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Abstract

In this paper, we study the structure analysis of the Direct Sampling Method (DSM) in the three-
dimensional inverse electromagnetic scattering problem. Even though the DSM is well-known to the
robust, fast, and efficient non-iterative type algorithm to estimate the support and shape of unknown
inhomogeneities from scattered data, the inhomogeneities might not be detected in the DSM with
improper test polarization. To explain the reason for the phenomenon, we carefully analyze the in-
dicator function of DSM using the asymptotic formula of the scattered field under a small volume
hypothesis of well-separated inhomogeneities. The analytic representation formula of the indicator
function of DSM is presented by establishing the relationship of spherical Bessel functions, the polar-
ization of the incident wave and the test dipole, and the polarization tensor of the inhomogeneities,
which depends on their sizes, permittivity, etc. Through such theoretical results, we also show the
validity of the guideline to choose the test polarization given by other work. Furthermore, we propose
our method to select the polarization of the test dipole for better efficiency. With a similar path of
derivation, we also introduce and analyze the indicator function of DSM in far-field configurations.
Various numerical simulations with synthetic and experimental data validate our theoretical results
and proposals.

Keywords: 3D inverse electromagnetic scattering problem, Spherical Bessel function, Structure anal-
ysis, Direct sampling method, Orthogonality sampling method
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1 Introduction

The development and the analysis of efficient methods and techniques for solving an inverse scattering
problem are of great interest due to their potentials in various applications such as, and without exhaus-
tivity, non-destructive testing [1, 2, 3], biomedical imaging [4, 5, 6], and structural imaging [7, 8, 9] among
others. Unfortunately, solving such an inverse problem is known to be difficult because of its inherent ill-
posedness and non-linearity. However, various numerical techniques and algorithms have been developed
to deal with such a problem.

Non-iterative type techniques belong to one of the main family of methods because of their advantages
such as a low computational cost, no a prior: information about the inhomogeneities, and the simplicity of
implementation, etc. Among them, we can cite MUltiple SIgnal Classification (MUSIC), Linear Sampling
Method (LSM), and migration-type method (Kirchhoff migration, subspace migration, or reverse-time
migration), etc., which have been developed and applied in various conditions. These methods are known
to provide good results to reconstruct the shapes and locations of unknown inhomogeneities when using
enough incident fields [10, 11, 12, 13], but might fail when not as exemplified in [12]. Practically speaking,
retrieving the information about the inhomogeneities with only a few number of incident fields is an
important issue for various applications such as Synthetic Aperture Radar (SAR) imaging [14, 15, 16, 17]
and Ground Penetrating Radar (GPR) [18, 19, 20], etc.

The Direct Sampling Method (DSM) was first developed in [21] for solving the two-dimensional inverse
acoustic scattering problems with only a few (one or two) incident fields for imaging and its robustness
and stability are shown in [22, 23, 24, 25]. Note that the DSM is equivalent to the normalized version of
Orthogonality Sampling Method (OSM) proved in [26]. So, we refer to the the relevant works [27, 28, 29].
For the sake of clarity, we denote both the DSM and OSM as DSM. Recently, we have investigated that
the structure of the DSM indicator function and validated the correlation with Kirchhoff migration, which
is one of the traditional techniques in multi-static configuration [30] and mono-static configuration [31]
under the small volume assumption of the well-separated inhomogeneities.

The DSM has been extended to solve two- and three-dimensional inverse electromagnetic scattering
problems in [32] with the same conclusions: The DSM is a fast, robust, and efficient technique to recon-
struct the supports of the inhomogeneities with only a few incident fields. But, contrary to the acoustic
problem, the inhomogeneities might not be detected via DSM if improper polarization of test dipole is
chosen. In other words, the main difference between scalar (acoustic case) and vector (electromagnetic
case) DSM is the choice of the polarization of the test function. In fact, in the 2D scalar case, the po-
larization of the test function is nothing but the same as the one of the configuration. Whereas, due
to the vectorial aspect of the data in the 3D electromagnetic case, the choice of test polarization is a
crucial parameter of the success of the imaging algorithm. Even though the authors in [32] exhibited the
feasibility of DSM, it was not enough to elucidate the relation of polarization of test dipole and the result
of DSM in the 3D vectorial case.

It is why, in the following, the analytical formulation of the DSM indicator will be established within
the framework of the asymptotic formula of the scattered field for small and well-separated inhomo-
geneities in near- and far-field configuration. This analytical solution is expressed as a function of the
spherical Bessel function of integer order and polarization tensor of the targets, which carries their phys-
ical characteristics (e.g., location, size, shape, and permittivity, etc.). Thanks to our analytical analysis,
the flowing matters are investigated and explained: (i) the reasons for which an inhomogeneity with a
smaller size and/or permittivity among others is difficult to be identified (this phenomenon can arise
in the 2D and 3D case with acoustic and electromagnetic waves); (ii) the reasons for which some in-
homogeneities might not be detected if the polarization of the test dipole is not properly chosen; (iii)
the theoretical validation of choosing polarization proposed in [32]. By adopting the idea in [33], which
dealt with the improvement of the accuracy of the MUSIC imaging algorithm via a proper selection of
the polarization test vector, the direct sampling method with proper test dipole (DSMP) is proposed to
handle the second issue in near-field and far-field configurations.

The article is structured as follows. The asymptotic formulations of the direct electromagnetic scat-
tering problem under the near-field and the far-field hypothesis and small volume hypothesis of inho-
mogeneities are briefly presented in § 2. The structure analysis of the direct sampling method and the
corresponding numerical simulations in the near-field and the far-field configuration are presented in § 3
and § 4, respectively. Additional numerical simulations using Fresnel experimental data are presented in
§ 5. Conclusions and perspectives are drawn in § 6.
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Figure 1: Scattering problem configuration for M = 3 (left) and sketch of the inhomogeneities 7,,, (right).

