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Abstract

This article revisits the fundamental problem of parameter selection for Gaussian process
interpolation. By choosing the mean and the covariance functions of a Gaussian process
within parametric families, the user obtains a family of Bayesian procedures to perform pre-
dictions about the unknown function, and must choose a member of the family that will
hopefully provide good predictive performances. We base our study on the general concept
of scoring rules, which provides an effective framework for building leave-one-out selection
and validation criteria, and a notion of extended likelihood criteria based on an idea proposed
by Fasshauer and co-authors in 2009, which makes it possible to recover standard selection
criteria such as, for instance, the generalized cross-validation criterion. Under this setting, we
empirically show on several test problems of the literature that the choice of an appropriate
family of models is often more important than the choice of a particular selection criterion
(e.g., the likelihood versus a leave-one-out selection criterion). Moreover, our numerical re-
sults show that the regularity parameter of a Matérn covariance can be selected effectively by
most selection criteria.

Keywords: Gaussian processes interpolation, Model choice; Parameter selection; Scoring rules;
Likelihood; Regularity
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1 Introduction

Regression and interpolation with Gaussian processes, or kriging, is a popular statistical tool for
non-parametric function estimation, originating from geostatistics and time series analysis, and
later adopted in many other areas such as machine learning and the design and analysis of com-
puter experiments (see, e.g., Stein, 1999; Santner et al., 2003; Rasmussen and Williams, 2006,
and references therein). It is widely used for constructing fast approximations of time-consuming
computer models, with applications to calibration and validation (Kennedy and O’Hagan, 2001;
Bayarri et al., 2007), engineering design (Jones et al., 1998; Forrester et al., 2008), Bayesian
inference (Calderhead et al., 2009; Wilkinson, 2014), and the optimization of machine learning
algorithms (Bergstra et al., 2011)—to name but a few.

A Gaussian process (GP) prior is characterized by its mean and covariance functions. They
are usually chosen within parametric families (for instance, constant or linear mean functions,
and Matérn covariance functions), which transfers the problem of choosing the mean and co-
variance functions to that of selecting parameters. The selection is most often carried out by
optimization of a criterion that measures the goodness of fit of the predictive distributions, and
a variety of such criteria—the likelihood function, the leave-one-out (LOO) squared-prediction-
error criterion (hereafter denoted by LOO-SPE), and others—is available from the literature. The
search for arguments to guide practitioners in the choice of one particular criterion is the main
motivation of this study.

As a necessary parenthesis, note that the fully Bayesian statistician does not select a particular
value for the parameters, but chooses instead to average the predictions over a posterior distri-
bution on the parameters (Handcock and Stein, 1993). This approach may be preferred for more
robust predictions (see, e.g., Benassi et al., 2011), but comes at a higher computational cost. For
this reason, the present article will set aside the fully Bayesian approach and concentrate on the
plugin approach, where only one parameter value is chosen to carry out predictions.

The two most popular methods for parameter selection are maximum likelihood (ML) and
cross-validation (CV) based on LOO criteria, which were introduced in the field of computer
experiments by the seminal work of Currin et al. (1988). Since then, despite a fairly large number
of publications dealing with ML and CV techniques for the selection of a GP model, the literature
has remained in our view quite sparse about the relative merits of these methods, from both
theoretical and empirical perspectives.

For instance, in the framework of interpolation and infill asymptotics, where observations ac-

cumulate in some bounded domain, Ying (1991) and Zhang (2004) show that some combinations



of the parameters of a Matérn covariance function can be estimated consistently by ML. Again
in the case of infill asymptotics, with the additional assumption of a one-dimensional GP with an
exponential covariance function, Bachoc et al. (2016) show that estimation by LOO is also con-
sistent. (Similar results exist in the expanding asymptotic framework, where observations extend
over an ever-increasing horizon.)

The practical consequences of the aforementioned results are somewhat limited because prac-
titioners are primarily interested in the quality of the predictions. Knowing that the parameters
of a GP can be estimated consistently is intellectually reassuring, but may be considered of sec-
ondary importance. These results are indeed about the statistical model itself but they say little
about the prediction properties of the model. Besides, there does not exist at present, to our
knowledge, some theoretically-based evaluation of the relative performances of ML and CV se-
lection criteria under infill asymptotics.

Turning now to empirical comparisons of selection criteria for GP interpolation, the first
attempt in the domain of computer experiments can be traced back to the work of Currin et al.
(1988, 1991). The authors introduce CV and ML—which can be seen as a special kind of cross-
validation—and present some simple experiments using tensorized covariance functions, from
which they conclude that, “Of the various kinds of cross-validation [they] have tried, maximum
likelihood seems the most reliable”. Additional experiments have been conducted by several
authors, but no consensus emerges from these studies: Martin and Simpson (2003); Bachoc
(2013); Sundararajan and Keerthi (2001) conclude in favor of CV whereas Martin and Simpson
(2005) advocate ML.

These studies are limited to a rather small number of test functions and covariance func-
tions, which may explain the discrepancy in the conclusions of those experiments. In particular,
only Bachoc (2013) considers the popular and versatile Matérn covariance functions. Moreover,
most studies focus only on the accuracy of the posterior mean—only Sundararajan and Keerthi
(2001) and Bachoc (2013) provide results accounting for the quality of the posterior variance—
whereas the full posterior predictive distribution is used in most GP-based methods (see, e.g.,
Jones et al., 1998; Chevalier et al., 2014).

This article presents two main contributions. First, we improve upon the results of the lit-
erature by providing an empirical ranking of selection criteria for GP interpolation, according
to several metrics measuring the quality of posterior predictive distributions on a large set of
test functions from the domain of computer experiments. To this end, we base our study on the
general concept of scoring rules (Gneiting and Raftery, 2007; Zhang and Wang, 2010), which

provides an effective framework for building selection and validation criteria. We also intro-



duce a notion of extended likelihood criteria, borrowing an idea from Fasshauer and co-authors
(Fasshauer et al., 2009; Fasshauer, 2011) in the literature of radial basis functions.

Second, we provide empirical evidence that the choice of an appropriate family of models
is often more important—and sometimes much more important, especially when the size of the
design increases—than the choice of a particular selection criterion (e.g., likelihood versus LOO-
SPE). More specifically, in the case of the Matérn family, this leads us to assess, and ultimately
recommend, the automatic selection of a suitable value of the regularity parameter, against the
common practice of choosing beforehand an arbitrary value of this parameter.

The article is organized as follows. Section 2 briefly recalls the general framework of GP
regression and interpolation. Section 3 deals with selection criteria. After recalling the general
notion of scoring rules, we derive a broad variety of standard and new selection criteria. Section 4
presents experimental results on the relative performances of these criteria. Section 5 presents

our conclusions and perspectives.

2 General framework

Let us consider the general GP approach for modeling the scalar output of a deterministic, but
unknown, computer code, with input space X C R?. Gaussian process modeling is a classical
Bayesian point of view, under which uncertainty about the computer code is expressed by means
of probabilities. More precisely, the output of the computer code z : X — R is modeled by a
random function {Z(x), x € X}, which represents user’s prior knowledge about z. If we assume
that Z(-) is observed on a design X,, = {x1,...,x,} of size n, the data corresponds to a sample of
the random vector Z,, = (Z(x1),...,Z(x,))T.

The GP assumption makes it possible to easily derive posterior distributions. More precisely,
it is assumed that Z(-) is a Gaussian process, with (prior) mean E(Z(x)) =YX, B;¢;(x), where the
B1, ..., Br are unknown regression parameters and @, ..., ¢; are known regression functions, and
with (prior) covariance cov (Z(x),Z(y)) = kg(x,y), where 8 € ® C R is a vector of parameters.
Throughout the article, the covariance matrix of Z, will be denoted by Ky. We assume for
simplicity that the prior mean of Z(-) is zero (hence, L = 0), which is a common (and reasonable)
practice if the user has taken care to center the data.

One of the most popular covariance functions for GP regression is the anisotropic stationary

Matérn covariance function (Matérn, 1986) popularized by Stein (1999):



Table 1: Popular Matérn subfamilies

1 3 5
V= 3 V= 5 V= 5 V = +o0
ak.a. exponential squared exponential
2
ko (x,y) cleh o2(1+3h)e V3" | 62(1+4+/5h+ %)eiﬁh ole T

where I' is the Gamma function, %, is the modified Bessel function of the second kind, and

6 denotes the vector of parameters 8 = (62, py, ..., P4, V) € O = ]0,o<>[dJr2 2

. The parameter ¢
is the variance of Z(-), the p;s are range parameters which characterize the typical correlation
length on each dimension, and V is a regularity parameter, whose value controls the mean-square
differentiability of Z(-). Recall (see Table 1) that the Matérn covariance function with v =1/2
corresponds to the so-called exponential covariance function, and the limiting case v — oo can be
seen as the “squared exponential” (also called Gaussian) covariance function.

Because %} can be expressed in simple closed-form when v = y + % and x is an integer, and
it is expensive to obtain numerical approximations of %, in other cases, most implementations
choose to restrict v to half-integer values. Moreover, a widespread practice (in applications and
research papers) consists in selecting a particular value for v (e.g., v=1/2, v =3/2... or the
limiting case v — o), once and for all.

Since the family of Matérn covariance functions is widely used in practice, we focus exclu-
sively on this family in this work. We believe that the conclusions of the present study would not
be altered significantly if other families of covariance functions (e.g., the compactly supported
covariance functions proposed by Wendland (1995)) were considered.

Once a GP model has been chosen, the framework of Gaussian process regression allows one

to build a predictive distribution .4 (g (x), 63 (x)) for an unobserved Z(x) at x € RY, where

o) = Kp(0)Kp'Z,

2
o5(x) = kg(x,x)—kz(x)TKglkz(x) @

with kj(x) = (ke (x,x1), ..., kg(x,%,))T. More generally, predictive distributions can be built
for a larger range of quantities of interest such as joint observations, derivatives, integrals or
excursions of Z above a given threshold.

Using this framework, the user obtains a family of Bayesian procedures, indexed by 0, to
perform predictions about the unknown computer code at hand, and must choose a member of

the family that will hopefully provide good predictive performances.



3 Selection of a GP model from a parameterized family

3.1 Scoring rules

Goodness-of-fit criteria for probabilistic predictions have been studied in the literature under the
name of scoring rules by Gneiting and Raftery (2007). A (negatively oriented) scoring rule is a
function S(-;z) : & — RU{—o0, 400}, acting on a class & of probability distributions on R,
such that S(P; z) assigns a loss for choosing a predictive distribution P € &, while observing

z € R. Scoring rules make it possible to quantify the quality of probabilistic predictions.

Example 1 (squared prediction error). Denoting by u the mean of a predictive distribution P,
the squared prediction error

SE(Pi2) = (z— )’ (3)
accounts for the deviation of z from u. Note that SSPE ignores subsequent moments and therefore

predictive uncertainties.

Example 2 (negative log predictive density). Denoting by p the probability density of P,
SNP (P 2) = —log(p(2)) 4

tells how likely z is according to P. Bernardo (1979) shows that any (proper) scoring rule that

depends on p(z) (and only on p(z)) can be reduced to SN-FP.

Example 3 (continuous ranked probability score). Let U and U’ be two independent random
variables with distribution P. The CRPS quantifies the deviation of U from z:

SCRPS(P;Z):E(|U—Z|)—%E(|U—U/D- )

Since it is possible to show that SSRFS(P; 7) = [ (P(U < u) — 1.<,)* du, the CRPS can also be
seen as a (squared) distance between the empirical cumulative distribution u — 1,<, and the
cumulative distribution of P.

SSPE s recovered.

Note that if absolute values in (5) are replaced by squared values, then
The CRPS can also be extended to the so-called energy and kernel scores (Gneiting and Raftery,

2007) by observing that (x,y) — |x —y| is a conditionally negative kernel.

Example 4 (interval score). The interval scoring rule at level 1 — « is defined, for & € |0, 1], by

S a(Pi2) = (4= D)+ 2 (1= lcr + = () Lo ©

where [ and u are the o/2 and 1 — o¢/2 quantiles of P. The first term penalizes large intervals,

while the second and third terms penalize intervals not containing z.
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Table 2: Scoring rules behavior as [y —z| < 1.

oL |u—z |ox|u—z | > [u—1
SSPE(P; 2) 0 0 0
SNLPD (p: 7) +oo —o0 log(2no)
SCRPS (p: ) 0 0 <0
Slls_a(P; ) 0 0 e

When the predictive distribution P is Gaussian, which is the case when P is the poste-
rior distribution of a GP Z at a given point, the aforementioned scoring rules all have closed-
(z—u)?
can be obtained by taking the standard

form expressions. More precisely, for P = .4 (u,6?), we simply have SSPE(P; 7) =

and SNLPP(P; 2) = Llog2mo? + 3(z— p)? /o2 S
expressions of the &/2 and 1 — ¢¢/2 quantiles of P, and it can be shown that
— — — 1

SCRPS (p. :cr(Z “<2cp I—HU _1> 20 (% u __>

(P:2) 5 (22(5) 1) +20(5 ) - ).

where ¢ and @ stand respectively for the probability density function and the cumulative distri-

(04

bution function of the standard Gaussian distribution.
Note that all aforementioned scoring rules penalize large values of |z — p|. When |z — | <1

different scoring rules yield different penalties, as reported in Table 2.

3.2 Selection criteria
3.2.1 Leave-one-out selection criteria

Scoring rules make it possible to build criteria for choosing the parameters of a GP. More pre-

cisely, to select 6 based on a sample Zi, ..., Z,, one can minimize the mean score

1 n
R (7

3

where S is a scoring rule and Py _; denotes the distribution of Z; conditional on the Z;s, for
1 <j<n, j+#1i,indexed by 6.

Selection criteria written as (7) correspond to the well-established leave-one-out (LOO) method,
which has been proposed in the domain of computer experiments by Currin et al. (1988) under
the name of predictive deficiency, and is now used in many publications (see, e.g., Rasmussen
and Williams (2006), and also Zhang and Wang (2010), who formally adopt the point of view of

the scoring rules, but for model validation instead of parameter selection).
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Efficient computation of predictive distributions. Leave-one-out predictive densities can be
computed using fast algebraic formulas (Craven and Wahba, 1979; Dubrule, 1983). More pre-
cisely, the predictive distribution Py _; is a normal distribution 4" (g —;, 66 ;) with

(Ky'Z,);

1
Ho —i= Z()Ci) e E— and Gé_i =1 (8)

0.i,i 0,ii
Furthermore, Petit et al. (2020) show that, using reverse-mode differentiation, it is possible
to compute mean scores J, and their gradients with a O(n3 + dnz) computational cost, which
is the same computational complexity as for computing the likelihood function and its gradi-

ent (see, e.g., Rasmussen and Williams (2006)).

The particular case of LOO-SPE. The LOO selection criterion

1 n
TPE0) == Y (no—i — Z(xi))?, )
i=1

3

based on the scoring rule (3) will be referred to as LOO-SPE. This criterion, also known as
PRESS (Allen, 1974; Wahba, 1990), is well known in statistics and machine learning, and has
been advocated by Sundararajan and Keerthi (2001), Martin and Simpson (2003), Bachoc (2013,
2018), Santner et al. (2003) to address the case of “misspecified” covariance functions.
However, note that 6> cannot be selected using JSPE. When J5PE is used, 62 is generally

chosen (see, e.g., Currin et al., 1988; Bachoc, 2013, and Remark 1) to satisfy

1 & _
—Z 2) Mool (10)
iz e
which will be referred to as Cressie’s rule for 2, in reference to the claim by Cressie (1993) that

(10) should hold approximately for a good GP model.

Other scoring rules for LOO. The selection criteria using the NLPD scoring rule (4) and the
CRPS scoring rule (5) will be referred to as the LOO-NLPD and the LOO-CRPS respectively.
The LOO-NLPD criterion has already been proposed by Currin et al. (1988); Sundararajan and
Keerthi (2001) and the LOO-CRPS has been proposed as a validation criterion by Zhang and
Wang (2010). To the best of our knowledge, using LOO-CRPS as a selection criterion is new.

Remark 1. Minimization of the LOO-NLPD criterion with respect to 62 yields Cressie’s rule (10).

Remark 2. In order to limit the number of selection criteria under study, the interval scoring rule

is only used for validation in this work.



3.2.2 Maximum likelihood and generalizations

We can safely say that the most popular method for selecting 8 from data is maximum likelihood
estimation (and related techniques, such as restricted maximum likelihood estimation). With
the conventional abuse of notations, denoting by pg(Z,) the joint density of Z,, the negative

log-likelihood (NLL) selection criterion may be written as
1
INL(0) = —log(pe(Zy)) = 5 <n10g(2n) +1logdetKy +Z}Kglzn) . (11)

As pointed out by Currin et al. (1988), the NLL criterion is closely related to the LOO-NLPD

criterion, through the identity
INH(6) = —log(pe(Z Zlog pe(Z(xi) | Z(x1),...,Z(xi-1))),

where the predictive distributions of the Z(x;)s given the Z(x;),...,Z(x;—1) explicitly appear.
One can minimize (11) in closed-form with respect to 62, given other parameters. Writing
Kp = 62 Ry and canceling dJ)(0)/d0? = (no? —ZTR,'Z,) /(20?) yields

1
ONLL = ;ZIR?Z", (12)

which will be referred to as the profiling rule for 6.

Injecting (12) into (11) yields a profiled likelihood selection criterion, that can be written as
1 1 _ 1
J(8) =log oty + - logdet Ry = log (r—lZIRe 1Zn> + -~ logdetRy . (13)

Following Fasshauer and co-authors (Fasshauer et al., 2009; Fasshauer, 2011), we now sug-
gest a new family of selection criteria extending (11). Using the factorization Rg = QAQ", where
Q=(qi, ..., q,) is an orthogonal matrix of (orthonormal) eigenvectors and A = diag(A;, -+, 4,),

notice that

n

exp (J71(0)) :%ZIRG_IZH (detRg)!/" o (Z( )Z/Ai) (Iixj>l/". (14)

This suggests a generalization of the likelihood criterion that we shall call Fasshauer’s Holderized
likelihood (HL), defined as

JHLpa (Z": 2,7/4)) 1/ (% ix;!) e (15)
= f

with g € [0, +o0], and p € R\ {0}, and where 62 can be chosen using the rules (10) or (12),

since J,Il{ L.p "4(0) does not depend on 62. Owing to the standard property of generalized means

10



(1 X l)" —> WXy -+ Xxy), (14) is recovered by taking p = 1 and letting ¢ — 0. Moreover, two
other known selection criteria can be obtained for particular values of p and ¢, as detailed below.
Generalized cross-validation — Taking p = 2 and ¢ = —1 in (15) yields the generalized

cross-validation (GCV) criterion

IV (0) =7t (12(8))°,
which was originally proposed as a rotation-invariant version of PRESS (Golub et al., 1979) for
linear models. It has also been shown to be efficient for the selection of the smoothing parameter
of polyharmonic splines by Wahba (1990), and for the selection of the degree of a spline by
Wahba and Wendelberger (1980).

The GCV selection criterion is a weighted SPE criterion, which can also be written as

~2

i 6
2 — )%, wi(0)=——, (16)
i=1 Op,—i

JSCV

:I'—‘

. -1 . . . .
with 6% = (1 y7 Gél_i) . Notice that w;(8) is lower when oy _; is larger, which happens when
points are either isolated or lying on the border / envelope of X,,. However, since & depends on
the data, the JOCV criterion cannot be formally derived from a scoring rule.

Kernel alignment— The kernel alignment selection criterion is defined as

7 KoZ,

JKA 0 —_ o
O TRy P

7)

where || -||F stands for the Frobenius matrix norm. This criterion can be derived from (15) by

taking p = —1 and g = 2:

1
JRA(G) = — .
0 V| Zy) 202 (0)

It was originally proposed in the literature of machine learning by Cristianini et al. (2001) to

maximize the alignment of Z,, with the eigenvector of Kg corresponding to the largest eigenvalue.

3.3 Hybrid selection criteria

When considering several parameterized models, or when dealing with discrete parameters, such
as half-integer values for the regularity parameter of the Matérn covariance, we may want to
use one selection criterion to select one set of parameters and a different one for other parame-

ters. For instance, Jones et al. (1998) select some parameters of a covariance function using the

11



NLL selection criterion, and then study the effect of several transformations of the output of the
simulator using LOO-SPE.

When using Matérn covariance functions, one may use the NLL criterion (i.e., the ML
method) to select 62 and py, ..., pg, and then LOO-SPE to select the regularity parameter V.
We shall call this particular selection procedure NLL/SPE in the next section.

4 Numerical experiments

4.1 Methodology

We investigate the problem of parameter selection with an experimental approach consisting of
four ingredients: 1) a set of unknown functions f to be predicted using evaluation results on
a finite design X,, = {x1,...,x,} C X 2) the GP regression method that constructs predictive
distributions Py , of f at given xs in X, indexed by parameter 6; 3) several selection criteria Jj,
to choose 6; 4) several criteria to assess the quality of the Py ,s. Details about each of these

ingredients are given below (starting from the last one).

Criteria to assess the quality of the Py ,s. A natural way to construct a criterion to assess the
quality of the Py ,s is to choose a scoring rule S and to consider the mean score on a test set

Xest = {xt L Al C X of size N:

1
N;

M=

R(0;S) = S(Po,ess F(x°)). (18)

1

Selection criteria. We shall consider the selection criteria J,, presented in Section 3, namely,
the LOO-SPE, LOO-NLPD, LOO-CRPS, NLL, GCV, KA and NLL/SPE selection criteria. Given

a function f and a design X, each selection criterion J,, yields a parameter 0, .

Parameterized GP models. In this work, models are implemented using a custom version of
the GPy (2019) Python package (see Supplementary Material, hereafter abbreviated as SM). We
assume no observation noise, which corresponds to the interpolation setting. All functions will be
centered beforehand to have zero-mean on XJ}*', and we will consider zero-mean GPs only. The
anisotropic Matérn covariance function (1) is used, with parameter 8 = (62, Pi,---,Pa, V), and
the regularity parameter v is either set a priori to v =y + 1/2, with y € {0,1,2,3,4,d,2d, oo},

or selected automatically. The latter case will be denoted by V.

12
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Figure 1: A low-pass filter design problem in CST Studio Suite®.

Remark 3. Since the covariance matrix of Z, can be nearly singular when the range parameters
take large values, we define upper bounds on these values in order to avoid the use of nugget or

jitter (see, e.g., Ranjan et al., 2011; Peng and Wu, 2014). Details are provided in the SM.

Test functions. The test functions used in the study are described in the next section. They are
grouped into collections, and we provide averaged values of mean-score metrics of the form (18)

for each collection.

4.2 Test functions
4.2.1 Design of a low-pass filter

Fuhrldnder and Schops (2020) consider the problem of computing, using a frequency-domain
PDE solver, the scattering parameters Sy, of an electronic component called stripline low-pass
filter, at several values of the excitation pulsation @. The geometry of the stripline filter is il-
lustrated on Figure 1. It is parameterized using six real valued factors concatenated in a vector
x € RY, d = 6. The objective is to satisfy the low-pass specifications |Syz(x)| > —1dB for
0 <k <4 and |Syz(x)| < —20dB for 5 < k < 7. Meeting such requirements is a difficult and
time-consuming task.

In this article we consider the quantities Re(S2z), Re(Ser), Re(S1oz) and Re(Sjaz). We ran-
domly sample M = 100 designs X, of size n = 300 from a database of 10000 simulation results,
and use the remaining N = 10000 — n = 9700 points as test sets. The metric (18) is computed

and averaged on these M test sets.

13



Table 3: Twelve benchmark problems

Problem || Goldstein-Price | Mystery | GKLS;—y | GKLS;=; | GKLS;—, | Rosenbrock | Borehole
d {1,2} 2 | 25 | 25 | {25 | {25 8

4.2.2 Other test functions

We supplement the above engineering problem with a collection of test functions from the litera-
ture. More precisely, we consider the Goldstein-Price function (Dixon and Szegd, 1978), a one-
dimensional version of the Goldstein-Price function (see SM for details), the Mystery function
(Martin and Simpson, 2003), the Borehole function (Worley, 1987), several collections obtained
from the GKLS simulator (Gaviano et al., 2003), and the rotated Rosenbrock collection from the
BBOB benchmark suite (Hansen et al., 2009).

The GKLS simulator has a “smoothness” parameter k € {0,1,2} controlling the presence of
non-differentiabilities on some nonlinear subspaces—the trajectories being otherwise infinitely
differentiable. For both GKLS and Rosenbrock, two different values of the input dimension were
considered (d =2 and d = 5). The resulting set of twelve problems—considering that changing
the value of k or d defines a new problem—is summarized in Table 3.

For each problem, we consider three design sizes n € {10d,20d,50d}. For the GKLS and
Rosenbrock collections, we directly used the collections of test functions provided by the authors
(M = 100 and 15 functions, respectively). For a given dimension, they are all evaluated on
the same space-filling designs X,,. For each of the remaining problems, we used a single test
function, evaluated on M = 100 random space-filling designs X, thereby creating collections
of 100 data sets.

A Sobol’ sequence X* of size N = 10000 is used as test set and the functions are centered

and normalized to unit variance on these test sets.

4.3 Results and findings
4.3.1 A close look at one of the problems

Tables 4 and 5 provide a detailed view of the results obtained on one of the test problems—
namely, the output f = Re(Sgz) with n = 10d = 60 of the low-pass filter case (see Section 4.2.1).

The results presented in these tables are the scores R(6;S), averaged over the M = 100 random
instances of the problem, where 0 is selected using different selection criteria (along columns),

and the regularity of the Matérn covariance varies or is selected automatically (along rows).
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Scoring rule: SSPE |  NLL | LOO-SPE | LOO-NLPD | LOO-CRPS KA GCV R*

v=1/2 4.44-1072
v=3/2 2.97-1073
v=5/2 4.02-107*[5.11-107* | 4.18-10~* | 4.31-107* 4.93-107*1 3.21-107*
v=1/2 2.88-107414.33-107*| 3.73-10~* | 3.86-10~* 4.75-107* | 2.26-107*
v=9/2 2.96-10744.39-10* | 4.22-107* | 3.95-10~* 5.44-1074 || 2.26-1074
v=13/2 3.15-107* | 4.80-107* | 4.48-10~* | 4.25-107* 6.43-1074 || 2.32-1074
v=25/2 3.46-107%[529-107%| 4.92-107* | 4.61-107* 7.43-107% || 2.45-107*
v =oo 3.80-1074]6.34-10* | 5.38-107* | 5.38-10~* 8.75-10~* || 2.60-10~*
ve{l/2,--- o} [3.07-107*[4.90-107%| 4.64-107* | 4.31-10°* 6.89-10~* || 2.13-10~*

Table 4: Averages (over the M = 100 designs) of the R(6;SSPE) values for Re(Sq;) with n = 10d = 60.

Optimal R* values are given in the rightmost column for comparison. For comparison also, R(8;S5PE) =

L/SPE

3.26-10~* for the J,l,\IL selection criterion, which also selects v (see Section 3.3). The gray scale

highlights the order of magnitude of the discrepancies.

Scoring rule: S5 | NLL | LOO-SPE | LOO-NLPD | LOO-CRPS | KA GCV
v=1/2

v=3/2 2.80-107" | 3.05-107! | 2.75-107' | 2.88-107! 2.69-107!
v=5/2 9.30-107%9.42-1072 | 8.55-1072 | 9.11-1072 9.18-1072
v=17/2 6.82-1072(8.82-1072 | 8.42-107% | 9.10-1072 9.17-1072
v=9/2 6.50-10729.08-1072 | 9.30-10"2 | 9.53-102 1.00-107!
v=13/2 6.48-10729.95-1072 | 9.99-1072 | 1.03-10" 1.16-107!
v=25/2 6.77-1072{ 1.10-10"' | 1.08-10°! | 1.12-107! 1.29-107!
V=00 7.23-1072{1.23-107" | 1.16-107" | 1.23-107! 1.44-107!
ve{l/2,---,0} [6.70-1072|1.04-10"" | 1.06-10"" | 1.08-10~! 1.23-107!

Table 5: Same as Table 4 but for averages of R(6;S5ys). Using N LL/SPE gives R(6;S5,5) = 7.06-1072.
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The scoring rule for assessing the quality of the predictions is the SPE in Table 4 and the IS at
level 95% in Table 5. (A similar table, not shown here, is presented in the SM for the CRPS.)
For comparison, Table 4 also provides the optimal values R* obtained by direct minimization
of the score (18). They can be used to assess the loss of predictive accuracy of the selected
models, which are constructed using a limited number of observations, with respect to the best
model that could have been obtained if the test data had also been used to select the parameters.
Table 4 and Table 5 support the fact that, for this particular problem, the NLL and NLL/SPE
criteria are the best choices for selecting 0 in terms of the SPE and the IS scores, both for a
prescribed regularity v and when v is selected automatically (the NLL/SPE being only available
for the latter case). Except for the KA criterion, however, the other selection criteria are never
very far behind. Elements provided as SM show similar findings using the CRPS validation score.
Strikingly enough, for both scoring rules, the variations of the average score are much larger
when the model changes than when the selection criterion changes. If a Matérn covariance func-
tion with fixed regularity is used, as is often done in practice, then the best results are obtained for
all criteria (except KA) when v takes the values 7/2, 9/2 and 13/2. The values of R* (Table 4)
confirm that these are indeed the best fixed-v models on this problem for the SPE score. Since
these optimal values were not known beforehand, it is a relief to see (cf. last row of each table)

that comparable performances can be achieved on this problem by selecting v automatically.

4.3.2 Statistical analysis of the benchmark results

Tables similar to Tables 4 and 5 have been produced for all the (4 4 12) x 3 = 48 test problems
presented in Section 4.2, for the three scoring rules (SPE, CRPS and IS). We present in this
section some graphical summaries and statistical analyses of these results. The individual tables

for each problem are provided in the SM.

Remark 4. The poor performance of the KA criterion, already observed in Tables 4 and 5, is
confirmed by the results (not shown) on all the other problems. We conclude that this selection
criterion should not be used in practice, and exclude it from the analyses of this section in order

to refine the comparison between the remaining ones.

Sensitivity analysis. We observed in Section 4.3.1 that the choice of the model—more specif-
ically, of the regularity parameter of the Matérn covariance function—was more important than
that of a particular selection criterion (excluding KA of course). To confirm this finding, a global
sensitivity analysis of the logarithm of the average score, where the average is taken over the

M = 100 instances of each problem, has been performed on each problem. The average score,
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Figure 2: Parts of total variances of log;,(R)s explained by v for SS*E using a one-factor ANOVA. Each
point represents the variations of log,,(R) for one of the 16 problems from Section 4.2.2, split by design
size, with KA and GCV excluded. The model explains almost all the variations for problems that exhibit

significant fluctuations of log;,(R) (at the right of the figure).

for a given scoring rule, depends on two discrete factors: the selection criterion and the regu-
larity v of the Matérn covariance function. We present on Figure 2, for the SPE scoring rule,
the Sobol’ sensitivity index for the latter factor as a function of the total variance. Observe that,
for the problems where the total variance is large, the Sobol index is typically very close to one,
which indicates that the variability is indeed mainly explained by the choice of model. Similar
conclusions hold for the other scoring rules (results not shown, see SM).

Comparison of the covariance models. Figure 3 compares the average values of R(8;S°FF)
when ML is used on the set of GKLS problems, which have low regularities, and on the set of
low-pass filter problems, which contains very smooth instances.

Observe first that the fixed-v models rank differently on these two sets of problems, as ex-
pected considering the actual regularity of the underlying functions: low values of v perform
better on the GKLS problems and worse on the low-pass filter case. Furthermore, it appears that
underestimating the regularity (on the low-pass filter case) has much more severe consequences
than overestimating it (on the GKLS problems) according to the SPE score, as suggested by the
theoretical results of Stein (1999, Chapter 3) and Tuo and Wang (2020).

Another important conclusion from Figure 3 is that very good results can be obtained by
selecting the regularity parameter v automatically, jointly with the other parameters (using the

NLL criterion in this case). On the GKLS problems, the results with selected v are not far from
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Figure 3: Box plots of R/Ry using J\! as selection criterion and SSFF as quality assessment criterion, for
different choices of regularity. Here, Ry stands for the best value of R on each problem (among all models).
Left: All 5d GKLS problems. Right: All low-pass filter problems. The box plots are sorted according to
their upper whisker. Grey dashed lines: R/Ry = 2,4,6, 8, 10.

those of the best fixed-v model under consideration (v = 3/2); in the low-pass filter case, they are
even better than those obtained with the best fixed-v models (v = 5/2 or 7/2). In other words,
the regularity needs not be known in advance to achieve good performances, which is a very
welcome practical result. This conclusion is also supported, for NLL, by the additional results
provided in the SM for the other problems and for the three scoring rules.

Concerning the other selection criteria the situation is more contrasted (see SM): the auto-
matic selection of v using these criteria still performs very well for smooth problems, but not
always, in particular with GCV, for the less regular problems of the GKLS class. This is espe-

cially true when the sample size is small (n = 10d).

Comparison of the selection criteria. Figure 4 compares the distributions of the average val-
ues of the SPE and IS scores for all selection criteria (except KA) on all test instances, in the
case of a Matérn covariance function with automatically selected regularity. As a preliminary
observation, note that for most cases the ratio R/Ry remains under two (first horizontal dashed
line), which confirms that the differences between selection criteria are much milder than those
between covariance models (recall Figure 3).

A closer look at Figure 4 reveals that the rankings of criteria obtained for both scoring rules
are almost identical. The ranking for the CRPS scoring rule (not shown) is the same as the one
for SPE. GCV provides the worst performance for all scoring rules, followed by LOO-NLPD,

while NLL dominates the ranking (for all scoring rules as well).
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Remark 5. Observe on Figure 4 that LOO-SPE is surprisingly significantly less accurate than

SSPE

NLL according to . More generally, choosing a scoring rule S for the LOO criterion does not

guarantee the highest precision according to this particular score.

Robustness? LOO-SPE is commonly claimed in the literature (see, notably, Bachoc, 2013) to
provide a certain degree of robustness with respect to model misspecification. According to this
claim, LOO-SPE would be expected to somehow mitigate the loss of predictive accuracy with
respect to likelihood-based approaches incurred by an ill-advised choice of covariance function.
Our detailed results (see SM) suggest that this effect indeed exists when the regularity is severely
under-estimated (e.g., v = 1/2 for the low-pass filter problems), but is actually quite small, and
should not be used to motivate the practice of setting v to an arbitrary value. A similar effect
exists for LOO-CRPS, LOO-NLPD and GCV as well. Quite surprisingly, NLL turns out to be

more robust than LOO-SPE (and the other criteria) in the case of over-smoothing.

5 Conclusions

A large variety of selection criteria for Gaussian process models is available from the literature,
with little theoretical or empirical guidance on how to choose the right one for applications. Our
benchmark study with the Matérn family of covariance functions in the noiseless (interpolation)

case indicates that the NLL selection criterion—in other words, the ML method—provides per-
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formances that are, in most situations and for all the scoring rules that were considered (SPE,
CRPS and IS at 95%), better than or comparable to those of the other criteria. This conclusion
provides a strong empirical support to the fact that the ML method (or its “restricted” variant
ReML), which is already the de facto standard in most statistical software packages implement-
ing Gaussian process interpolation (a.k.a. kriging), should be used in practice.

Another important lesson learned from our benchmark study is that the choice of the family
of models, and in particular of the family of covariance functions, has very often a bigger impact
on performance than that of the selection criterion itself. This is especially striking when the
actual function is smooth, and very irregular covariance function such as the Matérn covariance
with regularity 1/2 is used to perform Gaussian process interpolation. In such a situation, NLL is
actually outperformed by other criteria such as LOO-SPE or LOO-CRPS, which thus appear to
be more “robust to model misspecification”. However, the small gain of performance, which is
achieved by using LOO-SPE or LOO-CRPS instead of NLL in this case, is generally negligible
with respect to the much larger loss induced by choosing an inappropriate covariance function in
the first place.

Our final recommendation, supported by the results of the benchmark, is therefore to select,
if possible, the regularity of the covariance function automatically, jointly with the other param-
eters, using the NLL criterion. A minimal list of candidate values for the regularity parameter
should typically include 1/2,3/2,5/2,7/2 and +eo (the Gaussian covariance function). Should
a situation arise where a default value of v is nevertheless needed, our recommendation would
be to choose a reasonably large value such as v = 7/2, since under-smoothing has been seen
to have much more severe consequences than over-smoothing. More generally, our numerical
results support the fact that choosing a model carefully is important, and probably so not only in
the class of Matérn covariance functions.

However, it should be kept in mind that the study focuses on cases where the number of
parameters is small with respect to the number of observations (in particular, we considered
zero-mean GPs with an anisotropic stationary Matérn covariance function, which have d + 2
parameters, and we took care of having n > d). When d is large, or when the number of pa-
rameters increases, it seems to us that other selection criteria should be considered, and that the
introduction of regularization terms would be required.

