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Abstract

We consider an n-player chance-constrained game under elliptically symmetric
distributions. For a confidence level greater than 0.5 and certain class of payoff
functions and strategy sets, we suitably construct an equivalent mathematical
program whose global maximizer is a Nash equilibrium.

Keywords: Chance-constrained game, Elliptically symmetric distribution,

Mathematical program, Nash equilibrium.

1. Introduction

The Nash equilibrium is one of the most desired solution concept which is
used to study the competition among several selfish and rational players. It is
a strategy profile of the players where there is no incentive for unilateral devi-
ation by any player. The theory of games involving Nash equilibrium started
with the paper by John Nash [I8] where he showed that there exists a mixed
strategy Nash equilibrium for finite strategic games. Later it has been shown
that a Nash equilibrium of a general non-cooperative game exists under certain
conditions on payoff functions and strategy sets of the players [8,[0]. The games

considered in these papers are deterministic in nature, i.e., the players’ strategy
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sets and payoff functions are defined using real valued functions. However, in
practical situations the decision making process usually faces various types of
uncertainties due to which payoff functions or strategy sets are modeled using
random variables [T, [I7, [19]. The expected value approach is used to model
the uncertainties when the decision makers are risk neutral [20]. For risk averse
players, the payoff criterion with the risk measure CVaR [14] [20] and the vari-
ance was considered in the literature [6]. Singh et al. [22] 24] considered a
finite strategic game where the payoff vector of each player is a random vector.
They considered the case where each player is interested in the payoffs that can
be obtained with certain confidence. To model this situation, they defined the
payoff function of each player using a chance constraint and called such game a
chance-constrained game. In [22], the authors showed the existence of a mixed
strategy Nash equilibrium for an n-player chance-constrained game, when the
payoff vector of each player follows a multivariate elliptically symmetric distri-
bution. In [24], the authors proposed an equivalent mathematical program to
compute the mixed strategy Nash equilibria of the two player chance-constrained
game for elliptically symmetric distributed payoffs. There are some zero-sum
chance-constrained games studied in past literature [T}, [2} 3] 4].

The chance-constrained games in the above-mentioned papers model the
payoffs’ uncertainties using chance constraints. However, the uncertainties can
be present in the strategy sets due to various external factors. The chance-
constrained based strategy sets are often considered in various applications, e.g.,
resource constraints in stochastic shortest path problem [5] and risk constraints
in portfolio optimization [I3] can be modelled using chance constraints. The
literature on games with chance-constrained based strategy sets have covered
only a small portion of open questions [21], 25]. Singh and Lisser [25] considered
a two player zero-sum matrix game where strategy set of each player is defined
using individual chance constraints. They showed that the saddle point equilib-
ria of the game can be computed by solving a primal-dual pair of second order
cone programs when the random constraint vectors follow multivariate ellipti-

cally symmetric distributions. Peng et al. [2I] considered an n-player game with



joint chance constraints and showed that there exists a Nash equilibrium of the
game if the row vectors are independent and follow multivariate normal distri-
butions. In this paper, we consider an n-player game where the strategy sets are
defined by individual chance constraints. The random constraint vectors follow
multivariate elliptically symmetric distributions. It follows from [I2] that an
individual chance constraint is equivalent to a second order cone constraint and
it makes the feasible strategy set of each player a convex set. Then, under stan-
dard quasi-concavity and continuity conditions on the payoff functions, there
exists a Nash equilibrium of the game [8, [9]. In order to compute explicitly a
Nash equilibrium, we consider a specific payoff function for each player which
satisfy the standard conditions. The first term of a player’s payoff function is
multi-linear in all the players strategies and second term is a quadratic con-
cave function of the player’s strategies. Such types of payoff functions are often
encountered in practical situations [IT], 19l [26] 27]. We propose an equivalent
mathematical program for this class of games and show the one-to-one corre-
spondence between a Nash equilibrium of the game and a global maximizer of
the mathematical program.