2 Three-dimensional direct electromagnetic scattering problem

In this section, the asymptotic formulation of the three-dimensional direct electromagnetic scattering
from the well-separated inhomogeneities under the small volume hypothesis is briefly depicted based on
the well-known work [34] (See Figure 1(a) for the sketch), where each inhomogeneity 7, is represented
by

Tm =Tm +@mDp € Q, m=1,2--- /M. (1)

Here, r,, and «,, are the its location and size, respectively, and D,, characterizes the shape of 7,,.
For simplicity, we assume that all 7,,, are the disks with radius «,, (See Figure 1(b)). The collection of
all inhomogeneities is denoted by 7, i.e., 7 = |J,, Tm- Let us assume that each inhomogeneities is well
separated, i.e., there exist positive constant dy such that

0<do <ty —rp| and 7, N Ty, m #m'. (2)

For the shake of simplicity, all the materials are supposed to be non-magnetic with g as permeability.
Let &,,, and gq be the electric permittivity of 7,,, and of the background, respectively. The angular frequency
wp is defined as wy = 27 fy, where fy is the frequency in Hz —from now on the time dependence e~i«o?
is omitted. So the piecewise constant electric permittivity e(x) and wavenumber k(x) can be defined by

o go, ifxe€ RB\T o ko = Wo+/E0M0, if x € ]RB\T
e(x) = { Em, fxeET and  k(x) = km = woy/Emo, fxeET, (3)

respectively. Note that the wavelength Ao being defined as \g = 27 /ko.
The total electric fields E(x,y) at x due to a source placed at y is the solution of following time-
harmonic Maxwell’s equations:

{ V xV x E(x,y) — k2(x)E(x,y) = iwopod )
v- (E(X)E(X,y))Jr —v-(e(x)E(x,y))” =0 on 0T,

where v is outward unit normal to 7,,, and J is induced current of the source. Here, the scripts + and
— indicate the limiting direction from outside 7, and from inside 7, to boundary of 7,,, respectively.
The total electric field can be expressed as a sum of incident and scattered electric fields, i.e., E(x,y) =
E'(x,y) +E*(x,y).
The incident electric field E¢(x,y) due to an electric dipole polarized along p! € S? and located at
y € I'ine is given by
E'(x,y) = iwopolIG(x,y) - ', (5)

where 1 is the current moment. Here, G(x,y) is the dyadic Green function which is the solution of
VXV x Glx,y) — KBG(xy) = d(x — y)l, (6)

and it can be expressed as a function of

G(x,y) = (13 + ,%VV) 9(%,¥), (7)



where I is 3x 3 identity matrix and g(x, y) is the Green function of three-dimensional Helmholtz equation,
ie.,
eiko |x—y|

(8)

To guarantee for uniqueness of solution, the scattered electric field satisfies the following Silver-Miiller
radiation condition:

9(x,y) = prp——r

lim |x|[V x E°(x,y) X % — ikoE*(x,y)] =0, (9)

x| =00
uniformly in all directions % = x/|x| € S%.
Following [34], the combining the small volume assumption (amm < Ao/ 2) with the non-
interaction hypothesis between the inhomogeneities (2), the scattered electric field, which is measured at

x located on the simply connected smooth surface I'yps, has the following asymptotic expansion formula:

Lemma 2.1 (Asymptotic formula of scattered field). Assume that all inhomogeneities are dielectric
and sufficiently small (my/em/c0 < Ao/2). Then the electric scattered field E*(x,y) has the following
asymptotic expansion formula for a generic incident field B (r,,,y)

M
B(x.y) =i 3 o e — 20) Gl )M (25D, ) B, + 0l (10)
€0
m=1
where o := max {ay,, m=1,2--- M} and M(e,,/e0; Dy) € C**3 is a polarization tensor related to

D.,,. By combining the form of electric pole given by (5) and asymptotic expansion formula in (10), the
electric scattered field E*(x,y) in the case of a incident field due to a dipole with a polarization direction
p? placed at 'y is given by

M
B(x.y) = ookt 3 Jof, () Qoo (24D, ) G5 0l (1)
m=1 €0 €0
In [34, 35] the explicit form of M(e,,/eo; Dy,) for various forms such as sphere, thin tube, or sheet,
is provided. For shake of simplicity, we assume that all inhomogeneities are spherical, so M(e,,/€o; D)
has then the following form:
m 3
M (2D, ) = 2D, L, (12)
€0 20 + Em
and the remainder of either (10) or (11) becomes O(a®) as shown in [36]. So the field scattered by M
small spheres illuminated by a single dipole under the asymptotic hypothesis in near field is given by

M
E‘(x,y) = iwouokgllmZ:l AmG(%,1)G(y, )bt + O(a®) where A,, = ai% Dy|.  (13)

For the far-field configuration, the corresponding dyadic Green function and scattered electric field
approximations are investigated. For a fixed y, the following far-field approximation holds:

eikox = 1
g(x,y) = M—Xe_lx'y +0 <;> ) (14)
and .
Glxy) = S e k%Y A (%) 1 O <i> (15)
’ 47X x2 /)’

where A(X) = I3 — X ® %X. Then the far-field pattern of G(x,y) is given by r
G (% y) = e THXYA(R), (16)
and the incident plane wave field due to a dipole can expressed as
EL (x,¥) = iwopnllGu (x,9) - P, (17)

where —y is the impinging direction and p? is its polarization on S2. Hence, the total electric field E*(x,y)
has the far-field pattern E(X,¥) such that

eikox 1

Bx.3) = o Bal5) 40 (). (1)

47x x2



uniformly into all directions x = x/|x| € S? as |x| — oo
Following the same path than the near-field formulation, the far-field pattern Eo, (X, y) has following
asymptotic expansion formula.

Lemma 2.2 (Asymptotic formula of far-field pattern). Assume that all inhomogeneities are dielectric
and sufficiently small (amr/em/e0 < No/2). Then, Eo(X,¥) has the following asymptotic expansion
formula:

M
. ) Em ; X
Boo(5,9) = w0 3 0, (em — £0)G (%, 1M (5—0; Dm> B (t,,9)+0@)  (19)
m=1

where o := max {ay,, m=1,2--- M} for a generic incident field E'_(r,,,¥). Introducing the far-field
pattern of the dyadic Green function (16) and the expression of plane wave field due to the dipole (17) in
(19) leads to

M
Buu(k.9) = aopokd1l 3 o, (S50 et en [z, )M (225D, ) A) 9| +0tat). (20)
m=1

for an incident plane wave of impinging direction —y and polarization pt.

Following the same path that for the near-field case (20) can be specialized in the case of spherical
using (12) leading to

M

Eoo(%,9) = iwouok Il Y | Ape REN T IA(%,)A(Y) - p'] + O(a®), (21)

m=1

3 Direct sampling method in near-field case

3.1 Introduction of direct sampling method and its structure analysis

The direct sampling method has been introduced in [32] and only the main equations with our notation
will be re-called in the follows. On the basis of the relation ((15) in [32])

M
. 1 .
<ES(X7 y)vg(xa Z) . q>L2(FObS) ~ k_O Z WmIm (Q(Z, I'm)) - q, (22)
m=1

the indicator function of DSM ((16) in [32]) in the case of a single impinging source located at y with p’
as polarization direction is defined by

‘(Es(x, ¥),G(%,2) - Q) a2,

oY D B oy ) 160 -l ) )
and for L dipoles impinging directions, it is given by
1L

Tosm(z) = ¢ > Tosw(z yi, @) (24)

=1

for taking into account each incident field. Here, G(x,z) - q is a test dipole with polarization along
q and related to receivers. Equation (22) shows that Zpsm(z;y,q) =~ 1 if z = r,, € 7., otherwise
Tpsm(z;y,4) # 1 thanks to the oscillation property of dyadic Green function. However, we observed
that the choice of the test polarization vector q is a key parameter for the proper reconstruction of the
inhomogeneities. So further analysis is necessary to verify the full structure of DSM indicator function
to identify the relation of the result of DSM and the choice of polarization. Note that the authors of [32]
proposed the guidelines for choosing ¢ such that § = p’, but no theoretical reason was not yet provided.
So the validity of their suggestion will be proved in this work based on our analysis.