For future work, it would be very interesting to consider the performance of using selection
criteria against a fully Bayesian approach. Another direction would be to extend this study to
the case of regression, which is also used in many applications, when dealing with stochastic

simulators, for instance.
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SM-1 Additional information about the experiments

SM-1.1 Some remarkable features of two problems

SM-1.1.1 GKLS setup

We chose the following parameters for the collections of functions taken from the GKLS simu-

lator:

* [0,1]¢ as inputs domain,

10 local minima,

* the default value of the global minimum value was set to —1.0,

* the distance from the global minimizer to the vertex of the paraboloid was set to 1/3,

and the radius of the attraction region of the global minimizer was set to 1/6.
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Figure SM1: Left: Goldstein-Price (1D) with two zooms on the y-axis (middle and right).

SM-1.1.2 Goldstein-Price (1D)

The Goldstein-Price function (Dixon and Szegd, 1978) is a function that is defined on [—2,2] x
[—2,2]. Ttis relatively well-behaved close to the global minimizer and at the center of the domain,
but has large variations on the edges. For illustration purpose, we consider a section along an axis
going from the corner with highest values and passing through the local minimizer. The resulting

function is defined by
f0)=8(t(2/3,-2)" +(1-1)(=2,2)"), 1 €[0,1]

where g is the Goldstein-Price function. This one-dimensional version of the problem is repre-

sented on Figure SM1.

SM-1.2 Custom version of GPy
In out experiments, we use the GPy Python package (GPy, 2019) with a few modifications.

* We use the levers identified by Basak et al. (2021) to facilitate the optimization of the

criteria (especially the “log” parameterization),

* we added the general expression for a Matérn covariance function with regularity v =
X +1/2 (see, e.g, Rasmussen and Williams, 2006, Section 4.2.1),

* we deactivated all kinds of jitter or nugget (see next subsection).

SM-1.3 Numerics

Some criteria sometimes select very large 62 and p;, as reported by Martin and Simpson (2005)

and Bachoc (2013). Unfortunately, most kriging implementations suffer from large p;s, because
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this entails nearly singular Kg. A common way to circumvent this difficulty is to add a small
quantity called jitter or nugget to the diagonal of Ky (Ranjan et al., 2011; Peng and Wu, 2014).
Note that the effect of this parameter on the model’s predictions and on the shape of the likelihood
can be nonintuitive, especially for high p;s as showed by Andrianakis and Challenor (2012).

For the sake of simplicity, we chose to circumvent this difficulty by setting bounds for the
range parameters. We describe those bounds here assuming that the input domain is [0, 1]¢.
Given v and a design, a bound L is taken to be the largest p such that the condition number of
K(1,p, p.v) stays below some threshold k that must be small compared to the invert of the double
precision 10716, The search space for (py,---,p,) is then restricted to (0,L]¢.

The L-values used in this work are provided as a function' of v, n, d and a datasets type—
with unif referring to a “space-filling” and gaussian referring to a sample from the low-pass filter
data—in the file rho_bounds.csv. The bounds used for the problems must then be computed
taking the scales of the domains into account.

Unfortunately, there are situations where keeping a suitable condition number without further
restrictions is impossible. This happens for high v, high n and small d>. To prevent this issue,
given a design, we also restrict v to have L > 0.35\/3 .

In our experiments, we chose k = 10!! for all problems but for the low-pass filter cases with
n = 300, where taking k = 10'? allows to include the Gaussian covariance function.

Finally, predictions on very dense validation grids can suffer from numerical instabilities that
may yield numerically negative values when predicting the kriging variance at a location that is
very near an element of the initial design. We choose to truncate predicted variances to be greater

than 10~ in our experiments.

SM-1.4 Optimal values R*

Here we present how we obtain optimal values R* for the goodness-of-fit criteria R(6;S). Given
a function f, a design (x;,z;)1<i<n and a test set (x';,2})1<j<n,, these are obtained by direct mini-

mization of
1 &
R(8:S)=— S(Po,ws f(x)) (SM1)
tj:1

To obtain the gradient of (SM1) with respect to 0, in the spirit of (Petit et al., 2020), we

'We therefore use common bounds for several similar datasets since we observed the fact that the variations were
negligible.
ZNote that, in such cases, kriging without any nugget is either numerically impossible or lacking of numerical

stability.
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decompose the evaluation of (SM1) in

( T:0cO— G cRIHm>mtn

p: G e Rn2+n><nt+n, — (‘LL,GZ) c RZn,’

| @:(u,0%) eR™ - RER,

where )
G = (Ko, K, kg™), w=(u,0?),

K = (ko(xi,}))1<i<n,1<j<n» kg~ = (ko (x},2}))1<j<m

L u= (ue(xtl)v "'7“9(x£1,))T7 62 = (Gg(xtl)v ooy Gg(x;t))Tv
in such a way that R(60; S) = (popoI’)(6).
Using elements from (Petit et al., 2020), the computation of the gradient of (SM1) boils down

to the implementation of the adjoint operators of the differentials of p:
.Z,;‘ (G, 0,) — J[TLG Oyp-

where J, ¢ is the Jacobian matrix of p at G. A generic implementation of those operators is given
by Algorithm 1. The overall computation of this gradient has complexity &'(n’® +dn? + nn?) for
a Matérn covariance function. It can be used to optimize (SM1) with respect to 8 with a quasi-

Newton type algorithm.

SM-2 Detailed results

SM-2.1 Conventions

We state here more precisely the conventions used for the tables of section SM-2.2. For each
problem and design size, the first table represents the selection criteria considered in this work,
without NLL/SPE. In this table, the gray scale indicates how far a cell is from the best value.
More precisely, the combination of model and criterion that reaches the best score Ry is colored
in white and we use a log-uniform scale of gray from Ry to the values that are greater than 10Ry.

For comparison, NLL/SPE values are provided in another table along with results for a linear
model and k-nearest neighbors models (KNN) for S SPE_

Finally, optimal values R* are provided for SSE in a third table. For all three tables, estimated

standard deviations for the averages are provided in parentheses.
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Algorithm 1: Computing g = J;’GSW, from G and §,,.. Inputs at first step refer to what has
already been computed for evaluating 1 and 62 efficiently. For vectors or matrices a and b, aob

denotes the Hadamard element-wise multiplication. Moreover, 1, = (1,---,1)T € R".

Input:
G= (K¢ K} ky"), 2= (21, ,za), B=K,',T' = BK}, §,, = (8,,6,)
Output: &k :J;KSW

1 A=1,02"

2 p=—KjoA
3 SKE = (BZ)6I{—I‘OA+BT61“
4 8]@;’* — 80-2

(9]

dp = (Kgdu)z" +orKy'
6 6K9 =—-B" 53 B’

SM-2.2 Results
SM-2.2.1 Goldstein-Price (1D),n=10,d =1

Averages of R(0;S5PE)

LOO-SPE LOO-NLPD LOO-CRPS

1.22-1076 (1.69-1077)  1.22:107¢ (1.69-1077) | 1.22-107¢ (1.69-1077) | 1.22-107° (1.69-1077) 1.22-107° (1.69-1077)
1.22-1070 (1.69-1077)  1.22:107¢ (1.69-1077) | 1.22-107° (1.69-1077) | 1.22-107° (1.69-1077) 1.22-107° (1.69-1077)

R*(SSPE)
v=1/2 1.91-1072 (2.50-1073)
v=3/2 2.29-1073 (2.79-107%)
v=5/2 2.41-107* (3.49-107%)
v=1/2 3.75-107° (5.45-107°)
v=9/2 1.19-1075 (1.52-107%)
V=00 1.22-107° (1.69-1077)
ve{l/2,-- o} | 122107 (1.69-1077)
R(6:S5FF)
NLL/SPE | 1.22-107 (1.69-1077)
linear 8.81-107! (1.98-107%)
INN 8.46-1072 (2.42-1073)
2NN 1.42-107" (4.75-1073)

Averages of R(0;S°RPS)
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R(O;SCRPS)
v=1/2
v=3/2
v=5/2
v=17/2
v=9/2

V=00

ve{l/2,.- oo}

NLL

2.94-107* (1.01-107%)
2.94-107* (1.01-1077)

LOO-SPE

LOO-NLPD

LOO-CRPS

8.56-107* (2.77-107°) | 8.56-10* (2.77-107%) | 8.12-10* (2.53-1075)
2.91-1074(9.78-107%) | 2.91-107* (9.78-107°) | 2.83-10* (9.82-107%)
2.91-107%(9.78-107%) | 2.91-107* (9.78-107°) | 2.84-107* (1.04-1075)

. IS
Averages of R(0;S5)

R(G;SCRPS)

NLL/SPE

2.94-107* (1.01-107%)

GCV

8.56-1074(2.77-107°)
2.91-1074(9.78-107)
2.91-1074(9.78-107°)

R(6:S{%s)

v=9/2

V=00

LOO-SPE

1.22-1072 (6.30-10~%)

LOO-NLPD

1.22-1072 (6.30-10~%)

LOO-CRPS

1.39-1072 (3.46-10~%)

1.87-1072 (1.61-1073)
8.11-1073 (2.72-107%)

4.93-1073 (2.63-107%)
7.71-1073 (2.64-10~%)

4.93-1073 (2.63-107%)
7.71-1073 (2.64-107%)

5.75-1073 (1.51-107%)
6.58-1073 (3.41-107%)

ve{l/2,-- oo}

8.11-1073 (2.72-107%)

7.71-1073 (2.64-107%)

7.71-1073 (2.64-107%)

6.73-1073 (4.03-107%)

R(6:S50s)

NLL/SPE

8.11-1073 (2.72-107%)

SM-2.2.2 Goldstein-Price (1D),n =20,d =1

Averages of R(0;S5PF)

1.22-1072 (6.30-
4.93-1073 (2.63 -
7.71-1073 (2.64-
7.71-1073 (2.64-

R(6;557F)

v=17/2

1.18-1076 (1.67-1077)

LOO-SPE

1.18-107° (1.67-1077)

LOO-NLPD

1.18-107 (1.67-1077)

LOO-CRPS

1.18-1076 (1.67-1077)

v=9/2

5.40-1077 (7.88-107%)

5.40-1077 (7.88-107%)

5.40-1077 (7.88-107%)

5.40-1077 (7.88-107%)

ve{l/2,---,9/2} 5.40-1077 (7.88-107%)

5.40-1077 (7.88-107%)

5.40-1077 (7.88-107%)

5.40-1077 (7.88-107%)

1.18-107 (1.67-1077)
5.40-107 (7.88-107%)
5.40-1077 (7.88-107%)

R*(SSPE)
v=1/2 5.77-1073 (8.00- 107%)
v=3/2 1.97-1074 (2.61-1077)
v=5/2 8.19-107° (1.15-107%)
v=1/2 1.18-107° (1.67-1077)
v=9/2 5.40-1077 (7.88-107%)
ve{l/2,---,9/2} || 5.40-1077 (7.88-107%)
R(6;SSPE)
NLL/SPE | 5.40-1077 (7.88-107%)
linear 8.81-107" (4.82-107°)
INN 2.64-1072 (6.90-10%)
2NN 4.38-1072 (1.58-1073)
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Averages of R(0;SCRFS)

R(6;SCRPS) LOO-SPE LOO-NLPD LOO-CRPS

v=7/2
v=9/2 1.22-1074(5.38-1079)
ve{l/2,---,9/2} 1.22-107*(5.38-107°)

1.98-107* (7.86-107°) | 2.00-10~* (8.20-107¢) | 2.00-10~* (8.20-107)
1.23-1074(5.48-107) | 1.23-107* (5.48-107°)
1.23-107%(5.48-107°) | 1.23-107* (5.48-107°)

2.05-107*(7.21-1079)
1.20-107* (4.77-1079)
120107 (4.77-107%)

2.00-10~* (8.20-
1.23-107* (5.48-
1.23-107* (5.48-

R(G;SCRPS)
NLL/SPE | 1.22-104 (5.38-107%)

Averages of R(0;S5,s)

R(6:Sos) LOO-SPE LOO-NLPD LOO-CRPS

v=1/2 2.16-1073 (1.29-107%) | 2.69-1073 (1.73-107%) | 2.69-1073 (1.73-107%) | 2.02-1073 (6.81-107°)
v=9/2 1.49-1073 (9.76-107) | 1.64-1073 (1.11-107%) | 1.64-1073 (1.11-107%) | 1.05-1073 (3.82-107°)
ve{l/2,---,9/2} 1.49-1073(9.76-1075) | 1.64-1073 (1.11-10~%) | 1.64-1073 (1.11-10~%) | 1.05-1073 (3.82-1077)

2.69-1073 (1.73-
1.64-1073 (L.11-
1.64-1073 (1.11-

R(6:5355)
NLL/SPE | 1.49-1073 (9.76-107°)

SM-2.2.3 Goldstein-Price (1D),n =50,d =1

Averages of R(6;S5PF)

LOO-SPE

R(0;55PE) LOO-NLPD LOO-CRPS

6.29-107% (6.96-
1.51-107% (1.78-
1.51-1078 (1.78 -

v=5/2 6.29-107% (6.96-107%) | 6.29-107% (6.96-107%) | 6.29-107% (6.96-107?) | 6.29-107% (6.96-10~°) 107%)
v=17/2 1.51-107% (1.78-107°) | 1.51-107% (1.78-107°) | 1.51-107% (1.78-107%) | 1.51-107% (1.78-107%)

ve{l/2,---,7/2} 1.51-1078 (1.78-107%) | 1.51-107% (1.78-107°) | 1.51-107% (1.78-1077) | 1.51-107% (1.78-107°)

R*(SSPE)
v=1/2 6.68-107* (8.07-107)
v=3/2 3.55-107° (3.84-1077)
v=5/2 6.30-1073 (6.95-1077)
v=17/2 1.52-1078 (1.78-1077)
ve{l1/2,---,7/2} || 1.52-107% (1.77-1079)
R(G;SSPE)
NLL/SPE | 1.51-107% (1.78-1079)
linear 8.81-1071 (3.44-1077)
INN 4.48-1073 (6.96-1075)
2NN 6.34-1073 (1.36-107%)
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Averages of R(0;S°RPS)

R(6;SCRPS) LOO-SPE LOO-NLPD LOO-CRPS

v=5/2 4.89-107° (1.00-107°) | 4.08-107° (1.14 4.08-107° (1.14-107) | 3.91-107° (1.30-10~°)
v=7/2 1.69-1075 (5.12-1077) | 1.61-107° (5.58-1077) | 1.61-107> (5.58-107) | 1.73-107° (5.89-10~7)
ve{l/2,---,7/2} 1.69-107° (5.12-1077) | 1.61-107° (5.58-1077) | 1.61-107> (5.58-1077) | 1.73-107° (5.89-1077)

4.08-107° (1.14-
1.61-1073 (5.58 -
1.61-1073 (5.58 -

R(G;SCRPS)
NLL/SPE | 1.69-1075 (5.12-1077)

Averages of R(0; S%)S_'gs)

R(6:S5ys) LOO-SPE LOO-NLPD LOO-CRPS

v=5/2 6.77-107* (1.73-1073) | 8.29-10* (3.43-107) | 8.29-10~* (3.43-1077)
v=7/2 2.52-107* (1.01-1073) | 3.49-10* (1.63-107) | 3.49-1074 (1.63-1077)
ve{l/2,---,7/2} 2.52-107*(1.01-1075) | 3.49-107* (1.63-1073) | 3.49-10* (1.63-107°)

9.48-107* (5.04-107%)
3.26-107* (1.96-107)
3.26-107* (1.96-1073)

8.29-107* (3.43-
3.49-107* (1.63-
3.49-107* (1.63-

R(0:S5os)
NLL/SPE | 2.52-107*(1.01-1077)

SM-2.2.4 Goldstein-Price, n = 20,d =2

Averages of R(60;S5PE)

R(6;SSPE) NLL \ LOO-SPE LOO-NLPD LOO-CRPS \ KA GCV
v=1/2 3.61-1071 (2.29-1072) 3.17-107! (1.86-1072) | 3.46-10" (2.25-1072) | 3.26-10~" (1.87-1072) 4.56-10~" (1.92-1072) | 3.63-10"! (2.36-10~2)
v=3/2 3.04-107" (2.06-1072) 3.00-107" (2.34-1072) | 2.96- 107" (2.54-1072) | 2.71- 107! (1.80-1072) 4.05-10~! (2.05-1072) | 3.14-107! (3.08-1072)
v=>5/2 2.99-1071 (2.10-1072) 2.97-107! (2.41-1072) | 2.65-107" (2.27-1072) | 2.68-10~" (1.75-1072) 3.92-10""' (2.06-1072) | 2.83-10""! (3.64-1072)
v=7/2 2.97-1071 (2.10-1072) 2.95-107! (2.28-1072) | 2.40-10" (1.67-1072) | 2.64-10~" (1.77-1072) 3.89-10"' (2.13-1072) | 2.36-10"! (1.97-1072)
v=9/2 2.79-107" (1.91-1072) 2.87-107' (2.19-1072) | 2.36-10" (1.73-1072) | 2.63-10~' (1.80-1072) 3.86-10"' (2.16-1072) | 2.14-10~! (1.67-1072)
V=00 2.81-107" (1.89-1072) 2.33-107' (1.78-1072) | 2.32-107! (1.85-1072) | 2.44-10~' (1.85-1072) 3.73-10~' (2.10-1072) | 1.94-10" (1.62-1072)
ve{l/2,-- 00} | 297-107" (2.06-1072) 2.60-10~" (2.31-1072) | 2.24-107" (1.76-1072) | 2.49-107' (1.92-1072) 3.97-107! (2.09-1072) | 2.05-10"! (1.72-1072)

R*(SSPE)
v=1/2 2.53-107" (1.80-1072)
v=3/2 1.44-107" (1.12-1072)
v=5/2 1.16-1071 (9.00-1073)
v=17/2 1.06-107" (8.51-1073)
v=9/2 9.93-1072 (8.36-107%)
V=00 8.08-1072 (5.31-1073)
ve{l/2,--- o} | 7.65-1072 (5.26-1073)
R(6;SSPE)
NLL/SPE | 2.90-107" (2.06-1072)
linear 8.46-107" (8.65-1073)
INN 4.49-107" (1.61-1072)
2NN 4.46-107" (1.65-1072)
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. ¢CRPS
Averages of R(6;5~"")
R(6;SCRPS) NLL LOO-SPE LOO-NLPD LOO-CRPS KA GCV
v=1/2 2.34-107' (5.07-1073) 2.24-107' (3.59-1073) | 2.28-10"" (5.27-1073) | 1.89-107" (4.38-1073) 2.84-10"' (5.19-1073) 1073)
v=3/2 1.92-1071 (5.28-1073)  1.94-107" (6.36-1073) | 1.93-10" (7.26-1073) | 1.80-107" (5.34-1073) 2.54-10"! (6.75-1073) -1073)
v=5/2 1.89-107" (5.54-1073) 1.93-107! (6.61-1073) | 1.83-107! (5.80-1073) | 1.82-107" (5.25-1073) 2.46-10~" (7.21-1073) 1073)
v=17/2 1.89-107' (5.46-1073) 1.94.107" (6.55-1073) | 1.77-107! (4.88-1073) | 1.82-10" (5.29-1073) 2.43-107! (7.41-1073) 1073)
v=9/2 1.84-107" (4.50-1073) 1.92-107" (6.56-1073) | 1.75-10~! (5.10-1073) | 1.82-10~" (5.17-1073) 2.41-10~! (7.51-1073) 1073)
V=o0 1.89-107! (4.37-1073)  1.73-107! (5.27-1073) | 1.76-107" (5.65-1073) | 1.78-107" (5.52-1073) 2.34-10"! (7.63-1073) 1073)
ve{l/2,---,0} | 1.93-1071(5.23-1073) 1.82-107! (6.45-1073) | 1.74-107" (5.49-1073) | 1.80-10"" (6.04-1073) 2.50-10! (7.94-1073) 1073)
R(G;SCRPS)
NLL/SPE | 1.91-107! (5.09-1073)
Averages of R(6;Sys)
R(6;55,5) NLL LOO-SPE LOO-NLPD LOO-CRPS KA Gev
v=1/2 4.41-10° (1.90-10") | 4.05-10° (1.47-10~") | 4.22-10° (1.86-10~") 4.42-10° (1.89-10~") | 5.32-10° (1.24-107") -1071)
v=3/2 3.98-10° (2.08-1071) | 4.03-10° (2.36-107") | 4.01-10° (2.63-107") 4.11-10° (2.11-107") | 4.80-10° (1.54-107") -1071)
v=5/2 4.12-10° (2.14-107") | 4.02-10° (2.25-10"") | 3.85-10° (1.84-10~") 4.14-10° (2.01-107") | 4.57-10° (1.42-1071) 107"
v=17/2 4.17-10° (2.04-1071) | 4.07-10° (2.10-107") | 3.73-10° (1.73-107")  4.20-10° (1.98-107") | 4.46-10° (1.42-10~") -1071)
v=9/2 3.99-10° (1.80-107") | 4.02- 0(211-10*1) 3.70-100 (1.78-107")  4.15-10° (1.98-107") | 4.38-10° (1.43-107") -1071h)
V=00 4.13-10° (1.76-107") | 3.76-10° (1.88-10") | 4.04-10° (1.96-10~") 4.23-10° (2.07-107") | 4.19-10° (1.45-1071) 1071
ve{l/2, 0 -10° (2.04-107") | 4.16-10° (2.13-1071) | 4.01-10° (1.90-107") 4.41-10° (2.27-107") | 4.57-10° (1.45-107") -1071h)
R(6:S50s)
NLL/SPE | 4.27-10° (1.97-107")
SM-2.2.5 Goldstein-Price,n =40,d =2
. ¢SPE
Averages of R(0;S5PF)
R(6;S5PE) NLL LOO-SPE LOO-NLPD LOO-CRPS KA GCV
v=1/2 101 (9.79-1073) | 1.51-107! (1.03-1072) | 1.45-10" (9.76-1073) | 1.52-10~! (1.00-1072) 2.55-10"! (1.42-1072) 1073)
v=3/2 1072 (7.24-1073) | 1.03-10" (9.85-1073) | 8.43-107% (7.47-1073) | 8.92-1072 (8.56-1073) ' 2.13-10"! (1.54-10"?) 1073)
v=5/2 1072 (6.94-107%) | 8.23-1072 (8.99-1073) | 5.58-1072 (4.14-1073) | 6.93-1072 (6.81-1073) 1 2.00-10~! (1.59-10~2) -1073)
v=17/2 1072 (6.90-1073) | 7.37-1072 (8.18-1073) | 4.68-1072 (3.57-1073) | 5.68-1072 (5.01-1073) | 1.97-10~" (1.60-10~2) -1073)
v=9/2 1072 (6.89-1073) | 5.53-1072 (5.01-1073) | 4.12-10~ 2(3 50-1073) | 4.71-1072 (4.14-1073) | 1.88-10~! (1.55-10—2) -1073)
ve{l/2, 1072 (6.90-1073) | 5.65-1072 (4.85-1073) | 4.12-107% (3.50-1073) | 4.79-1072 (4.56-1073) | 2.08-10~! (1.44-10"2?) 1073)

R*(SSPE>

v=1/2 1.20-10" (8.48-1073)
v=3/2 4.73-10 2(3 67-1073)
v=5/2 3.09-1072 (2.32-1073)
v=17/2 2.38-1072 (1.69-1073)
v=9/2 1.96-1072 (1.44-1073)
ve{l/2,---,9/2} || 1.93-1072 (1.43-1073)
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R(6;S5PE)
NLL/SPE | 6.17-1072 (6.91-1073)

linear 8.05-107" (3.34-1073)

INN 2.71-107" (9.40-1073)

2NN 2.70-107" (9.71-1073)

. ¢CRP
Averages of R(0;SCRPS)

R(8;SCRPS) \ NLL LOO-SPE LOO-NLPD LOO-CRPS \ KA GCV
v=1/2 1.49-1071 (1.47-1073) | 1.46-10~" (1.84-1073) | 1.43-107! (1.75-1073) | 1.21-107" (2.63-1073) 1.98-10"! (3.89-1073) | 1.43-10"! (1.79-1073)
v=3/2 9.24-1072(2.09-1073) | 1.02-107! (3.35-1073) | 9.44-1072 (3.11-1073) [ 9.17-1072 (3.13-107%) 1.63-10"" (5.88-1073) | 9.10-1072 (2.79-1073)
v=5/2 7.89-1072 (2.36-1073) | 8.72-1072 (3.20-1073) | 7.44-1072 (2.00-1073) | 8.05-1072 (2.66-1073) 1.54-10~" (6.39-1073) | 7.57-1072 (2.20- 1073)
v=17/2 7.34-1072 (2.47-1073) | 8.06-1072 (3.26-103) | 6.65-1072 (2.01-1073) | 7.20-1072 (2.40-1073) 1.50-10~! (6.63-1073) | 6.94-1072 (2.55-1073)
v=9/2 7.04-1072 (2.54-1073) | 7.01-1072 (2.51-1073) | 6.07-1072 (2.01-1073) | 6.53-102 (2.27-1073) 1.46-10~! (6.62-1073) | 6.13-1072 (2.31-1073)
ve{l/2,---,9/2} 7.09-1072(2.56-1073) | 7.13-1072 (2.60-1073) | 6.07-1072 (2.01-1073) | 6.56-1072 (2.37-107%) 1.66-10~" (5.84-1073) | 6.13-1072 (2.31-1073)

R(G;SCRPS)

NLL/SPE | 7.25-1072 (2.62-1073)

Averages of R(6;Sys)

R(0:S55) NLL LOO-SPE LOO-NLPD LOO-CRPS KA GCV
v=1/2 2.50-10° (7.64-1072) | 2.56-10° (8.77-1072) | 2.51-10° (8.43-1072) | 3.04-10° (9.98-1072) | 3.61-10° (9.07-102) | 2.50-10° (8.30-1072)
v=3/2 1.67-10° (8.00-1072) | 1.94- 100(109.10-1) 1.77-10° (1.06-1071) | 2.07- 100(1 14-1071) | 2.98-10° (1.17-107") | 1.67-10° (1.03-1071)
v=5/2 1.49-10° (8.46-1072) | 1.62-10° (1.03-10~") | 1.32-10° (7.04-1072) | 1.57-10° (9.34-1072) | 2.78-10° (1.27-10~") | 1.33-10° (7.70-102)
v=17/2 1.42-10° (8.65-1072) | 1.46-10° (9.73-1072) | 1.15-10° (6.93-1072) | 1.33-10° (8.05-1072) | 2.70-10° (1.27-107") | 1.16-10° (8.01-1072)
v=9/2 1.39-10° (8.69-1072) | 1.21-10° (7.64-1072) | 1.00-10° (6.81-1072) | 1.13-10° (7.65-1072) | 2.59-10° (1.23-10") | 9.54-10" (7.18-1072)
ve{l/2,---,9/2} | 1.41-10° (8.80-1072) | 1.25-10° (7.82-1072) | 1.00-10° (6.81-1072) | 1.16-10° (8.11-1072) | 3.01-10° (1.17-107") | 9.54-107" (7.18-1072)

R(8;Sfys)
NLL/SPE | 1.43-10° (8.84-1072)

SM-2.2.6 Goldstein-Price,n =100,d =2

Averages of R(6;S5PF)

R(0;S5PE) LOO-SPE LOO-NLPD LOO-CRPS

v=5/2 5.27-1073 (5.55-107%) | 7.33-1073 (8.80-10~%) | 5.03-1072 (4.59-107%) | 5.95-1073 (5.92-10~*%) 5.04-1073 (4.43-
v=7/2 2.55-1073 (2.74-107%) | 4.30-1073 (6.41-107%) | 2.54-1073 (2.64-107%) | 3.09-1073 (3.70-10~*) 2.72-1073 (2.94-
v=9/2 1.75-1073 (2.01-107%) | 3.13-1073 (5.02-107%) | 1.76-1073 (2.09-107%) | 2.18-1073 (2.98-107%) = (@

ve{l/2,---,9/2} 1.75-1073 (2.01-107%) | 3.13-1073 (4.99-10~%) | 1.76-1073 (2.08-107%) | 2.26-1073 (3.27-10~%) 1.89-1073 (2.22-

R*(SSPE)

v=1/2 4.20-1072 (3.48-1073)
v=3/2 8.87-1073 (7.15-107%)
v=5/2 3.07-1073 (2.17-107%)
v=17/2 1.56-1073 (1.34-107%)
v=9/2 1.23-1073 (1.37-107%)
ve{l/2,---,9/2} || 1.16-1073 (1.16-107%)
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R(O;SSPE)
NLL/SPE | 1.77-1073 (2.02-107%)

linear 7.89-107" (1.70-1073)
INN 1.37-107" (5.16-1073)
2NN 1.27-1071 (5.14-1073)

Averages of R(6;SCRPS)

R(0;SCRPS) LOO-SPE LOO-NLPD LOO-CRPS

v=1/2

v=3/2 3.23-1072(7.05-107%) | 3.42-1072 (1.01-1073) | 3.15-1072 (7.50-10~%) | 3.05-1072 (8.95-10~%) 1072 (7.06-
v=5/2 1.82-1072 (5.06-107%) | 2.09-1072 (7.92-10~%) | 1.81-1072 (4.97-10~%) | 1.94-102 (6.32-10~%) 1.84-10~ 2(4 88
v=7/2 1.17-1072 (3.52-107%) | 1.43-1072 (6.89-107%) | 1.18-1072 (3.65-107%) | 1.27-1072 (4.63-10%) ' 4.97-10°2 (1.72-103) =2 (&
v=9/2 9.07-1073(2.93-107%) | 1.14-1072 (6.12-107%) [ 9.12-1073 (2.94-10%) | 9.81-1073 (3.89-10%) | 4.59-102 (1.85-103) -3 (3.
ve{l/2,---,9/2} 9.07-1073(2.93-107%) | 1.15-1072 (6.09-107%) | 9.14-1073 (2.92-107%) | 9.89-1073 (4.15-107%) -3 (3.

R(G;SCRPS)
NLL/SPE | 9.13-1073 (3.00-107%)

Averages of R(0;S5,s)

R(0:55y5) LOO-SPE LOO-NLPD LOO-CRPS
v=1/2

v=3/2 531-107' (2.34-1072) 107! (3.18-1072) | 5.62- 107" (2.66-1072) | 7.08-10""! (3.12-1072)
v=5/2 2.87-107" (1.52-1072) | 3.52-107! (2.36-1072) | 2.91-107! (1.49-1072) | 3.46-107' (1.97-1072)
v=7/2 1.73-107' (9.82-1073) | 2.30-107! (1.90-1072) | 1.71-107" (9.78-1073) | 1.91-10~" (1.29-1072)
v=9/2 1.32-1071 (7.96-1073) | 1.79-107! (1.57-1072) | 1.27-107" (7.86-1073) | 1.35-10" (9.66-103)
ve{l/2,---,9/2} 132-107' (7.96-1073) | 1.81-107! (1.58-1072) | 1.27-107" (7.85-1073) | 1.37-107" (1.07-1072)

R(6:S50s)
NLL/SPE | 1.33-107' (8.05-1073)

SM-2.2.7 Mystery,n=20,d =2

. ¢SPE

Averages of R(0;S5PF)
R(6;SSPF) NLL \ LOO-SPE LOO-NLPD LOO-CRPS \ KA GCV
v=1/2 4.13-1071(1.29-1072)  3.70-107' (1.23-1072) | 3.89-10" (1.33-1072) | 3.76-10"" (1.27-1072) 4.83-1 1.33-1072) | 4.33-107! (1.87-1072)

( ) ) ) 1
v=3/2 4.72-1071 ( ) 5.65-107' (2.79-1072) | 5.38-107" (2.50-1072) | 5.35-107' (2.43-1072) 5.10-1 1(196~10*2) 6.61-107! (4.15-1072)
v=5/2 5.05-1071 (2.13-1072) 6.03-10~" (4.01-1072) | 5.76-10~" (2.71-1072) | 5.93-10~' (3.15-10%) 5.44-10' (2.13-1072) | 7.79-10~! (4.75-1072)
v=17/2 5.15-1071 (2.10-1072)  5.99-107! (2.60-1072) | 6.04-10~" (2.77-1072) | 5.92-10~" (2.66-1072) 5.61-10~ 1(2 07-1072) | 1.04-10° (1.07-10")

( ) %) (

( ) (

( ) (

v=9/2 5.27-1071 (2.16-1072)  5.97-107! (2.55-1072) | 6.45-10" (3.41-1072) | 5.97-10~" (2.66-1072) 5.74-107' (2.07-1072) | 1.47-10° (2.40-10~")

V=oco 5.48-107! 1.17-10° (3.76-1071) | 1.09-10° (2.37-1071) | 1.09-10° (3.08-1071) 6.82.10-1 2.93-1072)
1.01-10°(3.12-107") | 1.16-10° (3.12-107") | 9.74-107! (3.08-10!) 5.96-107! (2.66-1072)

ve{1/2,-- o} | 4.68-107!
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R*<SSPE)
v=1/2 2.79-107" (5.53-1073)
v=3/2 3.05-107" (7.79-1073)
v=5/2 3.16-107" (8.26-1073)
v=17/2 3.19-107" (8.36-1073)
v=9/2 3.21-1071 (8.42-1073)
V=o 3.27- 0‘(355 1073)
ve{l/2,--- o} | 2.72-107 (5.91-1073)
R(6;557F)
NLL/SPE | 4.67-107! (1.55-1072)
linear 9.94-1071 (2.24-1073)
INN 4.89-107" (8.30-1073)
2NN 4.61-107 (7.56-1073)
Averages of R(0;S°RPS)
R(6;SCRPS) NLL \ LOO-SPE LOO-NLPD LOO-CRPS \ KA GCV
v=1/2 3.50-107" (6.15-1073) 3.30-107" (5.91-1073) | 3.38-10"! (6.46-1073) | 3.32-10~" (6.16-1073) 3.84-10~! (6.05-1073) | 3.58-10"" (8.35-1073)
v=3/2 3.68-107' (9.07-1073) 4.05-10~" (1.11-1072) | 3.99-10~! (1.14-1072) | 3.97-10~" (1.06-1072) 3.88-10~! (9.38-1073) | 4.50-10~" (1.52-1072)
v=5/2 3.82-107" (1.02-1072)  4.13-107! (1.13-1072) | 4.14-107! (1.20-1072) | 4.16-107" (1.26-1072)  3.99-10~" (9.98-1073) | 4.78-10~" (1.54-1072)
v=17/2 3.86-107' (9.90-107%) 4.17-107' (1.08-1072) | 4.24-10~" (1.17-1072) | 4.16- 107" (1.12-1072) 4.03-107" (9.24-1073) | 5.21-107! (1.57-1072)
v=9/2 3.89-1071(9.90-1073) 4.15-107" (1.06-1072) | 4.34-10"! (1.23-1072) | 4.16-10" (1.10-1072) 4.05-10"! (8.82-1073) | 5.51-10" (2.01-1072)
V=o 3.97-1071 (9.32-1073) 4.65-10" (2.21-1072) | 4.83-10~! (2.30-1072) | 4.67-10~" (2.31-1072) 4.35-107! (9.30-1073) | 6.49-10~" (3.40-10~2)
ve{l/2,---,00} | 3.72-107 (7.81-1073) 4.38-107"' (2.34-1072) | 4.75-107" (2.47-1072) | 4.35-107! (2.35-1072) 4.14-107! (9.40-1073) | 6.62-107! (3.49-1072)

R(Q;SCRPS)
NLL/SPE | 3.70-10"! (7.46-1073)

.S
Averages of R(6;Ss)

R(6:55,,) NLL LOO-SPE LOONLPD | LOO-CRPS KA \ Gev
v=1/2 3.57-10° (1.33-107") | 3.34-10° (1.13-107") | 3.49-10° (1.24-10~")  3.40-10° (1.26-10") | 3.90-10° (1.39-10"") 3.88-10° (1.68-10°")
v=3/2 4.80-10° (2.77-1071) 5,99400(3 18-107") | 5.95-10° (3.61-10~") 6.09-10° (3.56-10~") | 4.71-10° (2.75-10~') 7.40-10° (4.75-10~")
v=5/2 5.44-10°(3.33-107!) | 6.40-10° (3.63-107") 64604100(4.12-10*1)'6.79- 100 (4.24-1071) 5.11-100(2‘89»10")'8.43-100(5.09-10")
v=17/2 5.58-10° (3.11-1071) | 6.57-10° (3.39-10~") | 6.98-10° (3.91-10~") 6.83-10° (3.80-10~") | 5.10-10° (2.35-10~") 9.40-10° (4.70-10~")
v=9/2 5.66-10° (2.97-1071) | 6.53-10° (3.16-107") | 7.29-10° (4.00-10~") 6.85-10° (3.57-107") | 5.12-10° (2.08-107') 1.02-10! (5.64-10~")
V=oco 5.95-10° (2.67-107") | 8.40-10° (7.68-10~") | 9.40-10° (8.55-10~") 8.88-10° (8.85-10"") | 5.82-10° (2.01-107") = 1.39-10' (1.19-10°)
ve{l/2,--- e} | 5.10-10° (2.76-107") | 7.79-10° (8.16-10~") | 9.24-10° (9.00-10~") 8.11-10° (8.93-10") | 5.43-10° (2.52-10~") = 1.48-10' (1.20-10°)