The structure of rest of the paper is as follows. Section [2] contains the
definition of a chance-constrained game. Section [3| presents the existence of a

Nash equilibrium. The equivalent mathematical program is given in Section [

2. The model

We consider an n-player non-cooperative game defined by tuple
(I, (X"ier, (ui)ier), where I = {1,2,...,n} is the set of players, X’ C R™:
is a strategy set of player 7 and u; : [[;; X? — R is a payoff function of
player i. The strategy set X;, ¢ € I, is a non-empty, convex and compact set.
The product set X =[]
X~" = [Ij=1., 2 X7 be the set of vectors of strategies of all the players but

player i. The generic elements of X?, X% and X are denoted by 2%, x

el X' is a set of all strategy profiles of the game. Let

—% and
x respectively. For y* € X' we define (3,27 %) to be a strategy profile where

player i chooses a strategy y’ and each player j € I, j # i, chooses a strategy



x7. We consider the case where the strategies of player i are further restricted

by the following random linear constraints
A i
(a) 2’ <bp, k=1,2,... K, (2.1)

where al is an m; x 1 random vector defined on the probability space (2, F, P)
and b}, € R; T denotes the transposition. We consider the case where kth
constraint of player ¢ given by is satisfied with at least a given probability
level af. Let o' = (a};)f:il denotes the probability level vector. The chance

constraints corresponding to random constraints (2.1)) are given by
iNT i i i
P{ CARE: Sbk}Zak, k=12 K, (2.2)

Therefore, for a given probability level vector o, the feasible strategy set of

player i, i € I, is defined by
S, = {x e X' | P{(a}) &' <bi} >al, k= 1,2,...,Ki}. (2.3)

We call the game with payoff functions (u;(-))se; and strategy sets (S5, )ier a

i
i)

chance-constrained game. We assume that the set S*;, ¢ € I, is non-empty,

and the probability distribution of the random vector (ai)fz"l, 1 € I, and the
probability level vector (at);c; are known to all the players. Then, the above
chance-constrained game is a non-cooperative game with complete information.

For a given strategy profile % of other players, a set of best response strategies

of player i at probability level vector o is defined as

BR! . (z7") ={z' € S,

wi(z', 27" > w2t a7, Va' e S}

A strategy profile x* is said to be a Nash equilibrium of a chance-constrained

game at probability level vector (af);cr if and only if for each i € I
wi (2™, 27) > (ot 27™), Vo' € S

It is clear that 2* is a Nash equilibrium if and only if 2™* € BR! , (z~%) for all i €
I. The case of two players with zero-sum payoff structure is considered in [25].

The saddle point equilibria of zero-sum chance-constrained games considered



in [25] can be computed by solving a primal-dual pair of second order cone
programs. The n-players games where the random constraints are jointly
satisfied with a given probability are considered in [2I]. The authors showed the
existence of a Nash equilibrium when the random vectors az, k=1,2,...,K;

are independent and follow a multivariate normal distribution.

3. Existence of Nash equilibrium

We consider the case where for each i € I, the vectors af, k = 1,2,..., K;,

follow multivariate elliptically symmetric distributions.

Definition 3.1. A d-dimensional random vector & follows an elliptically sym-
metric distribution Ellipg(u, T, @) if its characteristic function is given by
Eei® € = eizT“(p(zTFz) where @ is the characteristic generator function, p is

the location parameter, and I' is the positive semidefinite scale matriz.

The class of multivariate elliptically symmetric distributions generalizes the
multivariate normal distribution. Some famous distributions belonging to the
family of elliptically symmetric distributions include normal distribution with
o(t) = exp{—21t}, Student’s ¢ distribution with ¢(t) varying with its degree of
freedom [15], Cauchy distribution with () = exp{—+/t}, Laplace distribution
with ¢(t) = (14 3¢)~', and logistic distribution with ¢(t) = % (for
details see [I0]). It is well known that the family of elliptically symmetric

distributions are closed under affine transformations. We summarize this result

in Proposition [3.2]

Proposition 3.2 (Fang et al. [10]). If a d-dimensional random vector £ fol-
lows an elliptically symmetric distribution Ellipq(u, T, ), then for any (N x d)-
matriz C' and any N X 1-vector ¢, C& + ¢ follows an N -dimensional elliptically

symmetric distribution Ellipn(Cu+ ¢, CTCT, ).