Thanks to the use of the asymptotic formula of scattered field introduced in Lemma 2.2, an represen-
tation formula of the DSM indicator function Zpgm(z;y, q) is elucidated in the case of an incident field
due to a dipole placed in y and polarized along p’. The derivation is proposed as the following.



Theorem 3.1. Assume that the total number of receiver directions N is sufficiently large and each
inhomogeneity is enough small (mr\/Em/€9 < 0.5Xg). Then, the DSM indicator function has following

representation formula.

X L1(z;y,q

IDSM(Z;y,q)=—| i Y q)lA ; (25)

max|£l(z7y7q)|

zeQ)
where
j1(kolrm — z|) jo(kolrm — 2|)

A (ko|rm — C! . 26
Z (JO ofr z|) — koltm — 2| +C2 It — 22 (26)

where j, is a spherical Bessel function of integer order s and A, is defined in (13) and Cy and Cs are
given by

Cr=[p" @] Qily,rm) — LALL Ir“””‘;;“m I sy, ) (27)
and
o, _ 18 —2) [0 (rlf _y;]lg(rm b L )| PPN
P —2)][a (rm —2)] .
|rm _ y|2 Ql(y) m)’ (28)

respectively. Here, Q1(y,rm) and Q2(y,rm) are defined by

9(y,Tm) ig(y,rm)

, 29
k(2)|rm7}’|2 k0|rm7Y| ( )

Ql(Yarm) = g(y,rm) -

and )
39(y,rm) 3ig(y,rm)

. 30
k(2)|rm7}’|2 k0|rm7Y| ( )

QQ(Yarm) = g(y,rm) -

Proof. Using the asymptotic formula of scattered field (13) within the denominator of (23) leads to

M
<ES(X7 y),g(x,z) 'q)LZ(FOb )y — 1WOMOkOIl Z Am (X I'm)G(I'm, ) ﬁtag(xvz) .q>L2(Fobs) (31)

m=1
M

~ iwopokoIl Y | Am(G(rm,y) - P') - (Im(G(z, 1)) - §). (32)

m=1

To go from (31) to (32) the following relationship (see [32] for the demonstration)
1
(G(x,21) - P, G(x,22) Q) 2p,,) ® WP Im (G(z1,22) - q) (33)

is used, where p € C3, q € S? where S? is unit sphere in R3.
The explicit form of G(r,,,y)p’ can be represented by

(G 3) - D) = 1l |9y mim) — 22 ig(y,rmw

k§|rm _Y|2 k0|rm _y|

p'-(rm —y) 39(y,rm) | 3igly,rm)
o [ Bltm — 3 | Foltm — ]
(34)
t f’t ) (rm — )
:psQl(yarm) - (I‘m—Y)S 7@2(}’71‘771) s = 1;273; (35)

tm —y[?

where Q1 (y, r,) and Q2(y, ry, ) are defined (29) and (30), respectively. Similarly, the form of Im(G(z, ry, ))-



q is as follows

- (rm - 2), 28 (30
i)~ (), S ) 7)
where
fi(tm,z) = -sin(k‘0|rm —z|) - Sirlzélrs:m;;l) Coz(jt;:m—z'ﬂ)] 47r|r71 — (38)
= f—ﬂ o(Folrm —2]) = J%l,iﬁ‘flfnm_;l') (39)
fo(tp,2) = _sm(ko|rm —z|) — 3811;12(|iirinz|2z|) " 3C0]:()(|7<;07LI‘T ;| Zw 47T|rm1_ 5 (40)
_ _@jz(koh'm_ZD_ (41)

dr vy, —z|?

Here, the definitions of first kind of spherical Bessel functions are used to go from (38) to (39) and from
(40) to (41), respectively.
The combination of (35) and (37) for s = 1,2, 3, leads to

(G(rm.y) - p') - (Im(G(z,r1m))-q)

{[f)t . q] Ql(y, rm) _ [f) ) (rm — Y)] [q (rm — y)] QQ(Y,rm)}fl(rnmz)

|rm 7y|2 2 y,rm)

{[q- (o =2 B (O =) [ =) - (om = 2)] )

P24 (rm —2)]
[ty — y[?

Ql(Ya rm)}f2(rma Z)'
(42)

After some manipulations and with the expansion of fi(r,,,z) and fo(r,,,z) as combination of the
spherical Bessel functions as defined in (39) and (41), the final expression is obtained as

j k rm — 2 j k ry, — 2
(B (%), G5 2)) 121, (Jo Kol — ) — M) n cgh“”i')]

ko|rm — 2| |t — 2|2 ’

(43)
uuo,uollk
47

where C7 and Cs are given by (27) and (28) and where the constant ® is omitted since canceled

in the final expression thanks to the Holder inequality

[E.8) 12 | = Il 22 iz (44)

which completes the proof. [l

Remark 3.1 (Properties of DSM with near-field data). We investigate the properties of Zpsm(z;y, Q)
from the result in Theorem 3.1 as follows.

1. Due to the properties of spherical Bessel function of integer orders in Figure 2, we have jq(ko|rs, —
z|) =1, j; (ki|tm — z|) =0 and jy(ko|ry, —2]) =0if 2z =1,,, m = 1,2,--- , M. In other words, each
inhomogeneity can be identified via Zpgm(z;y, q) due to the term of j,(ko|r,, —z|). But unexpected
artifacts will be discovered in the map of Zpgm(z;y, §) because of the remaining terms j, (ko|ry, —2|)
and jo(ko|rm — z|).



2. The physical quantity of the inhomogeneities, e.g., the permittivity and size (which have been
concatenated within the complex amplitude A,, for defect numbered m), have an important rule
in the map of Zpsm(z;y,q). More specifically, the latter has its maximum values at the location
of the inhomogeneity, having the highest complex amplitude A,, so that the one with the smallest
amplitude might be difficult to be identified. It is an inherent limitation of the DSM approach, as
it has been shown the details for the 2D scalar case in our previous work [30].