R(8;SGys)
NLL/SPE | 5.05-10° (2.70-107")

SM-2.2.8 Mystery,n =40,d =2

Averages of R (O;SSPE)
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R(6;S5PE) \ NLL LOO-SPE LOO-NLPD LOO-CRPS \ KA GCV
v=1/2 1.93-107" (4.75-1073) | 1.83-107! (5.40-1073) | 1.75-107! (4.73-1073) | 1.78-107" (5.01-1073) 3.13-107!(7.26-1073) | 1.75-10" (4.84-1073)
v=3/2 1.60-107" (6.47-1073) | 1.90-107" (8.81-1073) | 1.77-107! (8.37-1073) | 1.69-107" (7.51-107%) 3.20-107! (1.24-1072) | 2.04-10" (1.42-1072)
v=5/2 1.51-1071 (7.07-1073) | 1.93-107! (1.07-1072) | 2.07-107" (1.30-1072) | 1.79-107" (1.00-1072) 3.54-10~" (1.41-1072) | 3.03-10~! (3.06-1072)
v=17/2 1.47-107" (7.38-1073) | 2.12-107" (2.58-1072) | 2.76-10~' (3.29-1072) | 2.13-10~" (3.23-10"2) 3.96-10~! (1.78-1072) | 5.68-10~" (6.35-10~2)
v=9/2 1.46-107" (7.56-1073) | 2.31-107" (3.37-1072) | 3.74-10~! (7.22-1072) | 2.48-10"" (4.03-102) 4.32-10"! (2.06-1072) | 8.79-10"" (1.11-10"")
ve{l/2,---,9/2} 1.62-107' (7.51-1073) | 2.80-10~! (4.86-1072) | 3.00- 10~ (3.61-1072) | 2.55-107! (4.02-102) 4.14-10"' (2.11-1072) | 8.88-10"" (1.10- 10" ")
R*(SSPE)
v=1/2 1.64-107" (4.24-1073)
v=3/2 1.23-107" (4.98-1073)
v=5/2 1.08-107" (4.30-1073)
v=17/2 1.02-107" (4.29-1073)
v=9/2 9.90- 10*’ (4.30-1073)
ve{l/2,---,9/2} || 9.77-1072 (4.05-1073)
R(O;SSPE)
NLL/SPE | 1.64-107! (7.28-1073)
linear 9.83-107! (1.62-1073)
INN 3.02-1071 (5.15-1073)
2NN 2.79-1071 (5.40-1073)
Averages of R(0;SCRPS)
R(6;SCRPS) | NLL LOO-SPE LOO-NLPD LOO-CRPS | KA GCV
v=1/2 2.28-107" (1.97-1073) | 2.21-107! (2.57-1073) | 2.17-10~" (2.09-1073) | 2.18-107! (2.37-1073) 3.00-10~" (3.62-1073) | 2.16-10~! (2.16-1073)
v=3/2 1.87-107" (2.69-1073) | 1.99-10~" (4.30-103) | 1.89-10~' (3.73-1073) | 1.86-10~" (3.50-10~3) 2.88-10~! (6.21-1073) | 2.02-10" (7.01-1073)
v=5/2 1.76-107" (3.08-1073) | 1.90-107" (4.82-1073) | 1.88-10"! (4.96-1073) | 1.82-107" (4.76-1073) 2.95-10~! (6.27-1073) | 2.11-10" (6.19-1073)
v=17/2 1.70-107" (3.29-1073) | 1.86-107! (5.17-1073) | 1.94-107! (6.06-1073) | 1.82-107" (5.73-107%) 3.06-107! (6.96-1073) | 2.47-10~" (8.74-1073)
v=9/2 1.68-107" (3.43-1073) | 1.87-107! (5.74-1073) | 2.02-10~ l(741 1073) | 1.86-107! (6.56-1073) 3.16-107! (7.36-1073) | 2.82-10~" (1.01-1072)
ve{l/2,---,9/2} 1.84-107" (4.24-1073) | 2.02-107! (6.90-1073) | 2.02-107" (6.87-1073) | 1.92-107" (6.63-1073) 3.12-10~' (7.38-1073) | 2.85-10"! (1.02-1072)
R(Q;SCRPS)
NLL/SPE | 1.86-107! (4.14-1073)
Averages of R(0;S5,s)
R(6:5555) NLL LOO-SPE LOO-NLPD LOO-CRPS KA GCv
v=1/2 2.28-10° (3.44-107%) 2.24-10° (4.30-1072) | 2.18-10° (4.06-1072) | 2.23-10° (4.68-1072) | 2.81-10° (5.36-1072) 2.18-10° (4.07-1072)
v=3/2 2.12-10° (5.96-107%) 2.49-10° (1.07-107") | 2.35-10° (9.58-1072) | 2.45-10° (1.03-107") | 3.21-10° (1.49-10~") 2.58-10° (1.52-1071)
v=5/2 2.08-10° (7.00-1072)  2.51-10° (1.23-107") | 2.60-10° (1.42-107") | 2.72-10° (1.51-107") | 3.46-10° (1.01-10~") 3.02-10° (1.61-107")
v=7/2 2.07-10° (7.76-1072)  2.56-10° (1.41-10~") | 2.92-10° (1.78-10~") | 2.89-10° (1.86-10~") | 3.75-10° (1.12-10~") 3.79-10° (2.13-107")
v=9/2 2.07-10° (8.28-1072)  2.66-1 0(1 58-107") | 3.26-10° (2.27-107") | 3.13-10° (2.23-10~") | 3.97-10° (1.15-10"") 4.56-10° (2.55-10~})
ve{l/2,---,9/2} | 2.19-10° (7.89-102) 2.88-10° (1.93-107") | 3.22-10° (2.11-107") | 3.26-10° (2.26-10~") | 3.82-10° (1.25-107") 4.63-10° (2.58-107})
R(6:Ss)

NLL/SPE | 2.19-10° (7.61-

SM-2.2.9 Mystery,n=100,d =2

Averages of R(6;

SSPE)
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R(6;55PE) \ NLL LOO-SPE LOO-NLPD LOO-CRPS \ KA GCV
v=1/2 5.00-1072 (1.27-1073) | 4.90-1072 (1.23-1073) | 4.84-1072 (1.17-1073) | 4.88-1072 (1.19-107%) 1.60-10"" (4.00-1073) | 4.80-1072 (1.14-1073)
v=3/2 223-1072 (1.16-1073) | 2.74-1072 (2.13-1073) | 2.60-1072 (2.03-1073) | 2.64-1072 (2.01-1073) | 1.32-10"" (5.75-10 %) | 2.57-1072 (1.87-1073)
v=5/2 1.59-1072 (1.44-1073) | 2.50-1072 (4.85-1073) | 2.00-1072 (2.38-1073) | 1.98-1072 (2.39-103) | 1.49-10"" (8:49-10 %) | 2.06- 1072 (2.74-1073)
v=17/2 1.23-1072(1.33-1073) | 1.83-1072 (2.42-1073) | 1.78-1072 (1.95-1073) | 1.74-1072 (1.87-107%) | 1.83-10~" (1.27-107%) | 1.79-1072 (2.02-1073)
v=9/2 1.00-1072 (1.13-1073) | 1.70- 102 (1.55-1073) | 1.69-1072 (1.24-1073) | 1.64-1072 (1.34-103) [2.27-10"' (1.76-102) | 1.89-102 (1.87-1073)
ve{l/2,---,9/2} 1.00-1072(1.13-1073) | 1.90-1072 (2.04-1073) | 1.69-1072 (1.24-1073) | 1.65-1072 (1.34-1073) [ 2.20-10" " (1.64-10"%) | 1.89-10 2 (1.87-1073)
R*(SSPE)
v=1/2 4.58-10 2(1 02-1073)
v=3/2 1.67-1072 (8.75-107%)
v=5/2 1.03-1072 (7.78-107%)
v=17/2 6.93-1073 (5.76-107%)
v=9/2 5.77-10~ 3(5 27-107%)
ve{l/2,---,9/2} || 5.75-1073 (5.19-107%)
R(0;SSPE)
NLL/SPE | 1.12-1072 (1.24-1073)
linear 9.74-107" (6.43-107%)
INN 1.39-107" (1.58-1073)
2NN 1.16-107! (1.67-1073)
Averages of R(0;SRPS)
R(6;SCRPS) NLL LOO-SPE LOO-NLPD LOO-CRPS \ KA GCV
v=1/2 1.17-107" (8.23-107*) | 1.08-107! (9.72-107%) | 1.08-107' (9.31-10%) | 1.07-10"" (1.00-1073) 2.05-10"" (2.57-1073) | 1.07-10"" (9.07-10%)
v=3/2 5.90-1072 (7.69-107%) | 5.82-1072 (1.14-1073) | 5.52-1072 (1.04-1073) | 5.50-1072 (1.14-1073) 1.64-10~" (3.71-1073) | 5.49-1072 (9.88-10%)
v=5/2 4.24-1072 (8.32-10%) | 4.46- 2(1 63-1073) | 4.02-1 2(1 15-1073) | 4.05-1072 (1.27-1073) | 1.61-10~! (4.62-10-3) | 4.03-1072 (1.22-1073)
v=17/2 3.43-1072 (8.18-10%) | 3.70- 1072 (1.26-1073) | 3.35-102 (1.02-1073) | 3.49-1072 (1.16-1073) | 1.67-10~" (5.53-10"3) | 3.38-1072 (1.10-1073)
v=9/2 2.98-1072(7.70-107%) | 3.33-10~ 2(1 12-1073) | 3.00- 1072 (7.60-107%) | 3.15-1072 (9.48-10~*) [ 1.76-10~" (6.24-1073) | 3.10-1072 (9.11-107%)
ve{l/2,---,9/2} 2.98-1072(7.70-107%) | 3.47-1072 (1.41-1073) | 3.00-1072 (7.60-10*) | 3.16- 1072 (9.57-10~%) | 1.76-10"" (6.13-10"3) | 3.10-1072 (9.11-10%)
R(Q;SCRPS)
NLL/SPE | 3.20-1072 (1.11-1073)
Averages of R(6;S,s)
R(0;55ys) NLL LOO-SPE \ LOO-NLPD LOO-CRPS KA GCV
v=1/2 1.30-10° (1.01-1072) | 1.18-10° (2.05-1072)  1.17-10° (1.95-1072) | 1.20-10° (2.35-102)  2.10-10°(3.20-10"2) | 1.16- 100(188-10’2)
v=3/2 7.31-107! (1.55-1072) | 8.45-107! (3.46-1072) 8.05-107! (3.25-1072) | 9.50-10"" (3.97-1072) ' 2.03-10° (6.02-1072) | 7.96- 10! (3.06-1072)
v=5/2 5.49-107! (2.06-1072) | 7.26-107! (5.13-1072) 6.48-10"! (3.82-1072) | 8.08-10! (4.57-1072) ' 2.17-10° (7.82-1072) | 6.27-10"" (3.73-1072)
v=7/2 4.50-1071(2.12-1072) | 6.15-107! (3.77-1072) 5.48-107' (3.12-1072) | 7.13-10"" (4.03-1072) 1 2.34-10° (9.22-1072) | 5.25-10"" (2.80-1072)
v=9/2 3.93-107' (1.98-1072) | 5.67-107' (3.15-1072) 4.98-107!' (2.06-1072) | 6.43-10~" (3.30- 10 2) 2.49-10° (1.01-10° 1) | 4.94-10~ 1(194»10*2)
ve{l/2,,9/2} | 3.93-107 (1.98-1072) | 6.03-10"" (3.84-102) 4.98 10! (2.06-1072) | 6.47-10~! (3.34-1072) | 2.48-10° (1.01-10"") | 4.94-10~! (1.94-1072)

R(8:Sfys)

NLL/SPE

422107 (2.26-1072)

SM-2.2.10 GKLS C% n=20,d =2

Averages of R(6;

SSPE)
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R(8;S5PF) NLL \ LOO-SPE LOO-NLPD LOO-CRPS \ KA GCV
v=1/2 4.07-1071 (2.64-1072)  3.97-107" (2.63-1072) | 3.99-10" (2.69-1072) | 4.05-107" (2.63-1072) 4.98-10"! (2.25-1072) | 4.47-10"! (3.01-1072)
v=3/2 4.19-107" (2.69-1072)  4.93-107! (3.06-1072) | 4.91-107! (3.13-1072) | 4.65-107" (2.92-1072) 4.84-10~' (2.44-1072) | 6.24-10~" (3.85-1072)
v=5/2 4.16-1071(2.43-1072) 5.01-10~"' (3.15-1072) | 5.53-107! (3.49-1072) | 4.67-10"' (2.59-107%) 4.96-10~' (2.59-1072) | 8.27-10"! (6.88-1072)
v=17/2 4.39-1071 (2.65-1072) 5.24-10~" (3.46-1072) | 6.60- 107! (6.73-1072) | 4.99-10~' (3.12-1072) 5.12-10~" (2.93-1072) | 1.12-10° (1.48-10~")
v=9/2 4.44.107" (2.66-1072) 5.67-107! (4.47-1072) | 8.13-107! (1.49-107") | 5.17-107" (3.49-1072) 5.39-10~' (3.51-1072) | 1.34-10° (1.61-10")
V=00 4.62-1071(2.51-1072) 935107 (2.31-107") | 8.20-10" (1.53-10"") | 7.92-10~" (1.85-10"") 7.90-10! (7.37-1072) 7.94-10° (4.73-10°)
ve{l/2,--- o} | 4.19-107 (2.31-1072) 7.08-107! (1.48-10"") | 9.64-107! (1.79-107") | 5.36-10"" (4.56-1072) 6.73-10"! (5.70-1072) 7.53-10° (4.73-10°)
R*(SSPE)
v=1/2 2.89-107" (1.51-1072)
v=3/2 2.73-107" (1.36-1072)
v=5/2 2.85-10~ '(1 33.1072)
v=17/2 2.90-107" (1.32-1072)
v=9/2 2.92-107" (1.30-1072)
V=00 3.09- 0'(124 1072)
ve{l/2,--- o} | 2.57-107" (1.29-1072)
R(6;S57F)
NLL/SPE | 4.17-107! (2.35-1072)
linear 7.54-107" (2.10-1072)
INN 4.80-107" (2.07-1072)
2NN 4.35-107" (1.73-1072)
Averages of R(0;SRPS)
R(6;SCRPS) NLL \ LOO-SPE LOO-NLPD LOO-CRPS \ KA GCV
v=1/2 3.09-1071(9.93-1073) 3.03-107! (9.82-1073) | 3.05-107! (1.02-1072) | 3.04-107" (1.02-1072) 3.55-10" (8.18-1073) | 3.23-10~" (1.18-1072)
v=3/2 3.13-1071 (1.08-1072)  3.43-107! (1.16-1072) | 3.44-107! (1.24-1072) | 3.34-107" (1.16-1072) 3.43-10" (9.33-1073) | 3.97-10"" (1.43-1072)
v=5/2 3.14-1071 (9.63-1073) 3.49-107! (1.15-1072) | 3.69-10"! (1.35-1072) | 3.40-10"! (1.00-1072) 3.45-107! (9.49-1073) | 4.37-10"" (1.53-1072)
v=17/2 3.26-107' (1.07-1072) 3.54-107" (1.12-1072) | 3.87-10~! (1.52-1072) | 3.49-10~" (1.10-1072) 3.49-107' (9.35-1073) | 4.78-10"" (1.89-10~2)
v=9/2 3.28-107' (1.06-1072) 3.65-10~" (1.21-1072) | 4.06-10~" (1.90-1072) | 3.55-10" (1.12-1072) 3.56-10~' (9.81-1073) | 5.14-10~" (2.14-1072)
V=00 3.40-107" (9.41-107%) 4.00-107" (2.19-1072) | 4.17-107" (1.92-1072) | 3.90- 10" (1.90-1072) 4.25-107" (1.53-1072) | 7.26-10~" (7.53-1072)
ve{l/2,--- 0} | 3.17-1071 (9.18-1073) 3.81-107' (1.79-1072) | 4.31-107" (2.19-1072) | 3.59-10~" (1.20-1072) 4.05-10"' (1.32-1072) | 6.94-10"! (7.41-10"2)
R(G;SCRPS)
NLL/SPE | 3.17-107! (8.97-107%)
Averages of R(6;S,s)
R(6;55,5) NLL LOO-SPE LOONLPD | LOO-CRPS KA \ Gev
v=1/2 4.40-10° (2.47-1071) | 4.48-10° (2.51-1071) | 4.55-10° (2.67-10"")  4.90-10° (2.65-1071) | 4.97-10° (2.10-10"") 4.87-10° (2.81-1071)
v=3/2 5.17-10° (3.60-107') | 5.82-10° (3.80-107") | 6.00-10° (3.88-107") 609107 (3.92-107") | 5.12-10° (3.02-1071) 7.04-10° 0% (4.21-1071h)
v=5/2 5.21-10°(3.15-107") | 5.88-10° (3.81-10~") | 6.74-10° (4.53-10~") 6.08-10° (3.29-10~") | 5.04-10° (2.85-10~") 7.72-10° (4.17-10~")
v=17/2 5.52-10°(3.30-1071) | 5.90-10° (3.44-107") | 7.02-10° (4.36-107") 6.31-10° (3.33-107") | 4.95-10° (2.44-107") 8.27-10° (4.05-107")
v=9/2 5.57-10°(3.22-1071) | 6.08-1 "(3 31-1071) | 7.55-10° (4.98-107") 6.43-1 0(3 24-1071) | 5.02-1 0(2 30-1071) 8.73- 100 (4.42-1071)
V=o 5.77-10°(2.65-1071) | 6.81-10° (4.94-10~") | 8.06-10° (5.64-10~") 7.46-10° (5.89-10~") | 5.87-10° (2.30-10~') = 1.37-10' (1.99-10%)
ve{l/2,--+ o} | 537-10° (2.80-107") | 6.64-10° (4.00-10~") | 8.55-10° (6.04-10~") 6.95-10° (3.42-107") | 5.76-10° (2.42-107") = 1.36-10' (1.99-10°)

R(6:Ss)
NLL/SPE | 5.22-100 (2.51-10"1)
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SM-2.2.11 GKLSCY n=40,d =2

Averages of R(0;S5PE)
R(6;SSPE) NLL LOO-SPE LOO-NLPD LOO-CRPS KA GCV
v=1/2 1.63-1071 (9.15-1073) | 1.68-107! (1.17-1072) | 1.62-107" (1.03-1072) | 1.66- 10" (1.13-1072) 2.65-10~" (1.67-1072) | 1.66-10~" (1.20-1072)
v=3/2 1.54-107" (1.04-1072) | 1.81-10" (1.55-1072) | 1.71-10~" (1.30-1072) | 1.68-10~" (1.27-10"2) 2.86-10~! (4.73-1072) | 1.95-10" (1.94-1072)
v=5/2 1.55-107" (9.44-1073) | 2.03-10~' (1.85-1072) | 2.11-10~" (2.23-1072) | 1.93-10~! (1.84-1072) 2.52-10' (1.92-1072) | 3.27-10"! (4.55-10~2)
v=7/2 1.61-107" (1.09-1072) | 2.04-107! (1.73-1072) | 2.17-10" (2.24-1072) | 2.05-107! (2.14-1072) 2.79-10"" (2.10-1072) | 6.14-10"! (8.46-10~2)
v=9/2 1.62-1071 (1.09-1072) | 2.26-107! (2.27-1072) | 2.20-107" (2.22-1072) | 2.19-107" (2.46-1072) 3.24-10"" (2.89-1072) | 9.10- 10" (1.37-10"")
ve{l/2,---,9/2} 1.55-107'(9.57-1073) | 2.31-107! (2.45-1072) | 2.20-107" (2.21-1072) | 1.95-10" (1.82-1072) 2.82-10~' (2.25-1072) | 9.93-10"! (1.55-10"")
R*(SSPE)
v=1/2 1.37-107" (8.01-1073)
v=3/2 1.06-1071 (5.92-1073)
v=5/2 1.06-107" (5.63-1073)
v=1/2 1.08- 107! (5.66-1073)
v=9/2 1.11-107" (5.78-1073)
ve{l/2,---,9/2} || 9.96-1072 (5.48-1073)
R(0:SSPE)
NLL/SPE | 1.58-107! (1.04-1072)
linear 7.29-107" (2.00-1072)
INN 2.67-107" (1.30-1072)
2NN 2.33-1071 (1.26-1072)
Averages of R(0;SCRPS)
R(8;SCRPS) NLL LOO-SPE LOO-NLPD LOO-CRPS KA GCV
v=1/2 1.98-107" (4.33-1073) | 1.95-107! (4.96-1073) | 1.93-10" (4.48-1073) | 1.88-107! (5.05-1073) 2.53-10' (6.97-1073) | 1.95-10~' (5.51-1073)
v=3/2 1.79-107" (4.53-107%) | 1.89-107! (6.13-1073) | 1.85-107" (5.30-1073) | 1.83-107! (5.28-1073) 2.34.10' (1.05-1072) | 1.96-10~" (8.40-1073)
v=5/2 1.80-107" (4.35-1073) | 1.97-107! (6.50-1073) | 1.96-107" (7.18-1073) | 1.92-107" (6.10-1073) 2.32-10"" (8.63-1073) | 2.25-10"" (9.45-1073)
v=7/2 1.83-107" (4.80-1073) | 2.00-10~" (6.75-1073) | 2.01-10~" (7.37-1073) | 2.00- 10" (7.49-1073) 2.43-10~' (9.37-1073) | 2.65-10" (1.02-1072)
v=9/2 1.84-107" (4.84-1073) | 2.05-107' (7.00-1073) | 2.03-10~" (7.41-1073) | 2.03-107! (6.75-1073) 2.58-10~" (1.14-1072) | 3.03-10~! (1.26-10~2)
ve{l/2,---,9/2} 1.80-107" (4.35-1073) | 2.04-10~! (7.01-1073) | 2.01-107' (7.19-1073) | 1.94-107" (6.41-1073) 2.43-107! (9.17-1073) | 3.11-10~" (1.36-1072)
R(8;SCRPS)
NLL/SPE | 1.82-107! (4.52-1073)
Averages of R(6;Sys)
R(6;5555) NLL LOO-SPE LOO-NLPD LOO-CRPS KA GCV
v=1/2 2.43-10° (8.51-1072) 2.50-10° (1.09-10") | 2.45-10° (1.03-10~") | 2.71-10° (1.26-107") | 3.20-10° (1.29-10~") 2.49-10° (1.17-107")
v=3/2 2.31-10° (1.19-107")  2.73-10° (1.71-107") | 2.62-10° (1.55-107") | 2.92-10° (1.64-107") | 3.08-10° (1.75-107") 2.74-10° (1.94-107")
v=5/2 2.35-10° (1.18-107")  2.88-10° (1.81-107") | 2.91-10° (2.06-107") | 3.12-10° (1.95-107") | 3.11-10° (1.64-107") 3.24-10° (2.24-107")
v=17/2 2.44-10° (1.36-1071)  2.92-10° (1.83-107") | 3.08-10° (2.23-107") | 3.35-10° (2.30-107') | 3.30-10° (1.71-10~") 3.76-10° (2.25-107")
v=9/2 2.47-10° (1.39-1071) 3.03- 0(1 85-107") | 3.14-10° (2.22-1071) | 3.42-10° (2.14-107") | 3.49-10° (1.87-1071) 4.31-10° (2.40-107")
ve{l/2,---,9/2} | 2.40-10° (1.18-1071) $3.08- 00 (1.91-107") | 3.13-10° (2.16-107") | 3.35-10° (2.06-107") | 3.23-10° (1.54-107") 4.46-10° (2.59-107")
R(0:;S505)
NLL/SPE | 2.43-10° (1.28-107")
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SM-2.2.12 GKLS C% n=100,d =2

Averages of R(0;S5PE)

R(6;55PE) \ NLL LOO-SPE LOO-NLPD LOO-CRPS \ KA

v=1/2 4.64-1072 (2.07-1073) | 4.71-1072 (2.13-1073) | 4.59-1072 (2.04-1073) | 4.63-1072 (2.06-107%)  1.39-10"" (1.05-1072) | 4.54-1072 (2.02-
v=3/2 2.90-1072 (1.28-1073) | 3.01-1072 (1.35-1073) | 2.96-1072 (1.28-1073) | 2.96-1072 (1.29-1073) | 1.47-10~! (1.82-10°2) | 3.12-1072 (1.47-
v=5/2 3.04-1072 (1.27-1073) | 3.32-1072 (1.27-1073) | 3.27-1072 (1.44-1073) | 3.26-1072 (1.27-1073) | 1L.77-10"" (2.21-10"2) | 4.48-10"2 (2.95-
v=7/2 3.34-1072 (1.36-107%) | 3.69-1072 (1.38-1073) | 3.62-1072 (1.67-1073) | 3.60-1072 (1.39-1073) [ 2.22-10"! (3.65-10"2) | 7.70-10"2 (7.12-
v=9/2 3.62-1072 (1.47-1073) | 4.00- 1072 (1.52-1073) | 3.94-1072 (1.91-1073) | 3.92-1072 (1.58-107%) | 2.13-10" " (2.68-10 ) | 1.12- 10" (1.30-
ve{l/2,---,9/2} 3.00-1072(1.27-1073) | 3.20-1072 (1.46-1073) | 3.26-1072 (1.54-1073) | 3.13-1072 (1.42-1073%) | 2.52-10"" (3.75-10 %) | 1.02- 10" (1.06-

R*(SSPE)
v=1/2 4.39-1072 (1.94-1073)
v=3/2 2.63-1072 (1.11-1073)
v=5/2 2.70-1072 (1.04-1073)
v=1/2 2.92-1072 (1.10-1073)
v=9/2 3.11-1072 (1.15-1073)
ve{l/2,---,9/2} || 2.53-1072 (1.03-1073)
R(0:SSPE)
NLL/SPE | 2.98-1072 (1.29-1073)
linear 7.28-107" (2.00-1072)
INN 1.25-107" (4.32-1073)
2NN 1.03-107" (3.95-1073)
Averages of R(0;SCRPS)
R(6;S°RPS) \ NLL LOO-SPE LOO-NLPD LOO-CRPS \ KA
v=1/2 1.12-107" (2.15-1073) | 1.05-107" (2.09-1073) | 1.04-10~! (2.05-1073) | 9.94-1072 (2.04-1073) 1.73-107!(5.99-1073) | 1.03-10~" (2.04-
v=3/2 8.01-1072 (1.63-107%) | 8.03-1072 (1.63-1073) | 7.94-1072 (1.58-1073) | 7.82-1072 (1.62-1073) 1.58-107!(9.33-1073) | 8.15-1072 (1.73-
v=5/2 8.16-1072 (1.61-1073) | 8.57-1072 (1.58-1073) | 8.39-1072 (1.68-1073) | 8.32-1072 (1.58-1073) 1.69-107! (1.01-1072) | 9.45-1072 (2.35-
v=7/2 8.58-1072 (1.64-1073) | 9.14-1072 (1.65-1073) | 8.85-1072 (1.80-1073) | 8.79-1072 (1.64-1073) 1.80-10~' (1.09-1072) | 1.16-107" (3.59-
v=9/2 8.95-1072 (1.68-1073) | 9.56-1072 (1.74-1073) | 9.22-1072 (1.89-1073) | 9.17-1072 (1.74-1073) 1.77-10~" (8.70-1073) | 1.34-10~"' (5.39-
ve{l/2,---,9/2} 8.10-1072 (1.63-1073) | 8.26-102 (1.71-1073) | 8.30-1072 (1.81-1073) | 8.03-1072 (1.74-1073) 1.95-10~! (1.13-1072) | 1.28-10"" (4.53-

R(0;SCRPS)
NLL/SPE | 8.08-1072 (1.63-1073)

Averages of R(6;Sys)

R(8:55,5) NLL LOO-SPE | LOONLPD | LOO-CRPs KA \

v=1/2 1.33-10°(2.93-1072) | 1.30-10°(3.48-1072)  1.28-10°(3.38-1072) 1.50-10° (4.92-1072) | 2.24-10° (1.04-10~") 1.27-10° (3.35-
v=3/2 9.45-107" (2.19-1072) | 9.95-107" (2.47-1072) 9.85-107' (2.39-1072) 1.18-10° (3.55-1072) | 2.13-10° (1.49-10~") 1.00-10° (2.61-
v=5/2 9.80-107" (2.16-1072) | 1.04-10° (2.18-1072)  1.02-10° (2.37-1072)  1.24-10° (3.36-1072) | 2.22-10° (1.50-10~1) 1.17-10° (3.78-
v=17/2 1.04-10° (2.26-1072) | 1.11-10° (2.30-1072) ©1.07-10° (2.60-1072) 12710 (3.34-1072) | 2.29-10° (1.53-10"") ' 1.46-10° (6.08 -
v=9/2 1.09-10° (2.39-1072) | 1.16-10° (2.46-1072)  1.11-10° (2.84-1072)  1.30-1 0(360-10’2) 2.22-10° (1.25-107") 1.69-1 0(103~
ve{l/2,---,9/2} [9.83-1071 (2.23-1072) | 1.03-10° (2.54-1072)  1.04-10° (2.63-1072) 1.25-10° (3.75-1072) | 2.57-10° (1.71-10~") 1.59-10° (6.79-

R(6:S5ss)
NLL/SPE | 9.76- 10~ (2.20-1072)
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SM-2.2.13 GKLS C%n=50,d=5

Averages of R(0;S5PE)
R(6;SSPE) NLL \ LOO-SPE LOO-NLPD LOO-CRPS KA GCV
v=1/2 1.75-1071 (8.72-1073) 1.56-10" (8.53-1073) | 1.57-10~" (8.51-1073) | 1.49-10~" (8.03-103) 3.97-10~' (1.15-1072) | 1.64-10~! (1.00-1072)
v=3/2 1.50-107" (1.20-1072)  1.72-107" (1.35-1072) | 1.69-10" (1.45-1072) | 1.50-10~" (1.17-1072) 3.54-10~' (1.20-1072) | 2.07-10~! (2.27-1072)
v=5/2 1.68-107" (1.30-1072)  2.21-107' (1.86-1072) | 2.34-107! (2.40-1072) | 2.08-10~! (1.78-1072) 3.52-10~! (1.26-1072) | 2.50- 10" (2.43-1072)
v=7/2 1.85-107' (1.42-107%) 2.60-107" (2.12-1072) | 2.64-10"! (2.25-1072) | 2.42-10" (2.03-1072) 3.52-107! (1.29-1072) | 3.01-10~" (2.95-1072)
v=9/2 1.92-107" (1.45-1072) 2.78-107' (2.23-1072) | 2.87-10~! (2.25-1072) | 2.57-10~" (1.97-1072) 3.49-10~! (1.22-1072) | 3.32-10~" (3.30-10~2)
v=11/2 1.96-107" (1.47-1072) 3.06-107! (2.81-1072) | 3.06-10~" (2.99-1072) | 2.78-10~"' (2.21-1072) 3.50-10~! (1.22-1072) | 3.51-10"! (3.15-1072)
v=21/2 2.10-1071 (1.53-1072)  3.20-107! (2.90-1072) | 3.31-10" (2.78-1072) | 3.11-107" (2.75-1072) 3.54-107' (1.24-1072) | 4.11-10"! (4.38-1072)
V=00 2.24-1071(1.59-1072) 3.31-107! (2.48-1072) | 3.45-10" (3.00-1072) | 3.41-107" (3.00-1072) 3.63-10"' (1.34-1072) | 4.16-10"! (3.75-10"2)
ve{l/2,--- e} | 1.61-107! (1.45-1072) 2.83-107! (2.46-1072) | 3.31-10' (3.26-1072) | 2.82-10' (2.98-1072) 3.64-10"' (1.32-1072) | 4.20- 10! (4.09-10~2)
R*(SSPE)
v=1/2 1.33-107" (6.84-1073
v=3/2 1.02-107! (6.87-10~ ‘)
v=5/2 1.13-1071 (7.20-1073)
v=17/2 1.21-1071 (7.35-1073)
v=9/2 1.26-107" (7.50-1073)
v=11/2 1.29-107" (7.61-1073)
v=21/2 1.36-107! (7.92-1073)
V=oo 1.43. 0'(8%0 1073)
ve{l/2,--- 0} | 9.82-1072 (6.29-1073)
R(6;S57F)
NLL/SPE | 1.75-107! (1.48-1072)
linear 4.43-107" (2.09-1072)
INN 5.15-107" (9.18-1073)
2NN 4.09-107" (8.06-1073)
Averages of R(0;SCRPS)
R(6;SCRPS) NLL \ LOO-SPE LOO-NLPD LOO-CRPS KA GCV
v=1/2 2.12-107" (4.85-1073) 1.93-107! (5.21-1073) | 1.94-107" (5.19-1073) | 1.87-107" (4.85-1073) 3.43-107! (5.02-1073) | 1.97-107! (5.79-1073)
v=3/2 1.71-1071 (8.09-1073)  1.88-107" (9.41-1073) | 1.82-107" (9.25-1073) | 1.71-107" (8.45-1073) 3.18-10"' (5.45-1073) | 2.01-107! (1.17-1072)
v=5/2 1.82-1071(8.93-1073) 2.14-107"' (1.11-1072) | 2.16-107! (1.20-1072) | 2.08-10"! (1.10-1072) 3.16-10"! (5.77-1073) | 2.23-107! (1.25-1072)
v=17/2 1.95-1071(9.39-1073) 2.41-10~" (1.19-1072) | 2.39-10~! (1.20-1072) | 2.31-10~' (1.18-1072) 3.15-10"' (5.91-1073) | 2.51-10"! (1.32-1072)
v=9/2 2.01-1071(9.47-1073) 2.51-10~" (1.23-1072) | 2.57-10~" (1.24-1072) | 2.45-10~" (1.15-102) 3.13-10~" (5.60-1073) | 2.65-10~"! (1.40-10-2)
v=11/2 2.05-107" (9.52-1073) 2.64-107! (1.35-1072) | 2.63-107! (1.34-1072) | 2.55-107" (1.21-1072) 3.13-10"" (5.60-1073) | 2.79-10" (1.43-1072)
v=21/2 2.15-1071(9.84-1073) 2.71-107' (1.37-1072) | 2.79-107! (1.36-1072) | 2.71-10"! (1.34-1072) 3.14-107' (5.72-1073) | 2.98-10"! (1.68-1072)
V=00 2.25-1071 (1.01-1072) 2.82-10' (1.33-1072) | 2.88-10~! (1.45-1072) | 2.87-10~' (1.44-107%) 3.18-10~' (6.03-1073) | 3.08-10~! (1.63-1072)
ve{l/2,-- 0} | 1.75-107" (9.47-1073) 2.50-107" (1.35-1072) | 2.69-10~" (1.51-1072) | 2.46-10~! (1.43-1072) 3.18-107! (6.06-103) | 3.06- 10! (1.69-1072)
R(O;SCRPS)
NLL/SPE | 1.86-107! (9.88-1073)

Averages of R(0;S5,s)
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R(0:55ys) NLL LOO-SPE LOO-NLPD \ LOO-CRPS KA \ GCV
v=1/2 2.35-10° (6.40-1072) | 2.36-10° (7.19-1072) | 2.36-10° (7.22-1072)  2.50-10° (8.11-1072) | 3.34-10° (6.59-1072) 2.40-10° (7.61-1072)
v=3/2 2.35-10° (1.02-1071) | 2.72-10° (1.33-107") | 2.69-10° (1.29-10~") 2.88-10° (1.41-10"") | 3.23-10° (7.29-1072) 2.93-10° (1.57-1071)
v=5/2 2.57-10°(1.15-1071) | 3.34-10° (1.71-10~") | 3.55-10° (1.99-10~") 3.72-10° (1.89-10") | 3.26-10° (7.82-1072) 3.63-10° (1.90-10~")
v=7/2 2.76-10° (1.25-107") | 3.97-10° (2.05-107") 4411-100(2.13-10*1)'4.28 10° (2.30-1071) 3426-100(8400»10*2)'4.32-100(2.35-10*1)
v=9/2 2.85-10°(1.28-107") | 4.27-10° (2.21-107") | 4.58-10° (2.32-10") 4.62-10° (2.27-107") | 3.25-10° (7.31-1072) 4.63-10° (2.57-10~")
v=11/2 2.91-10° (1.30-107") | 4.60-10° (2.54-107") | 4.76-10° (2.60-10~") 4.92-10° (2.46-107") | 3.25-10° (7.15-1072) 4.99-10° (2.61-10~")
v=21/2 3.09-10° (1.38-1071) | 4.78 1 0(268-10") 5.254100(2.62-10*1)'5.43 0(277-10*1) 3.28-100(7406»10*2)'5.53-100 (3.27-107")
V=00 3.26-10° (1.44-107") | 5.00-10° (2.48-10~") | 5.57-10° (3.02-10~") 5.92-10° (3.29-10~") | 3.34-10° (7.23-1072) 5.92-10° (3.35-10~")
ve{l/2,--+ o} | 2.53-10° (1.30-107") | 4.59-10° (2.69-10~") | 5.24-10° (3.08-10~") 5.10-10° (3.19-107") | 3.34-10° (7.22-1072) 5.91-10° (3.40-107})