We assume that the random vector ai follows an elliptically symmetric

distribution Ellip,,, (ui, i, ¢t), where Xt is a positive definite scale matrix;



we denote it by X¢ > 0. From Proposition for a given z°, (ai)Txi fol-
lows Ellip ((ug)Ta?, (z°)TS4 2, ) ). We can write ||(S)1 22| = /(z?)TSEa?,
where (X%)'/2 is the unique positive definite square root of matrix %% and ||-||
(ai) "' —(ui) "=

[CARES follows a univariate stan-
k

dard elliptically symmetric distributions Ellip(0, 1790};). The positive definite

is the Euclidean norm. Then, & =

condition on scale matrix is required to get the equivalent second-order cone
constraint for individual chance constraint. Therefore, from Lemma 2.2 of [12],

the feasible strategy set S(iq, can be written as

Sie = {a € X7 (@) AV @I (SR | < b VE =12, K}, i e L

(3.1)
where \Ilg:() is a quantile function of 1-dimensional distribution function in-
duced by the characteristic function i (¢2). It is evident that the feasible strat-
egy set Sgi is a compact set. It follows from Proposition 2.1 of [I2] that S;i isa
convex set for all o' € (0.5,1]%¢ and if each random vector a}‘c, k=1,2,...,K;,

has strictly positive density function, S}X is a convex set for all o € [0.5, 1]%:.

Theorem 3.3. Consider an n-player chance-constrained game defined in Sec-
tion [3, where the payoff function of player i, i € I, satisfies the following con-

ditions
(i) ui(z%,27%) is a quasi-concave function of x* for all x=* € X °.
(i1) u;(x) s a continuous function of x.

Suppose the random vector al, ~ Ellipy,, (ui, St L), where Xt = 0, for all
k=1,2,...,K; and i € I. Then, there exists a Nash equilibrium for all o €
(0.5, 1]%1 x (0.5,1]%2 x - - x (0.5, 1]%~.

PrOOF. For elliptically symmetric distribution, the feasible strategy sets Sgi,
i € I, is a non-empty, convex and compact sets for all o’ € (0.5,1]%:. Then,
under the conditions given in Theorem the existence of Nash equilibrium
directly follows from [8] [@]. O



The proof of Theorem depends on the convexity of feasible strategy sets
S(’;i, i€l Ifal <05, k=1,2,...,K; under conditions given in Proposition
2.2, Sf” is not a convex set. Note that, in chance constraint programming the
confidence levels are typically high, therefore, a}‘c > 0.5 is not a very strong

requirement in Theorem (3.3

4. Mathematical programming formulation

We consider a class of n-player chance-constrained games which satisfy the
conditions (¢) and (i) of Theorem For each i € I, let J* = {1,2,--- ,m;}.

Define the product sets J = [[,.; J* and J =% = [rerne J¥. Consider a vector

il
(r%(s))ses, where s = (s1,89,- -+ ,5,) with s; € J%. The payoff function of player
1 is given by .

i) = LTI, - L) Qur (41)
where @Q; is a positive definite matrix. The first term of the payoff function of
player ¢ is linear in ith player’s strategies for a fixed strategy profile of rest of
the players and the second term only depends on the strategies of player ¢ and
is quadratic in nature. Such a payoff function appears in various applications,
e.g., it represents the mean-variance model in portfolio optimization [I1], 26l 27]
and in electricity market the second term can be the production cost [19] and
the first term represents the payoff received due to the interaction among all
the players.

For every s; € J', define r'(s;,z™") = Y, o, Ijerzi ri(si,s_i)xgj.
Then, u;(z',27") = 3, cyiri(si, a7 )ak, — $(2)TQiz’. The strategy set X',

i € I, is a bounded polyhedron and it is defined as

Xi={z' e R™ | C'2" = d',z" > 0}, (4.2)

where C* € RLixm:i gt ¢ R and 0 is an m® x 1 zero vector. In this paper, we

identify O as a zero vector of appropriate dimension.