_05 1 1 1 1 1 I
-15 -10 -5 0 5 10 15

Figure 2: One-dimensional plot of the spherical Bessel function with orders 0, 1, 2

Based on our theoretical result in Theorem 3.1, we can know that choosing q has an important rule
for proper reconstruction of support of the inhomogeneities. So a further discussion about choosing q is
essential to apply the DSM.

Remark 3.2 (Investigation of choosing proper q).

1. The results provided by Zpsm(z;y,q) are highly dependent on the choice of the test dipole polar-
ization §q € S? because the disturbing term could not have effect for imaging if C; = 0 where C;
given by (27) which means that Zpsm(z;y,q) # 1 when z = r,,, € 7,,,. Hence, we have to choose q
at least satisfying C7 # 0, i.e,

Nt

[ﬁt . (ﬂ Qi(y,tm) # P (rm —y)]a: (tm —y)]

T — 2

QQ(Y,I‘m)- (45)

So (45) is a necessary condition to identify the inhomogeneities via Zpgm(z;y, Q).

2. From our theoretical result (25), the best choice of q for imaging unknown targets with excellent
performance is to select q making the large magnitude of C; and small magnitude of Cs at the
same time. Unfortunately, it is impossible to select it analytically without information about 7,
since both of C; and C5 depend on the unknown information r,.

3. Following the pioneer work [33], leading to an enhanced MUSIC algorithm, the polarization of test
dipole qmax Was chosen to maximize the back-propagation amplitude in each sampling point z € €).
So we suggest an alternative indicator function (DSMP) without any a priori information such as
follows:

Ipsmp(z;y) = max {Zosm(zy,q)} (46)
even though more computational cost is required.

Now, we theoretically verify the validation of the guideline for choosing q proposed from the authors
of [32] (q = p') through our structure analysis.

Corollary 3.2. Letr,, #y, m = 1,2,--- ,M and q = p* € S?. Then, the necessary condition (45)
holds.

Proof. Assume that the condition (45) is no longer satisfied when q = p?, i.e.,

(64 @iy, rn) = P ]r:)”‘;;(r” = 0oy, ), where § = pt. (47)

Then, since |[pf| =1 and p' - pt =1,

Ql(yv I‘m) = (COS2 ﬂ)QQ (ya I‘m), (48)



where ¥ is the between angle of two vectors p! and r,,, — y. The definitions of Q1 (y,r,,) and Q2(y,rm)
defined by (29) and (30), respectively, leads to

! i } =9(y,Tm) [1

— +
k3|rm_y|2 kOlrm_yl
which is equivalent to the case that the real and imaginary parts are simultaneously null. Namely,

3 3i

- + cos® 1, 49
kglrm_YP kOlrm_yl ( )

g(y,rm) 1

b k(%h'ml y|? N [1 - k(2)|rm3 Y|2] 05”9, (50)
and
1 = [ 3 ] cos? 1. (51)
koltm —yl kolrm —yl
Since |[rm — y| # 0, the imaginary part (51) implies to cos? ¥ = % By introducing the latter to (50),
1

1=3. (52)
which is a contradiction. Therefore, C; # 0 if ¢ = p? which is the completeness of the proof. O

Above observation shows that the necessary condition (45) is satisfied if § = p?, so the inhomogeneities
can be identified via DSM with ¢ = p* when imaging the small volume spherical targets.

3.2 Numerical simulations

In this section, our theoretical results and efficiency of our methods are examined through various nu-
merical simulations. We consider a fixed frequency fo = 749.481 MHz = ¢o/\o where A\g = 0.4m is the
wavelength and ¢y the speed of light. FEKO is used to compute the fields scattered by various obsta-
cles illuminated by a single fixed dipole placed at y = (2.5X9,90°,0°) and polarized along z-axis, where
(r,0,¢) indicate the radial distance, polar angle, and azimuthal angle in spherical coordinate system
and polarized along 0. The three components x, ¥y, z of the scattered fields are measured at the receiver
location defined as x = (r",0",¢"), i.e., E*(x,y) = [E;(x,¥), E;(X,y), E(x,y; ko)]. Here, r" = 2.5\,
On, = 10n9° ng = 1,2,--- 17, ¢}, = 10(ng — 1)°,ng = 1,2,---,36, i.e., the total number of receivers
is N = Ng x Ny = 612. A 20-dB white Gaussian random noise is added using the MATLAB function
awgn. The region of interest (ROI) is defined as a 2.5\-side length cube evenly discretized in 41 x 41 x 41
voxels. To apply our proposal DSMP, we consider q; € S?, ¢t = 1,2,---,201 that are evenly distributed
by the method in [37].

The reconstructions are visualized using volume slice planes and/or isosurface the latter being defined
as

V, ={z € Q|Z(z) > v}, (53)

where v is an isosurface parameter and Z is either Zpsnm(z;y,q) or Zpsmp(z;y). According to [38], we
choose the parameter v such as

=minZ Z(z) —minZ 0 1 54
v=minZ(z) +p |maxT(z) —minZ(z)|, 0<p<1, (54)
and p is chosen based upon the quality of the reconstructions.

In order to compare the accuracy of the results, we adopt the traditional notion of the Jaccard index
[39]. The index measures the similarity between two finite samples sets A and B, and it is defined as

ANB
_ | %100 (55)

J(A, B)(%) := AUD| x 100.

In our case the Jaccard index is calculated by comparing Z;;

5 et (2) with various index maps Z* (z) defined
as

I" (z) = Z(z), Vz suchthatZ >k
- 0 Vz such that Z < K

where k varies from 0 to 1 and where Z (z) can be Zpsm(z;y,q) or Ipsmp(z;y) and where Zeoyact (z) is
defined as

(56)

|k(2) — ko
max |k(z) — ko|
Here, k(z) is the wavenumber at the searching point z € Q. The ko is analogously defined in the back-
ground medium.

Iexact (Z) = (57)



Ezample 3.1 (Single small sphere). A small spherical dielectric inhomogeneity of location (%, %, TU),

Ao

10

Figure 3 shows that the accuracy of DSM is highly dependent on the choice of the test dipole polariza-
tion, as stated in Remark 3.2. As for example when changing the test dipole polarization in the range of
qin 0° < 0 < 140° for fixed ¢ = 45°, the DSM results evolves from a good localization to bad one. We can
identify the inhomogeneity via DSM when the polarization is chosen either ¢ = p? (by the guideline in
[32]) or our proposal DSMP in (46), See Figure 4, and Figure 5, respectively. The results show that their
accuracy seems to be similar, the Jaccard index identifies that in Figure 6. But additional information
(e.g., the polarization of incident dipole) is not used in our proposal with a slightly higher computational
cost.

>

radius and electric permittivity € = 5¢¢ is considered.

