxl

The set of optimal solution of [P;], which is also called the best response set
of player 1, is given by

BRi(y*) = {(7", 2", " )kes) | Vi@ 97) 2 Vily' o), V (4,21 (T es) € S, )

Similarly, for a fixed (y',z', (7})res) € Sgl, player 2 solves the following
convex optimization problem

P. max Vo(yt, o2
[ 2] y2,z27(7;3)ke] 2(y y)

st (v% 2% (T))kes) € S,
The best response set of player 2, is given by

BRy(y") = {7, 2%, (R )kes) | Valy',7°) = Valy' o?), V (47,2, (e € S, )

It is clear that, if (y'*, 2!, (1}*)kes) € BR1(y**) and (y**, 2%, (17 )kes) €
BRy(y™), (z'*,22*) = (e¥"",e¥”") is a Nash equilibrium of the game. For
computational purpose, we use the best response algorithm as outlined below:

Algorithm 1 (Best response algorithm) Step-1 Select initial feasi-
ble point (y*(©), 220 (Tlf(o)>kej)) € 52, for player 2. Set n := 0.
Step-2 Solve convex optimization problem [Py] and find a point
(", 20, (11 )ies) € BRi(y2™).
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Step-3 If (y2(n),22(n),(7']§(n))kej) € BRy(y*™), then set (z'*,z%*) =
(eylw,eylz(")) and stop. Otherwise, solve convex optimization problem [Ps]
and find a point (y>(™, 22" (Ts("))ke,]) € BR,(y'™), setn=n+1 and
go to step 2.

If the Algorithm [1] stops, (z'*,2%*) is a Nash equilibrium of the game. The
proof that Algorithm [I] never cycles is still an open problem.

5.2 Case Study

Ezxample 2 We consider two investment firms with two portfolios where each
portfolio consists of three assets, i.e., J = {1,2} and A, = {1,2,3},k € J.
We take the confidence level values of firm 1 and firm 2 as 0.95, ie., a3 =
ag = 0.95. The probability distribution of the return vector R}C is assumed
to be an equiprobable mixture of two normal distributions A (uf, |, 2};71) and
N (. 2, Xk o), where pj, . is generated uniformly on [0.1,0.3]*, and 2}, is
generated randomly with each element drawn from [0, 0.1] uniformly. The ran-
domly generated mean vectors and covariance matrices are summarized as
follows:

0.1131 0.2991 0.1092 0.2967
piy = 01995 | ,pui,=| 01587 | ,uy, = | 0.2006 | ,pu3, = [ 0.2022
0.2909 0.1081 0.2921 0.1045
0.1103 0.2896 0.1048 0.2997
piy=102022 | ,pui, = 02011 | ,pu5, = | 0.1988 | ,u3, = [ 0.2053
0.2931 0.1052 0.2957 0.1052
0.1  0.0927 0.0202 0.1  0.0379 0.0520
21, =(00927 01 00187 |,X},= (00379 0.1 0.0473 |,
0.0202 0.0187 0.1 0.052 0.0473 0.1
0.1 0.0589 0.0382 0.1  0.0072 0.0250
Yyy=1 00589 0.1 0.0554 | ,2},=1]00072 0.1 0.0476 |.
0.0382 0.0554 0.1 0.025 0.0476 0.1
0.1 0.0612 0.0049 0.1  0.031 0.0421
2P, =1(00612 01 00732 |,X7,=( 0031 0.1 0.0404 |,
0.0049 0.0732 0.1 0.0421 0.0404 0.1
0.1 0.0469 0.0245 0.1  0.023 0.0522
X3,=100469 0.1 00167 | ,X5,=| 0023 0.1 0.0384 .
0.0245 0.0167 0.1 0.0522 0.0384 0.1
The values of other parameters are given by 1 = 0.3,e5 = 0.25, d} =

0.75,d2 = 0.6, Wl = W2 =1,k € J and c. = 2 = 0.2,k € J.
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We compute the Nash equilibrium of the game using the Algorithm [1] We run
the numerical experiments on an Intel Core i7-8550U CPU 1.80 GHz 2.00 GHz
with 16.0 GB RAM machine. To solve the best response convex optimization
problem of both firms, we use CVX package in MATLAB. For the above data
the algorithm converges to a Nash equilibrium point (z'*, 22*) given by

2" = ((0.3478,0.3,0.3249), (0.3431, 0.3319, 0.3250)),
22* = ((0.3385,0.3067, 0.3390), (0.3333, 0.3314, 0.3353)).