R(6:S5s)
NLL/SPE | 2.71-10° (1.34-107")

SM-2.2.14 GKLSC% n=100,d =5

Averages of R(0;S5PE)
R(6;SSPE) NLL \ LOO-SPE LOO-NLPD LOO-CRPS \ KA GCV
v=1/2 8.88-1072 (4.65-1073) 8.85-1072 (4.63-1073) | 8.82-1072 (4.60-1073) | 8.53-1072 (4.48-1073) ' 2.84-10~" (9.55-1073) | 8.94-1072 (4.57-1073)
v=3/2 8.48-1072 (4.48-107%) 9.37-1072 (5.06-1073) | 9.61-1072 (5.28-1073) | 8.86- 10~ 2(469»]0’3) 2.45-107' (1.03-1072) | 1.10-107" (7.90-1073)
v=5/2 1.02-1071 (5.08-1073)  1.26-107" (7.15-1073) | 1.32-10" (8.00-1073) | 1.24-10"" (7.67-1073) 2.47-10"" (1.11-1072) | 1.65-10~' (1.11-1072)
v=7/2 1.12-1071 (5.41-1073) 1.49-10"" (8.45-1073) | 1.52-10~! (8.92-1073) | 1.38-10~ ‘(740-10*3) 2.46-107" (1.14-1072) | 2.00- 107! (1.27-1072)
v=9/2 1.19-107" (5.63-1073)  1.60-107" (9.01-1073) | 1.69-10" (9.79-1073) | 1.48-10~" (7.83-1073) 2.45-10~! (1.16-1072) | 2.35-10~! (1.95-1072)
v=11/2 1.25-107" (5.82-1073) 1.72-107" (9.72-1073) | 1.80-10" (1.13-1072) | 1.55-10~" (8.06-1073) 2.47-10~' (1.19-1072) | 2.37-10"! (1.76-10~2)
v=21/2 1.36-1071 (6.11-1073)  1.93-107" (1.09-1072) | 2.04-10" (1.37-1072) | 1.77-107" (9.45-1073) 2.56-10"' (1.33-1072) | 2.64-10""! (1.92-10"2)
V=00 1.50- 1 ‘(6 50-1073) 2.17-107" (1.22-1072) | 2.24-107! (1.47-1072) | 1.92-10"" (1.02-1072) 2.68-10~! (1.46-1072) | 2.95-10"" (2.21-1072)
ve{l/2,-,} | 8.59-1072 (4.83-1073) 1.25-10~" (1.04-1072) | 1.66-10~" (1.35-1072) | 9.67-1072 (5.86-1073)  2.68-10~! (1.47-1072) | 2.53-10~! (2.04-1072)
R*(SSPE)
v=1/2 8.18-1072 (4.23-1073)
v=3/2 6.81-1072(3.57-1073)
v=5/2 7.99-1072 (3.96-1073)
v=17/2 8.75-1072 (4.20-1073)
v=9/2 9.24-10~ 2(4 36-1073)
v=11/2 9.56-1072 (4.46-1073)
v=21/2 1.03-107! (4.72-1073)
V=o0 1.12-107" (5.04-1073)
ve{l/2,--- 0} | 6.71-1072 (3.50-1073)
R(6;S5PF)
NLL/SPE | 8.62-1072 (4.72-1073)
linear 4.22-107" (1.92-1072)
INN 4.07-107" (7.43-1073)
2NN 3.05-107" (5.96-1073)
Averages of R(9;SCRPS)
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R(0;SCRPS) NLL LOO-SPE LOO-NLPD LOO-CRPS GCV
v=1/2 1.47-1071 (3.42-1073) 1071 (3.60-1073) | 1.40-107" (3.57-1073) 21071 (3.42-1073) -1073)
v=3/2 1.31-107" (4.05-1073) 21071 (4.27-1073) | 1.39-107" (4.39-1073) 21071 (4.11-1073) -1073)
v=5/2 1.46-107" (4.34-1073) 1071 (5.16-1073) | 1.64-10" (5.52-1073) 101 (5.43-1073) -1073)
v=7/2 1.55-107" (4.43-1073) 107! (5.69-1073) | 1.79-10" (5.85-1073) 107! (5.40-1073) -1073)
v=9/2 1.61-107" (4.48-1073) 107! (5.88-1073) | 1.91-107"! (6.30-1073) 107! (5.48-107%) 1073)
v=11/2 1.66-107" (4.54-1073) 107! (6.12-107%) | 1.98-10~" (6.82-1073) 107! (5.56-1073) 1073)
v=21/2 1.76-10~" (4.58-1073) 1071 (6.62-1073) | 2.11-107" (7.43-1073) 21071 (6.26-1073) -1073)
V=o0 1.87-1071 (4.70-1073) <1071 (7.11-1073) | 2.24-107" (7.59-1073) 1071 (6.57-1073) -1073)
ve{l/2,-- 0} | 1.32-107" (4.21-1073) 107! (6.64-1073) | 1.81-107! (8.02-1073) 107! (4.82-1073) -1073)
R(G;SCRPS)
NLL/SPE | 1.34-107! (4.26-1073)
Averages of R(0;S5,:)
R(0:55,5) NLL LOO-SPE LOO-NLPD LOO-CRPS Gev
v=1/2 1.88-10° (4.48-1072) -10°(5.03-1072) | 1.86-10° (5.03-1072) -10° (6.09-1072) -1072)
v=3/2 1.88-10° (5.12-1072) -10° (5.91-1072) | 2.06-10° (5.82-1072) -10° (6.92-1072) -1072)
v=>5/2 2.04-10° (5.36-1072) -10° (6.75-1072) | 2.47-10° (7.50-1072) 10° (9.72-1072) -1072)
v=17/2 2.14-10° (5.45-1072) 100 (7.35-1072) | 2.69-10° (8.31-1072) -10° (9.26-1072) -1071)
v=9/2 2.19-10° (5.60-1072) 100 (7.95-1072) | 2.84-10° (9.33-1072) -10° (9.15-1072) -1071)
v=11/2 2.25-100 (5.74-1072) -10° (8.61-1072) | 2.94-10° (9.94-1072) -10° (9.42-1072) 1071
v=21/2 2.37-10° (5.79-1072) 100 (9.15-1072) | 3.14-10° (1.13-10~") 2100 (1.03-1071) -1071)
V=00 2.52-10° (5.92-1072) 10° (8.79-1072) | 3.29-10° (1.17-1071) -10° (1.10-1071) 1071
ve{l/2,--- 0} | 1.90-10° (5.27-1072) 10° (9.02-1072) | 2.87-10° (1.25-1071) 10° (8.68-1072) 107"

R(8:SGgs)

NLL/SPE | 1.93-10° (5.49-1072)

SM-2.2.15 GKLS C% n=250,d =5

Averages of R(0;S5PF)
R(6;SSPE) NLL LOO-SPE LOO-NLPD LOO-CRPS GCV
v=1/2 4.94-107% (2.85-1073)  5.02:1072(2.99-1073) | 5.01-1072 (2.92-1073) 11072 (2.85-1073) 1073)
v=3/2 4.43-1072(2.32-1073) 1072 (2.45-1073) | 4.88-1072 (2.51-1073) 1072 (2.37-1073) -1073)
v=5/2 5.23-1072 (2.63-1073) <1072 (3.05-1073) | 6.09-102 (3.06 - 10~3) 1072 (2.83-1073) -1073)
v=17/2 5.85-1072 (2.85-1073) 1072 (3.34-1073) | 6.99-1072 (3.52-1073) 21072 (3.21-1073) -1073)
v=9/2 6.29-1072 (3.01-1073) 1072 (3.58-1073) | 7.44-1072 (3.56-1073) 1072 (3.43-1073) 1073)
v=11/2 6.63-1072(3.10-1073) 1072 (3.72-1073) | 7.81-1072 (3.65-1073) 1072 (3.38-1073) -1073)
v=21/2 7.48-1072 (3.35-1073) -1072 (3.97-1073) | 8.68-1072 (3.89-1073) 102 (3.69-1073) -1073)
V=00 8.66-1072 (3.66-1073) 107! (4.55-1073) | 1.03-107" (4.44-1073) 107! (4.27-1073) -1073)
ve{l/2,-- 0} | 438-1072(2.27-1073) 1072 (2.67-1073) | 5.20-1072 (2.64-1073) 1072 (2.32-107%) -1073)
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R*(SSPE)
v=1/2 4.75-1072 (2.68-1073)
v=3/2 3.87-1072 (1.96-1073)
v=5/2 4.46-1072(2.10-1073)
v=17/2 4.96-1072(2.27-1073)
v=9/2 5.34-1072(2.40-1073)
v=11/2 5.62-1072(2.49-1073)
v=21/2 6.34-1072 (2.73-1073)
V=o 7.32-10- 2(306~10 3)
ve{1/2,- 00} || 3.84-107% (1.92-1073)
R(O;SSPE)
NLL/SPE | 4.48-1072 (2.28-1073)
linear 4.18-1071 (1.91-1072)
INN 2.93-1071 (5.81-1073)
2NN 2.19-107" (4.69-1073)
Averages of R(0;SCRPS)
R(6;SCRPS) NLL LOO-SPE LOO-NLPD LOO-CRPS KA GCV
v=1/2 1071 (2.66- 9.97-1072(2.74-1073) | 9.96-102 (2.71-1073) | 9.21-1072 (2.67-1073) 10~ (4.06- 1073)
v=3/2 1072 (2.72 9.61-1072(2.77-1073) | 9.66-102 (2.81-1073) | 9.12-1072 (2.75-1073) -1071 (5.33- -1073)
v=5/2 10" (2.84 1.11-1071 (3.10-1073) | 1.10-107" (3.07-1073) | 1.07-107" (2.93-1073) 107 (5.68 -1073)
v=17/2 107! (2.90- 1.21-107" (3.14-1073) | 1.20-107! (3.23-1073) | 1.18-107" (3.06-1073) 107! (5.46 -1073)
v=9/2 1071 (2.96- 1.27-1071(3.25-1073) | 1.25-107" (3.24-1073) | 1.24-107! (3.16-1073) 1071 (5.33 10-3)
v=11/2 1071 (2.98- 1.32-1071 (3.26-1073) | 1.29-10~" (3.24-1073) | 1.28-10~! (3.17-1073) 1071 (5.13 -1073)
v=21/2 101 (3.06- 1.41-107" (3.44-1073) | 1.38-107" (3.35-1073) | 1.38-10! (3.27-1073) 107! (4.71 -1073)
V=00 1071 (3.16 1.54-1071 (3.64-1073) | 1.51-107" (3.53-1073) | 1.51-107" (3.52-1073) -1071 (5.35- -1073)
ve{l/2,.- 1072 (2.69 9.85-1072(2.86-1073) | 1.00-10" (2.86-1073) | 9.03-1072 (2.69-1073) 1071 (5.35- 1073)
R(G;SCRPS)
NLL/SPE | 9.39-1072 (2.67-1073)
Averages of R(6;S5s)
R(0:55ys) NLL LOO-SPE LOO-NLPD \ LOO-CRPS KA GCV
v=1/2 -10° (3.51 - 1.46-10°(3.95-1072) | 1.46-10° (3.91-1072) 1.69-10° (5.15-1072) -10° (4.40- -1072)
v=3/2 -10° (3.35- 1.44-10° (3.59-1072) | 1.46-10° (3.69-1072) 1734100 (4.71-1072) 100 (5.71- -1072)
v=5/2 5100 (3.37- 1.58-10° (4.11-1072) | 1.59-10° (4.16-102) 1.86-10° (5.02-1072) 100 (6.23- -1072)
v=17/2 100 (3.42- 1.67-10° (4.14-1072) | 1.67-10° (4.43-1072) 1.91-10° (5.12-1072) -10° (6.06 - -1072)
v=9/2 -10° (3.45- 1.70-10° (4.16-1072) | 1.71-10° (4.30-1072) 1.95-10° (5.25-1072) -10° (6.01 - -1072)
v=11/2 100 (3.48- 1.74-10° (4.27-1072) | 1.74-10° (4.34-1072) 1.96-10° (5.01-1072) 100 (5.91- -1072)
v=21/2 -10° (3.55- 1.80-10° (4.12-1072) | 1.79-10° (4.29-1072) 20310 0 (5.04-1072) -10° (5.64- -1072)
V=00 -10° (3.57- 1.91-10° (4.47-1072) | 1.92-10° (4.62-1072) 2.13-10° (5.17-1072) -10° (5.96 - -1072)
ve{l/2,-- 100 (3.31- 1.47-10° (4.03-1072) | 1.51-10° (3.74-1072) 1.72-10° (4.56-1072) -10° (5.96 - -1072)
R(8:S50s)
NLL/SPE | 1.39-10° (3.36-1072)

SM-2.2.16 GKLSC',n=20,d =2

Averages of R(6;S5PF)
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R(8;S5PF) NLL \ LOO-SPE LOO-NLPD LOO-CRPS \ KA GCV
v=1/2 3.32-1071 (2.07-1072)  3.36-107! (2.13-1072) | 3.55-107! (2.66-1072) | 3.34-107" (2.08-1072) 4.44-10" (2.17-1072) | 3.69-10~" (2.53-1072)
v=3/2 3.77-1071 (2.47-1072) 4.33-107' (3.01-1072) | 4.36-107! (2.80-1072) | 3.98-107" (2.34-1072) 4.59-10"" (2.52-1072) | 5.63-10~" (3.94-1072)
v=5/2 4.06-107" (2.60-1072) 4.58-10~' (2.77-1072) | 5.13-107! (3.31-1072) | 4.46-10~' (2.63-107%) 4.65-10"" (2.43-1072) | 6.66-10"! (4.54-1072)
v=17/2 4.15-1071(2.59-1072) 5.14-10~" (3.53-1072) | 6.00-10~! (7.16-1072) | 4.80-10~' (3.17-1072) 4.82-10~" (2.71-1072) | 1.13-10° (2.26-10~")
v=9/2 4.21-107"(2.58-1072) 5.24-10' (3.92-1072) | 6.55-107! (7.90-1072) | 4.87-107" (3.18-1072) 5.21-107' (3.39-1072) | 1.33-10° (3.16-10~")
V=00 4521071 (2.57-1072) 5.63-107! (4.37-1072) | 1.01-10° (2.10-10"") | 6.45-107" (1.05-107") 9.76-10""' (1.66-10"1) | 2.35-10° (4.57-10" ')
ve{l/2,--- 0} | 4.02-107" (2.62-1072) 5.21-107" (4.43-1072) | 1.15-10° (2.64-10"") | 5.37-107! (7.69-1072) 7.85-10~"' (1.58-10~") | 2.16-10° (4.41-10~ ")
R*(SSPE)
v=1/2 2.61-1071 (1.44-1072)
v=3/2 2.52-1071 (1.32-1072)
v=5/2 2.63-107" (1.27-1072)
v=17/2 2.70-107" (1.27-1072)
v=9/2 2.76-107" (1.29-1072)
V=oo 2.91-107" (1.22-1072)
ve{l/2,-- o0} || 231-107" (1.21-1072)
R(6;S57F)
NLL/SPE | 3.80-107! (2.30-1072)
linear 7.06-107" (2.29-1072)
INN 4.31-107" (1.93-1072)
2NN 3.99-107" (1.69-1072)
Averages of R(0;SRPS)
R(6;SCRPS) NLL \ LOO-SPE LOO-NLPD LOO-CRPS \ KA GCV
v=1/2 2.65-1071 (8.13-1073)  2.64-107! (8.55-1073) | 2.70-10" (1.00-1072) | 2.59-10~" (8.49-1073) 3.29-10! (8.53-1073) | 2.76-10~! (9.91-1073)
v=3/2 2.79-1071 (9.61-1073)  3.09-107! (1.17-1072) | 3.09-107! (1.16-1072) | 2.96-10~" (1.01-1072) 3.31-10" (1.08-1072) | 3.59-10~" (1.49-1072)
v=5/2 2.95-1071(9.83-1073) 3.24-107' (1.12-1072) | 3.37-107! (1.28-1072) | 3.21-107! (1.12-107%) 3.31-107' (1.03-1072) | 3.89-10"! (1.53-1072)
v=17/2 3.00-107" (9.68-1073) 3.41-10" (1.12-1072) | 3.54-10~! (1.40-1072) | 3.35-10" (1.17-1072) 3.33-107! (1.01-1072) | 4.38-10"" (2.03-10~2)
v=9/2 3.04-107' (9.57-1073) 3.41-10" (1.12-1072) | 3.68-10~! (1.58-1072) | 3.34-10" (1.10-1072) 3.43-10~' (1.08-1072) | 4.62-10" (2.24-1072)
V=00 3.23-107' (9.24-1073) 3.59-107! (1.19-1072) | 4.17-107! (2.40-1072) | 3.61-107" (1.60-1072) 4.26-10"" (2.00-1072) | 5.74-10~" (3.83-1072)
ve{l/2,--- 0} [ 291-1071 (1.01-1072) 3.38-107' (1.33-1072) | 4.15-10"" (2.73-1072) | 3.36-10"" (1.50-1072) 3.90-10"' (1.70-1072) | 5.62-10"! (3.81-10"2)
R(G;SCRPS)
NLL/SPE | 2.89-107! (9.51-107%)
Averages of R(6;S,s)
R(6;55,5) NLL LOO-SPE LOONLPD | LOO-CRPS KA \ Gev
v=1/2 3.78-10° (1.44-1071) | 3.99-10° (1.58-107") | 4.14-10° (2.00-107') 4.23-10° (1.77-107") | 4.64-10° (1.85-10~") 4.18-10° (1.79-107 ")
v=3/2 4.69-10° (2.20-107") | 5.38-10° (2.88-107") | 5.49-10° (2.82-107") 54910 (2.76-107") | 5.27-10° (3.12-107") ' 6.56-10° (3.80-107")
v=5/2 5.05-10°(2.26-1071) | 5.84-10° (3.37-10~") | 6.22-10° (3.86-10~") 6.28-10° (3.59-10~") | 5.06-10° (2.63-10~') 7.10-10° (3.94-10~")
v=17/2 5.18-10°(2.23-1071) | 5.99-10° (2.94-107") | 6.54-10° (3.72-107") 6.57-10° (4.18-107") | 4.89-10° (2.04-107') 7.55-10° (4.07-10~")
v=9/2 5.26-10° (2.18-1071) | 5.88-10° (2.64-10") | 6.82-10° (3.83-10~") 6.30-10° (3.00-10~") | 5.03-10° (2.03-107") 8.06-10° (4.72-1071)
V=oo 5.68-10° (2.15-1071) | 6.27-10° (2.77-107") | 8.25-10° (6.72-10~") 6.94-10° (4.34-10~") | 6.00-10° (2.57-10~') 1.03-10! (7.70-10~")
ve{l/2,--+ o} | 5.13-10° (2.26-107!) | 6.29-10° (3.15-107") | 8.42-10° (6.84-10~") 6.93-10° (4.08-107") | 5.60-10° (2.46-10~!) 1.03-10' (8.02-107})

R(6:Ss)
NLL/SPE | 4.94-10° (2.16-10~")
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SM-2.2.17 GKLSC',n=40,d =2
. ¢SPE
Averages of R(0;5>")
R(6;55PE) \ NLL LOO-SPE LOO-NLPD LOO-CRPS KA GCV
v=1/2 1.57-1071(9.29-1073) | 1.52-1071 (9.28-1073) | 1.53-107" (9.28-1073) | 1.48-10" (9.23-1073) 2.52-10~" (1.49-1072) | 1.59-10"" (1.05-1072)
v=3/2 1.61-107" (8.92-1073) | 1.73-10~" (1.00-1072) | 2.11-10~" (3.60-1072) | 1.65-10" (9.60-10~3) 2.65-10~! (2.84-1072) | 2.50- 10" (3.84-1072)
v=5/2 1.69-107" (9.00-1073) | 2.04-10~" (1.68-1072) | 2.09-10~! (1.34-1072) | 2.34-10"" (5.22-102) 2.92-107! (3.05-1072) | 3.41-10~" (5.59-1072)
v=7/2 1.75-107" (9.07-1073) | 2.08-10~! (1.34-1072) | 2.70- 10" (4.86-1072) | 1.97-107! (1.25-1072) 3.69-10"" (5.50-10~2) | 7.22-10"! (1.60-101)
v=9/2 1.78-1071 (9.12-1073) | 2.16-107! (1.42-1072) | 2.76-107" (4.34-1072) | 2.05-10"" (1.34-102) 4.99-10"" (8.99-1072) | 1.46-10° (4.59-10"")
ve{l/2,---,9/2} 1.67-107" (9.11-1073) | 2.08-107! (1.87-1072) | 2.76-107" (5.35-1072) | 2.30- 10" (5.28-102) 4.28-10"' (7.31-1072) | 1.50-10° (4.61-10"")
R"(SSPE)
v=1/2 1.32-107" (8.41-107%)
v=3/2 1.14-107" (6.83-107%)
v=5/2 1.18-107! (6.70-1073)
v=17/2 1.22-107" (6.78-107%)
v=9/2 1.25-107" (6.83-107%)
ve{l/2,---,9/2} || 1.07-107! (6.81-1073)
R(Q;SSPE)
NLL/SPE | 1.64-107! (9.09-1073)
linear 6.84-107" (2.18-1072)
INN 2.49-107" (1.16-1072)
2NN 2.20-107" (1.13-1072)
. ¢CRP
Averages of R(0;SCRPS)
R(6;SCRPS) \ NLL LOO-SPE LOO-NLPD LOO-CRPS KA GCV
v=1/2 1.87-107" (4.50-1073) | 1.82-107! (4.28-1073) | 1.82-10" (4.33-1073) | 1.68-107! (4.43-1073) 2.44-10' (6.79-1073) | 1.85-10~! (5.07-1073)
v=3/2 1.78-107" (4.39-1073) | 1.84-107" (4.78-1073) | 1.90-107! (7.91-1073) | 1.77-107" (4.74-107%) 2.30-107! (9.80-1073) | 2.06- 10" (1.05-1072)
v=5/2 1.82-107" (4.40-1073) | 1.93-1071 (5.35-1073) | 1.96-107" (5.52-1073) | 1.95-107" (9.65-1073) 2.40-10~' (1.05-1072) | 2.23-10"" (1.02-1072)
v=7/2 1.86-107" (4.45-1073) | 1.99-107" (5.46-1073) | 2.09-10~" (9.52-1073) | 1.94-10~" (5.38-1073) 2.60-10~' (1.41-1072) | 2.67-10" (1.28-1072)
v=9/2 1.87-10" (4.46-1073) | 2.02-10~! (5.43-1073) | 2.12-10~" (9.04-1073) | 1.98-107! (5.39-1073) 2.88-10" (1.94-1072) | 3.10-10~' (1.80-10~2)
ve{l/2,---,9/2} 1.81-107" (4.35-1073) [ 1.93-107! (5.59-1073) | 2.09-10~"! (1.02-1072) | 1.87-107" (9.94-1073) 2.77-107! (1.59-1072) | 3.17-10~" (1.95-1072)
R(8;SCRPS)
NLL/SPE | 1.82-107! (4.24-1073)
Averages of R(6;Sys)
R(6;5555) NLL \ LOO-SPE LOO-NLPD LOO-CRPS KA GCV
v=1/2 2.50-10° (8.08-1072) 2.50-10° (8.62-1072) | 2.50-10° (8.73-1072) | 2.65-10° (1.02-10~") | 3.19-10° (1.07-10~") 2.56-10° (9.84-102)
v=3/2 2.58-10° (9.84-1072) 2.75-10° (1.13-107") | 2.98-10° (2.12-107") | 3.10-10° (1.33-107") | 3.19-10° (1.58-10"") 3.28-10° (2.46-107")
v=5/2 2.73-10° (1.07-107")  2.97-10° (1.33-107") | 3.11-10° (1.37-107") | 3.53-10° (3.12-107") | 3.39-10° (1.69-10~") 3.58-10° (2.96-107")
v=17/2 2.83-10° (1.12-1071)  3.10-10° (1.42-107") | 3.47-10° (2.72-107") | 3.40-10° (1.61-107") | 3.72-10° (2.11-107") 4.12-10° (2.68-107")
v=9/2 2.88-10° (1.13-1071)  3.19- 0(144~10*1) 3.54-10° (2.47-1071) | 3.50-10° (1.64-107") | 4.05-10° (2.70-1071) 4.60-10° (2.48-107")
ve{l/2,---,9/2} | 2.70-10° (1.02-107') 3.05-10° (1.43-10"") | 3.58-10° (3.03-1071) | 3.52-10° (3.15-10"") | 3.81-10° (2.21-107!) 4.88-10° (3.59-107")
(9 S093>
NLL/SPE | 2.67-10° (9.77-1072)
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SM-2.2.18 GKLS C!,n=100,d =2

Averages of R(0;S5PE)
R(6;SSPE) NLL LOO-SPE LOO-NLPD LOO-CRPS KA
v=1/2 5.03-1072(2.93-1073) | 5.07-1072 (3.04-1073) | 4.98-1072 (2.96-1073) | 4.96- 1072 (2.93 - 1.44-107" (1.10-1072) | 4.94- )
v=3/2 3.11-1072 (1.98-1073) | 3.23-1072 (2.38-1073) | 3.07-1072 (1.95-1073) | 3.08-1072 (2.10- 1.72-10-' (2.11:1072) | 3.17- &)
v=5/2 2.89-1072 (1.71-1073) | 3.03-1072 (1.86-1073) | 3.06-1072 (1.86-1073) | 2.90- 1072 (1.68- 1.92-107" (2.30-1072) | 4.35- )
v=7/2 2.90-1072 (1.63-1073) | 2.98-1072 (1.69-1073) | 3.24-1072 (2.18-1073) | 2.90- 1072 (1.57- 235-107' (2.90-1072) | 6.28- )
v=9/2 2.96-1072 (1.61-1073) | 3.07-1072 (1.67-1073) | 3.38-1072 (2.40-1073) | 2.98-1072 (1.54- 2.30-107" (2.66-1072) | 8.16- )
ve{l/2,---,9/2} 2.90-1072 (1.66-1073) | 3.21-1072 (2.32-1073) | 3.26-1072 (2.34-1073) | 3.19-1072 (2.34- 2.52-107" (2.74-1072) | 7.96- )
R*(SSPE)
v=1/2 4.69-1072(2.79-1073)
v=3/2 2.65-1072 (1.66-1073)
v=5/2 231-107% (1.37-1073)
v=1/2 2.28-1072 (1.30-1073)
v=9/2 2.34-1072 (1.31-1073)
ve{l/2,---,9/2} || 2.16- 1072 (1.29-1073)
R(0:SSPE)
NLL/SPE | 3.06-1072 (2.04-1073)
linear 6.81-1071 (2.18-1072)
INN 1.19-107" (4.89-1073)
2NN 1.01-107" (4.64-1073)
Averages of R(0;SCRPS)
R(6;SCRPS) NLL LOO-SPE LOO-NLPD LOO-CRPS KA
v=1/2 1.08-107" (2.42-1073) | 1.01-107! (2.40-1073) | 1.00- 10! (2.34-1073) | 9.11-1072 (2.36- 1.72-107' (6.30-1073) | 9.99-
v=3/2 7.73-1072 (1.99-1073) | 7.61-1072 (2.22-1073) | 7.46-1072 (2.02-1073) | 7.26- 1072 (2.14- 1.68-107! (1.07-1072) | 7.56-
v=5/2 7.34-1072 (1.85-1073) | 7.44-1072 (1.97-1073) | 7.37-1072 (1.94-1073) | 7.18-1072 (1.92- 1.71-107" (1.03-1072) | 8.35-
v=7/2 7.34-1072 (1.80-1073) | 7.53-1072 (1.88-1073) | 7.57-1072 (2.06-1073) | 7.28-1072 (1.84- 1.83-10~" (1.08-1072) | 9.66-
v=9/2 7.43-1072 (1.80-1073) | 7.74-1072 (1.88-1073) | 7.76-1072 (2.12-1073) | 7.45-1072 (1.83- 1.77-1071 (9.29-1073) | 1.08-
ve{l/2,---,9/2} 7.29-1072(1.79-1073) | 7.62-107% (2.12-1073) | 7.58-1072 (2.06-1073) | 7.34-1072 (2.12- 1.93-107! (1.06-1072) | 1.05-
R(8;SCRPS)
NLL/SPE | 7.47-1072 (1.91-1073)
Averages of R(6;Sys)
R(6;S505) NLL LOO-SPE \ LOO-NLPD \ LOO-CRPS KA
v=1/2 1.47-10° (3.93-1072) | 1.43-10°(4.39-1072)  1.41-10° (4.32-107%)  1.69-10° (6.04- 2.34-10° (1.01-107Y)  1.41-1
v=3/2 1.02-10°(3.53-1072) | 1.05-10°(4.30-1072)  1.02-10° (3.60-1072)  1.28-10° (5.52- 2.40-10° (1.72-107") 1.03-1
v=5/2 9.46-10~ ‘(3 23-1072) [ 9.66-107! (3.33-1072) 9.73-107' (3.33-1072) 1.16-10° (4.15- 2.44-10° (1.72-107") 1.10-1
v=17/2 9.32-107" (3.10-1072) | 9.42-107! (2.90-1072%) 197610~ '(3 48.1072) L1100 (3.74- 2.49-10° (1.61-107") 124
v=9/2 9.35-107" (3.08-1072) | 9.54-107! (2.88-1072) 9.89-107! (3.69-1072) 1.10-1 0(2 68 - 2.34-10° (1.36-107") 1.37-1
ve{l/2,- - 9.52.107' (3.21-1072) | 1.00-10° (4.04-1072)  9.90-107! (3.58-1072) 1.27-10° (5.91- 2.69-10° (1.72-107")  1.35-1

R(6:S5ss)

NLL/SPE

9.77-10~" (3.62-1072)
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SM-2.2.19 GKLSC!,n=50,d =5

Averages of R(0;S5PE)

R(6;S5PF) NLL \ LOO-SPE LOO-NLPD LOO-CRPS \ KA

v=1/2 1.18-107" (5.29-1073) 1.01-107" (4.88-1073) | 1.01-10~" (4.91-1073) | 9.52-1072 (4.16-1073) | 3.56- 10! (1.00-1072) | 1.04-
v=3/2 7.36-1072(9.29-1073)  7.89-1072 (8.74-1073) | 7.93-1072 (9.73-1073) | 6.81-1072 (7.61-1073) | 3.06-10~" (9.71-1073) | 8.65-
v=5/2 8.33-1072 (1.06-1072)  1.00-107! (1.23-1072) | 1.14-107! (1.76-1072) | 9.57-1072 (1.39-1072) 1 2.97-10"' (9.86-1073) | 1.12-
v=7/2 9.09-1072 (1.11-1072)  1.29-107! (1.74-1072) | 1.34-107" (1.90-1072) | 1.17-10" (1.68-1072) ' 2.92-10" (9.66-1073) | 1.37-
v=9/2 9.56-1072 (1.14-1072)  1.39-107! (1.91-1072) | 1.50- 107" (2.08-102) | 1.34-10' (1.85-1072) 2.90-10~' (9.61-1073) | 1.50-
v=11/2 9.87-1072 (1.16-1072)  1.49-107! (2.43-1072) | 1.57-107" (2.32-1072) | 1.41-107" (1.97-1072) 2.89-10" (9.69-1073) | 1.63-
v=21/2 1.06-107" (1.22-1072)  1.64-107' (2.19-1072) | 1.76-10~! (2.63-1072) | 1.71-107! (2.70-1072) 2.89-10~! (1.01-1072) | 1.81-
V=00 1.17-1071 (1.38-1072)  1.70-10"" (2.22-1072) | 1.80-10"" (2.63-1072) | 1.76-10"" (2.71-1072) 2.90-10"! (1.06-1072) | 1.90-
ve{l/2,--- e} | 7.50-1072 (1.01-1072) 1.47-10"! (2.20-1072) | 1.66- 10! (2.54-1072) | 1.37-10~" (2.33-1072) 2.92-10"' (1.07-1072) | 1.95-

R*(SSPE)
v=1/2 8.76-1072 (3.81-1073
v=3/2 4.72-10- 2( 10-10~ ‘)
v=5/2 5.18-1072 (4.71-1073)
v=17/2 5.68-1072 (5.04-1073)
v=9/2 5.97-1072 (5.29-1073)
v=11/2 6.18-1072 (5.47-1073)
v=21/2 6.59-1072 (5.85-1073)
V=oo 6.99- 02(6%3 1073)
ve{l/2,-- o0} || 4331072 (3.64-1073)
R(Q;SsPE)
NLL/SPE | 8.16-1072 (1.09-1072)
linear 3.97-107" (2.07-1072)
INN 4.72-107" (7.85-1073)
2NN 3.72-107' (6.80-1073)
Averages of R(0;SCRPS)
R(6;SCRPS) NLL \ LOO-SPE LOO-NLPD LOO-CRPS \ KA
v=1/2 1.79-1071 (3.53-1073) 1.58-107" (3.64-1073) | 1.58-10~" (3.64-1073) | 1.53-107' (3.03-1073) 3.26-10"! (4.73-1073) | 1.59-
v=3/2 1.09-107" (6.94-1073)  1.14-107' (7.66-1073) | 1.11-107! (7.62-1073) | 1.03-107" (6.64-107%) ' 2.97-107! (4.84-1073) | 1.15-
v=5/2 1.09-1071(8.33-1073)  1.24-107" (9.66-1073) | 1.26-10~" (1.07-1072) | 1.18-107" (9.24-1073) 2.91-107! (5.04-1073) | 1.23-
v=17/2 1.18-1071 (8.61-1073) 1.44-10~" (1.15-1072) | 1.44-107" (1.19-1072) | 1.38-10" (1.06-1072) 2.88-10~! (4.93-1073) | 1.42-
v=9/2 1.23-1071 (8.76-1073)  1.53-107" (1.21-1072) | 1.56-10~" (1.27-1072) | 1.52-107" (1.19-1072) 2.86-10"! (4.90-1073) | 1.53-
v=11/2 1.26-107" (8.88-1073) 1.58-107! (1.27-1072) | 1.60-10~' (1.32-1072) | 1.57-107' (1.24-1072) 2.85-107" (4.93-1073) | 1.61-
v=21/2 1.33-1071(9.25-1073)  1.70-107" (1.32-1072) | 1.72-10"" (1.41-1072) | 1.75-107" (1.43-1072) 2.84-107! (5.13-1073) | 1.69-
V=00 1.41-1071 (1.00-10°2) 1.77-10" (1.34-1072) | 1.79-10~' (1.42-1072) | 1.80-10" (1.43-1072) 2.83-10"! (5.32-1073) | 1.77-
ve{l/2,---,0} | 1.03-107" (7.92-1073) 1.53-107" (1.32-1072) | 1.66- 107" (1.42-1072) | 1.47-107" (1.33-1072) 2.85-107!(5.39-1073) | 1.74-
R(Q;SCRPS)

NLL/SPE | 1.09-107! (8.53-1073)

Averages of R(0;S5,s)
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R(0:55ys) NLL LOO-SPE LOO-NLPD \ LOO-CRPS KA \ GCV
v=1/2 1.81-10°(3.91-1072) | 1.77-10° (4.51-1072) | 1.77-10° (4.51-1072) 1.81-10° (4.45-1072) | 3.04-10° (5.29-102) 1.78-10° (4.91-1072)
v=3/2 1.44-10° (8.32-1072) | 1.57-10° (9.41-1072) | 1.58-10° (9.70-1072) 1.65-10° (1.02-10") | 2.87-10° (5.51-1072) 1.64-10° (1.10-1071)
v=5/2 1.58-10° (1.03-1071) | 1.94-10° (1.36-10~") | 2.12-10° (1.72-10~") 2.16-10° (1.72-107") | 2.85-10° (5.79-1072) 2.04-10° (1.63-10~")
v=17/2 1.70-10° (1.09-107") | 2.43-10° (1.93-107") | 2.55-10° (2.11-10~ 1)'2.63 10° (2.15-1071) 2.82-100(5457-10*2)'2.46-100(2.00-10*1)
v=9/2 1.78-10° (1.13-1071) | 2.60-10° (2.06-10~") | 2.87-10° (2.33-10~") 3.01-10°(2.33-107") | 2.81-10° (5.54-1072) 2.69-10° (2.11-10~")
v=11/2 1.83-10° (1.15-1071) | 2.72-10° (2.17-107") | 2.95-10° (2.50-10~") 3.15-10° (2.53-107") | 2.81-10° (5.58-1072) 2.89-10° (2.34-107")
v=21/2 1.94-10° (1.21-107") | 3.03-1 0(240-10*1) 3.32-10° (2.85-10~ 1)'3.67 0(3 12-107") 2.81-100(5482.10*2)'3.13-100(2.57-10*1)
V=00 2.08-10° (1.34-107") | 3.23-10° (2.54-10~") | 3.51-10° (2.85-10~") 3.78-10° (3.14-10~") | 2.83-10° (6.18-1072) 3.30-10° (2.66-10~")
ve{l/2,--+ 0} | 1.50-10°(9.93-1072) | 2.90-10° (2.59-10~") | 3.31-10° (2.91-10~") 3.13-10° (2.98-10") | 2.84-10° (6.20-1072) 3.29-10° (2.76-107})