Assumption 4.1. For each v € I, the set S}‘l is strictly feasible, i.e., there
exists an ' € R™ such that x° is a feasible point of Sfli and all its inequality

constraints are strictly feasible.

The condition given in Assumption [f:1]is a Slater condition which is sufficient
for strong duality in convex optimization problem. We use these conditions
in order to derive equivalent mathematical program for the chance-constrained

game.

4.1. Best response convex programs

—i
a—i?

For a given 2% € § a best response strategy of player ¢ is obtained by

solving the following convex optimization problem
[P;] max Z ri(si,a Nl — = (2")" Qi
Tl (t ) ety s;€Ji
st (i) Clz' =d'
(id) (") gy + U ) [l < ), V=12, K
(iii) th = (Di)2a', Ve =1,2,...,K;

(iv) z* > 0.

The Lagrangian dual of best response convex optimization problem [P;] is

given by

. NP D
omn e LY e, - )70
(i) s xiz0,820 (1)1 wierms | 7T 2

=

+H(O)T(d = Cla') + 3 ()T (t — (34) Pa)

K;
+ > (v~ @) g - vt @bl + (ﬁf)ﬂ ,
k=1

x>~
Il

where 6 € RV and N € Rfﬂ vi e R™, k=1,2,...,K;, B' € R’ are the
vectors of Lagrange multipliers corresponding to constraints (z), (i7), (i74) and
(iv), respectively. For a given z7%, define a vector R (z~%) = (ri(s;,27%)),, -

Then, for a fixed (v,i)kK:i17 6% and A* > 0, ¢ > 0, we have



max l Z ri(sp a2l ) — %(xz)TQZ:UZ + (69T (d" — C'z?)
SiEJi

(Hh R

YO0t~ EFa) + 3N (b — @)k~ v @b I + wz)%l]
k=1 k=1

K;
= max [ - %(z:’)TQZ:cZ + (m’)T (Rz(xz) - (C’i)T(V — Z(Ei)%”ﬁ«

zt€R™: 1
K;
S+
k=1

The first max is given by

K;
+ (8T + Y A,
k=1

K;
- lz (67— W A

i VK
(k1 k=1

1
§(P7,)TQ1_1P7,7
where P; = Ri(z7") —(C)T§ =3 K (30) 540 =32 Xi it + 67, and the second

max problem is unbounded unless
il < T @A ¥ h=1,2,--- K.

Therefore, the dual of [P;] is given by

K

1 . . N

D] min  S(P)TQTP+ () d + Y N,
(1h) .2, 00308 =

s.t.
@) il < (@)X, YR =12, K;
(ii) A >0, ' > 0.

4.2. Mathematical Program

To the best of our knowledge, the characterization of Nash equilibrium us-
ing the global optimal points of a suitably constructed mathematical program
was first proposed by Mangasarian and Stone [I6]. They showed that a Nash
equilibrium of a bimatrix game can be obtained from a global maximizer of
a quadratic program. Singh et al. [23] [24] characterized the Nash equilib-
ria of the games with random payoffs using the global maximizer of a certain

mathematical program. They used the fact that the best response problem of



each player is equivalent to a primal-dual pair of convex programs for which
strong duality holds under Slater conditions. Along the same line, we con-
struct a mathematical program by combining n primal-dual pair [P;]-[D;] of
best response convex programs. Then, we characterize the Nash equilibria of
the chance-constrained game using the global optimal points of the mathemat-
ical program. Let ¢ = (xi, (t)e ), (’Y}i)szl ’5i’/\i’ﬂi)iez’ and ¢(¢) denote the
decision variables and objective function of the mathemétical program. We have

the following characterization.