6=0" and ¢=45 6=20" and ¢=45" 6=40" and $=45" 6=60" and ¢=45"
05 05 0.5 05
0 ® 0 ‘ 0 . 0 0
050 050 05 050
0.5 > 0.5 - 0.5 o 0.5 s
N " 05 N " 05 AN Ol 0.5 N " 05
N N O o N
y 05 -0.5 x y 05 -0.5 x y -0.5~ -0.5 x y 05 -0.5 x
6=80" and ¢=45 6=100" and ¢=45 6=120" and ¢=45 6=140" and $=45
05 05 0.5 05
[
0 0 % 0 ‘ 0 ®
<o
05 050 05 050
0.5 > 0.5 - 0.5 ™ o 0.5 s
N " 05 N " 05 ~ L 0.5 N " 05
SN0 SN0 O~ _—"o SN0
y 05 .05 y 05 .05 y 05 05 y 05 .05

Figure 3: (Example 3.1) Maps of Zpsm(z;y, q) using isosurface with p = 0.8, where q = (1, 6, ¢)

]
0.8 0.5
0.6
N0 .
04
0.5
\ 0.2 0.5
0.5
0
0 0 0
X

o

0.5
N
-0.5
0.5
0.5
-0.5

0
y -0.5 -0.5 y -0.5 X

(a) Volume slice with x = 0.1 and y = 0.1 planes (b) Isosurface with p = 0.8

Figure 4: (Example 3.1) Maps of Zpsm(z;y, q), where q = (1,90°,45°) = (0,0,1) = p’

Ezample 3.2 (Two small spheres with different radii but same permittivity). In the following, the case
of two dielectric spheres with different radii a; = 0.12\g, as = 0.1\¢ but same electric permittivity

Em = Heg, m = 1,2, located at r; = (%, %, %) and ro = (f%, f%, f%,), respectively is dealt with.

According to Figure 7, the proper choice of the test dipole polarization is a crucial parameter for
the efficiency of DSM also in multiple target case. Figures 8, 9, 10 show that both of the selections of
polarization provide a good result. Note that the isosurface representation has been drawn using p = 0.4
(instead of p = 0.8) to exhibit the localization of 7. As a matter of fact, 7 having a smaller size and

10
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(a) Volume slice with x = 0.1 and y = 0.1 planes (b) Isosurface with p = 0.8

Figure 5: (Example 3.1) Maps of Zpsmp(z;y)

100
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Figure 6: (Example 3.1) Jaccard index of Zpsm(z;y,q = p') and Zpsmp(z;y)

being further away from the impinging dipole its signature has a lower value than the one of 7, as stated
in Remark 1 which is an inherent limitation of DSM. We also note that the same phenomenon would
have happened in the case of scatterers with the same radii but different permittivity.

0=0" and ¢=45" 0=10" and ¢=45 0=20" and ¢=45" 0=30" and ¢=45
0.5 0.5 05 0.5
N0 ‘ N0 ‘ N O 0 N O 0
® ® ® ®
05 05 051 05
05 > 05 ™ > 05 > 05 >
" S 0.5 S 0.5 “x\ y 05 A S 0.5
O —~"0 0 O "0
y 0.5 05 x x y -05 0.5 x y 0.5 05 x
0=40" and ¢=45 0=50" and ¢=45 0=60" and ¢=45" 0=70" and ¢=45
0.5 0.5 05 0.5
N : . @
° ° [
05 051 05
0.5 ~ L 05 ™ -~ 0.5 ™ -
L ot 0.5 2 0.5 - 5 05 0.5
0 0 0 O LN
y x x y -05 0.5 x y 0.5 05 x

Figure 7: (Example 3.2) Maps of Zpsm(z;y, q) using isosurface with p = 0.4, where q = (1,6, ¢)
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(a) Volume slice with x = 0.1 and y = (b) Volume slice with x = —0.2 and (c) Isosurface with p = 0.5

0.1 planes y = —0.1 planes

Figure 8: (Example 3.2) Maps of ZIpsm(z;y, q), where ¢ = (1,0°,45°) = (0,0,1) = p*
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05.
0.2 02 05 s
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' 0 . 0 ~.— 0
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(a) Volume slice with x = 0.1 and y = (b) Volume slice with x = —0.2 and (c) Isosurface with p = 0.5

0.1 planes y = —0.1 planes

Figure 9: (Example 3.2) Maps of Ipsmp(z;y)

4 Direct sampling method in far-field case

4.1 Introduction of direct sampling method and its structure analysis

In the following, we will treat the far-field configuration in which the incident field is nothing but a single
plane wave E{_(%,y) having an impinging direction —y and a polarization p’ and the collected data are
the far-field pattern Eo (X,¥) as defined (20). The DSM indicator function is then defined as

<Eoo (&v y)v G ()2, Z) : él>L2(§2

A o s o T P R (58)
As usual the DSM indicator function with L multiple impinging directions is given by
1 X
Ipsm(z) = 7 ZIB%M(Z;S’Z,QZ% (59)
=1

where Z3%\(z; ¥1,Q:) is given in (58) for each y;, | =1,2,--- , L (note that (59) is equivalent to (58) if
L=1).

Following the same steps as for the near-field case, an analytical formulation of the DSM indicator
function is proposed in Theorem 4.4 thanks to the use of the asymptotic formulation of the far-field pattern
(20). However, some preliminary results have to be introduced first in order to calculate the following
integral equation, a key point to establish an analytical formulation of the DSM indicator function.

| (€tiz) p)- @Rom) - )S(x). (60)
Let us first introduce the well-known Funk-Hecke formula (Lemma 4.1) involving the spherical harmonic
function. We will have to deal with and a new lemma (Lemma 4.2) involving either the real part or the

imaginary part of the spherical harmonic function (the demonstration of the latter being provided in the
appendix)

12
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Figure 10: (Example 3.2) Jaccard index of Zpsm(z;y,q = p’) and Zpsme(z;y)

Lemma 4.1 (Funk-Hecke formula). For any f € L?(—1,1) and 2, X € S, the following formula holds.
1

F#- %) Y R)AS(K) = An YT'(2) where Ay = 27 / F(&) Po()dt (61)
s2 -1

for alln € N and m = —n,...,n. Here, Y, is a spherical harmonic and Py, is a Legendre polynomial.

The details can be found in [40, 41] and reference therein. Following the same path than the Funk-
Hecke formula proof founded in [41, Theorem 2.16], the related results can be derived.

Lemma 4.2. For any f € L?(—1,1) and 2,% € S?, the following formulas hold.