R(6:S5s)
NLL/SPE | 1.62-10° (1.16-107")

SM-2.220 GKLSC!,n=100,d =5

Averages of R(0;S5PE)
R(6;SSPE) NLL \ LOO-SPE LOO-NLPD LOO-CRPS \ KA GCV
v=1/2 5.09-1072 (2.86-107%) 5.01-1072 (2.85-1073) | 4.97-1072 (2.80-1073) | 4.88-1072 (2.78-1073) | 2.40-10~! (7.22-1073) | 4.98-1072 (2.81-1073)
v=3/2 3.88-1072 (2.84-107%) 4.20-10~ 2(2 87-1073) | 4.45-1072 (3.07-1073) | 3.99-10~ 2(277}10*3) 1.95-107! (7.54-1073) | 5.09-1072 (6.25-1073)
v=5/2 4.95-1072(3.52-1073)  6.21-1072 (4.55-1073) | 6.26-1072 (4.93-1073) | 5.73-1072 (3.95-1073) ' 1.94-10"' (9.20-1073) | 7.31-1072 (6.32-10"3)
v=7/2 5.66-1072(3.95-1073) 7.59-1072 (6.34-1073) | 7.81-1072 (6.20-1073) | 7.02-1072 (5.38-1073) = 1.86-10"" (8.38-1073) | 9.85-102 (9.02-10~3)
v=9/2 6.11-1072 (4.23-107%)  8.66-1072 (7.31-1073) | 8.60-1072 (6.71-1073) | 7.61-1072 (5.94-1073) 1.82-10! (8.02-1073) | 1.06- 10! (9.57-1073)
v=11/2 6.42-1072 (4.40-1073)  9.18-1072 (9.21-1073) | 9.16-1072 (7.47-1073) | 8.18-1072 (6.49-1073) 1.81-10"" (8.02-1073) | 1.08- 10~ (9.51-1073)
v=21/2 7.14-1072 (4.92-107%)  1.06-10~ l(1 12-1072) | 1.02-10" (8.48-1073) | 1.02-10~ '(1 10-1072) 1.84-107" (8.66-1073) | 1.24-107"' (1.12-1072)
V=00 7.97-1072 (5.46-107%) 1.10-10~ 1(9 69-1073) | 1.12-10" (9.39-1073) | 1.08-10~ 1(942~10*3) 1.88-107" (9.64-1073) | 1.31-10" (1.18-1072)
ve{l/2,--,0} | 3.98-1072 (3.12-1073) 5.75-1072(5.38-1073) | 8.20-1072 (8.92-1073) | 4.72-1072 (3.49-103) | 1.88-10~! (9.64-107) | 1.14-10~! (1.06-102)
R*(SSPE)
v=1/2 4.73-1072 (2.65-1073)
v=3/2 3.16-1072 (2.06-1073)
v=5/2 3.77-1072 (2.42-1073)
v=17/2 4.29-1072(2.71-1073)
v=9/2 4.64-1072(2.98-1073)
v=11/2 4.85-1072 (3.12-107%)
v=21/2 5.32-1072(3.37-1073)
V=oo 5.85-1072 (3.75-1073)
ve{l/2,--- 0} | 3.10-1072 (2.02-1073)
R(6;S5PF)
NLL/SPE | 4.13-1072 (3.37-1073)
linear 3.80-107" (1.92-1072)
INN 3.67-107! (6.50-1073)
2NN 2.73-107" (5.28-1073)
Averages of R(9;SCRPS)
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R(0;SCRPS) NLL LOO-SPE LOO-NLPD LOO-CRPS KA GCV
v=1/2 1.14-107" (2.40-1073)  1.04-107" (2.54-1073) | 1.03-10~" (2.51-1073) [ 9.83-1072 (2.37-1073)  2.66-10"! (3.93-1073) | 1.03- 1073)
v=3/2 7.97-1072 (3.15-107%)  8.37-1072(3.22-1073) | 8.50-1072 (3.32-1073) | 7.70-1072 (3.04-1073) ' 2.35-10" (4.53-1073) | 8.96- -1073)
v=5/2 9.10-1072(3.75-1073) 1.02-10' (4.36-1073) | 1.00-10~" (4.33-1073) | 9.70-10~2 (4.03-1073) 2.33-10~! (5.43-1073) | 1.07- -1073)
v=17/2 9.97-1072(3.96-1073) 1.14-10~" (5.08-1073) | 1.14-10~" (4.92-1073) | 1.10- 10" (4.50-1073) 2.27-10~! (5.01-1073) | 1.25- -1073)
v=9/2 1.05-107" (4.08-1073) 1.23-107! (5.56-1073) | 1.22-107! (5.31-1073) | 1.16-107" (4.80-107%) 2.24.10~! (4.81-1073) | 1.31- 1073)
v=11/2 1.09-107! (4.15-1073)  1.27-107! (5.77-1073) | 1.27-107! (5.61-1073) | 1.22-107! (5.05-107%) 2.23-10~! (4.81-1073) | 1.34- 1073)
v=21/2 1.17-107" (4.45-1073) 1.36-107" (6.42-1073) | 1.35-107! (5.95-1073) | 1.36-10~" (6.46-1073) 2.23-10~! (5.11-1073) | 1.45- -1073)
V=o0 1.26-107" (4.74-1073) 1.44-107" (6.38-1073) | 1.43-107" (6.33-1073) | 1.44-107" (6.32-1073) 2.22-107! (5.49-1073) | 1.51- -1073)
ve{l/2,--,00} | 7.96-1072 (3.31-1073)  9.66-1072 (4.39-1073) | 1.13-107" (5.94-1073) | 8.40-1072 (3.70-1073)  2.22-107! (5.49-1073) | 1.37- -1073)

R(G;SCRPS)

NLL/SPE | 8.26-1072(3.55-1073)
Averages of R(0;S5,:)
R(0:55,5) NLL LOO-SPE LOONLPD | LOO-CRPS KA Gev
v=1/2 1.44-10° (3.16-1072) | 1.33-10° (3.62-1072) | 1.33-10° (3.61-1072) 1.43-10° (4.15-1072) | 2.47-10° (3.77-1072) 1.34- -1072)
v=3/2 1.22-10° (4.25-1072) | 1.29-10° (4.49-1072) | 1.34-10° (4.83-107%) 1.45-10° (5.56-1072) | 2.29-10° (4.73-1072) 1.38- -1072)
v=>5/2 1.38-10° (4.64-1072) | 1.58-10° (6.06-1072) | 1.62-10° (6.14-1072) 1.83-10° (7.17-1072) 2.30-100(5490»10*2)'1.73- -1072)
v=17/2 1.48-10° (4.78-1072) | 1.73-10° (7.54-1072) | 1.80-10° (7.24-1072) 1.96-10° (8.19-1072) | 2.25-10° (5.29-1072) 1.94- -1072)
v=9/2 1.54-10° (4.90-1072) | 1.86-10° (8.27-1072) | 1.89-10° (7.04-1072) 2.02-10° (8.19-1072) | 2.22-10° (5.06-1072) 2.00- -1072)
v=11/2 1.58-10° (4.95-1072) | 1.86-10° (7.94-1072) | 1.93-10° (7.77-1072) 2.07-10° (8.62-1072) | 2.21-10° (5.06-1072) 2.03- -1072)
v=21/2 1.68-10° (5.12-1072) | 1.99-10° (1.01-10~") | 2.06-10° (8.17-1072) 2.32-10° (1.29-10~") | 2.22-10° (5.40-1072) 2.18- -1072)
V=00 1.80-10° (5.39-1072) | 2.06-10° (8.82-1072) | 2.16-10° (8.92-1072) 2.40-10° (1.10-10~") 2.23.100(5481-10*2)'2.24- -1071)
ve{l/2,--- 0} | 1.25-10° (4.37-1072) | 1.56-10° (6.88-1072) | 1.86-10° (9.26-1072) 1.64-10° (7.03-1072) | 2.23-10° (5.81-1072) 2.13- -1072)

R(8:S55s)

NLL/SPE | 1.28-10° (4.53-1072)
SM-2.2.21 GKLSC',n=250,d =5
Averages of R(0;S5PF)
R(6;SSPE) NLL LOO-SPE LOO-NLPD LOO-CRPS KA GCV
v=1/2 2.59-1072 (1.68-1073) 2.62-1072 (1.75-1073) | 2.62-1072 (1.71-1073) | 2.56-102 (1.66-1073) | 1.50-10"" (5.68-10"2) | 2.63- 1073)
v=3/2 2.12-1072 (1.60-1073)  2.28-1072 (1.65-1073) | 2.40-1072 (1.83-1073) | 2.25-1072 (1.80-1073) | 1.16-10"" (5.59-1073) | 2.56- -1073)
v=5/2 2.63-1072 (2.00-107%) 3.10-1072 (2.39-1073) | 3.28-1072 (2.77-1073) | 3.11-1072 (2.63-1073) ' 1.06-10~" (5.44-1073) | 3.63- -1073)
v=17/2 3.01-1072 (2.22-1073) 3.58-1072 (2.66-1073) | 3.80- 1072 (2.88-1073) | 3.61-102 (2.86-1073) ' 1.01-10~! (5.58-1073) | 4.36- -1073)
v=9/2 3.29-1072(2.35-107%) 3.87-1072(2.81-1073) | 4.22-1072 (3.16-103) | 3.86-1072 (2.81-1073) 1 9.70-10"2 (5.59-103) | 4.89- 1073)
v=11/2 3.50-1072 (2.44-1073) 4.19-1072 (3.00-1073) | 4.41-1072 (3.26-1073) | 4.11-1072 (2.94-1073) 9.18-1072 (5.27-10 %) | 5.31- -1073)
v=21/2 4.07-1072 (2.70-1073)  4.90-1072 (3.39-1073) | 5.04-1072 (3.74-1073) | 4.70-1072 (3.26-103) 7.95-102 (4.63-1073) | 6.18- -1073)
V=00 4.81-1072(3.08-107%) 5.80-1072(3.71-1073) | 5.89-1072 (4.11-1073) | 5.54-1072 (3.58-107%) 8.03-1072 (5.57-1073) | 7.32- -1073)
ve{l/2,--- o} | 2.18-1072 (1.89-1073) 2.50-1072(2.25-1073) | 3.20-1072 (2.95-1073) | 2.29-1072 (2.13-1073) ' 8.03-1072 (5.57-1073) | 5.26- -1073)
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R*(SSPE)
v=1/2 2.50-1072 (1.59-1073)
v=3/2 1.81-1072 (1.25-1073)
v=5/2 2.12-1072(1.33-1073)
v=17/2 2.42-1072(1.47-1073)
v=9/2 2.63-1072 (1.57-1073)
v=11/2 2.80-1072 (1.66-1073)
v=21/2 3.22-1072(1.89-1073)
V=o 3.79-10- 2(2 22-1073)
ve{1/2,- 00} || 1.78-107% (1.20-1073)
R(O;SSPE)
NLL/SPE | 2.18-1072 (1.91-1073)
linear 3.78-1071 (1.91-1072)
INN 2.64-1071 (5.03-1073)
2NN 1.97-107" (4.07-1073)
Averages of R(0;SCRPS)
R(6;SCRPS) NLL LOO-SPE LOO-NLPD LOO-CRPS \ KA GCV
v=1/2 7.64-102 (1.81-1073) 6.87-1072 (1.90-1073) | 6.86-1072 (1.87-1073) | 6.31-1072 (1.71-1073) | 2.06-10"" (3.69-103) | 6.88-1072 (1.86-1073)
v=3/2 5.61-1072(2.14-1073) 5.87-1072(2.17-1073) | 5.93-1072 (2.29-1073) | 5.35-1072 (2.16-1073) | 1.76- 10" (4.34-1073) | 6.14-1072 (2.41-1073)
v=5/2 6.36-1072 (2.40-1073)  6.98-1072 (2.72-1073) | 7.02-1072 (2.81-1073) | 6.69-1072 (2.70-1073)  1.65-10" (4.55-1073) | 7.37-1072 (3.04-1073)
v=1/2 6.97-1072 (2.52-1073)  7.73-107% (2.83-1073) | 7.77-1072 (2.91-1073) | 7.54-1072 (2.86-1073) 1.59-10"' (4.73-1073) | 8.34-1072 (3.34-1073)
v=9/2 7.42-1072(2.61-1073) 8.16-1072 (2.91-1073) | 8.31-1072 (3.09-1073) | 8.00-1072 (2.84-1073) 1.54-10"! (4.67-1073) | 8.92-1072 (3.54-1073)
v=11/2 7.73-1072 (2.66-1073)  8.56-102 (3.05-1073) | 8.59-1072 (3.12-1073) | 8.36-1072 (2.95-1073) 1.48-10~! (4.36-1073) | 9.39-1072 (3.67-1073)
v=21/2 8.51-1072 (2.85-1073) 9.38-1072(3.30-1073) | 9.37-1072 (3.44-1073) | 9.14-1072 (3.14-1073) 1.32-10~" (3.75-1073) | 1.03-10~" (3.95-1073)
V=oo 9.44-1072 (3.11-107%) 1.04-107' (3.47-107%) | 1.03-107! (3.67-1073) | 1.02- 107" (3.43-107%) 1.29-107" (4.34-1073) | 1.13-107" (4.33-1073)
ve{l/2,--- o} | 5.65-1072(2.20-1073) 6.08-1072(2.35-1073) | 6.72-1072 (2.83-1073) | 5.39-1072 (2.19-1073) 1.29-10"" (4.34-1073) | 8.81-1072 (4.37-1073)
R(G;SCRPS)
NLL/SPE | 5.70-1072 (2.23-107%)
Averages of R(6;S5s)
R(0:58,5) \ NLL LOO-SPE LOO-NLPD | LoO-CRPS KA Gev
v=1/2 1.08-10° (2.60-1072) | 1.00-10° (2.87-1072) | 1.00-10° (2.86-1072)  1.11-10° (3.53-1072) | 2.00-10° (3.53-10"2) 1.01-10° (2.86-1072)
v=3/2 9.16-1071 (3.08-1072) | 9.58-10! (3.18-1072) | 9.82-10"! (3.53-10°2) 1.13-10° (4.47-102) | 1.79-10° (4.63-10~2) 1.01-10° (3.72-10°2)
v=5/2 1.00-10° (3.44-1072) | 1.10-10° (4.06-1072) | 1.13-10° (4.33-1072) 1.30-10° (5.42-1072) | 1.72-10° (5.03-1072) 1.18-10° (4.44-1072)
v=7/2 1.06-10° (3.58-1072) | 1.16-10° (4.05-1072) | 1.19-10° (4.36-1072)  1.35-10° (5.35-1072) | 1.68-10° (5.19-1072) 1.26-10° (4.56-1072)
v=9/2 1.10-10° (3.66-1072) | 1.18-10° (4.02-1072) | 1.24-10° (4.56-102)  1.36-10° (4.93-1072) | 1.64-10° (5.19-1072) 1.31-10° (4.69-10~2)
v=11/2 1.12-10° (3.70-1072) | 1.22-100 (4.21-10°2) | 1.26-10° (4.59-1072) 1.38-10° (5.00-1072) | 1.59-10° (5.00-10~2) 1.34-10° (4.89-10~2)
v=21/2 1.20-10°(3.83-1072) | 1.28-10° (4.43-1072) | 1.30-10° (4.89-1072) 1.43-10° (5.12-1072) | 1.51-10° (4.91-1072) 1.42-10° (5.10-1072)
V=00 1.30-10° (4.03-1072) | 1.37-10° (4.43-1072) | 1.37-10° (4.86-1072) 1.52-10° (5.27-1072) | 1.52-10° (5.62-1072) 1.50-10° (5.56-1072)
ve{l/2,-- 0} 9.28-107'(3.38-1072) | 9.95-107! (3.66-1072) | 1.11-10° (4.43-1072) 1.13-10° (4.58-1072) | 1.52-10° (5.62-1072) 1.31-10° (5.27-1072)
R(G?S:)%s)
NLL/SPE |9.32-10' (3.41-1072)

SM-2.2.22 GKLSC?,n=20,d =2

Averages of R(6;

SSPE)
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R(8;S5PF) NLL \ LOO-SPE LOO-NLPD LOO-CRPS \ KA GCV
v=1/2 3.56-107" (2.06-1072) 3.59-107! (2.09-1072) | 3.79-107! (2.67-1072) | 3.51-107" (1.86-1072) 4.59-10" (2.13-1072) | 3.96-10~" (2.56-1072)
v=3/2 4.03-1071(2.50-1072)  4.54-107" (2.89-1072) | 4.76-10" (3.14-1072) | 4.15-107" (2.15-1072) 4.84-107' (2.55-1072) | 5.95-10"" (4.06-10~2)
v=5/2 4.38-1071(2.70-1072) 5.11-10~" (3.63-1072) | 5.62-10~! (4.00-1072) | 4.52-10"! (2.46-107%) 4.95-10~' (2.54-1072) | 7.35-10"! (5.61-1072)
v=17/2 4511071 (2.72-1072)  5.52-107! (4.46-1072) | 6.71-10" (8.36-1072) | 5.36-10~" (4.64-1072) 5.22-10"' (2.87-1072) | 9.98-10~! (1.07-10~")
v=9/2 4.56-1071 (2.72-1072)  5.57-107! (4.45-1072) | 6.90-107" (7.91-1072) | 5.76-1 1(6 68-1072) 5.68-107! (3.73-1072) | 1.49-10° (3.71-10° ")
V=00 477-1071 (2.68-1072) 7.30-107! (1.12-10") | 8.84-10" (1.34-107") | 6.49-107" (8.39-1072)  1.17-10° (2.62-10"") | 1.90-10° (4.10-10" ')
ve{l/2,--- 0} | 431-107' (2.77-1072) 5.92-10' (6.18-1072) | 1.03-10° (2.16-10~!) | 6.22-107! (8.42-1072) 9.49-10~! (2.56-10~") | 1.80-10° (3.83-10 ")
R*(SSPE)
v=1/2 2.81-1071 (1.48-1072)
v=3/2 2.75-1071 (1.36-1072)
v=5/2 2.84-107" (1.31-1072)
v=17/2 2.93-107" (1.31-1072)
v=9/2 2.97-107" (1.34-1072)
V=oo 3.14-107' (1.25-1072)
ve{l/2,-- o0} || 2.52-107" (1.26-1072)
R(6;S57F)
NLL/SPE | 4.08-10~! (2.29-1072)
linear 7.12-107" (2.27-1072)
INN 4.53-107" (2.02-1072)
2NN 4.20-107" (1.73-1072)
Averages of R(0;SRPS)
R(6;SCRPS) NLL \ LOO-SPE LOO-NLPD LOO-CRPS \ KA GCV
v=1/2 2.70-107" (8.16-1073)  2.70-107! (8.41-1073) | 2.75-107" (9.99-1073) | 2.63-10~" (7.87-1073) 3.32-10"! (8.31-1073) | 2.83-10~! (1.00-1072)
v=3/2 2.86-1071(9.70-1073)  3.14-107! (1.13-1072) | 3.20-107! (1.30-1072) | 2.98-107" (9.76-1073) 3.38-10"" (1.10-1072) | 3.63-10" (1.46-1072)
v=5/2 3.02-107' (1.02-1072) 3.33-107! (1.14-1072) | 3.45-107! (1.32-1072) | 3.20-10"' (1.08-1072) 3.40-107! (1.07-1072) | 3.96- 10" (1.61-1072)
v=17/2 3.10-107"' (1.02-1072) 3.45-10" (1.21-1072) | 3.61-10~! (1.48-1072) | 3.40-10" (1.26-1072) 3.46-10~' (1.09-1072) | 4.33-10~" (1.90-10-2)
v=9/2 3.12-107' (1.00-1072) 3.47-107' (1.19-1072) | 3.70- 10" (1.61-1072) | 3.47-107" (1.46-1072) 3.58-10' (1.19-1072) | 4.73-10~" (2.48-1072)
V=00 3.26-107'(9.35-1073) 3.78-107! (1.75-1072) | 4.08-107! (2.09-1072) | 3.68-10"" (1.71-1072) 4.45-10" (2.37-1072) | 5.35-10~" (3.16-1072)
ve{l/2,--- 0} | 2.96-107! (1.04-1072) 3.51-107" (1.45-1072) | 4.07-10"" (2.51-1072) | 3.53-10"" (1.89-1072) 4.03-10"' (2.07-1072) | 5.31-10"! (2.89-10"2)
R(G;SCRPS)
NLL/SPE | 2.96-107" (9.69-107%)
Averages of R(6;S,s)
R(6;55,5) NLL LOO-SPE LOONLPD | LOO-CRPS KA \ Gev
v=1/2 3.97-10° (1.41-1071) | 4.18-10° (1.48-107") | 4.34-10° (1.99-107") 4.45-10° (1.62-107") | 4.72-10° (1.73-107") 4.41-10° (1.75-107")
v=3/2 4.98-10° (2.19-107") | 5.68-10° (2.82-107") | 6.05-10° (3.55-107") 56910 (2.66-107") | 5.53-10° (3.15-107") ' 6.69-10° (3.38-1071)
v=5/2 5.40-10° (2.30-1071) | 6.06-10° (2.93-10~") | 6.51-10° (3.89-10~") 6.32-10° (3.50-10~") | 5.32-10° (2.60-10~') 7.17-10° (3.69-10~")
v=17/2 5.59-10°(2.33-1071) | 6.34-10° (3.05-107") | 6.78-10° (3.70-107") 6.72-10° (3.67-107") | 5.29-10° (2.28-107!) 7.62-10° (3.79-10~")
v=9/2 5.63-10°(2.25-107") | 6.28-10° (2.88-10") | 7.00-10° (4.13-10~") 6.88-1 0(4 24-107") | 5.44-10° (2.24-107") 8.25-10° (5.00-1071)
V=oo 5.91-10°(2.10-1071) | 6.75-10° (3.84-10~") | 7.95-10° (5.38-10~") 7.41-10° (5.25-10~") | 6.41-10° (2.93-10~') 9.66-10° (6.66-10~")
ve{l/2,--- o} | 536-100(2.24-107!) | 6.72-10° (3.51-107") | 8.27-10° (5.69-10~") 7.72-10° (5.63-10~") | 5.90-10° (2.78-10~!) 9.79-10° (6.49-107})

R(6:Ss)
NLL/SPE | 5.32-100 (227-10"1)

55



SM-2.2.23 GKLS C?,n=40,d =2

Averages of R(0;S5PE)
R(6;55PE) \ NLL LOO-SPE LOO-NLPD LOO-CRPS KA GCV
v=1/2 1.77-107" (1.01-1072) | 1.74-107" (1.02-1072) | 1.74-107" (1.02:1072) | 1.67-10"" (1.00-102) 2.63-107! (1.46-1072) | 1.81-10~" (1.13-1072)
v=3/2 1.86-107" (1.01-1072) | 2.03-10~" (1.14-1072) | 2.10-10~" (1.22-1072) | 1.91-10~" (1.07-10"2) 2.86-10~' (2.91-1072) | 2.98-10~" (4.18-1072)
v=5/2 1.97-107" (1.03-1072) | 2.34-10" (1.51-1072) | 2.92-10~! (5.45-1072) | 2.12-107" (1.26-10"2) 3.21-107' (3.19-1072) | 3.44-10~" (2.79-1072)
v=7/2 2.03-107" (1.03-1072) | 2.50-107" (1.72-1072) | 3.15-10~! (5.06-1072) | 2.31-10"" (1.52-102) 4.09-10"! (5.80-1072) | 8.19-10"" (2.20- 10" ')
v=9/2 2.09-107" (1.06-1072) | 2.52-107! (1.74-1072) | 3.30-10"! (4.57-1072) | 2.40-10"" (1.67-107%) 5.71-10~" (1.06-10"") | 1.55-10° (5.61-10"")
ve{l/2,---,9/2} 1.93-107' (1.05-1072) | 2.26-107! (1.81-1072) | 3.22-107" (5.67-1072) | 2.03-10" (1.49-1072) 4.51-10~' (7.99-1072) | 1.56-10° (5.61-10"")
R*(SSPE)
v=1/2 1.48-107" (9.07-1073)
v=3/2 1.34-1071 (7.67-1073)
v=5/2 1.39-107" (7.58-1073)
v=1/2 1.43-1071 (7.65-1073)
v=9/2 1.46-107" (7.70-1073)
ve{l/2,---,9/2} || 1.26-107! (7.71-1073)
R(0:SSPE)
NLL/SPE | 1.88-107! (1.03-1072)
linear 6.90-107" (2.15-1072)
INN 2.70-107" (1.24-1072)
2NN 2.40-1071 (1.18-1072)
Averages of R(0;SCRPS)
R(8;SCRPS) \ NLL LOO-SPE LOO-NLPD LOO-CRPS KA GCV
v=1/2 1.97-107" (4.68-1073) | 1.93-107! (4.48-1073) | 1.93-10" (4.54-1073) | 1.76- 107! (4.54-1073) 2.48-10"" (6.46-1073) | 1.96-10~' (5.24-1073)
v=3/2 1.90-107" (4.64-1073) | 1.99-107" (5.08-1073) | 1.99-107! (5.22-1073) | 1.88-107" (4.87-107%) 2.39-107! (9.67-1073) | 2.26-10" (1.15-1072)
v=5/2 1.95-107" (4.69-1073) | 2.08-107! (5.88-1073) | 2.17-107' (9.56-1073) | 1.99-107" (5.35-1073) 2.52-10~' (1.06-1072) | 2.36- 10" (7.27-1073)
v=7/2 1.98-107" (4.65-1073) | 2.14-107" (5.96-1073) | 2.25-107' (9.43-1073) | 2.06-10~" (5.49-1073) 2.76-10~' (1.48-1072) | 2.79-10" (1.23-1072)
v=9/2 2.02-107" (4.79-1073) | 2.15-107" (5.71-1073) | 2.29-10~' (9.07-1073) | 2.09-10~" (5.57-1073) 3.07-10~! (2.08-1072) | 3.23-10~" (1.89-1072)
ve{l/2,---,9/2} 1.94-107" (4.70-1073) | 2.04-107" (5.99-1073) | 2.24-10"' (1.04-1072) | 1.88-10"" (5.82-1073) 2.85-107! (1.60-1072) | 3.25-10" (1.91-1072)
R(8;SCRPS)
NLL/SPE | 1.93-107! (4.52-1073)
Averages of R(6;Sys)
R(6;5555) NLL LOO-SPE LOO-NLPD LOO-CRPS KA GCV
v=1/2 2.68-10° (8.49-1072) 2.71-10° (8.94-1072) | 2.71-10° (9.10-1072) | 2.93-10° (1.08-10~") | 3.32-10° (1.08-10~") 2.77-10° (1.02-107")
v=3/2 2.85-10° (1.04-107") 3.06-10° (1.19-107") | 3.11- 10“ (1.21-1071) | 3.41-10° (1.41-1071) | 3.37-10° (1.55-107")  3.72-10° (2.63-107")
v=5/2 3.03-10° (1.12-107")  3.27-10° (1.38-107") | 3.65-10° (2.81-107") | 3.56-10° (1.57-107") | 3.62-10° (1.69-10~") 3.78-10° (1.51-107")
v=17/2 3.13-10° (1.17-107")  3.41-10° (1.48-107") | 3.81-10° (2.58-107") | 3.71-10° (1.62-107") | 3.99-10° (2.17-10~") 4.30-10° (1.76-107")
v=9/2 3.21-10° (1.20-1071) 34410 (1.46-1071) | 3.91-10° (2.37-10"") | 3.80-10° (1.67-1071) | 4.37-10° (2.85-10"!) 4.80-10° (2.32-107")
ve{l/2,---,9/2} | 2.97-10° (1.08-1071) 32610 (1.39-1071) | 3.87-10° (2.93-107") | 3.52-10° (1.61-10~") | 4.00-10° (2.22-107") 4.90-10° (2.44-10~")
R(0:;S505)
NLL/SPE | 2.94-10° (1.06-107")
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SM-2.2.24 GKLS C?,n=100,d =2

Averages of R(0;S5PE)
R(6;55PE) \ NLL LOO-SPE LOO-NLPD LOO-CRPS \ KA
v=1/2 6.16-1072 (3.48-1073) | 6.25-1072 (3.73-1073) | 6.10-1072 (3.53-1073) | 6.04-1072 (3.46-107%) 1.57-10" (1.15-1072) | 6.06- 102 (3.45-
v=3/2 4.21-1072(2.62-1073) | 4.56-1072 (3.69-1073) | 4.19-1072 (2.63-1073) | 4.20-1072 (2.89-10%) ' 1.89-10~" (2.15-1072) | 4.44-1072 (2.77-
v=5/2 4.04-1072 (2.38-1073) | 4.48-1072 (3.37-1073) | 4.39-1072 (3.15-1073) | 4.00-1072 (2.35-103) [2.22-10~! (2.70-102) | 6.19-102 (5.83-
v=7/2 4.10-1072(2.32-1073) | 4.43-1072(3.15-1073) | 4.68-1072 (3.63-1073) | 4.19-1072 (2.61-107%) | 2.77-10"" (3.33-10"2) | 9.26- 102 (9.15-
v=9/2 420-1072(2.31-1073) | 4.52-1072 (3.07-1073) | 5.05-1072 (4.32-1073) | 4.35-1072 (2.62-10%) | 2.87-10"" (3.29-10"2) | 1.20-10"" (1.10-
ve{l/2,---,9/2} 4.11-1072(2.34-1073) | 4.49-1072(3.38-1073) | 4.78-1072 (4.10-1073) | 4.19-1072 (2.71-107%) | 2.84-10" (3.21-10"?) | 1.19- 10" (1.10-
R"(SSPE)
v=1/2 5.66-1072 (3.28-1073)
v=3/2 3.49-1072 (2.14-1073)
v=5/2 3.17-1072 (1.92-1073)
v=1/2 3.17-107% (1.87-1073)
v=9/2 3.22-1072 (1.86-1073)
ve{l/2,---,9/2} || 3.01-1072 (1.82-1073)
R(0:SSPE)
NLL/SPE | 4.29-1072 (2.87-1073)
linear 6.87-1071 (2.15-1072)
INN 1.32-107" (5.50-1073)
2NN 1.13-1071 (5.22-1073)
Averages of R(0;SCRPS)
R(6;SCRPS) \ NLL LOO-SPE LOO-NLPD LOO-CRPS \ KA
v=1/2 1.17-107" (2.59-1073) | 1.11-107" (2.59-1073) | 1.10-10~! (2.50-1073) [ 9.91-1072 (2.51-1073) 1.79-10~! (6.27-1073) | 1.10-10~" (2.47-
v=3/2 8.90-1072(2.22-107%) | 8.92-1072 (2.69-1073) | 8.67-1072 (2.26-1073) | 8.39-1072 (2.42-1073) 1.78-107! (1.05-1072) | 8.87-1072 (2.36-
v=5/2 8.64-1072(2.12-1073) | 8.92-1072 (2.49-1073) | 8.73-1072 (2.29-1073) | 8.41-1072(2.15-1073) 1.85-107! (1.07-1072) | 9.95-1072 (2.91-
v=7/2 8.71-1072 (2.08-1073) | 9.05-1072 (2.40-1073) | 9.00-102 (2.33-1073) | 8.68-1072 (2.19-1073) 2.01-10~" (1.14-1072) | 1.18-10~" (3.79-
v=9/2 8.85-1072 (2.07-1073) | 9.27-1072 (2.37-1073) | 9.33-102 (2.50-1073) | 8.90- 1072 (2.17-1073) 2.00-10~" (1.01-1072) | 1.34-10~" (4.53-
ve{l/2,---,9/2} 8.65-1072(2.09-1073) | 8.94-1072 (2.43-1073) | 9.06-1072 (2.43-1073) | 8.45-1072 (2.29-107%) 2.05-10~! (1.05-1072) | 1.32-10"" (4.71-

R(0;SCRPS)
NLL/SPE | 8.80-1072 (2.24-107%)

Averages of R(6;Sys)

R(6;5555) NLL \ LOO-SPE LOO-NLPD LOO-CRPS KA \

v=1/2 1.64-10° (4.40-1072)  1.62-10° (4.96-1072) | 1.60-10° (4.80-1072) | 1.94-10° (6.73-1072) | 2.49-10° (1.03-10~") 1.59-10° (4.73-
v=3/2 1.24-10° (4.35-1072)  1.29-10° (5.71-1072) | 1.24-10° (4.46-1072) | 1.57-10° (6.68-1072) | 2.60-10° (1.72-10~") 1.27-10° (4.42-
v=5/2 1.19-10° (4.22-1072)  1.25-10° (5.21-1072) | 1.23-10° (4.65-1072) | 1.44-10° (5.11-1072) | 2.70-10° (1.82-10") 1.40-10° (5.78-
v=17/2 1.19-10° (4.11-1072)  1.23-10° (4.97-1072) | 1.24-10° (4.74-1072) | 1.43-10° (5.56-1072) | 2.81-10° (1.72-10~") 1.63-10° (7.03-
v=9/2 1.20-10° (4.05-1072) 1.24-100 00 (4.83-1072) | 1.30-10° (5.72-1072) | 1.43-10° (5.61-1072) | 2.72-10° (1.48-10"") 1.79-10° (7.54-
ve{l/2,---,9/2} | 1.21-10° (4.13-1072) 12501 0°(5.27-1072) | 1.27-10° (5.02-1072) | 1.54-10° (6.21-1072) | 2.93-10° (1.75-10"") 1.80-10° (7.77-

(9 SO 93>
NLL/SPE | 1.22-10° (4.53-1072)
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SM-2.2.25 GKLS C?,n=50,d =5

Averages of R(0;S5PE)

R(6;S5PF) NLL \ LOO-SPE LOO-NLPD LOO-CRPS \ KA

v=1/2 1.14-107" (5.12-1073)  9.80-1072 (4.84-1073) | 9.85-1072 (4.90-1073) | 9.34-1072 (4.25-1073) | 3.52-10"! (9.45-1073) | 1.04-
v=3/2 7.06-1072 (9.70-1073)  7.69-1072 (9.22-1073) | 8.00-1072 (1.08-1072) | 6.61-1072 (8.03-1073) | 3.03-10~" (9.39-1073) | 9.36-
v=5/2 7.97-1072 (1.11-1072)  9.61-1072 (1.28-1072) | 1.10-107! (1.85-1072) | 8.35-1072 (1.10-1072) ' 2.95-10~! (9.76-1073) | 1.02-
v=7/2 8.65-1072(1.17-1072)  1.25-107! (2.05-1072) | 1.27-107! (2.16-1072) | 1.12-107! (1.76-10"2) ' 2.90-10"' (9.62-1073) | 1.26-
v=9/2 9.08-1072(1.20-1072) 1.37-10~' (2.35-1072) | 1.39-10~! (2.51-1072) | 1.26-10" (2.30-1072) 2.87-10~! (9.56-1073) | 1.49-
v=11/2 9.35-1072(1.22-1072)  1.50-107! (2.61-1072) | 1.54-107" (2.70-1072) | 1.35-10" (2.43-1072) 2.86-10" (9.66-1073) | 1.47-
v=21/2 1.03-107" (1.38-1072)  1.61-107" (2.83-1072) | 1.68-107! (2.96-1072) | 1.55-107! (2.73-1072) 2.84-10~" (9.93-1073) | 1.81-
V=00 1.09-1071 (1.44-1072)  1.79-107" (3.00-1072) | 1.76-10~" (3.02-1072) | 1.65-10"" (2.28-1072) 2.88-10"! (1.08-1072) | 2.08-
ve{l/2,--- e} | 7.16-1072 (1.07-1072) 1.49-10"! (2.86-1072) | 1.45-10"! (2.10-1072) | 1.17-10" (2.01-1072) 2.90-10"" (1.09-10~2) | 1.87-