Theorem 4.2. Consider an n-player chance-constrained game defined in Sec-
tion @ where the payoff function u;(x) and the strategy set X; of player i,
1 € 1, is given by and , respectively. Suppose the random vectors
al ~ Ellipy,, (u, 34, ¢b), where Bt =0, for allk =1,2,...,K; andi € I. Let
Assumption holds. Then, for an a € (0.5,1]%1 x (0.5,1]%2 x - .- x (0.5, 1]%»

1. If (x™*);er is a Nash equilibrium of the chance-constrained game, there

exists a vector (* = (mi*, (t};*)kK:il, (%?)kK:l ,(5”,)\”,6"*)4 such that it

el
is a global mazimizer of the following mathematical program [MP]

[MP] max o) = Z [ Z r(sp,a)ak — %(xZ)TQ,J;l

N | —

K
— BRI - (80T =) Aibil
k=1
s.t.
@) il < @l (@A, Y =1,2, K i €1
(i) (") g+ U @p)I|(SR) 2’| < b, V=12, K, i€ 1
(iii) C'a' =d', i€ 1
(iv) 2° >0, \'>0, "> 0, icl.

with objective function value ¢(¢*) = 0.

2. If ¢* = (mi*7 (t ), (7};‘)5_1 ,(Si*,)\i*,ﬂi*) , is a global mazimizer of
= ic

10



the mathematical program [MP], (z**);er is a Nash equilibrium of the

chance-constrained game.

PROOF. 1. Let (2%*);e; be a Nash equilibrium. Then, for each i€ I,
(xi*,(t};*)kK;'l) is an optimal solution of [P;] for the fixed =™*. The
strong duality holds under Assumption [I.I] Therefore, there exists
((72 )k L , 0P\ 61*) which is an optimal solution of [D;] such that

foreachi eI

K,

) — 1% 0k 1 % 3 1 * )y— * 3 3 - i 1.1

EEJ‘ (s, 2" )wl — 5(3@’ ' Qia™ = §Pi Q7 Py 4 (6)Td' + kg 1)\}C %
Sq v =

(4.3)
where Py = Ri(x=") — (C)T6" — 331 (54) 594" — Sopy Memh + B
Therefore, * = (xi*, (tz*)k:ll, (’yk )k L , 0%, A”)lel is a feasible point of
[MP] and ¢(¢*) = 0. Let ¢ be an arbitrary feasible point of [MP]. Then,
for each i € I, (2, (t};)sz"l) and ((’y,i)fz"l, 8%, A%, B%) will be feasible points
of [P;] and [D;], respectively. Then, from weak duality theorem ¢(¢) < 0

for all feasible point ¢. Therefore, ¢* is a global maximizer of [MP].

2. Let ¢* be a global maximizer of [MP]. From the proof of first part it follows
that ¢(¢*) = 0. The primal-dual pair [P;]-[D;], ¢ € I, of convex programs
are feasible at (*. Therefore, it follows from weak-duality that each part of
the objective function is non-negative at *. Hence, holds at (*. For
every 2 € 5%, take t} = (Zi)2at, k=1,2,...,K;. Then, (zf, (th)er,) is

a feasible solution of [P;]. Again, from weak duality we have

K
A —ik\ .0 1 A 1 * * i % - [E3X]
3 sl — 5@t < EVTQUR + @ d 4 3

for all 2% € S(’l From (4.3)), for each i € I, we have
wi (2™, 27 > ui (2t ™), Vat € SYy.

Hence, (2¥*);cs is a Nash equilibrium of the chance-constrained game.

11



The mathematical program [MP] is a non-convex optimization problem. In gen-
eral, a non-convex optimization problem is hard to solve. However, the mathe-
matical program [MP] has a nice structure, e.g., the objective function value is
non-positive for all feasible points and a global maximum is attained when the
objective function value is zero. Due to these properties, mathematical program
[MP] is not very difficult to solve. The existing nonlinear optimization solvers
can be used to compute a global maximizer of [MP]. The similar optimization
problems were proposed in [23, [24] and Nash equilibria for randomly gener-
ated games of various sizes were computed using fmincon solver in MATLAB.
The details about the computation time are given in the numerical sections of

[23] 24].
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