. f(z-%)Re (Y} (%)) dS(%) = AnRe (Y7'(2))

. f(z-x)Im (Y} (%)) dS(%) = AnIm (Y7'(2)) ,

(62)

where A, has been defined in (61).
Proof. See the Appendix. O

Let us focus on the special variant of Lemma 4.1 and Lemma 4.2 for which f(z - x) = e tFolzlz% —
e~ikozX N is then given by

An = 27 / 1 e WolHEX P (3. %)d(2 - %). (63)
-1
Since z - X = cos ¢ where ¢ is angle between two vectors z and X, we have
An = 27 / " -ikolz]cos P, (cos @) (— sin p)dep (64)
0
= T3 (hola) (65)

thanks to the integral representation of the first kind spherical Bessel function j,, of order n € Z
jn(a) = % / @S Y P (cos ) sin pdp. (66)
0

So, in our specific case, the results provided by the Lemmas 4.1 and 4.2 can be rewritten as
—ikoz-X xym (5 S 4. m(s
[ e X @4 (%) = i holal) Y7 2),
§2

[ e Re (V70 4 (%) = T (ol Re (Y7 @), (67)
4m

Gn

/S eI (Y (%) dS (%) =

The next step is now to establish an analytical solution of (60) with the help of (67).

in(Kolz|)Tm (Y7'(2)) ,

13



Lemma 4.3. For p € C? and q € S?, the following relation holds
A ~N /A~ _ \ A 8ﬂ- . .
/ (Goo(%,21) - P) - (Goo (X, 22) - q)dS(X) = g(P -Q)jo(kolz1 — z2]) + (D1 + D2)j2(kolz1 — 22|), (68)
S‘Z

where W1 and Wa are given by

87r

Wy = V5 TYY(2) (prar + p2gz — 2p3q3) (69)

and
Wy = 8”\/%{&3 (Yé(i)) (P1g3 +p3q1) +Im (Y%(i)) (P2q3 + p3q2)
~Re (Y3(®) (p101 — p2g2) — Im (Y3(2)) (pras + poar) |- (70)

Here, zZ = (Zl — Z2)/|Z1 — Z2|.

Proof. The introduction of the expression of the far-field approximation of dyadic green function (15) in
(60) leads to

[ (@im) p)- (@om) - @as®) = [ (AR p)- (@ HAR) @dSE) ()
= [ et (A) - @) (72)
— . e—ikofc»(zl—zQ) %) - %
o [ A(%) - @) dS() (73)
where the following properties A(%x)T = A(%x) and A(%)? = A(%) are used to go from (71) to (72), and

the fact that p is a complex constant vector to go from (72) to (73).
The next step is now to establish an explicit form of A(%) - q. The definition of A(x):

1— &2 —318y —id1ds
A()A() = 13 — )A( ® )A( == 75&15&2 1-— S&% 75&25&3 (74)
—.i'l.i'3 —,@1,@2 1-— .T3,

leads to
(A(&)q)s:qSi'ﬁS(qf{)a 5:15273 (75)

Using the expressions of the unit vector x = (sin 8 cos ¢, sin 6 sin ¢, cos 9)T and of the spherical harmonics
Y™ as a function of the spherical coordinates:
5
3cos? ) — 1
M |

1
2\/ 25 sin 6 cos 9e‘¢ (76)
T
2 _ = 21d>
Y5 (0,9) = 4\/ 27rsm % Oe

we can express the first component of A(X) - q as
(A(X)-q)1 = ¢q1 —sinfcos¢ (q1 sin  cos ¢ + ga sin 0sin ¢ + ¢3 cos 9) (77)
=q — 2 sin? 0 — 2 sin? 0 cos 2¢ — 3 sin? 0 sin 2¢ — g3 sin @ cos 6 cos ¢ (78)

(h + 5 Q1\/7Y0 \/7 que (Y3(%)) + ¢o2Im (Y3(X)) — gsRe (Yé(f‘))} (79)

Similarly, the other components are obtained by
2
(A6 @ = 202+ sa /T V)~ 20/ 22 [iatm (V3(80) — anRe (V3(50) — astn (V3(50) |
. 2
(AR)-q)s = 343 qg\/7Y0 +2,/ que ) + goIm (Y3 (% ))}

14



From the remarks (67) and the fact that Y{ (%) = \/%—w, we have

/ efikfc-(m*ZZ)dS(f() = 4mjo(k|z1 — 22]). (B1)
S2

Combining either (79) or (80) with (67), for 2 = (z1 — z2) /|z1 — 22|, gives the following analytical
expressions

—ikox-(z1—22 S s 8 . 8 s .
[ o @ (80 @160 = Taatholer 72D~ T/ T V8@l — )
SZ

+ SW\/%h(WZl — 2z2]) [@1Re (Y3(2)) + ¢2Im (Y5(2)) — gsRe (Y3(2))], (82)

8w

. . . 8T . ™ N
/ e kX (m—m) (A(%) - q)2dS(%) = gtIzJo(del —Za|) — gth\/;Yg(Z)Jz(del — Z3|)
SZ

+ 87r\/%j2(k0|z1 — 23]) [(1Im (Y3(2)) — ¢2Re (Y3(2)) — g3Im (Y3(2))], (83)

and

—ikoXk- (21 —2 ~ ~ 81 . 167 s .
[ o (60 s (50 = Taotholar 72D + 20y [T YYD kol — 7
S

sy stk — ) ke (Y3(8) + el (V3(2)] - (s4)

They leads to
—ikof(‘(zl—ZZ)A s dS(x) = 87 in(k W- Wo)jo(k
s p- (e (%) - Q)) (%) = ?(P -q)jo(kolz1 — z2]) + (W1 + Wa)ja(kl|z1 — 22]),  (85)

which complete the lemma. Here C; and Cs are given by (69) and (70), respectively. O

Now, under the small volume and spherical shape assumptions for the inhomogeneities, the DSM
indicator function (58) is derived thanks to the Lemma 4.3 and asymptotic formula (21).

Theorem 4.4. Assume that the total number of observation directions N is sufficiently large and each
inhomogeneity is enough small (aym\/em/e9 < 0.5X). Then, the DSM indicator function has following
representation formula.

o Lo AN |£2(Z7y7Q)|
IDSM(ZaY7q) ~ max|£2(z,y,él)|’ (86)
zEN
where
M
PN ikor, -3 8T N . AN - .