R*(SSPE)
v=1/2 8.54-107% (3.64-1073
v=3/2 4.52-10- 2(424 10~ ‘)
v=5/2 4.93-1072 (4.98-1073)
v=17/2 5.40-1072 (5.36-1073)
v=9/2 5.69-1072 (5.68-1073)
v=11/2 5.82-1072 (5.78-1073)
v=21/2 6.22-1072 (6.17-1073)
= 6.54- 02(669 1073)
ve{l/2,--- 0} | 4.06-1072 (3.70-1073)
R(6;S57F)
NLL/SPE | 7.09-1072 (8.30-1073)
linear 3.93-107' (2.07-1072)
INN 4.70-107" (8.11-1073)
2NN 3.71-107! (6.86-1073)
Averages of R(0;SCRPS)
R(6;SCRPS) NLL \ LOO-SPE LOO-NLPD LOO-CRPS \ KA
v=1/2 1.75-1071 (3.45-1073) 1.55-107" (3.59-1073) | 1.55-107" (3.63-1073) | 1.50- 10" (3.04-1073) 3.24-10"! (4.50-1073) | 1.57-
v=3/2 1.02-107" (7.10-1073)  1.08-107' (7.95-1073) | 1.07-107! (8.32-1073) | 9.70-1072 (7.00-107%)  2.95-10~! (4.75-1073) | 1.11-
v=5/2 9.96-1072 (8.69-1073)  1.13-107' (1.01-1072) | 1.15-107" (1.12-1072) | 1.04-10"" (9.17-1073) ' 2.90-10"" (5.00-1073) | 1.10-
v=17/2 1.07-1071(9.03-1073) 1.31-10~" (1.19-1072) | 1.28-10~! (1.25-1072) | 1.24-10"" (1.12-1072) 2.86-10"! (4.93-1073) | 1.24-
v=9/2 1.11-1071(9.20-1073)  1.38-107" (1.25-1072) | 1.34-10~" (1.27-1072) | 1.33-107" (1.24-1072) 2.84-10"! (4.89-1073) | 1.37-
v=11/2 1.14-1071(9.33-1073)  1.46-107' (1.35-1072) | 1.44-107' (1.36-1072) | 1.41-107' (1.29-1072) 2.83-107" (4.93-1073) | 1.39-
v=21/2 1.21-1071 (1.01-1072)  1.54-107" (1.42-1072) | 1.55-10"" (1.46-1072) | 1.54-107" (1.41-1072) 2.81-10"! (5.01-1073) | 1.55-
V=00 1.26-107" (1.04-1072) 1.65-10" (1.51-1072) | 1.61-10~' (1.49-1072) | 1.63-10"" (1.44-107%) 2.82-10~! (5.36-1073) | 1.65-
ve{l/2,---,0} | 9.41-1072 (8.24-1073) 1.40-10~" (1.43-1072) | 1.43-107" (1.31-1072) | 1.25-107" (1.23-1072) 2.83-107! (5.44-1073) | 1.56-
R(O;SCRPS>

NLL/SPE | 9.61-1072 (8.10-1073)

Averages of R(0;S5,s)
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R(0:55ys) NLL LOO-SPE LOO-NLPD \ LOO-CRPS KA \ GCV
v=1/2 1.79-10° (3.79-1072) | 1.73-10° (4.27-1072) | 1.74-10° (4.28-1072) 1.77-10° (4.30-1072) | 3.01-10° (4.70-1072) 1.76-10° (4.93-1072)
v=3/2 1.37-10° (8.61-1072) | 1.48-10° (9.53-1072) | 1.53-10° (1.10-10~") 1.56-10° (1.10-10"") | 2.85-10° (5.12-1072) 1.60-10° (1.33-10°1)
v=5/2 1.48-10° (1.08-1071) | 1.79-10° (1.38-10") | 1.96-10° (1.81-10~") 1.90-10° (1.50-10~") | 2.83-10° (5.59-102) 1.85-10° (1.62-10~")
v=17/2 1.58-10° (1.16-107") | 2.15-10° (1.79-107") 2425-100(2.08-10*1)'2.41 10° (2.24-1071) 2.81-100(5448-10*2)'2.15-100(1.94-10*1)
v=9/2 1.65-10° (1.19-107") | 2.35-10° (2.07-10~") | 2.42-10° (2.27-10~") 2.63-10° (2.49-10") | 2.79-10° (5.43-1072) 2.46-10° (2.24-10° 1)
v=11/2 1.69-10° (1.22-1071) | 2.54-10° (2.29-107") | 2.66-10° (2.49-10~") 2.84-10° (2.68-107") | 2.79-10° (5.48-102) 2.48-10° (2.27-107")
v=21/2 1.81-10° (1.33-107") | 2.78-1 0(262-10") 2.904100(2.74-10*1)'3.25 0(3 12-107") 2.78-100(5463»10*2)'2.91-100 (2.83-107")
V=00 1.91-10° (1.40-107") | 3.11-10° (2.88-10~") | 3.18-10° (3.03-10~") 3.50-10° (3.08-10~") | 2.82-10° (6.06-102) 3.13-10° (3.10-10~")
ve{l/2,--- 0} | 1.41-10° (1.08-107") | 2.67-10° (2.84-107") | 2.83-10° (2.56-10~") 2.65-10° (2.79-107") | 2.83-10° (6.09-1072) 2.99-10° (3.02-1071)

R(6:S5s)
NLL/SPE | 1.44-10° (1.04-107")

SM-2.2.26 GKLS C?,n=100,d =5

Averages of R(0;S5PE)
R(6;SSPE) NLL \ LOO-SPE LOO-NLPD LOO-CRPS \ KA GCV
v=1/2 4.99-1072(2.90-1073) 4.91-1072 (2.89-1073) | 4.88-1072 (2.85-1073) | 4.78-1072 (2.82-1073) | 2.38-10"! (7.15-1073) | 4.91-1072 (2.91-1073)
v=3/2 3.94-1072(3.30-1073) 4.35-1072(3.46-1073) | 4.43-107% (3.43-1073) | 4.06-10~ 2(3 15-1073) 1 1.93-107" (7.56-1073) | 4.63-1072 (3.81-1073)
v=5/2 5.07-1072(4.23-107%) 6.33-1072(5.69-1073) | 6.33-1072 (5.38-1073) | 5.88-102 (4.84-1073) ' 1.91-10"' (9.01-1073) | 7.18-1072 (6.80-10~3)
v=7/2 5.77-1072 (4.74-1073)  6.91-102(5.35-1073) | 7.62-1072 (6.73-103) | 7.09- 10~ 2(6 26-1073)  1.84-107! (8.22-1073) | 9.41-1072 (1.25-1072)
v=9/2 6.18-1072 (5.04-1073) 7.95-1072 (6.87-1073) | 8.58-1072 (8.04-1073) | 7.62- 10~ 2(6 89-107%) 1.80-107! (7.87-1073) | 1.00-10~" (1.08-1072)
v=11/2 6.52-1072(5.33-1073)  9.16-1072 (1.09-1072) | 8.54-1072 (7.91-1073) | 8.32-1072 (7.72-1073) 1.79-10~" (7.86-1073) | 1.08- 10~ (1.16-10~2)
v=21/2 6.96-1072(5.29-1073)  1.00-107" (1.18-1072) | 1.03-10" (1.19-1072) | 9.30-1072 (1.01-1072) 1.81-10" (8.44-1073) | 1.19-10"' (1.26-10"2)
V=00 7.66-1072(5.77-1073) 1.10-10"" (1.28-1072) | 1.18-10~! (1.33-1072) | 9.85-10~ 2(8 72-1073) 1.85-107" (9.56-1073) | 1.30- 10" (1.40-10~2)
ve{l/2,-- 0} | 4.05-1072 (3.67-1073) 5.90-1072(5.93-1073) | 7.30-1072 (6.72-1073) | 4.66-1072 (3.71-1073) | 1.85-107! (9.56-10"3) | 1.11-10~! (1.23-1072)
R*(SSPE)
v=1/2 4.64-1072(2.70-1073)
v=3/2 3.16-1072 (2.28-1073)
v=5/2 3.75-1072 (2.67-1073)
v=17/2 4.25-1072(3.05-1073)
v=9/2 4.55-1072(3.20-1073)
v=11/2 4.77-1072 (3.41-1073)
v=21/2 5.20-1072 (3.71-1073)
V=00 5.68-1072 (4.12-1073)
ve{l/2,--- 0} | 3.07-1072 (2.19-1073)
R(6;S5PF)
NLL/SPE | 4.14-1072 (3.77-1073)
linear 3.77-107" (1.92-1072)
INN 3.66-107! (6.66-1073)
2NN 2.72-107" (5.41-1073)
Averages of R(9;SCRPS)
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R(0;SCRPS) NLL LOO-SPE LOO-NLPD LOO-CRPS KA GCV
v=1/2 1.11-107" (2.37-1073)  1.01-107" (2.53-1073) | 1.00- 107! (2.51-1073) | 9.53-1072 (2.31-107%) 2.64-10~! (3.92-1073) | 1.01- 1073)
v=3/2 7.57-1072(3.39-107%)  8.04-1072(3.60-1073) | 8.03-1072 (3.55-1073) | 7.29-1072 (3.19-1073) ' 2.34-10"" (4.56-1073) | 8.30- -1073)
v=5/2 8.62-1072 (4.16-1073)  9.62-1072 (4.80-1073) | 9.46-1072 (4.62-1073) | 9.15-10"2 (4.46-1073) 2.31-10~' (5.39-1073) | 9.91- -1073)
v=7/2 9.46-1072 (4.43-107%)  1.05-107' (4.97-1073) | 1.06- 107" (5.32-1073) | 1.04-10~" (4.99-1073) 2.25-10~" (4.97-1073) | 1.14- -1073)
v=9/2 9.97-107% (4.58-1073) 1.13-107! (5.43-1073) | 1.13-107! (5.85-1073) | 1.09-107" (5.30-107%) 2.22-107! (4.77-1073) | 1.20- 1073)
v=11/2 1.04-1071 (4.79-1073)  1.18-107" (6.08-1073) | 1.15-107" (5.68-1073) | 1.16- 107" (5.84-1073) 2.21-107! (4.77-1073) | 1.25- -1073)
v=21/2 1.10-107" (4.92-1073) 1.27-107" (6.52-1073) | 1.26-10~! (6.67-1073) | 1.25-10~" (6.25-1073) 2.20-10~! (5.05-1073) | 1.34- -1073)
V=o0 1.18-1071 (5.20-1073)  1.35-107" (6.94-1073) | 1.36-10~" (7.37-1073) | 1.32-107" (6.53-1073) 2.20-10~! (5.49-1073) | 1.40- -1073)
ve{l/2,--,00} | 7.52-1072 (3.64-1073)  9.26-1072 (4.95-1073) | 1.03-10~" (5.61-1073) | 7.81-1072 (3.76-1073)  2.20-107! (5.49-1073) | 1.25- 1073)

R(G;SCRPS)

NLL/SPE | 7.72-1072(3.75-1073)
Averages of R(0;S5,:)
R(0:55,5) NLL LOO-SPE LOONLPD | LOO-CRPS KA Gev
v=1/2 1.43-10° (3.21-1072) | 1.31-10° (3.64-1072) | 1.31-10° (3.64-1072) 1.40-10° (4.12-1072) | 2.46-10° (3.70-1072) 1.31- -1072)
v=3/2 1.20-10° (4.78-1072) | 1.27-10° (5.28-1072) | 1.30-10° (5.33-1072) 1.42-10° (6.21-1072) | 2.28-10° (4.76-1072) 1.31- -1072)
v=>5/2 1.37-10° (5.48-1072) | 1.58-10° (7.46-1072) | 1.59-10° (6.94-1072) 181107 (8.45-1072) | 2.29-10° (5.85-1072) 1,66 -1072)
v=17/2 1.47-10° (5.70-1072) | 1.63-10° (7.08-1072) | 1.75-10° (8.08-1072) 1.94-10° (9.34-1072) | 2.24-10° (5.30-1072) 1.85- -1071)
v=9/2 1.52-10° (5.83-1072) | 1.72-10° (7.68-1072) | 1.84-10° (9.12-1072) 1.98-10° (9.46-1072) | 2.20-10° (5.11-102) 1.90- -1072)
v=11/2 1.57-10° (5.98-1072) | 1.80-10° (9.00-102) | 1.83-10° (8.52-1072) 2.05-10° (1.01-107") | 2.20-10° (5.14-1072) 1.97- 1071
v=21/2 1.64-10° (5.83-1072) | 1.90-10° (9.89-1072) | 1.98-10° (1.05-10~") 2.16-10° (1.15-10~") | 2.21-10° (5.52-1072) 2.06- -1071)
V=00 1.75-10° (6.06-1072) | 1.99-10° (1.07-107") 2414-100(1.14-10*1)'2.26.100(1.12.10*1) 2.22.100(5497-10*2)'2.15- -1071)
ve{l/2,--- 0} | 1.23-10° (4.99-1072) | 1.51-10° (7.21-1072) | 1.75-10° (8.75-1072) 1.58-10° (7.18-1072) | 2.22-10° (5.97-1072) 2.00- 1071

R(8:S55s)

NLL/SPE | 1.25-10° (5.18-1072)
SM-2.2.27 GKLS C?,n=250,d =5
Averages of R(0;S5PF)
R(6;SSPE) NLL LOO-SPE LOO-NLPD LOO-CRPS KA GCV
v=1/2 2.60-1072 (1.68-1073)  2.64-1072 (1.77-1073) | 2.64-1072 (1.73-1073) | 2.58-1072 (1.68-1073) | 1.48-10"" (5.53-102) | 2.66- 1073)
v=3/2 2.27-1072(1.77-1073)  2.48-1072 (2.01-1073) | 2.62-1072 (2.21-1073) | 2.43-1072 (2.13-1073) | 1.14-10"" (5.18-1073) | 2.81 - -1073)
v=5/2 2.82-1072(2.27-107%) 3.51-1072 (3.12-1073) | 3.54-1072 (3.10-1073) | 3.38-1072 (3.08-1073)  1.05-10~" (5.45-1073) | 3.81- -1073)
v=17/2 3.22-1072(2.53-1073) 3.98-1072(3.82-1073) | 4.03-1072 (3.52-1073) | 3.86- 1072 (3.43-1073) ' 1.01-107! (5.70-1073) | 4.46- -1073)
v=9/2 3.50-1072 (2.69-1073) 4.25-1072(3.96-1073) | 4.46-1072 (3.81-1073) | 4.14-1072 (3.53-1073)  9.71-10"2 (5.78-1073) | 5.18- 1073)
v=11/2 3.72-1072(2.79-1073)  4.51-1072 (4.40-1073) | 4.67-1072(3.96-1073) | 4.34-10"2 (3.66-1073) 9.24-102 (5.56-10"3) | 5.33- -1073)
v=21/2 4.25-1072(3.10-1073) 5.23-1072 (4.86-1073) | 5.26- 1072 (4.46-1073) | 5.04-1072 (4.12-1073) 8.12-1072 (5.24-1073) | 6.46- -1073)
V=00 4.96-1072 (3.52-107%) 6.08-1072 (5.37-1073) | 6.06-1072 (5.11-1073) | 5.79-1072 (4.50-107%) 8.29-1072 (6.69-1073) | 7.36- -1073)
ve{l/2,--- o} | 233-1072(2.22-1073) 2.90-1072(3.90-1073) | 3.42-1072 (3.40-1073) | 2.53-1072 (2.67-1073) ' 8.29-1072 (6.69-1073) | 5.89- -1073)
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R*<SSPE)
v=1/2 2.51-1072 (1.59-1073)
v=3/2 1.90-1072 (1.36-1073)
v=5/2 2.23-1072(1.49-1073)
v=17/2 2.51-1072 (1.63-1073)
v=9/2 2.72-1072 (1.74-1073)
v=11/2 2.88-1072(1.83-1073)
v=21/2 3.28-1072(2.07-1073)
V=o 3.81-10- 2(242~10*3)
ve{1/2,-, 00} || 1.87-1072 (1.34-1073)
R(0;SSPE)
NLL/SPE | 2.40-1072 (2.41-1073)
linear 3.75-1071 (1.91-1072)
INN 2.63-1071 (5.13-1073)
2NN 1.97-107" (4.11-1073)
Averages of R(0;SRPS)
R(6;SCRPS) NLL \ LOO-SPE LOO-NLPD LOO-CRPS \ KA
v=1/2 7.49-1072 (1.85-1073) 6.71-1072 (1.95-1073) | 6.70-1072 (1.93-1073) | 6.08-1072 (1.67-1073) | 2.04-10"" (3.60-1073) | 6.73-1072 (1.93-
v=3/2 5.45-1072(2.34-107%) 5.75-1072 (2.47-1073) | 5.79-1072 (2.54-1073) | 5.11-1072(2.33-1073) 1.73-10~! (4.09-1073) | 6.01-1072 (2.67-
v=5/2 6.17-1072 (2.65-1073)  6.89-1072 (3.11-1073) | 6.81-1072 (3.04-1073) | 6.46-1072 (2.92-1073) 1.64-10~" (4.53-1073) | 7.14-1072 (3.22-
v=1/2 6.78-1072 (2.80-107%)  7.57-1072(3.33-1073) | 7.50-1072 (3.29-1073) | 7.25-1072 (3.17-1073) 1.58-10" (4.78-1073) | 7.99-1072 (3.57-
v=9/2 7.21-1072(2.89-1073) 7.99-1072 (3.42-1073) | 8.01-1072 (3.48-1073) | 7.75-1072(3.29-10%) 1.52-10"' (4.76-1073) | 8.72-1072 (3.92-
v=11/2 7.53-1072(2.96-1073) 8.29-102 (3.50-1073) | 8.30-1072 (3.58-1073) | 8.04-1072(3.37-1073) 1.46-10~" (4.50-1073) | 8.93-1072 (4.04-
v=21/2 8.25-1072(3.16-107%) 9.08-1072 (3.71-1073) | 9.02-1072 (3.80-1073) | 8.88-1072 (3.63-1073) 1.31-10~" (4.10-1073) | 9.95- 1072 (4.44-
V=00 9.12-1072 (3.45-1073)  9.96-1072(3.98-107%) | 9.83-1072 (4.15-107) | 9.81-1072 (3.96-107%) 1.26-10~" (4.92-1073) | 1.07-10~" (4.70-
ve{l/2,--- o} | 547-1072 (2.43-1073) 6.04-1072 (2.80-1073) | 6.53-1072 (3.11-1073) | 5.18-1072 (2.43-1073) 1.26-10"" (4.92-1073) | 8.88-1072 (4.72-

R(G;SCRPS)
NLL/SPE | 5.59-1072(2.55-1073)

Averages of R(6;S5s)

R(6:55y5) NLL LOO-SPE \ LOO-NLPD \ LOO-CRPS KA

v=1/2 1.08-10° (2.71-1072) | 9.95-107" (2.95-1072) 9.95-107' (2.95-1072) 1.08-10° (3.60-1072) | 1.99-10° (3.54-1072) | 9.99-10~! (2.95-
v=3/2 9.29-107" (3.46-1072) [ 9.77-107" (3.80-1072)  1.00-10° (4.06-102)  1.14-10° (5.17-1072) | 1.78-10° (4.54-1072) | 1.03-10° (4.18-
v=5/2 1.02-10° (3.87-1072) | 1.14-10° (4.86-1072)  1.15-10° (4.70-1072)  1.33-10° (6.00-1072) | 1.72-10° (5.16-1072) | 1.19-10° (4.73-
v=17/2 1.08-10° (4.05-1072) | 1.19-10° (4.99-10"2)  1.20-10° (4.94-1072)  1.37-10° (6.07-1072) | 1.68-10° (5.41-1072) | 1.26-10° (4.89-
v=9/2 1.12-10° (4.15-1072) | 1.21-10° (4.97-1072)  1.24-10°(5.09-1072)  1.39-10° (5.96-1072) | 1.64-10° (5.49-1072) | 1.32-1 0(5 27-
v=11/2 1.15-10° (4.19-1072) | 1.23-10°(5.09-1072)  1.25-10° (5.14-1072)  1.40-10° (5.99-1072) | 1.60-10° (5.37-1072) | 1.33-10° (5.46-
v=21/2 1.23-10° (4.39-1072) | 1.30-10° (5.35-1072)  1.31-10° (5.42-1072)  1.47-10° (6.21-1072) | 1.52-10° (5.53-1072) | 1.42-10° (5.74-
V=oo 1.33-10° (4.65-1072) | 1.37-10° (5.66-10"2)  1.38-10°(5.81-1072) 1.54-1 0(6 33-1072) | 1.53-10° (6.49-1072) | 1.49-10° (6.44-
ve{l/2,--- 0} [9.43-107! (3.86-1072) | 1.03-10° (4.49-1072)  1.11-10° (4.82-1072) 1.15-10° (5.26-1072) | 1.53-10° (6.49-1072) | 1.36-10° (6.09-

R(G?S:)%s)
NLL/SPE | 9.57-10' (4.11-1072)

SM-2.2.28 Rosenbrock,n =20,d =2

Averages of R(0;S5PF)
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LOO-SPE LOO-NLPD LOO-CRPS

1.28-1072 (2.86-1073) | 1.12-1072 (2.29-1073) | 1.25-1072 (3.01-1073)
6.57-1073 (1.53-1073) | 5.28-1073 (1.35-1073) | 6.23-1073 (1.26-1073)
6.57-1072 (1.53-1073) | 5.61-1073 (1.50-1073) | 6.23-1073 (1.26-1073)

R*(SSPE)
v=1/2 2.36-107" (5.65-1072)
v=3/2 8.47-1072 (2.46-1072)
v=5/2 3.47-1072 (1.05-1072)
v=17/2 1.75-1072 (4.89-1073)
v=9/2 8.25-1073 (2.19-1073)
= 2.32-1073 (3.58-107%)
ve{l/2,--- 0} | 1.92-1073 (3.60-107%)
R(6;55PF)
NLL/SPE | 1.09-10~" (4.05-1072)
linear 1.04-10° (2.39-1072)
INN 4.28-107" (5.11-1072)
2NN 4.42-107" (6.57-1072)

Averages of R(60;S°RPS)

LOO-SPE LOO-NLPD LOO-CRPS

R(Q;SCRPS)

. IS
Averages of R(6; Sé,gs)

1072 (2.48-1072)

5.18-107% (8.08-107%)

5.29-1072(7.24-1073

1072 (2.39-1073)

3.14-1072 (2.30-1073)

1072 (2.49-1073)
1072 (2.49-1073)

2.18-1072(2.21-1073)
2.28-1072(2.63-1073)

2.49-1072 (3.02-1073

)
2.98-1072 (2.65-107%)
)
2.49-1072 (3.02-1073)

R(6:5°%%S)

NLL/SPE

9.50-1072 (2.27-1072)

7.07-1072 (1.96-102)
6.09-1072 (2.12-1072)
6.68-1072 (2.66-1072)
5.88-1072(2.53-1072)

LOO-SPE

LOO-NLPD

7.82-107! (2.34-1071)

LOO-CRPS

6.64-107! (1.59-1071)

107! (5.33-1072) 4.14-107! (5.03-1072)
107! (4.43-1072) 3.24-107! (5.17-1072)

3.23-107! (5.05-1072)
4.35-107' (9.70-1072)

1071 (4.43-1072) 3.48-10' (5.93-1072)

4.35-1071 (9.70-1072)

R(8:St5ss)

NLL/SPE

1.87-10° (5.94-107")
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SM-2.2.29 Rosenbrock, n =40,d =2

Averages of R(0;S5PE)

R(6;S5PE) LOO-SPE LOO-NLPD LOO-CRPS

v=5/2 3.01-1073 (1.12-1073) | 2.86-1073 (9.27-10~%#) | 3.00-1073 (9.95-10~%) | 2.95-1073 (9.73-10~%) 3.17-1073 (1.07- 1073
v=7/2 1.25-1073 (3.38-107%) | 1.34-1073 (3.58-10%) | 1.36-1073 (3.72-10~%) | 1.33-1073 (3.66-10~%) 1.19-1073 (3.42-107*
v=9/2 1.00-1073 (2.34-107%) | 9.82-107*(2.38-107%) | 8.90-10* (2.17-107%) | 8.94-107* (2.17-107%) 9.36-107* (2.22-107*
ve{l/2,---,9/2} 1.01-1073 (2.42-107%) | 9.73-107* (2.36-107*) | 1.06-1073 (2.63-107*) | 1.03-1073 (2.52-107%) 9.36-107* (2.22-107*

R*(SSPE)
v=1/2 8.90-1072 (2.11-1072)
v=3/2 1.36-1072 (4.50-1073)
v=5/2 2.58-1073 (8.98-107%)
v=17/2 1.09-1073 (3.19-107%)
v=9/2 8.61-107* (2.18-107%)
ve{l/2,---,9/2} || 8.53-107%(2.19-107%)
R(0:SSPE)
NLL/SPE | 1.04-1073 (2.42-107%)
linear 9.41-10" (1.56-1072)
INN 2.51-107" (2.31-1072)
2NN 2.46-107" (2.35-1072)

Averages of R(0;SCRPS)

LOO-SPE LOO-NLPD LOO-CRPS

R(Q;SCRPS)

v=1/2

2.93-1072 (3.06-1073) | 2.90-1072 (2.96-1073) | 2.71-1072 (2.99-10~3) 2.92-1072 (3.03-
v=5/2 1.12:1072 (1.23-1073) | 1.11-1072 (1.16-1073) | 1.12-1072 (1.28-1073) | 1.11-1072 (1.31-1073) 1.18-1072 (1.31-
v=7/2 7.11-1073 (6.53-107%) | 7.51-1073 (7.64-107%) | 7.59-1073 (8.10-107%) | 7.47-1073 (7.90-10~*) 7.24-1073 (6.88 -
v=9/2 6.51-1073 (6.16-107%) | 6.50- 1073 (6.48-107%) | 6.42-1073 (6.10-10~%) | 6.38-1073 (5.81-10~%) 6.51-1073 (6.23-
ve{l/2,---,9/2} 6.44-1073(6.36-107%) | 6.45-1073 (6.71-107%) | 6.77-1073 (7.23-107%) | 6.53-1073 (6.90-10~*) 6.51-1073 (6.23-

R(G;SCRPS)
NLL/SPE | 6.53-1073 (6.55-107%)

. IS
Averages of R(0; 55,95)

LOO-CRPS

LOO-SPE

R(0:8855) LOO-NLPD

v=5/2 1.85-107" (3.08-1072) | 2.11-107! (3.23-1072) 2.15-107" (3.42-1072) | 2.39-107! (4.35-1072) 2.04-107" (3.20-
v=1/2 1.15-107" (1.55-1072) | 1.35-107" (2.04-1072) 1.40-107' (2.20-1072) | 1.34-107! (2.16-1072) 1.20-107" (1.71-
v=9/2 1.04-107" (1.37-1072) | 1.05-107" (1.61-1072) 1.03-107" (1.44-1072) | 9.49-1072 (1.34-1072) 1.05-107" (1.47-
ve{l/2,---,9/2} | 1.04-107" (1.46-1072) | 1.09- 107" (1.75-1072) 1.23-10""' (2.04-1072) | 1.13-107" (1.75-1072) 1.05-1071 (1.47-

R(6:539s)
NLL/SPE | 1.05-10! (1.47-1072)
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SM-2.2.30 Rosenbrock, n =100,d =2

Averages of R(0;S5PE)

LOO-CRPS

R(6;557F) LOO-SPE LOO-NLPD

v=5/2 4.69-107° (6.82-107%) | 4.92-107° (5.12-107¢) | 4.73-107° (6.72-107%) | 4.62-107° (6.05-10~°) 6.04-107° (7.67-10~°
v=1/2 4.35-1075(5.96-107°) | 5.22-107 (9.21-1075) | 4.48-107° (6.23-107°) | 4.93-107° (8.13-107°) 4.68-1075 (7.02-10°°
v=9/2 6.23-1075 (1.02-1073) | 9.40-1073 (2.56-1073) | 6.46-107° (1.01-107°) | 8.93-107° (2.30-10~°) 6.80-1075 (1.13-103
ve{l/2,---,9/2} 3.55-1075(5.04-107°) | 4.48-107° (8.83-107°) | 5.97-107> (8.50-107°) | 3.99-107° (7.90-10~°) 6.80-1075 (1.13-1073

R*(SSPE)
v=1/2 5.17-1073 (7.00-107%)
v=3/2 2.62-107* (3.50-107%)
v=5/2 3.54-107% (3.11-107°)
v=17/2 3.72-107% (3.78-107°)
v=9/2 6.10-1075 (9.97-107°)
ve{l/2,---,9/2} || 2.85-107 (2.45-107°)
R(0:SSPE)
NLL/SPE | 4.00-107° (6.96-10~°)
linear 9.23-107" (1.34-1072)
INN 1.09-107! (6.00-1073)
2NN 9.51-1072 (5.23-1073)

Averages of R(0;SCRPS)

LOO-SPE LOO-NLPD LOO-CRPS

R(G;SCRPS)
v=1/2
v=3/2 8.41-1073 (7.59-10~%)
v=5/2 2.35-1073 (1.15-107%)
v=7/2 1.99-1073 (1.15-107%)
v=9/2 2221073 (1.84-107%)
ve{l/2,---,9/2} 1.86-1073(9.26-107%)

21073 (6.10-107%) | 6.91-1073 (7.62-107%) | 5.40-1073 (4.87-107%) 1073 (6.44-
2.23-1073 (1.03-107%) | 2.08-1073 (1.19-107%) | 1.88-1073 (1.22-107%) 1073 (1.64-
2.07-1073 (1.64-107%) | 1.96-1073 (1.27-107%) | 1.94-1073 (1.58-107%) 1073 (1.42-
2521073 (2.93-107%) | 2.24-1073 (1.84-107%) | 2.43-1073 (2.88-10~%) 103 (1.95-
1.91-1073 (1.58-107%) | 2.18-1073 (1.64-10%) | 1.67-1073 (1.56-10~%) 1073 (1.95-

R(G;SCRPS)
NLL/SPE | 2.01-1073 (1.36-107%)

. IS
Averages of R(0; 55,95)

R(8:58ys) LOO-SPE LOO-NLPD LOO-CRPS

v=1/2

v=3/2 1.22-107! (1.09-1072) | 1.03-107! (8.93-1073) | 1.12-10~" (1.17-1072) | 1.16-10~" (1.07-1072)
v=5/2 3.33-1072 (1.66-1073) | 3.51-1072 (1.75-1073) | 3.43-1072 (2.24-1073) | 3.87-1072 (2.69-1073)
v=7/2 2.60-1072 (1.46-1073) | 3.28-1072 (3.84-1073) | 2.99-1072 (2.71-1073) | 3.44-1072 (4.31-1073)
v=9/2 2.85-1072(2.23-1073) | 4.12-1072 (7.42-1073) | 3.20-1072 (2.82-1073) | 4.12-1072 (8.03-1073)
ve{l/2,---,9/2} 2.62-1072(1.43-1073) | 3.18-1072 (3.43-1073) | 3.18-1072 (2.71-1073) | 3.19-1072 (3.96-10~3)

R(6;Sis)
NLL/SPE | 2.74-1072 (1.56-1073)
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SM-2.2.31 Rosenbrock,n =50,d =5

Averages of R(0;S5PE)
R(6;SSPE) NLL LOO-SPE LOO-NLPD LOO-CRPS \ KA GCV
v=1/2 6.90-1071 (2.27-1072) 6.56-10~" (2.52-1072) | 6.49-10~! (2.58-1072) | 6.19-10~' (2.10-1072) 8.23-10~" (1.15-1072) | 6.31-10~! (2.67-1072)
v=3/2 6.17-1071 (3.67-1072)  6.23-107! (7.11-1072) | 6.00-107" (6.10-1072) | 5.76-10~" (6.00-1072) 7.96-10~"' (1.83-1072) | 6.79-10~" (8.49-1072)
v=5/2 6.59-1071 (3.27-1072)  6.70-107" (5.24-1072) | 5.90-10" (4.55-1072) | 6.47-107" (5.69-1072) 7.89-10"' (1.86-1072) | 6.34-10""! (4.00-1072)
v=7/2 7.00-1071 (2.75-1072) 8.24-10' (6.82-1072) | 7.58-107! (4.31-1072) | 8.06-10~! (5.79-10%) 7.90-10~' (2.02-1072) | 8.02-10"! (8.47-1072)
v=9/2 7.17-1071(2.91-1072) 8.73-10~" (7.65-1072) | 8.14-10~! (5.01-1072) | 8.43-10~' (5.18-10%) 7.92-10~' (2.15-1072) | 7.92-10! (6.02-1072)
v=11/2 7.23-107' (2.86-1072) 9.14-107! (7.91-1072) | 8.50-10" (5.59-1072) | 8.82-10~" (6.16-1072) 7.94-10"! (2.26-1072) | 8.80-10"! (7.73-1072)
v=21/2 7.28-1071 (3.14-1072)  9.96-107! (9.46-1072) | 9.42-10" (8.01-1072) | 1.01-10°(8.37-1072) 8.03-10"' (2.65-1072) | 9.80-10"! (1.01-10~ 1)
V=00 7.72-1071 (2.44-1072)  9.95-10" (9.25-1072) | 9.91-107! (9.52-1072) | 9.96-10"! (8.71-10%) 8.21-10"' (3.47-1072) | 1.03-10° (1.01-10~")
ve{l/2,--- e} | 7.02-107! (4.66-1072)  1.00-10° (1.05-10~") | 1.01-10°(8.86-102) | 1.03-10°(9.99-1072) 8.11-107' (3.18-1072) | 1.02-10°(9.17-10~2)
R*(SSPE)
v=1/2 5.15-107! (1.08-1072)
v=3/2 3.38-107! (1.28-1072)
v=5/2 3.18-107! (1.62-1072)
v=17/2 3.47-107" (1.66-1072)
v=9/2 3.59-107" (1.64-1072)
v=11/2 3.66-10" (1.63-1072)
v=21/2 3.80-107" (1.70-1072)
= 3.96-107" (1.77-1072)
ve{l/2,--- o} | 3.14-107" (1.53-1072)
R(6;S57F)
NLL/SPE | 6.71-10~! (5.03-1072)
linear 1.01-10° (1.09-1072)
INN 9.18-107" (1.17-1072)
2NN 8.17-1071 (1.23-1072)
Averages of R(0;SCRPS)
R(6;SCRPS) NLL LOO-SPE LOO-NLPD LOO-CRPS \ KA GCV
v=1/2 4.08-107" (8.87-1073) 3.98-107! (9.79-1073) | 3.94-107" (9.03-1073) | 3.83-10~' (8.28-1073) 4.52-107! (5.76-1073) | 3.86-10~! (1.01-1072)
v=3/2 3.82-107" (1.54-1072) 3.89-107!(2.69-1072) | 3.82-107! (2.44-1072) | 3.74-107" (2.44-1072) 4.41-107" (8.31-1073) | 4.07-107" (2.94-1072)
v=5/2 4.00-1071 (1.33-1072) 4.17-10" (1.80-1072) | 3.90- 107! (1.66-1072) | 4.15-107! (2.17-107%) 4.37-107" (8.14-1073) | 4.06-10"! (1.59-1072)
v=17/2 4.14-1071 (1.02-1072) 4.78-10"' (2.24-1072) | 4.62-10~! (1.62-1072) | 4.73-10"' (1.87-1072) 4.37-10"' (8.70-1073) | 4.59-10"! (2.56-1072)
v=9/2 4.20-107" (1.09-1072)  4.92-107" (2.45-1072) | 4.80-10" (1.70-1072) | 4.93-10~" (1.77-1072) 4.38-107' (9.14-1073) | 4.58-10"! (2.09-1072)
v=11/2 423107 (1.08-1072) 5.12-107! (2.54-1072) | 4.92-10" (1.82-1072) | 5.09-10~" (2.15-1072) 4.38-107"' (9.49-1073) | 4.88-10"' (2.11-1072)
v=21/2 4.26-107" (1.15-1072) 5.37-107"' (2.75-1072) | 5.14-107! (2.28-1072) | 5.47-107' (2.58-107%) 4.41-107' (1.06-1072) | 5.11-10"! (2.51-1072)
V=00 4.43-1071 (1.02-1072) 5.36-10""' (2.62-1072) | 5.27-10~! (2.65-1072) | 5.47-10~" (2.67-10%) 4.47-10" (1.29-1072) | 5.25-10"! (2.55-1072)
ve{l/2,--,0} | 4.16-107" (1.80-1072) 5.36-107" (3.18-1072) | 5.44-107" (2.48-1072) | 5.59-107! (2.99-1072) 4.44-107' (1.15-1072) | 5.28-107! (2.55-1072)

Averages of R(0;S5,s)