Figure [l shows that the best response algorithm converges to a Nash equi-

1

0.165

Firm 1
0.16 Firm 2

T

0.155

0.15

Payoffs
o
=
N
[6)]

0.14 |

T

0.135

0.13

0125 1 1 1 1 1 1
Iteration

Fig. 1: Convergence of Nash equilibrium payoff

librium payoffs of both the firms after few iterations. The total CPU time to
compute Nash equilibrium is 23.12 seconds.
We also perform numerical experiments for a relatively large size model
with 10 sets of portfolios and 20 assets in each portfolio. The distribution of
¢ is considered as an equiprobable mixture of two normal distributions whose
mean vectors and covariance matrices are generated similar to the Example
The parameters €1 and ey are generated uniformly on the interval [0.2,0.3],
and W = W2 =10,ct =c2 =02 for all k € J, and d},d3,k € J, are drawn
randomly from the interval [5, 8], and @1 = s = 0.95. We consider 20 different
instances of this model, and for each instance, the Algorithm [I] converges
to a Nash equilibrium. The average time to compute a Nash equilibrium is
805.31 seconds. The Figure [2| represents the variation in the time for different
instances.
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6 Conclusion

We consider an n-player non-cooperative game under joint chance constraints.
The random constraint vectors are independent. We identify a list of prominent
probability distributions from the class of elliptical distributions. We consider
the case when the probability distribution of each random constraint vector is
among the identified elliptical distributions as well as the case when it is a fi-
nite mixture of the identified elliptical distributions. We derive the bounds for
the players’ confidence levels and the weights used in the mixture distribution
and propose a new convex reformulation of the joint chance constraint when
the players’ confidence levels and the weights used in the mixture distribu-
tions are within the bounds. Under mild conditions, we show that there exists
a Nash equilibrium of the CCG. As an application of these games, we study a
competition between two investment firms from the same market. The numer-
ical experiments are performed on randomly generated instances of different
sizes by using a best response algorithm.
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Appendix A Proof of Lemma

Proof Let h1 : [0,1] = [a,;, 1] such that hyi(2f) = af", and ha : [a,;, 1] = R such that
ha(p) = log (W,i)_l(p) be two functions. Then, the function composition (k2 o h1)(z}) =



Chance-constrained games with mixture distributions 19

log (11112)71 (afi) It is easy to see that hj(z}) is a convex function of z} and hz(p) is a
nondecreasing function. Then, from Lemma 3.11 of [24], it suffices to show that ha(p) is a
convex function of p in order to show log ('P,i)_l (af’z) is a convex function. The second
order derivative of ha(p) is given by
| ugf(w) + gh (W)
c2u?(gy ()3

where u = (\I/;;')71 (p), gi(u) is the radial density function corresponding to distribution
function ¥} (u), g*(u) is the derivative of gi (u). Therefore, the function ha(p) is convex if

@)™ e (@)™ ) +ai (W) ) <o. (20)
The verification of for each distribution listed in Table [1|is as follows:

Normal Distribution: Using the radial density function of normal distribution given in
Table [1} the condition (20]) can be written as

e (1—w(1+u) <0, (21)

where u = (Wi) -1 (p). From Table [1} the value of &y, ; associated with normal distribution
is Lpi(l) Since, the function g2(p) is defined on [ay i, 1], p > g, = Lpi(l) Hence, the
condition is satisfied.

t distribution: Using the radial density function of ¢ distribution given in Table [1} the
condition (20]) can be written as

_itv g

(1+u—j) ’ (1+w)(1—u) <O, (22)

where u = (!P,i)_l (p). From Table |1} the value of &y ; associated with ¢ distribution is

W} (1). From the similar arguments used in case of normal distribution, we have p > ¥} (1).
Hence, the condition (22) is satisfied.

Cauchy distribution: The Cauchy distribution is a special case of ¢t distribution when
v = 1. Therefore, the condition (20) holds in this case using the similar arguments used in

case of t distribution.