£a(a,5,) = | D Ane™ |5 ((AG) - B) - @)da(halrn — 2 + (Ca + )l ~ 7)) | (57)

m=1

Here, for z,, = (ry, —z) /|vm — 2|

Co ==\ [T [AE) D)1ds + (AF) D)2 — 2AAF) - D)ods] Y3(2m) (58)

and

Cy 8”\/%{ —Re (Y3(2)) {(AF) - p)1ds + (AF) - D)3 }
¥) - p')sd2} + Re (Y3(2)) {(A®) - p)1d1 — (AF) p')2d2}
A) B2} |-
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Proof. According to the the asymptotic formula of far-field pattern (19) and sufficiently large N,

M N
<EOO()A{5 y)agoo(xv Z>Q>L2(SZ) = k’g Z Am Z goo(rma )A{n)Ez(rm; y) . goo(z; )A{n)q )
m=1 n=1
o | (90)
<[5 Y A [ G R (,3) - Colm RIS ()
m=1 §?
By substituting p! = Ei_(r,,,¥) = iwouoe™ ™Y A(y)p? and q = § in Lemma 4.3,
M . ~
(Boo(%,9), G (X, 2)&) 1252 | = iwoptoTlkG| > Apeltorm¥
m=1
8 NN A\ . :
< |5 (A@Y) - olhalr ~ 2D + (o + Codialhalrn 2D |, (91)

where C5 and Cy are given by (88) and (89), respectively. Thanks to the Holder’s inequality (44), the
constant iwgpo k3 is canceled and the proof is completed. [l

In the following, the structural properties of the DSM indicator function are discussed. Note that
some remarks will be redundant due to the similarity between the formulations in the near-field and the
far-field configurations.

Remark 4.1 (Properties of DSM with far-field data). According to Theorem 4.4, following properties of
DSM indicator function in far-field configuration can be investigated.

1. As for Figure 11, Z8%);(2; Q) has a maximum of magnitude at z = r,,, € 7,,, since jo(ko|rm —2]) =1
and ja(ko|rm — z|) = 0 in that case. However, unexpected artifacts can be found in the maps of
I3 (2; Q) due to jo(kolry, —z|) > 0if z & 7.

2. According to the facts that stated in Remark 3.1 2, when dealing with multiple defects having
different physical properties (e.g., size and/or permittivity, etc.) in the medium, the one having
a smaller size or permittivity than the others will difficult to be identified through the maps of

I]%OSM(Z; q)-

_05 1 1 1 1 1 I
-15 -10 -5 0 5 10 15

Figure 11: One-dimensional plot of the spherical Bessel function with orders 0, 2

Now, we investigate the method to choose proper polarization of test dipole based on Theorem 4.4 as
the following remark.

Remark 4.2 (Investigation of choosing proper q). Since jo(ko|rs — z|) contributes to retrieve the infor-
mation about inhomogeneities in the map of Z3%,(2; q), it is necessary to choose the polarization ¢ at
least satisfying following condition:

(A(¥)-p')-a#0 ifandonlyif p'-a# (¥ @ ) (92)

which is similar to Remark 3.2, but, on the contrary to (45), the condition (92) does not involve infor-
mation about the localization of the defect.

16



1. Nevertheless, it is impossible to get an analytic solution of q without a prior information about 7,
because the latter is essential to eliminate the disturbing terms ja (ko |ry, —2|) by making Cy +Cs = 0.
Hence, we can again obtain the proper polarization of test dipole with the same process in the near-
field case proposed in (46) by

Iosmp (z;y) = gleasg {Zosm(z:y,a)} - (93)

2. Similar to the near-field case in Corollary 3.2, to select ¢ as p* will be one of proper way to image
the target via Z3%(z; ). Because if q = p’,

p'-a—(y-a)(y-p')=1-cos’V, (94)

where 9 is between angle of pt and y. Since p! Jf g, the necessary condition (92) holds.

4.2 Numerical simulations with far-field data

Our analysis and proposal are verified through the numerical simulations using synthetic far-field data
obtained by FEKO to which a 20 dB white Gaussian random noise using the MATLAB function awgn is
added. The configurations are the same as Example 3.1 and Example 3.2 in section 3.2 except but in the
far-field configuration. In this simulations, we again consider evenly distributed ¢, € S?, t =1,2,---,201
to apply our proposal DSMP.

The spherical coordinate system is again used to present the information about direction and polariza-
tion of source and observation. A single incident impinging wave of direction (—1,90° 0°) and polarization
p! = (1,0°,0°) (= (0,0,1) in Cartesian coordinate system) is considered. The observation directions are
evenly distributed with 6" varying from 0° to 350° with 10°-step and ¢" varying from 10° to 170° with
10°-step. Since the far-field configuration is considered, only the 6"- and ¢"-components of the far-field
pattern are obtained. Then, a transformed far-field pattern Eo(x,y) = PE(x,y) is used to adjust our
theoretical approach (using three components of scattered field along =, y and z) where the transition
matrix is defined by P = [#"; 07; ¢"] € R3*3 with

7" = (sin @ cos ¢", sin " sin ¢", cos "),
0" = (cos 0" cos ¢, cos 0" sin ¢, cos )T, (95)
¢" = (—sing”, cos¢",0)7,

in Cartesian coordinate system. As in section 3.2, the results are visualized using volume slice plane and
isosurface using isosurface parameter v given in (54). The accuracy of the methods is measured by the
Jaccard index in (55)

Ezample 4.1 (Single small sphere). Let us remind the information about the inhomogeneity 7 with
r=(0.1m,0.1m,0.1m), @ = 0.1\ = 0.04m, and £ = 5¢¢, respectively.

As shown in Figures 12, 13,and 14, the results are similar to the ones obtained within the near-
field configuration (Example 3.1). The DSM results are getting worse as the direction ¢ is changed in
0° < 0 < 70° for fixed ¢ = 45°. Whereas, the inhomogeneity is correctly identified via DSM with p’
or DSMP. Hence, we can validate that both DSM with § = p* and DSMP would be a good choice
for imaging of the inhomogeneity, but our proposal DSMP is no need to use the information about
polarization of incident field even with more computational cost. Furthermore, we can verify that the
accuracy of DSMP is slightly better than the traditional DSM by the Jaccard index in Figure 15.

Ezample 4.2 (Two small spheres with same radii and different permittivity). Similar to example 3.2,
two small spherical dielectric inhomogeneities with same radii «,,, = 0.1\ = 0.04 m but different per-
mittivity 1 = 3¢9, e2 = beg are considered. They are located at r1 = (0.1m,0.1m,0.1m) and ry =
(—0.2m, —0.1m, —0.1 m), respectively.