R(Q;SCRPS>

NLL/SPE

4.05-107" (1.95-1072)
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R(0:55ys) NLL LOO-SPE LOO-NLPD \ LOO-CRPS KA GCV
v=1/2 5.50-10° (1.77-1071) | 5.45-10° (1.96-107") | 5.46-10° (2.12-107") 5.58-10° (2.35-107") | 6.08-10° (1.00-107') 5.31-10° (2.17-107")
v=3/2 5.45-10°(3.40-1071) | 5.45-10° (5.41-107") | 5.65-10° (5.75-10~")  5.59-10° (6.03-107") | 5.97-10° (1.19-107')  6.02-10° (7.11-107")
v=5/2 5.84-10°(3.46-1071) | 6.09-10° (4.23-107") | 6.02-10° (5.83-10~") 6.95-10° (6.76-10~") | 5.94-10° (1.16-10~') 6.31-10° (5.48-10~")
v=17/2 6.10-10° (2.76-107") | 8.18-10° (5.88-107") | 8.19-10° (5.84-107") 853100 (5.53-107") | 5.92-10° (1.19-107") 783100 (7.24-107")
v=9/2 6.26-10° (2.91-107") | 8.65-10° (5.09-10~") | 8.67-10° (5.89-10~") 9.41-10° (5.36-10~") | 5.91-10° (1.22-10~") 7.73-10° (7.09-10~")
v=11/2 6.32-10°(2.92-107") | 9.34-10° (4.83-107") | 9.29-10° (5.84-10~") 1.01-10' (5.69-107") | 5.91-10° (1.25-107") 8.62-10° (5.77-107")
v=21/2 6.43-10° (3.05-107") | 1.01-10' (5.20-107") | 9.97-10° (5.83-10~") 112-10! (6.32-107") | 5.90-10° (1.33-107") 19.14-10° (6.23-107")
V=00 6.91-10°(3.10-107") | 1.03-10' (5.09-10~") | 1.02-10" (6.11-10~") 1.16-10" (6.98-10~") | 5.91-10° (1.49-10~") 9.57-10° (5.88-10~")
ve{l/2,--- o} | 636-10° (4.44-107") | 1.03-10' (6.24-107") | 1.10-10' (5.10-10~") 1.17-10' (5.87-107") | 5.96-10° (1.56-10~") 9.88-10° (6.15-107")
R(6:S5s)
NLL/SPE | 6.05-10° (4.87-107")
SM-2.2.32 Rosenbrock, n =100,d =5
Averages of R(0;S5PF)
R(6;S5PE) NLL LOO-SPE LOO-NLPD LOO-CRPS KA GCV
v=1/2 3.45-1071 (1.23-1072)  3.50-107! (1.29-1072) | 3.43-107! (1.21-1072) | 3.35-10"! (1.36-1072) ' 8.08-10"" (2.54-1072) | 3.37-10"" (1.24-1072)
v=3/2 2.16-1071 (1.10-1072)  2.35-107! (1.95-1072) | 2.01-10" (9.55-1073) | 2.04-10~" (9.38-1073) | 7.80-10"' (3.78-10"2) | 2.09- 10! (1.19-1072)
v=5/2 2.07-107" (1.24-1072) 1.88-107' (1.51-1072) | 1.72-10" (1.17-1072) | 1.85-10~" (1.24-1072) | 8.56-10"" (7.72-1072) | 1.90- 10~ (1.81-1072)
v=7/2 2.19-107' (1.35-1072) 1.71-107" (1.63-1072) | 1.56-10" (1.48-1072) | 1.61-10~" (1.49-1072) | 7.52-10"' (3.81-1072) | 1.65-10~' (1.51-1072)
v=9/2 2.31-107" (1.48-1072) 1.57-107' (1.65-1072) | 1.33-107! (1.21-1072) | 1.46-107" (1.27-1072) | 8.21-10~" (7.65-1072) | 1.52-10" (1.44-1072)
v=11/2 2.41-1071 (1.61-1072) 1.51-107 (1.79-1072) | 1.46-10" (1.49-1072) | 1.40-10~" (1.24-1072) | 8.11-10"" (7.41-1072) | 1.53-10"' (1.49-1072)
v=21/2 2.63-107! (1.75-1072) 1.68-107" (1.24-1072) | 1.69-10" (1.61-1072) | 1.68-10~" (1.27-1072) | 8.00-10~" (7.43-1072) | 1.71-10~"! (2.00-10~2)
V=0o0 2.99-107! (1.90-1072) 2.02-107! (1.15-1072) | 2.01-10" (1.43-1072) | 2.06-10~" (1.18-1072) | 7.85-10""' (7.35-1072) | 2.05- 10~ (2.09-1072)
ve{l/2,--- 0} [ 2.09-107 (1.21-1072) 1.52-107" (1.29-1072) | 1.49-10" (1.25-1072) | 1.47-10~" (1.24-1072) | 7.80-10"" (4.85-1072) | 1.67-10"! (1.32-1072)
R*<SSPE)
v=1/2 3.15-107" (1.36-1072)
v=3/2 1.79-107" (9.61-1073)
v=5/2 1.41-107" (9.27-1073)
v=1/2 1.14-107" (9.13-1073)
v=9/2 9.81-1072(9.23-1073)
v=11/2 9.41-1072 (9.04-1073)
v=21/2 9.91-1072(8.73-1073)
V=o 1.15-107" (8.44-1073)
ve{l/2,- 00} || 9.17-1072 (8.76-1073)
R(0;SSPE)
NLL/SPE | 2.11-107! (1.20-1072)
linear 9.82-1071 (7.19-1073)
INN 8.29-1071 (1.15-1072)
2NN 6.68-1071 (1.04-1072)
Averages of R(0;SRPS)
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R(6;SCRPS) NLL LOO-SPE LOO-NLPD LOO-CRPS KA GCV
v=1/2 2.84-1071 (3.15-1073) 2.83-107! (4.06-1073) | 2.79-10" (3.36-1073) | 2.68-10~" (3.91-1073) 4.56-10"" (9.95-1073) | 2.77-10"" (2.82-1073)
v=3/2 2.10-107" (4.66-1073) 2.20-107" (8.24-1073) | 2.04-10" (4.36-1073) | 2.07-10~" (4.51-1073) 4.45-10""' (1.57-1072) | 2.08-10"' (5.51-1073)
v=5/2 2.06-107" (5.92-107%) 2.00-107" (8.19-1073) | 1.91-10" (7.08-1073) | 1.99-10~" (7.53-1073) 4.72-107! (2.99-1072) | 2.00- 10~ (1.05-1072)
v=17/2 2.14-107" (6.63-1073) 1.91-107' (9.67-1073) | 1.84-10" (9.64-1073) | 1.86-10~" (9.30-1073) 4.34-10~! (1.66-1072) | 1.90- 10~ (9.37-1073)
v=9/2 2.21-1071(7.21-1073) 1.84-107' (1.01-1072) | 1.70- 107" (8.65-1073) | 1.78-107" (8.52-107) 4.57-10~" (2.94-1072) | 1.83-10' (1.02-1072)
v=11/2 2.27-1071 (7.78-1073) 1.82-107' (1.13-1072) | 1.80-10" (1.07-1072) | 1.76-10"" (8.78-1073) 4.54-10"' (2.87-1072) | 1.85-10"' (1.08-1072)
v=21/2 2.39-1071 (7.87-1073) 1.94-107! (8.16-1073) | 1.96-10~" (1.11-1072) | 1.96-10~" (8.64-1073) 4.49-10~"' (2.88-1072) | 1.96-10"' (1.13-1072)
V=o0 2.58-1071 (8.07-107%) 2.13-107! (7.10-1073) | 2.16-107" (9.33-1073) | 2.21-10~" (7.38-1073) 4.43-10~" (2.86-1072) | 2.17-10~! (1.05-1072)
ve{l/2,-- 0} [ 2.07-107" (5.72-107%) 1.85-107" (9.61-1073) | 1.84-107" (9.34-1073) | 1.83-107" (9.86-1073) 4.43-10~! (1.97-1072) | 1.95-107! (9.47-1073)
R(G;SCRPS)
NLL/SPE | 2.09-107! (5.78-1073)
Averages of R(6;S5s)
R(6:58y5) NLL LOO-SPE LOO-NLPD LOO-CRPS KA 6ev
v=1/2 3.58-10° (8.30-1072) | 3.60-10° (9.89-1072) | 3.56-10° (9.72-102) 3.65-10° (1.41-10~") | 5.67-10° (1.03-10~") 3.55-10° (9.61-102)
v=3/2 2.48-10° (9.91-1072) | 2.60-10° (1.50-10~") | 2.36-10° (8.54-10~2) 2.47-10° (1.02-10~") | 5.68-10° (1.83-10~") 2.43-10° (1.12-10°")
v=5/2 2.38-100 (1.15-1071) | 2.16-10° (1.34-107 1) 2.02-100(1.29-10*1)'2.23- 0% (1.34-1071) 6.11~10°(3.96.1o-1)'2.17-100(2.07-10*1)
v=7/2 2.48-100 (1.24-107") | 2.04-10° (1.83-10") | 1.96-10° (2.00-10~") 2.07-10° (1.86-10") | 5.50-10° (1.58-10~") 1.96-10° (1.98-10"")
v=9/2 2.58-10° (1.37-107") | 1.95-10° (2.19-107") | 1.77-10° (2.07-107") 2.02-10° (2.02-107") | 5.84-10° (3.60-10~") 1.93-10° (2.33-107})
v=11/2 2.67-10° (1.50-1071) | 1.94-10° (2.52-107") | 1.95-10° (2.50-10~") 2.00-10° (2.23-107") | 5.77-10° (3.43-107') 1.97-10° (2.47-107")
v=21/2 2.83-10° (1.69-1071) | 2.15-10° (2.65-10~") | 2.26-10° (3.01-10~") 2.39-10° (2.55-10") | 5.68-10° (3.34-10~") 2.16-10° (2.75-107")
V=oco0 3.12-10° (1.83-1071) | 2.39-1 0(240.10*1) 2.58.100(2.81.10*1)'2.83. 0(261~10") 5.55-100(3.23.10*1)'2.48.100(2.88.10*1)
ve{l1/2,--- o0} | 2.42-10° (1.19-1071) | 2.05-10° (2.84-10~") | 2.08-10° (2.78-10~") 2.20-10° (3.00-10~") | 5.59-10° (2.35-10~') 2.18-10° (2.75-107")
R(8;50gs)
NLL/SPE | 2.44-10° (1.24-107")
SM-2.2.33 Rosenbrock, n =250,d =5
Averages of R(0;S5PF)
R(6;S5PF) NLL LOO-SPE LOO-NLPD LOO-CRPS KA GCV
v=1/2
v=3/2
v=5/2
v=17/2 1.01-1072 (8.06-107%) 9.29-10~ 3(658 1074) | 8.79-1073 (5.65-107%) | 8.80- 1073 (5.52-107%) 8.94-1072 (5.99-10~%)
v=9/2 5.01-1073 (3.74-107%) 4.27-1073 (2.62-107%) | 4.18-1073 (2.62-10%) | 4.13-1073 (2.47-10~%) 4.42-1073 (2.86-107%)
v=11/2 3.84-1073 (2.66-107%) 3.41-10~ *(190 1074) | 3.38-1073 (2.02-107%) | 3.32-1073 (1.89-107%) 3.80-1073 (2.97-107%)
v=21/2 4.14-1073 (1.57-107%)  4.33.107% (2.06-107%) | 4.26-1073 (2.34-107%) | 4.16-1073 (1.49-107%) 5.89-1073 (4.60-107%)
V=oo 475-1073 (1.24-107%)  5.38-1073 (2.75-107%) | 5.17-1073 (3.68-107%) 4.s3~1o-3(139~10-4) 8.53-1072 (7.28-107%)
ve{l/2,-,} | 3.98-1073 (2.69-107%) 3.72-1073 (2.93-107%) | 3.38-1073 (2.02-107%) | 3.32-1073 (1.89-10~%) 3.80-1073 (2.97-107%)
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R*(SSPE)
v=1/2 1.73-107" (7.60-1073)
v=3/2 6.05-1072 (3.58-107%)
v=5/2 2.37-1072 (1.50-1073)
v=17/2 8.25-1073 (5.34-107%)
v=9/2 4.04-1073 (2.54-107%)
v=11/2 3.24-1073 (1.94-107%)
v=21/2 3.92-1073 (1.64-107%)
V=00 4.56-1073 (1.31-107%)
ve{l/2,--- o} | 3.24-1073 (1.94-107%)
R(6:S5FF)
NLL/SPE | 3.76-1073 (2.04-107%)
linear 9.66-107! (5.49-1073)
INN 6.23-107" (1.04-1072)
2NN 4.96-107" (8.71-1073)

Averages of R(0;SCRPS)

R(6;SCRPS) LOO-SPE LOO-NLPD LOO-CRPS

-1072 (1.63-
v=17/2 3.85-1072 (1.03-1073

-1073)
3.71-1072 (1.14-1073) | 3.58-1072 (9.81-107%) | 3.58-1072 (9.83-10~*

1072 (1.53- 6.39-1072 (1.64 - 1072 (1.47-

3.61-1072 (9.94-

) ( )

) ( )
v=9/2 2.65-1072(7.62-107%) 2.45-1072 (6.63-107%) | 2.41-1072 (6.04-107%) | 2.40-1072 (5.91-107%) 2.48-1072 (6.93-
v=11/2 2.30-1072 (6.44-107%) 2.18-1072 (5.42-107%) | 2.16-1072 (4.94-107%) | 2.15-1072 (5.03-107%) 2.29-1072 (8.32-
v=21/2 2.49-1072 (4.06-107) 2.53-1072(5.59-107%) | 2.49-1072 (5.13-107%) | 2.48-1072 (3.85-107) 2.94-1072 (1.01-
V=00 2.78-1072 (3.64-107%) 2.85-1072 (6.87-107*) | 2.80-1072 (7.66-10~%) | 2.72-1072 (3.61-107%) 1072 (1.50-
ve{1/2,- 0} | 2.38-1072 (7.19-107%)  2.29-1072 (1.01-1073) | 2.16- 1072 (4.94-107%) | 2.15-1072 (5.03-10~%) 1072 (8.32-

R(G;SCRPS)
NLL/SPE | 2.31-1072(5.87-107%)

. IS
Averages of R(0;S5)

R(8:555,5) NLL LOO-SPE LOO-NLPD LOO-CRPS KA Gev
v=1/2

v=3/2

v=5/2 7.29-107" (2.82-1072) 7.46-107' (3.42-1072) | 7.11-107" (2.75-1072) | 7.16-10~" (2.79-1072) 7.04-107" (2.54-1072)
v=1/2 3.94-107 (1.14-1072)  3.91-107! (1.44-1072) | 3.80-107! (1.24-1072) | 3.75-10"' (1.20-1072) 3.82-1071 (1.29-1072)
v=9/2 2.62-107" (6.13-1073) 2.49-107! (7.67-1073) | 2.46- 107! (7.77-1073) | 2.43-107! (7.90-1073) 2.56-107" (8.62-1073)
v=11/2 221107 (5.32-1073) 2.16-107' (6.78-1073) | 2.15-1071 (7.10-1073) | 2.13-10"" (7.60-1073) 2.34-1071 (1.20-1072)
v=21/2 2.56-107" (9.50-107%) 2.41-107! (8.09-1073) | 2.39-107! (9.15-1073) | 2.35-107! (7.19-1073) 2.95-107" (1.65-1072)
V=oco 3.19-107 (1.17-1072)  2.66-107' (9.30-1073) | 2.64-107! (1.31-1072) | 2.51-107' (5.27-1073) 3.54-1071 (2.26-1072)
ve{l/2,- 0} | 242-107" (1.09-1072) 2.26-107" (1.07-1072) | 2.15-107" (7.10-1073) | 2.13-107" (7.60-1073) 2.34-107" (1.20-1072)

R(6:S5s)
NLL/SPE | 2.24-107' (5.38-1073)

SM-2.2.34 Borehole, n = 80,d =8

Averages of R(0;S5PF)
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R(8;S5PF) NLL LOO-SPE LOO-NLPD LOO-CRPS KA GCV
v=1/2

v=3/2 6.32-107* (4.13-107%)  7.02-107* (4.57-1073) | 6.61-107* (4.37-1075) | 6.43-10~* (4.39-107°) 6.76-107* (4.50-10~°)
v=5/2 2.27-107* (1.47-107°)  2.69-10* (2.04-107°) | 2.44-10~* (1.70-1075) | 2.46-10~* (1.84-1073) 2.59-107%(1.77-107%)
v=7/2 1.90-107% (1.12-107%)  2.14-107* (1.18-1073) | 2.08-107* (1.11-1073) | 1.97-10~* (1.06-1077) 2.28-1074(1.27-107°)
v=9/2 1.80-107% (9.94-107°%)  2.18-107* (1.21-107%) | 2.15-10~* (1.16-107) | 2.03-10~* (1.01-1077) 2.35-107*(1.30-107)
v=17/2 1.86-107% (9.16-107°) 2.48-10* (1.44-1075) | 2.35-107* (1.25-1075) | 2.25-107* (1.19-107%) 2.68-1074(1.43-107°)
v=33/2 2.01-10~ 4(931~10*6) 2.54-107% (1.42-107) | 2.50-10* (1.30-107>) | 2.40-10~* (1.25-1077) 2.97-1074(1.53-107%)
V=o 2.06-107% (9.14-107°)  2.74-10* (1.89-1077) | 2.52-10~* (1.30-1073) | 2.45-10~* (1.25-107°) 3.20-1074(2.08-107°)
ve{l/2,- 00} [ 1.92:107%(1.02-107%) 2.52-107*(1.85-107°) | 2.31-107*(1.21-1077) | 2.19-107* (1.22-107) 2.56-107* (1.46-107)

R*(SSPE)
v=1/2 7.84-1073 (4.29-107%)
v=3/2 5.02-107* (3.73-107%)
v=5/2 1.61-107* (1.13-107)
v=1/2 1.23-107* (6.49-107%)
v=9/2 1.14-107* (5.05-107%)
v=17/2 1.14-107* (4.22-107%)
v=33/2 1.21-107* (4.29-1079)
V=o 1.21-107% (4.12-1079)
ve{l/2,--- 0} | 1.05-107* (4.29-107)
R(G;SSPE)
NLL/SPE | 1.94-107* (1.04-107°)
linear 1.42-107" (6.06-107%)
INN 4.85-107" (1.69-1073)
2NN 3.40-1071 (2.45-1073)
Averages of R(0;SCRPS)
R(6;SCRPS) NLL LOO-SPE LOO-NLPD LOO-CRPS KA GCV
v=1/2
v=3/2 1.14-1072 (1.31-107%)  1.03-1072 (2.07-107%) | 9.88-1073 (1.92-10%) | 9.44-1073 (2.09-10~%) 1.00-1072 (1.96 - 10~4)
v=5/2 6.45-1073 (8.66-107%)  6.62-10~ 3(148-10"‘) 6.25-1073 (1.25-107%) | 6.17-1073 (1.39-10~%) 6.40-1073 (1.34-107%)
v=17/2 5.97-107% (8.54-107°) 6.42-10~ 3(142410*4) 6.26-1073 (1.25-107%) | 6.08-1073 (1.16-107%) 6.52-1073 (1.44-107%)
v=9/2 5.88-1072 (8.79-107%)  6.74-1073 (1.71-107%) | 6.59-1073 (1.62-107%) | 6.46-1073 (1.34-107%) 6.86-1073 (1.67-10%)
v=17/2 6.12-1073(9.34-107°) 7.42-1073 (2.10-107%) | 7.23-1073 (1.86-10~%) | 7.14-1073 (1.84-10~*) 7.60-1073 (1.84-107%)
v=33/2 6.44-1073 (9.73-107°)  7.60-1073 (2.04-107*) | 7.55-1073 (1.88-107%) | 7.46-1073 (1.89-10~%) 8.07-1073 (1.91-10~%)
V=00 6.58-107% (9.96-107°) 7.90-10~ 3(2 43.107%) | 7.62-1073 (1.87-107%) | 7.61-1073 (1.89-10~%) 8.38-107% (2.31-107%)
ve{l/2,---,0} | 6.07-1073 (8.68-1075) 7.38-1073 (2.47-107%) | 7.04-1073 (1.82-107%) | 6.83-1073 (1.89-107%) 7.28-1073 (2.01-107%)

R(G;SCRPS)
NLL/SPE | 6.19-1073 (9.89-107)

Averages of R(6;S55)
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R(6:S8ys) LOO-SPE LOO-NLPD LOO-CRPS

v=1/2

v=3/2 -107! (2.86- 1071 (5.99-1073) -1071 (5.83- 107! (6.34-

v=5/2 8.26-1072 (1.92-1073) 9.21-1072 (4.04-1073) | 8.73-1072 (3.63-1073) | 9.77-1072 (3.91-1073)

v=1/2 7.17-1072(1.79-1073)  8.11-1072 (3.41-1073) | 8.01-1072 (3.08-1073) | 8.37-1072 (3.09-1073) <1072 (3.48-

1072
1072

8.71-107% (3.32-1073)
9.76-1072 (4.84-1073)
1.01-107" (5.07-1073)
1.03-107! (5.08-1073)
9.92-1072 (4.80-1073)

3.86-
4.76 -

V=00 7.09-1072(2.21-107%) 1.02-107! (5.93-1073) | 9.85-1072 (5.04 1073
9.80-1072 (5.82-1073) | 9.44-1072 (4.45-1073

)

)

) ( (
v=9/2 6.78-1072 (1.82-107%) 8.38-1072 (3.86-1073) | 8.42-1072 (3.81-1073
v=17/2 6.72-1072 (1.99-1073)  9.47-1072 (5.01-1073) | 9.31-1072 (4.66- 1073
v =33/2 6.98-1072 (2.12-1073)  9.54-1072 (4.99-1073) | 9.73-1072 (4.89-1073

) ( (

) ( (

ve{l/2, o} | 7.18-1072 (1.88-1073

R(6:5355)
NLL/SPE | 7.09-1072 (2.07-1073)

SM-2.2.35 Borehole, n = 160,d =8

Averages of R(6;S5PF)

R(6;S5PE) NLL LOO-SPE

LOO-NLPD LOO-CRPS

1075 (2.62- 1077 (2.98-1079) 1073 (2.76- 5.37-107 (2.82- 1077 (2.84-
v=7/2 3.64-107 (1.51-107%) 3.80-107> (1.49-107°) | 3.62- 1075 (1.46-107°) | 3.66- 107> (1.54-107° 3.73-107° (1.55-
v=9/2 3.63-1075 (1.30-107%) 3.82-1075 (1.42-107°) | 3.64-107° (1.32-107°) | 3.69-107° (1.39-10~° 3.87-107° (1.48-

4.60-107° (1.76 -
4.93-107° (1.94-
5.55-107 (2.07-
1075 (1.85-

v =133/2 4.23-107 (1.15-107°)  4.54-107° (1.50-107°) | 4.37-107> (1.40-107°) | 4.35-107> (1.38-10°°
V=00 4.78-107 (1.25-107°)  5.16-107° (1.66-107°) | 5.04-107> (1.57-107%) | 5.09-10~3 (1.66- 1076
ve{l/2,--,00} | 3.64-107% (1.51-107%) 3.96-1075 (1.51-107) | 3.70- 1075 (1.43-107%) | 3.78- 1075 (1.64-107°

( ) ( ) )
( ) ( ) )
( ) ( ) )
v=17/2 4.06-107 (1.18-107°)  4.26-107° (1.42-107°) | 4.15-107% (1.33-1079) | 4.21-1075 (1.44-10°°)
( ) ( ) )
( ) ( ) )
( ) ( ) )

R*(SSPE)
v=1/2 3.59-1073 (1.99-107%)
v=3/2 1.56-1074 (1.05-107%)
v=5/2 3.99-107° (1.98-107)
v=17/2 2.78-107° (1.10-107)
v=9/2 2.80-107° (9.61-1077)
v=17/2 3.18-107° (9.13-1077)
v=33/2 3.31-107° (8.94-1077)
V=00 3.78-107° (9.68-1077)
ve{l/2,-- o} | 2.66-107 (9.51-1077)
R(6;557F)
NLL/SPE | 3.88-107° (1.47-1079)
linear 1.36-107" (2.85-107%)
INN 4.00-107" (1.24-1073)
2NN 2.79-107" (1.35-1073)

Averages of R(0;SCRPS)
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R(6;SCRPS) NLL LOO-SPE LOO-NLPD LOO-CRPS KA GCV
v=1/2

v=3/2 6.05-1072 (5.42-107%) 5.13-1073 (8.15-1075) | 4.88-1073 (7.48-1073) | 4.56-1073 (8.67-107°) 4.84-1073 (7.42-1079)
v=5/2 2.96-1073 (2.49-107°) 2.78-1073 (4.23-107°) | 2.64-1073 (3.74-1077) | 2.58-1073 (3.99-1073) 2.63-1073 (3.63-107%)
v=17/2 251-107% (2.14-107°) 2471073 (3.17-107%) | 2.37-1073 (2.95-107) | 2.37-1073 (3.18-1077) 2.39-1073 (3.04-107%)
v=9/2 2.55-107% (2.18-107%)  2.60-1073 (3.46-107%) | 2.51-1073 (3.10-1073) | 2.52-1073 (3.31-107°) 2.57-107% (3.42-1077)
v=17/2 2.79-1072 (2.49-107%) 2.88-1073(3.73-1075) | 2.83-1073 (3.47-1075) | 2.85-1073 (3.70-107°) 2.94-1073 (4.32-107°)
v=33/2 2.89-1073 (2.65-107°) 3.02-1073 (4.30-107°) | 2.94-1073 (3.75-1077) | 2.96-1073 (3.85-107°) 3.10-1073 (5.05-107%)
V=oco 3.11-1073 (2.92-107%)  3.26-1073 (4.62-107°) | 3.21-1073 (4.36-107) | 3.23-1073 (4.55-107°) 3.32-107% (5.13-1077)
ve{l1/2,-- 00} [ 2.51-1073 (2.14-107%)  2.60-1073 (4.09-107°) | 2.44-1073 (3.47-107°) | 2.41-1073 (3.46-107) 2.45-107% (3.57-107)

R(G;SCRPS)
NLL/SPE | 2.62-1073 (2.96-107)

Averages of R(6;S5s)

R(0:55)5) LOO-SPE LOO-NLPD LOO-CRPS
v=1/2

11072 (1.24-107%) = (@, 1072 (2.48- 10*3) 8.94-1072 (2.91-1073) 1072 (2.50-
v=5/2 4.02:1072(5.79-107%)  4.15-1072 (1.20-1073) | 3.98-1072 (1.13-1073) | 4.48-1072 (1.21-1073) 3.96-1072 (1.12-
v=17/2 3.17-1072 (4.46-107%) 3.24-1072(7.77-107%) | 3.18-1072 (7.87-1 4) 3.49-1072 (8.76-107%) 3.23-1072(8.07-107%)
v=9/2 3.03-1072 (4.37-107%) 3.17-1072 (7.67-107%) | 3.13-1072 (7.55-107%) | 3.38-1072 (8.42-10~%) 3.25-1072(7.97-107%)
v=17/2 3.03-1072 (4.71-107%)  3.27-1072(7.56-107%) | 3.26-1072 (7.41-107%) | 3.45-1072 (8.42-107%) 3.47-1072(8.78-107%)
v =133/2 3.06-1072 (5.02-107%) 3.36-1072(7.87-107%) | 3.32-1072 (7.58-10%) | 3.45-1072 (8.15-107%) 3.58-1072(9.26-10%)
V=00 3.26-1072(5.55-10~ 4) 3.57-1072(8.32-107%) | 3.54-1072 (7.87-107%) | 3.71-1072 (9.02-10%) 3.75-1072 (9.28 -
ve{1/2,- 0} | 3.17-1072 (4.46-107%) 3.29-1072 (8.19-107%) | 3.21-1072 (7.90-10%) | 3.57-1072 (9.60-10~*) 3.30-1072 (9.12-

R(6:5355)
NLL/SPE | 3.16-1072 (5.12-107%)

SM-2.2.36 Borehole, n =400, d =8

Averages of R(0;S5PF)

R(6;557F)

LOO-SPE

LOO-NLPD LOO-CRPS

1076 (3.78-
v=17/2 4.85-107°(2.05-1077) 4.90-107¢ (1.88-1077) | 4.82-107° (1.93-1077) | 4.84-107° (1.94-1077
v=9/2 4.39-1070 (1.66-1077) 4.25-107° (1.49-1077) | 4.27-107° (1.61-107) | 4.28-107° (1.60-107

v=5/2 ) ( )
) ( )
) ( )
v=17/2 5.17-1070 (1.52-1077)  5.30-107° (1.56-1077) | 5.34-107° (1.68-10"7) | 5.31-107° (1.63-1077)
) ( )
) ( )
) ( )

1076 (3.55- 1076 (3.61 - 7.73-107° (3.63 - 1076 (3.70-
5.01-107° (2.08-
4.51-107° (1.75-
5.75-107° (1.98 -
11076 (2.19-
11076 (2.52-

<1076 (1.85-

v=33/2 5.98-107¢ (1.54-1077) 6.25-107° (1.65-10~7) | 6.20-107° (1.73-107) | 6.18-107° (1.64-10~7
V=00 7.51-107¢ (1.70-107) 7.78-107° (1.88-1077) | 7.72-107° (1.78-1077) | 7.71-107° (1.79- 107
ve{l/2,--- 0} | 4.85-107(2.05-1077) 4.38-107° (1.53-1077) | 4.39-107° (1.63-10~7) | 4.61-107¢ (1.70- 1077
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R*(SSPE)
v=1/2 1.02-1073 (4.43-107%)
v=3/2 2.84-107° (1.54-107)
v=5/2 6.46-107° (3.14-1077)
v=17/2 4.29- 10-6 (1.73-1077)
v=9/2 3.92-107° (1.34-1077)
v=17/2 4.85-10~ 6(124.10*7)
v=33/2 5.61-107° (1.23-1077)
V=00 6.96-107° (1.33-1077)
ve{l/2,--- o} | 3.86-107° (1.34-1077)
R(6:S5FF)
NLL/SPE | 4.51-107 (1.69-1077)
linear 1.33-107" (1.06-107%)
INN 3.09-107" (6.87-107%)
2NN 2.08-107" (8.08-107%)

Averages of R(0;SRPS)

R(6;SCRPS) LOO-SPE LOO-NLPD LOO-CRPS
v=1/2

2.77-1073 (1.36-107) = (@, 1073 (2.27-107%) | 1.81-1073 (2.49-1077) 1073 (2.33-
v=5/2 1.17-1073 (6.94-107)  9.73-107* (1.16-1075) | 9.43-107* (1.04-1075) | 8.88-107* (1.12-107°) 9.51-107* (1.04-
v=17/2 9.01-107* (6.07-107°)  8.02-10* (7.98-107°) | 7.86-107* (7.77-107) | 7.71-10~* (8.31-107°) 7.95-107* (8.13-
v=9/2 8.50-107* (6.10-107%)  7.94-107*(7.25-107°) | 7.84-107* (7.41-107°) | 7.76-10* (7.80-1076) <107 (8.09-
v=17/2 9.50-10* (6.89-107°)  9.64-10* (8.59-107°) | 9.55-10~* (8.11-107°) | 9.49-10~* (8.50-107°) 1074 (9.64-
v =133/2 1.04-1073 (7.39-107%)  1.08-1073 (9.77-107°) | 1.06-1073 (8.56-107%) | 1.06-1073 (9.61-107°) 1073 (1.02-
V=00 1.18-1073 (8.02-107°) 1.22-1073 (1.08-1073) | 1.21-1073 (8.88-107°) | 1.20-1073 (9.82-107°) 1.23-1073 (1.12-
ve{1/2,--,} [ 9.01-107* (6.07-107°) 8.02-107* (9.11-107°) | 7.85-107* (7.34-1079) | 7.72-107* (7.97-10°) 8.00-107* (8.09-

R(G;SCRPS)
NLL/SPE | 8.65-107%(7.53-107%)

Averages of R(6;S5s)

R(6;855) LOO-SPE LOO-NLPD LOO-CRPS
-1072(3.33-107%) 21072 (7.44-107%) 21072 (7.23-107%) -1072(8.71-107%) 21072 (7.33-107%)

v=5/2 1.67-1072 (1.58-107%)  1.52-1072 (3.18-107%) | 1.49-1072 (3.01-107%) | 1.75-1072 (3.71-10~%) ~10-2 (302~
v=7/2 1.20-1072(1.29-107%) 1.11-1072 (2.12-107%) | 1.11-1072 (2.17-10~%) | 1.25-1072 (2.53-10~%)

v=9/2 1.07-1072 (1.22-107%)  9.96-1073 (1.73-107%) | 1.00- 1072 (1.86-107%) | 1.08-1072 (2.12-107)

v=17/2 1.06-1072 (1.32-107%)  1.06-1072 (1.63-107%) | 1.07-10~ 2(1 76-1074) | 1.11-1072 (1.97-107%)

v =33/2 1111072 (1.41-107%)  1.14-1072 (1.68-107%) | 1.14-1072 (1.74-107%) | 1.18-1072 (1.96-107%)

V=o 1.24-1072 (1.56-10~%) 1.27-1072 (1.76-10~%) | 1.27-1072 (1.70-10~%) | 1.30-10~2 (2.03-10~*)

ve{l/2,-- 0} [ 1.20-1072 (1.29-107%) 1.02-1072 (1.81-10%) | 1.03-1072 (1.93-107%) | 1.20- 1072 (2.33-107%)

R(0:S5os)
NLL/SPE | 1.08-1072 (1.27-107%)

SM-2.2.37 Re(Sxz),n=60,d =6

Averages of R(0;S5PE)
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R(8;S5PF) NLL LOO-SPE LOO-NLPD LOO-CRPS GCV
v=1/2
v=3/2 8.23-1075 (2.79-107°) 9.83-107° (6.82-107°) | 7.48-107° (3.20-107°) | 7.90-107° (4.19-1076) 7.41-107° (2.38-1079)
v=5/2 2.27-1073 (6.91-1077) 2.91-107° (2.84-1076) | 2.21-107% (9.60-1077) | 2.23-1075 (9.77-1077) 2.38-1073 (1.09-107)
v=17/2 2.88-107° (8.15-1077) 4.06-107° (3.68-107°) | 2.93-107> (1.36-1076) | 2.95-107> (1.44-107°) 4.28-107° (4.92-107%)
v=9/2 4.22-107° (1.81-107%) 592107 (5.32-107°) | 4.32-107> (2.92-107) | 4.61-107> (3.18-107°) 7.42-107° (1.30-1079)
v=13/2 5.53-107° (3.00-107°) 8.08-107° (7.40-107°) | 6.29-107° (5.15-107%) | 6.91-107° (5.97-10°°) 9.70-107° (1.26-107)
v=25/2 6.39-107° (3.58-107%) 9.79-107° (8.38-10°) | 8.35-1075 (6.93-107°) | 8.91-10 (7.51-10°%)
V=00 7.23-107° (4.14-10°°) — 1.01-107* (7.78-107%) | 1.07-10~* (8.65-10°)
ve{l/2, 00} | 2.28-107 (7.10-1077) 3.44-1075 (3.31-107°) | 2.29-1075 (9.76-1077) | 2.32- 107> (1.01-107°) 2.68-107° (1.44-107%)
R*(SSPE)
v=1/2 2.21-1072 (6.54-107%)
v=3/2 6.47-107° (2.02-107°)
v=5/2 1.74-107 (7.30-1077)
v=1/2 2.11-107° (7.61-1077)
v=9/2 2.90-107° (1.14-107)
v=13/2 3.67-107° (1.39-107°)
v=25/2 4.55-107° (1.67-107°)
V=o 5.31-107° (1.90-107°)
ve{l/2,- 00} || 1.68-107% (7.01-1077)
R(0;SSPE)
NLL/SPE | 2.50-107> (1.02-1079)
linear 6.23-107" (3.57-1073)
INN 4.35-107" (2.40-1073)
2NN 3.40-107" (3.35-1073)
Averages of R(0;SCRPS)
R(6;SCRPS) NLL LOO-SPE LOO-NLPD LOO-CRPS GCV
v=1/2
v=3/2 431-1073 (3.98-1073) 4.11-1073 (1.26-107%) | 3.57-1073 (6.59-107°) | 3.66- 1073 (7.80-107%) 3.54-1073 (5.35-107°)
v=5/2 1.90-1073 (1.94-107%)  1.87-1073 (6.37-1073) | 1.59-1073 (2.74-1073) | 1.63-1073 (3.15-107°) 1.66-1073 (3.05-1075)
v=17/2 2.10-1073 (3.32-107°) 2.28-107° (8.58-107%) | 1.94-1073 (4.03-107) | 1.98-1073 (4.46-107°) 2.24-1073 (7.31-107)
v=9/2 2.61-1072 (6.21-107%) 2.88-1073 (1.08-107%) | 2.51-1073 (7.25-1073) | 2.60-1073 (7.39-107°) 3.00-1073 (1.40-10~%)
v=13/2 3.04-107 (8.58-107%) 3.45-1073 (1.29-107%) | 3.09-1073 (9.90-1073) | 3.27-1073 (1.16-10~%) 3.61-1073 (1.61-10~%)
v=25/2 3.32:107% (9.19-107°) 3.94-1073 (1.41-107%) | 3.66-10 (1.31-10%) | 3.78-1073 (1.35-10~*) 4.61-1073 (2.33-107%)
V=00 3.57-1073 (9.76-107°)  4.40-1073 (1.53-107%) | 4.07-1073 (1.40-10~%) | 4.18-1073 (1.46-10~%) 5.14-1073 (2.64-10%)
ve{l/2,--,00} | 1.90-1073 (2.02-1075) 2.07-1073 (8.97-1073) | 1.63-1073 (2.74-107°) | 1.68-1073 (3.28-107%) 1.79-1073 (4.89-1079)