Laplace distribution: Using the radial density function of Laplace distribution given in
Table the condition (20) can be written as

e (1 —u) <0, (23)

where u = (llfli)_l (p). From Table the value of @y, ; associated with Laplace distribution
is ¥} (1) which gives p > W{(1). Hence, the condition is satisfied.

Kotz type distribution: Using the radial density function of Kotz type distribution given
in Table|l} the condition (20) can be written as

W2(N=D = (9N _ 1 — 27su2%) <0, (24)

where u = (W,é)71 (p). From Table the value of ay ; associated with Kotz type
1 1
distribution is &P,z ((21\7—1) 25) which gives p > ¥}, ((QN_I) 2 ) Hence, the condition

2sr 2sr
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is satisfied.

Pearson type VII distribution: Using the radial density function of Pearson Type VII
distribution given in Table the condition can be written as

2\ N1 2N — 1
(1 + i) (1 - 7112) <o, (25)
m m

where u = (W,i)71 (p). From Table (1} the value of &y ; associated with Pearson type VII

distribution is ‘.ch (1 /%) which gives p > Lpi <1 /%) Hence, the condition (25) is

satisfied.
O

Appendix B Proof of Lemma

Proof The second order derivative of ¥} m(eT’zﬂn) is
)
B (T Thm) 4 0 (TR (EThm),

where W,;fm() and W,:,’m() are the first and second order derivative functions of &D,;m(-),
respectively. Let g}, . (-) be a radial density associated with the distribution function ¥} (-).

) i
Then, the concavity of ¥}, ekm) is equivalent to

m(

Git g (€TEm)(€Thm) 4 g (eTRm) < 0. (26)
The verification of for each distribution listed in Table [2|is as follows:

Normal distribution: The radial density function of normal distribution is gi (u) =

w2

2
. . . . /s _u
e” 2 and its first derivative is g, (u) = —ue™ 2
;

. The condition (26]) can be written as

u?
e 2

1—u)(1+wu) <0, (27)
where u = e m. From Table the weight w}C m associated with normal distribution is

such that w}'ﬂ’m > W(l — ;). Then, from Lemma r};’m > 1 which in turn implies

that eT’zvm > 1. Hence, the condition (27) is satisfied.
t distribution: Using the radial density function of ¢ distribution given in Table [1} the
condition (26]) can be written as

14v 4

(1+“72)7 O+ wl-w<o, (28)

where u = e”k»m . As similar to the case of normal distribution, the weight w? _ associated
’ g k,m

with ¢ distribution is such that wz m > ﬁ(l — ;). From the similar arguments used
’ T k,m

in the case of normal distribution, the condition is satisfied.

Cauchy distribution: The Cauchy distribution is a special case of t distribution when
v = 1. Therefore, the condition holds in this case using the similar arguments used in
the case of ¢ distribution.

Laplace distribution: Using the radial density function of Laplace distribution given in
Table |1} the condition can be written as

e (1 —u) <0, (29)
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where u = e™%m. From Table the weight w]i m associated with Laplace distribution is

such that wiym > m(l — ;). Then, from Lemma Ti,m > 1 which in turn implies

that eT’zvm > 1. Hence, the condition (29) is satisfied.
Kotz type distribution: Using the radial density function of Kotz type distribution given
in Table[1] the condition (26 can be written as

W2N=De=ru®* (9N 1 _ 2rsu?%) < 0, (30)

where u = e™%m . From Table the weight w;'c m associated with Kotz type distribution is

B

such that wj = > %(1 — ;). Then, from Lemma ri> <2]2Vs;1> 2s

’ 1w 2N-1\3;s ,

o (35
i 1

which in turn implies that e"%m > <2N71) % Hence, the condition (30) is satisfied.

2sr

Pearson Type VII distribution: Using the radial density function of Pearson Type VII
distribution given in Table |1} the condition can be written as

w2\ N IN -1 ,
14+ — 1- 227 w2 <o, (31)
m m
where u = ¢™&m . From Table the weight wi m associated with Pearson Type VII is such
that wli’m > #(1 — ;). Then, from Lemma 4] T‘]i’m > \/sar=g Wwhich in
1-v (\/ m)
turn implies that eThom > 1/ a1 Hence, the condition (31) is satisfied. O
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