Figure 16 shows that the issue of choosing the proper polarization of test dipole still occurs as the
previous example. DSM with the polarization as p* (Figure 17) or our proposal DSMP (Figure 18) handle
it as expected. However, as stated in Remark 4.1, the inhomogeneity having the smaller permittivity is
difficult to be identified with both DSM and DSMP, which is similar to the different radii case in example
3.2. The Figure 19 shows that the imaging performance is not enough good to identify all inhomogeneities
via both DSM with § = p* and DSMP.
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Figure 12: (Example 4.1) Maps of Zpsm(z;y, q) using isosurface with p = 0.8, where q = (1,6, ¢)
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(a) Volume slice with x = 0.1 and y = 0.1 planes

(b) Isosurface with p = 0.6

Figure 13: (Example 4.1) Maps of Zpsm(z;y, q), where q = (1,0°,45°) = (0,0,1) = p’
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Figure 14: (Example 4.1) Maps of Zpsmp(z;y)

5 Illustration with experimental far-field data

Additional results obtained using experimental data are presented thanks to Fresnel experimental data
(http://www.fresnel.fr/3Ddatabase/index.php), the details of which being found in [42]. The fre-
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Figure 15: (Example 4.1) Jaccard index of Z3%\(z;y,q = p*) and Z33\p(2;y)
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Figure 16: (Example 4.2) Maps of Zpsm(z;y, q) using isosurface with p = 0.5, where q = (1,6, ¢)
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Figure 17: (Example 4.2) Maps of Zpsm(z;y, q), where q = (1,0°,45°) = pt

quency is chosen as fy = 3 GHz to be close to the our theoretical condition, the corresponding wave-
length being then Ay =~ 0.1m. Among a various types of defects, two small dielectric sphere of same

radii o, = 0.25), permittivity &, = 2.6e¢ with r; = (0.25X0,0,0) and ry =

19

(—0.25X0,0,0) is selected
(experimental file name is TwoSpheres_PP.exp and TwoSpheres_TP.exp). The region of interest Q) is a
cube of 2.5 side length evenly discretized in 41 x 41 x 41 voxels. The DSMP is obtained by considering
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Figure 19: (Example 4.2) Jaccard index of 3%\ (z;y, @ = p*) and Z3%\p(2;y)

q €S? t=1,2,---,201.
It is worth note that

e Since the locations of receivers and transmitters are far from the center (1.796m = 18)\¢) in the
experimental configuration, the scattered electric field can be regarded as the far-field pattern.

e Due to the limitation of the experimental setup, only N = 36 observation directions are considered,
but many L = 81 incident fields can be applied. However, thanks to the reciprocity of the roles of
the source and the receiver can be exchanged [43].

e To adjust our theoretical approach, the transformed scattered field Eo (x,¥) = PE(x,y) is used
for imaging. Here P = [f";0"; ¢"] € R3*3 is the transition matrix given by (95).

N = 81 directions of observation are evenly distributed in polar angle 6" from 30° to 150° with a 15°
step and in azimuthal angle ¢" from 0° to 320° with a 40° step. The two tangential components (along
with 6" and ¢") of the scattered field are measured. Due to the design of experimental system, L = 27
incident plane wave polarized along 6% and located only on the azimuthal plane have been recorded, the
impinging directions are defined as 0" = 90° and ¢* varying from 50° to 310° with a 10° step. Among those
L incidences only the one characterized by § = 90° and ¢ = 50° has been used for the reconstruction of
the inhomogeneities.

The results are presented Figures 20, 21, and 22. The choice of the test dipole as ¢ = p provides
excellent results, but a little unexpected artifact is found. But we can eliminate it have to get better
results to retrieve the location of the inhomogeneities with only a single impinging direction. In other
words, the DSMP has a few better accuracy than tradition DSM in experimental data case while they

have almost the same efficiency in synthetic data case. The Jaccard index in Figure 23 can confirm this
observation.
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6 Conclusion

In this article, the analytical expressions of the DSM indicator function within the small obstacle hypoth-
esis are provided in both near-field and far-field configuration thanks to the asymptotic formula of the
scattered field. With such an analysis, we explain the reasons for which DSM can localize the targets and
for which some artifacts might appear. Moreover, the relation of the choice of the test dipole polarization
and the efficiency of DSM is exhibited, and some methods to provide a better option is proposed with
a theoretical validation. The approach is validated using synthetic data and experimental data when

available.

Throughout this work, we only consider the full-view configuration. However, it might be impossible to
obtain data in such a setting in real applications. Hence, the analysis of DSM in restricted configurations

0.1 planes

Figure 22: Maps of Z2%\p(2;¥)

such as mono-static and limited-view configurations is of interest.
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Appendix

Proof of Lemma 4.2

For fixed 2, choose an orthogonal matrix A depending on 2 such that A=z = ATz =2’ = (0,0,1)7, i.e.,
Z' is “north pole”. Then the transformation x = Ax’ leads that

[ 10X @aseo = [ @ ax) v (ax)as&) = [ 12 ¥ AK) s (90

Because the orthonormal matrix A is isometry, the function Y '(AX) is again a spherical harmonic of
order n and it can be expressed as

Y (A%) = Y ar Y (%) where ay = / Y™ (AX) Y, R (%)dS(%). (97)
S2
We know that

Re (Y™ (A%)) = zn: Re (az) Re (YZ()E)) — Im (az) Im (YZ(

k=—n

Im (Y™ (A%)) = Zn: Re (ay,) Im (Yﬁ(f{)) + Im (az) Re (Yg(x)) .

k=—n

x>
~—
N—

(98)

By introducing (98) in (96) and by expressing X in spherical coordinates X = (sin 6 cos ¢, sin  sin ¢, cos )T
(note that 2’ - x = cos#), the following expressions are obtained

LS (z - %)Re (Y7'(x)) dS(x)

n

- @ Re(ak)Re (Yk( )) — Tm (ay) Im (Yﬁ(&))}dg(f()

k=—n

n

2m
= Z 2n4: :L n |k|||k| / / f(cos B) PI¥ (cos ) [Re (ax) cos(k¢) — Im (ag) sin(k¢)] d¢ sin #d6

k=—n

= Re (agp) 2n4: ! (2#/0 f(cos @) Py, (cos b)) sin 9d9) .

(99)
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and

JREEVACIEES

zn: / F&@ %) {Re(ak)lm (Yg(ﬁc))ﬂm(ak)Re (YZ(&))}dS(fc)

= Z \/(Qn +1)(n — |E|)! / T f(cos0)P¥l (cos 0) [Re (a,) sin(k¢) + Im (ay,) cos(ke)] dgsin 6d6
k=—n

dm(n + |k|'

= Im (ag) 2n4;L ! (271'/0 f(cosO) P, (cosB)sin 9d9> .

(100)

By substituting x = #’ in (97) and from Y* (') = 0 for k # 0,

_— e = . 2n + 1 2n + 1
Yi(@) = Y (A7) = Y i YE (&) = ao| T —Pa(l) = any| 75—, (101)

k=—n
so that
2 1 2 1
Re (Y"(2)) = Re (ag) {/ "t and Im (Y™(2)) = Im (ao) nte (102)
47 47
Finally, (99), (100), and (102) imply (62) which complets the proof. O
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