. IS
Averages of R(0; 55,95)

R(G;SCRPS)

NLL/SPE | 1.98-1073 (3.63-107)
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R(6:Stss)

LOO-SPE

LOO-NLPD

LOO-CRPS

ve{l/2, e} | 2.32:1072 (3.80-107*

2731072 (1.33-1073) | 2.10- 1072 (8.02-10~*

v=1/2

v=3/2 -1072 (2.14-107%) 1072 (2.12 21072 (1.27-1073) 21072 (1.45-
v=5/2 2311072 (3.64-107%) 2.45-1072 (1.04-1073) | 2.04-1072 (7.92-107%) | 2.15-1072 (8.18-
v=1/2 2.47-1072 (4.84-107%) 2.79-1072 (1.28-1073) | 2.32-1072 (8.87-107%) | 2.42-1072 (9.35-
v=9/2 3.00-1072 (7.58-10™%) 3.47-1072(1.79-1073) | 3.03-1072 (1.49-1073) | 3.18-1072 (1.43-
v=13/2 3.57-1072 (1.23-1073)  4.17-1072 (2.29-1073) | 3.75-1072 (1.93-1073) | 4.26- 1072 (2.49-
v=25/2 3.97-1072 (1.52-1073) 4.73-1072 (2.64-1073) | 4.66-1072 (2.87-1073) | 5.03- 1072 (3.06-
V=00 439-1072 (1.77-1073)  5.33-1072 (2.85-1073) | 5.19-1072 (3.07-103) | 5.66- 102 (3.45-

) )

2.20-1072 (8.19-

R(8:Sfys)

NLL/SPE

2.41-1072 (5.53-107%)

SM-2.238 Re(Syz),n=120,d =6

1072 (1.07-
2.49-
2.87-
21072 (4.39-
6.99-1072 (5.25-
<1072 (1.03-

1072
4.54-1072

1072 (1.05 -

Averages of R(6;S5PF)

R(6;S5PF) NLL LOO-SPE LOO-NLPD LOO-CRPS GCV
v=1/2

v=3/2 3.27-107° (1.07-107°) 3.11-107° (1.08-107°) | 2.78-107° (9.29-10~7) | 2.85-1075 (9.75 - 2.79-107° (9.25-1077)
v=>5/2 1.17-107% (5.81-1077)  1.23-107° (6.41-1077) | 1.29-107° (6.14-1077) | 1.14-107> (5.26- 1.66-107° (1.18-107%)
v=17/2 1.54-107° (5.81-1077) 1.80-107> (8.56-1077) | 1.81-107> (7.94-1077) | 1.62-107> (6.91 - 2.32-107° (1.22-107%)
v=9/2 1.90-107° (6.24-1077)  2.32-107° (1.06-107°) | 2.30-107 (1.04-1076) | 2.11-107 (9.76- 3.13-107° (1.97-107)
v=13/2 2.36-107° (7.45-1077) 3.07-107° (1.87-107°) | 2.90-10~° (1.46-10~°) | 2.68-1075 (1.34- 4.00-107% (2.94-1079)
v=25/2 2.60-107° (8.71-1077) 3.30-107° (2.53-107°) | 3.04-107> (1.55-107) | 2.97-107> (1.55- 4.11-107° (3.02-10°9)
V=00 2.94-107 (9.91-1077) 3.77-107° (3.29-107°) | 3.33-107 (1.65-107%) | 3.18-1073 (1.59- 4.31-107° (3.20-1079)
ve{l/2,---,00} | 1.17-107% (5.81-1077) 1.27-1073 (6.91-1077) | 1.29-1075 (6.17-1077) | 1.15-1075 (5.30- 1.74-107° (1.16-1079)

R* (SSPE)

v=1/2

9.74-1073 (2.84-107%)

v=3/2

2.45-107° (8.20-1077)

v=5/2

8681076 (4.00-10°7)

v=17/2

1.26-1075 (4.51-1077)

v=9/2

1.60-1073 (5.20-1077)

v=13/2

1.99-1073 (6.24-1077)

v=25/2

V=00

2.43-107° (8.00-1077)

ve{l/2, o}

(

2.16-107° (7.03-1077)
(
(

8.68-107° (4.00-1077)

R(6;S5PF)

NLL/SPE

1211073 (6.15-1077)

linear

5.94-107! (1.70-1073)

INN

3.47-107" (1.43-1073)

2NN

2.64-107" (1.89-1073)

Averages of R(0;SCRPS)
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R(6;SCRPS) NLL LOO-SPE LOO-NLPD LOO-CRPS KA GCV
v=1/2

v=3/2 2.60-1072 (1.61-107%)  2.09-1073 (2.84-1073) | 1.96-1073 (2.27-1073) | 1.98-1073 (2.30-107°) 1.96-1073 (2.25-1079)
v=5/2 1.24-1073 (1.19-107%)  1.11-1073 (1.97-107°) | 1.06-1073 (1.77-1073) | 1.04-1073 (1.57-1073) 1.16-1073 (2.77-1079)
v=17/2 1.39-1073 (1.40-107°)  1.37-107% (2.60-107°) | 1.31-1073 (2.15-107) | 1.29-1073 (2.03-107°) 1.47-1073 (3.02-1075)
v=9/2 1.56-1072 (1.86-107%)  1.60-1073 (3.11-1077) | 1.53-1073 (2.67-1073) | 1.51-1073 (2.85-107°) 1.75-1073 (4.25-107)
v=13/2 1.76-1072 (2.59-107%)  1.86-1073 (4.56-1073) | 1.77-1073 (3.57-1073) | 1.74-1073 (3.56-107°) 2.04-1073 (5.94-107°)
v=25/2 1.86-1073 (3.11-1075)  1.94-1073 (5.19-1073) | 1.86-1073 (4.12-107°) | 1.86-1073 (4.30-107%) 2.12-1073 (6.28-107°)
V=oco 2.00-107% (3.55-107°) 2.08-1073 (5.84-107%) | 1.99-1073 (4.57-107) | 1.97-1073 (4.50-107°) 2221073 (6.61-107)
ve{l/2,-- 00} | 1.24-1073 (1.19-107%)  1.13-1073 (2.32-107°) | 1.06- 1073 (1.79-1073) | 1.04-1073 (1.58-1077) 1.21-1073 (3.24-1075)

R(G;SCRPS)
NLL/SPE | 1.26-1073 (1.42-1079)

Averages of R(6;S5s)

R(0:55y5) NLL LOO-SPE LOO-NLPD LOO-CRPS KA GCV
v=1/2

v=3/2 3.23-1072(2.33-10%) 2.71-1072 (7.95-107%) | 2.52-1072 (7.13-10~*) | 2.57-1072 (7.73-10~%) 2.49-1072 (6.91-10~%)
v=5/2 1.61-1072 (4.52-107%)  1.54-1072(5.96-107%) | 1.46-1072 (5.25-107*) | 1.42-1072 (5.58-107%) 1.58-1072 (5.98-107%)
v=1/2 1.69-1072 (4.78-107%)  1.69-1072 (6.05-107%) | 1.59-1072 (5.28-107%) | 1.55-1072 (5.50-107%) 1.81-1072 (6.60-10~%)
v=9/2 1.82-1072 (4.70-107%)  1.87-1072 (6.02-107%) | 1.77-1072 (5.32-107*) | 1.75-1072 (5.70-10~%) 2.07-1072 (7.29-107%)
v=13/2 2.00-1072 (4.48-107%) 2.11-1072 (6.19-107%) | 2.01- 1072 (5.22-107*) | 1.98-1072 (5.76-10~%) 2.35-1072 (7.69-10~%)
v=25/2 2.11-1072 (4.78-10%) 2.18- 10-2 (6.26-107%) | 2.07-1072 (4.97-107%) | 2.15-1072 (6.19-10~*) 2.40-1072 (7.61-10~%)
V=00 2241072 (4.84-107%) 2.29-1072 (6.35-107%) | 2.18-1072 (5.10-107%) | 2.23-1072 (5.67-107%) 2.43-1072 (7.03-107%)
ve{l/2,- 0} | 1.61-1072 (4.52-107%) 1.55-1072(5.99-107%) | 1.47-1072 (5.32-107%) | 1.42-1072 (5.56-107%) 1.63-1072 (6.58-107%)

R(8:S5s5)
NLL/SPE | 1.62-1072 (4.58-107%)

SM-2.239 Re(Syz),n=300,d =6

Averages of R(0;S5PF)

R(6;SSPE) NLL LOO-SPE

LOO-NLPD LOO-CRPS

7.56-107¢ (1.75-1077
v=>5/2 3.42-1079(9.20-10°%
7.07-107¢ (2.15-1077
1.15-107° (3.39- 10~

6.74-107¢ (1.70-1077)
4321070 (1.58-1077)
9.02-100 (3.59-1077)
1.50-1073 (6.19-1077)

6.65-1076 (1.72-1077) | 6.54-107° (1.66- 1077
6.30-107°(3.59-1077) | 4.39-107¢ (2.20-10~7
1.32-1075 (6.84-1077) | 9.32-107° (4.02-1077

7.07-107 (1.85
9.93-107°(8.50-1077)

)
)
)

)
)
)
7

V=co
ve{l/2,. -,

o} | 3.42-107°(9.20-107%) 4.37-107° (1.58-1077) | 6.30-107° (3.59-1077) | 4.39-107¢ (2.20-1077)

1.01-107° (8.50-1077)
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R*(SSPE)
v=1/2 3.09-1073 (6.90-1077)
v=3/2 5.89-107° (1.34-1077)
v=5/2 2.96-107° (8.28-107%)
v=17/2 6.24-107° (1.69-1077)
v=9/2 1.07-107° (2.99-1077)
v=13/2 1.89-1075 (5.51-1077)
v=25/2 2.83-107 (8.24-1077)
V=00 3.68-107 (1.02-107°)
ve{l/2,--- o} | 2.95-107° (8.17-107%)
R(6;557F)
NLL/SPE | 3.47-107 (1.09-1077)
linear 5.75-107" (5.55-107%)
INN 2.57-107" (6.37-107%)
2NN 1.88-107" (8.83-107%)
Averages of R(0;SRPS)
R(6;SCRPS) LOO-SPE LOO-NLPD LOO-CRPS
11073 (5.67- ) -1074(8.75- 107 (8.37- 8.89-107*(8.25- ) 107 (8.63-
v=>5/2 5.91-107*(3.59-107°) 5.94-107* (9.96-107°) | 5.53-107* (9.45-107°) | 5.32-107* (7.38-107°) 6.59-107* (1.53-
v=17/2 7.64-107* (6.27-107°)  8.41-10~* (1.51-1073) | 8.01-107* (1.23-1075) | 7.63-10~* (9.33-10°) 1.01-1073 (2.40-
v=9/2 9.89-107* (1.01-107%)  1.11-1073 (2.32-107%) | 1.06-1073 (1.55-1073) | 1.01-1073 (1.20-1075) 1.33-1073 (3.60-
v=13/2 1.36-1073 (1.74-107)  1.47-1073 (3.09-1073) | 1.43-1073 (2.27-1075) | 1.36-107% (1.85-107) 1073 (4.79-
v=25/2 1.74-1073 (2.40-107) 1.85-1073 (4.05-1075) | 1.78-1073 (2.90-1075) | 1.73-107 (2.68-107) -1073 (7.20-
V=00 2.05-1073 (2.93-107%) 2.16-10-3 (4.23-1073) | 2.09-1073 (3.39-1075) | 2.04-1073 (2.88-107°) -1073 (8.36-
ve{1/2,- 0} [ 591-107* (3.59-107°) 6.03-107* (1.08-1073) | 5.53-107* (9.45-107°) | 5.32-10~* (7.38-10°) 6.68-107* (1.59-
R(G;SCRPS)
NLL/SPE | 5.97-107%(7.58-107%)
Averages of R(6;S5s)
R(6;855) LOO-SPE LOO-NLPD LOO-CRPS
1072 (6.93-107%) 1072 (2.40- 11072 (2.35-107%) 11072 (2.33-107%) 1072 (2.33-
v=5/2 7.72-1073 (8.08-107%)  8.50-1073 (1.81-107%) | 8.12-1073 (2.58-10~%) | 7.91-1073 (2.02-107%) =3 (3.65-
v=7/2 9.89-1073 (1.24-107%)  1.06-1072 (2.04-10~*) | 1.01-1072 (2.67-10~%) | 1.00-1072 (2.20-10~%) <1072 (4.44-
v=9/2 1.19-1072 (1.62-107%)  1.26-1072 (2.52-107%) | 1.19-1072 (2.52-10%) | 1.18-1072 (2.05-107%) 1072 (5.20-
v=13/2 1.52-1072 (2.50-107%)  1.51-1072 (3.17-107%) | 1.45-1072 (2.56-10~%) | 1.43-1072 (2.40-10~%) 1072 (5.95-
v =25/2 1.98-1072 (3.77-107%) 1.80-1072 (4.07-107%) | 1.71-1072 (3.14-10%) | 1.70- 1072 (3.15-10"%) 2.11-1072 (8.40-
V=00 246-1072(5.11-107%) 2.04-1072 (4.28-10%) | 1.95-1072 (3.60-10%) | 1.96-10~2 (3.49-10~*) 1072 (8.64-
ve{l/2,- 0} | 7.72:1073 (8.08-107°) 8.59-1073 (1.83-107%) | 8.12-1073 (2.58-107%) | 7.91- 1073 (2.02-107%) 1073 (3.65-

R(8:55%s)

NLL/SPE

7.78-1073 (1.06-107%)

SM-2.2.40 Re(Sgz),n=60,d =6

Averages of R(0;S5PE)

76




R(8;S5PF) NLL LOO-SPE LOO-NLPD LOO-CRPS GCV
v=1/2
v=3/2
v=5/2 4.02-107*(1.62-107°)  5.11-107*(2.92-107°) | 4.18-10~* (1.42-1077) | 4.31-10~* (1.63-1077) 4.93-107* (2.33-1079)
v=17/2 2.88-107* (1.03-107°) 4.33-107*(2.25-107%) | 3.73-10~* (1.60-107°) | 3.86-10~* (1.72-107°) 4.75-107* (3.44-1075)
v=9/2 2.96-107* (1.02-107%)  4.39-107*(1.93-107%) | 4.22-10~* (2.56-107°) | 3.95-10~* (1.57-107°) 5.44-107* (4.85-107)
v=13/2 3.15-107* (1.05-107%)  4.80-107* (2.25-107°%) | 4.48-10* (3.07-107%) | 4.25-10* (1.73-1075) 6.43-107 (6.64-107°)
v=25/2 3.46-1074 (1.12-107°)  5.29-10* (3.00-107°) | 4.92-10~* (3.61-1077) | 4.61-10~* (1.84-1077) 7.43-107*(8.57-107°)
V=00 3.80-107* (1.21-107%) 6.34-10~* (4.87-107°) | 5.38-107* (4.06-107°) | 5.38-10~* (4.18-107°) 8.75-107* (1.32-107%)
ve{l/2, 00} | 3.07-107* (1.09-107%) 4.90-107* (2.59-107°) | 4.64-107* (4.07-107°) | 4.31-107* (1.87-107) 6.89-10~* (8.81-107)
R*(SSPE)
v=1/2 4.44-1072 (1.62-1073)
v=3/2 2.97-1073 (1.13-107%)
v=5/2 3.21-107* (1.04-107%)
v=1/2 2.26-107* (7.54-107°)
v=9/2 2.26-107* (7.46-107°)
v=13/2 2.32-107* (7.49-107°)
v=25/2 2.45-107% (7.54-107)
V=o 2.60-107* (7.57-107°)
ve{l/2,--- e} | 2.13-107* (6.61-107)
R(0;SSPE)
NLL/SPE | 3.26-107* (1.15-107°)
linear 5.10-107" (3.00-1073)
INN 4.56-1071 (2.93-1073)
2NN 3.62-107! (4.15-1073)
Averages of R(0;SCRPS)
R(6;SCRPS) NLL LOO-SPE LOO-NLPD LOO-CRPS GCV
v=1/2
v=3/2 2.59-1072 (3.48-107%) 2.57-1072 (5.51-107%) | 2.31-1072 (4.22-107%) | 2.34-1072 (4.38-10~%) 2.26-1072 (3.93-107%)
v=5/2 8.26-1073 (9.79-107%) 8.57-1073 (2.28-107%) | 7.74-1073 (1.23-107%) | 7.93-1073 (1.49-10%) 8.37-1073 (1.82-107%)
v=17/2 6.86-1072 (8.36-107%)  8.12-1073 (1.84-107*) | 7.58-1073 (1.55-107%) | 7.75-1073 (1.61-107%) 8.30-1073 (2.02-107%)
v=9/2 6.95-1072 (9.07-107%)  8.32-1073 (1.72-107%) | 8.07-1073 (1.78-107%) | 8.02-1073 (1.58-107%) 8.86-1073 (2.38-107%)
v=13/2 7.20-1 3( 00-107%) 8.82-1073 (1.96-107%) | 8.45-1073 (1.82-107%) | 8.46-1073 (1.74-10~*%) 9.76-1073 (3.03-10%)
v=25/2 7.58-1073 (1.10-107%)  9.38-1073 (2.47-10%) | 8.96-1073 (1.88-10~%) | 8.96-1073 (1.83-107%) 1.05-1072 (3.35-107%)
V=00 7.99-1073 (1.19-107%)  1.01-1072 (2.90-107%) | 9.42-1073 (2.00- 10%) | 9.48-1073 (2.13-107%) 1.13-1072 (4.47-107%)
ve{l/2,---,00} | 7.08-1073 (9.98-1075) 8.80-1073 (2.09-107%) | 8.48-1073 (2.14-107%) | 8.40-1073 (1.79-10~%) 9.88-1073 (3.52-107%)
R(G;SCRPS)
NLL/SPE | 7.28-1073 (1.02-107%)

Averages of R(6;S55)
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R(6:S8ys) LOO-SPE LOO-NLPD LOO-CRPS

v=1/2

v=3/2 -1071 (3.52- 3.05-1071 (9.78-1073) -1071 (8.16- 1071 (9.36- 1071 (7.48-
v=5/2 9.30-1072 (6.54-10%) 9.42-1072 (3.19-1073) | 8.55-1072(2.32-1073) [ 9.11-1072 (2.88-1073) 9.18-1072 (2.71-
v=1/2 6.82-1072(5.82-107%) 8.82-1072(3.20-1073) | 8.42-1072(3.05-1073) [ 9.10-1072 (3.74-1073) -10™ 2(3 49.
v=9/2 6.50-1072 (6.50-10%) 9.08-1072 (3.28-1073) | 9.30- 1072 (3.75-1073) | 9.53-1072 (3.88-1073) -1 (3.
v=13/2 6.48-1072 (8.76-107%) 9.95-1072 (4.05-1073) [ 9.99-1072 (4.31-1073) | 1.03-10"! (4.27-1073) 1.16-10~ 1(5 44.
v =25/2 6.77-1072 (1.21-1073)  1.10-107' (5.70-1073) | 1.08- 107! (4.73-1073) | 1.12-107! (4.91-1073) -1 (6.
V=00 7.23-1072 (1.57-1073) 1.23-10~ 1(670 1073) | 1.16-107" (5.20-1073) | 1.23-107! (6.18-1073) 1 (8.
ve{l/2,-- =} | 6.70-1072 (8.65-107%) 1.04-107! (4.50-1073) | 1.06-10~" (5.29-1073) | 1.08-10~"! (4.92-1073) -1 (6.

R(6:5355)
NLL/SPE | 7.06-1072 (1.24-1073)

SM-2.2.41 Re(Sgz), n=120,d =6

Averages of R(6;S5PF)

R(6;557F)

LOO-SPE

LOO-NLPD LOO-CRPS

-107* (4.43- -1074(5.55-
v=17/2 9.31-107% (2.51-107¢

v=9/2 8.68-1075 (2.23-107°

) ( 1079) 1074 (5.02-
) 1.05-107*(3.76-107) | 1.02-107* (3.38-107°
( ) 1.01-107*(3.78-107) | 9.75-1075 (3.31-10°°
v=13/2 9.08-107 (2.28-107°) 1.06-10* (3.59-107°) | 1.04-10* (3.46-10°6
v=25/2 9.20-107% (2.27-107%) 1.06-10*(3.48-10¢) | 1.05-10~*(3.31-107°
( ) (
( ) (

1.62-107* (5.01-
1.00-107* (3.37-10°
9.53-107° (3.19-107°

) 1074 (5.49-
)
)
1.02-107* (3.28-107)
)
)
)

S107* (4.55-
1.27-107* (6.13 -
1.44-10* (9.01-
1074 (1.14-
1074 (1.30-
-107* (6.02-

1.02-107* (3.16-10°°
1.11-107*(3.29-107°
1.01-107* (3.41-10°°

V=00 1.02-107* (2.51-107%)  1.15-107*(3.81-107%) | 1.12-10~* (3.50- 10~
1.07-107* (3.90-107°) | 1.01-107* (3.33-10°¢

ve{l1/2,- e} | 9.29-107 (2.50-10¢

R*(SSPE)
v=1/2 2.26-1072 (7.24-107%)
v=3/2 1.15-1073 (3.77-1079)
v=5/2 1.30-107* (3.77-1079)
v=7/2 7.74-107° (1.97-107°)
v=9/2 7.15-1075 (1.71-107%)
v=13/2 7.54-1075 (1.77-107%)
v=25/2 7.65-1075 (1.79-107%)
V=00 8.56-107° (1.98-107)
ve{l/2,--- o} | 6.95-107 (1.64-107°)
R(6;557F)
NLL/SPE | 9.60-107° (2.97-107°)
linear 4.83-107" (1.40-1073)
INN 3.66-107" (1.73-1073)
2NN 2.84-107" (2.23-1073)

Averages of R(0;SCRPS)
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R(6;SCRPS) NLL LOO-SPE LOO-NLPD LOO-CRPS KA GCV

V=oco 3.70-1073 (4.31-107°
ve{l/2,-- e} | 3.31-1073 (3.07-107°

3.94-1073 (6.28-107) | 3.89-1073 (5.71-107°
3.55-1073 (5.02-107°) | 3.38-1073 (4.55-107°

3.90-107% (5.80- 1073
3.41-1073 (4.74-107°

4.44-1073 (1.14-107%)
3.74-1073 (7.08-1073)

v=1/2
v=3/2 1.32-1072 (1.16-107%)  1.26-1072 (1.97-107%) | 1.18-1072 (1.62-10%) | 1.19-1072 (1.71-10~%) 1.17-1072 (1.64-10~%)
v=5/2 4.20-1073 (3.21-107°) 4.22-1073 (5.83-107°) | 3.93- 1073 (4.68-1077) | 4.01-1073 (4.86-1073) 4.01-1073 (4.71-1079)
v=17/2 3.31-1073 (3.06-107%)  3.44.1073 (4.77-107°) | 3.29-1073 (4.11-1073) | 3.31-1073 (4.33-1075) 3.51-107% (5.39-107)
v=9/2 3.25-1073(3.38-107°)  3.48-1073 (4.92-107%) | 3.35-1073 (4.40-107%) | 3.36- 1073 (4.35-1079) 3.71-1073 (7.17-1073)
v=13/2 3.39-1073 (3.79-107%)  3.69-1073 (5.68-107°%) | 3.60-107 (5.29-107%) | 3.60- 1073 (5.26-1075) 4.02-1073 (8.84-1079)
v=25/2 3.48-1073 (4.05-107°) 3.77-1073(5.93-107°) | 3.71-1073 (5.48-1079) | 3.71-1073 (5.73-107°) 4.25-1073 (1.10-107%)
( ) ( ) )
( ) ( ) )

R(G;SCRPS)
NLL/SPE | 3.39-1073 (4.16-107)

Averages of R(0; S%)S_gs)

R(6:55,s) LOO-SPE LOO-NLPD LOO-CRPS

21072 (1.09-
21072 (9.96 -
21072 (1.25-
1072 (1.55-

1072 (1.08 -

21072 (3.47-
v=7/2 3.41-1072(2.92-107%) 3.85-1072 (8.26-107%) | 3.79-1072 (8.62-10~%) | 3.85-1072 (8.83-10~*
v=9/2 3.15-1072(3.38-107%) 3.71-1072 (8.20-107*) | 3.68-1072(8.90-10~%) | 3.73-1072 (9.00-10~*

) 1072 (1.06- ( )
) ( ) )
) ( ) )
v=13/2 3.19-1072 (4.15-107%) 3.85-1072 (1.02-1073) | 3.87-1072 (1.11-1073) | 3.90- 1072 (1.12-1073)
) ( ) )
) ( ) )
) ( ) )

-1072 (1.09-

v=25/2 3.27-1072 (5.00-10~*) 3.86-1072 (1.08-1073) | 3.92-1072 (1.16-1073) | 3.97-102 (1.17-1073 <1072 (1.70-
V=00 3.49-1072(5.69-107%) 3.95-1072 (1.09-1073) | 4.01-1072 (1.15-1073) | 4.07-1072 (1.16-1073 <1072 (1.81-
ve{l/2,-- 0} | 3.40-1072 (2.98-107%) 3.93-1072 (8.88-107%) | 3.84-1072 (9.64-107%) | 3.96-1072 (9.73-10* 1072 (1.26-1073)

R(8:S5s5)
NLL/SPE | 3.43-1072 (5.61-107%)

SM-2.2.42 Re(Sez),n=300,d =6

. ¢SPE
Averages of R(0;S5PF)
R(6;SSPE) NLL LOO-SPE LOO-NLPD LOO-CRPS KA GCV
v=1/2
v=3/2
v=>5/2 3.75-107°(9.97-1077) 4.32-107° (2.36-107°) | 3.93-107° (1.11-1076) | 3.88-103 (1.14-10°° 434107 (1.39-1079)

) ( )
v=7/2 2.11-107° (4.94-1077)  2.44-107° (1.53-1076) | 2.51-107% (6.94-1077) | 2.22-1075 (5.83-1077) 3.10- 1075 (1.42-107)
v=9/2 2.10-107° (4.89-1077)  2.33-107° (7.97-1077) | 2.62-107> (8.27-1077) | 2.24-107> (6.10-1077) 3.34-107° (2.10-107°)
v=13/2 2.57-107 (6.49-1077) 3.01-107° (1.05-107%) | 3.28-107> (1.23-107%) | 2.90- 107> (8.44-1077) 4.04-107 (1.97-1079)
) ( )
) ( )
) ( )

v =25/2 3.01-107° (8.24-1077) 3.76-107° (1.45-107°) | 3.80-107> (1.46-107°) | 3.54-1073 (1.15-10°° 4.81-107° (2.61-1079)
V=oo 3.47-107°(9.43-1077) 4.29-107° (1.65-107°) | 4.27-107° (1.72-1076) | 3.91-107° (1.27-10°6 5.56-1073 (3.78-107°)
veE{1/2,- 0} | 2.11-107° (4.94-1077) 2.26-1073 (6.35-1077) | 2.57-1075 (7.73-1077) | 2.20- 107> (6.06- 1077 3.40-107° (1.66-10~)
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R*(SSPE)
v=1/2 8.64-1073 (2.61-107%)
v=3/2 3.26-107* (9.34-107°)
v=5/2 3.23-107° (7.68-1077)
v=17/2 1.71-1075 (3.30- 1077)
v=9/2 1.76-1075 (3.67-1077)
v=13/2 2.38-107° (5.72-1077)
v=25/2 2.93-107° (7.54-1077)
V=00 3.42-107° (8.78-1077)
ve{l/2,--- o} | 1.66-1075 (3.25-1077)
R(6:S5FF)
NLL/SPE | 2.15-107° (6.08-1077)
linear 4.68-107" (5.47-107%)
INN 2.73-107" (8.82-107%)
2NN 2.03-1071 (1.23-1073)

Averages of R(0;SRPS)
R(6;SCRPS) LOO-SPE LOO-NLPD LOO-CRPS
v=1/2
1073 (3.84-107) 1073 (7.11-107°) <1073 (5.82- 5.16-107% (6.02-107%)

v=>5/2 1.73-1073 (8.56-107°) 1.75-1073 (2.83-1077) | 1.60-1073 (1.28-1073) | 1.62-1073 (1.31-107°) 1.65-1073 (1.43-
v=17/2 1.31-1073 (7.41-107°)  1.38-1073 (2.19-107%) | 1.28-1073 (1.09-1075) | 1.27-1073 (9.92-10°) 1.36-1073 (1.41 -
v=9/2 1.32-1072 (1.06-107%)  1.37-1073 (1.81-1073) | 1.32-1073 (1.35-1073) | 1.30-1073 (1.16-1075) 1.41-1073 (1.90-
v=13/2 1.49-1073 (1.74-107°)  1.54-1073 (2.22-1073) | 1.52-1073 (1.94-1073) | 1.49-1073 (1.73-1077) 1073 (2.60-
v=25/2 1.65-1073 (2.31-107°)  1.75-107% (2.94-107%) | 1.71-1073 (2.47-107) | 1.69-1073 (2.23-1077) 1.84-1073 (3.48-
V=00 1.79-1073 (2.64-107%)  1.91-1073 (3.29-1077) | 1.88-1073 (2.87-1075) | 1.84-1073 (2.57-107°) 2.03-1073 (4.43-
ve{l1/2,- 0} | 1.31-1073 (7.41-107%) 1.35-1073 (1.41-107°) | 1.31-1073 (1.24-1073) | 1.27-1073 (1.05-1075) 1.44-1073 (2.28-

R(G;SCRPS)
NLL/SPE | 1.32-1073 (1.08-107%)

Averages of R(6;S5s)

R(6:55,s) NLL LOO-SPE LOO-NLPD LOO-CRPS KA GCV
v=1/2
v=3/2
v=5/2 2.05-1072 (1.53-107%)  2.39-1072 (5.46-107%) | 2.22-1072 (3.71-107%) | 2.22-1072 (3.77-10~* 2.27-1072(3.93-107%)

) ( ) )
v=7/2 1.45-1072 (1.12-107%)  1.66-1072(3.35-107%) | 1.65-1072 (2.59-10~%) | 1.61-1072 (2.42-10~%) 1.75-1072 (3.12-107%)
v=9/2 1.43-1072(1.29-107%) 1.55-1072(2.38-107%) | 1.58-1072 (2.40-10~%) | 1.55-1072 (2.13-107%) 1.70-1072 (3.21-107%)
v=13/2 1.56-1072 (1.93-107%) 1641072 (2.59-107%) | 1.67-1072 (2.69-107%) | 1.66-1072 (2.45-107%) 1.81-1072 (3.83-107%)
v =25/2 1.72-1072 (2.82-107%)  1.79-1072 (3.15-107%) | 1.77-1072 (2.96-107%) | 1.79-1072 (2.87-10~%) 1.94-1072 (4.64-107%)
V=00 1.89-1072 (3.60-107%) 1.89-1072 (3.50-10~*) | 1.86-1072 (3.27-10~%) | 1.86-1072 (3.04-10~%) 2.06-1072 (5.65-107%)
ve{l/2,- o0} | 1.45-1072 (1.12-107%) 1.60-1072 (2.30-10#) | 1.61-1072 (2.61-10~%) | 1.59-1072 (2.40-107%) 1.74-1072 (3.39-107%)

R(0:S5os)
NLL/SPE | 1.46-1072 (1.55-107%)

SM-2.2.43 Re(Sioz),n=60,d =6

Averages of R(0;S5PE)
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R(8;S5PF) NLL LOO-SPE LOO-NLPD LOO-CRPS
v=1/2 21072 (1.62- 4721072 (1.43-1073) | 4.66-1072 (1.50-1073) | 4.18-1072 (1.39- 1072 (1.37-
v=3/2 A10-2 (8.27- 1.88-1072 (1.32-1073) 1.55~10-2 (9.79-107%) | 1.43-1072 (7.84- A10-2 (1.14-
v=5/2 2 (8.97- 1.36-1072 (1.10-1073) | 1.22-1072(9.02-107%) | 1.15-1072 =2 (6.24-
v=7/2 10~ 2(986- 1.34-1072 (1.01-1073) | 1.15-10~ 2(752 107%) | 1.14-1072 (6.82- 10~ 2(802»
v=9/2 -1072(9.03- 1.47-107%(2.33-1073) | 1.11-1072 (6.43-107*) | 1.20-1072 (9.69- 21072 (7.49-
v=13/2 -1072(1.01- 1.60-1072 (2.68-1073) | 1.20-1072 (7.35-107%) | 1.28-102 072(7.76-
v=25/2 10~ 2(930- 1.50-10~ 2(123-10*3) 1.31-10~ 2(872 1074) | 1.34-1072 (1.06 - 2(860-
V=o 2 (1.09- 1.60-1072 (1.43-1073) | 1.34-1072(9.61-10%) | 1.41-1072 (1.17- =2 (9.
ve{l/2, o 2 (8.94- 1.45-1072 (1.28-1073) | 1.32-1072 (9.68-107%) | 1.36-1072 (1.19- =2 (9.
R*(SSPE)
v=1/2 3.62-1072 (1.27-1073)
v=3/2 9.75-1073 (2.74-107%)
v=5/2 6.77-1073 (1.44-107%)
v=1/2 6.42-1073 (1.25-107%)
v=9/2 6.40-1073 (1.24-107%)
v=13/2 6.45-1073 (1.25-107%)
v=25/2 6.59-1073 (1.43-107%)
V=o 6.72-1073 (1.58-107%)
ve{1/2,-, 00} || 6.17-1073 (1.21-107%)
R(0;SSPE)
NLL/SPE | 1.28-1072 (1.25-107%)
linear 3.48-107" (2.59-107%)
INN 5.04-1071 (3.07-1073)
2NN 3.96-107! (4.17-1073)
Averages of R(0;SCRPS)
R(0;SCRPS) NLL \ LOO-SPE LOO-NLPD LOO-CRPS \ KA Gev
v=1/2 1.05-1071 (1.24-1073)  9.22-1072 (1.35-1073) | 9.01-1072 (1.37-1073) | 8.27-1072 (1.19-1073) 1.82-10"' (2.58-1073) | 8.80-1072 (1.19-1073)
v=3/2 436-1072(9.74-107%) 5.12-1072 (2.01-1073) | 4.28-102 (1.13-1073) | 4.22-1072 (1.11-1073) | 1.73-10"" (3.86-1073) | 4.25-1072 (1.32-1073)
v=5/2 3.40-1072 (1.00-1073) 4.02-1072 (1.62-1073) | 3.53-1072 (1.07-1073) | 3.58-1072 (1.10-1073) | 1.64-10~" (3.39-1073) | 3.52-102 (8.48-107%)
v=7/2 3.33-1072 (1.05-1073)  3.91-1072 (1.43-1073) | 3.42-1072 (8.76-107%) | 3.62-1072 (1.11-1073) | 1.44-10"" (3.52-1073) | 3.54-1072 (9.21-107%)
v=9/2 3.35-10" 2(8 66-107%) 3.93-1072(1.91-1073) | 3.40-1072 (7.57-107%) | 3.65-1072 (1.18-1073) | 1.34-10"" (3.56-1073) | 3.65-1072 (9.47-10%)
v=13/2 3.44-1072(9.03-107%) 4.06-1072 (1.95-1073) | 3.55-1072 (8.35-10%) | 3.80-1072 (1.14-1073) ' 1.25-10"" (3.59-1073) | 3.76-10"2 (1.01-1073)
v=25/2 3.50-1072 (8.46-107%) 4.04-1072 (1.44-1073) | 3.71-1072 (8.99-10%) | 3.92-1072 (1.15-1073) ' 1.18-10~" (3.61-1073) | 3.85-1072 (1.04-1073)
V=00 3.60-1072 (8.87-107%) 4.18-1072 (1.56-1073) | 3.81-1072 (9.68-107%) | 4.00-1072 (1.18-1073) = 1.12-107" (4.16-1073) | 4.11-1072 (1.15-1073)
ve{l/2,--- o} | 3.41-1072(8.96-107%) 4.03-1072 (1.43-1073) | 3.76-1072 (9.78-10~*) | 3.91-1072 (1.22-1073) ' 1.18-10"" (4.26-1073) | 3.97-1072 (1.14-1073)

R(6:SCRPS)
NLL/SPE

3.57-107% (1.25-1073)

Averages of R(6;S55)

81



R(6:55,5) NLL \ LOO-SPE LOO-NLPD LOO-CRPS | KA | Gev
v=1/2 1.37-10° (2.45-1072)  1.36-10° (3.07-1072) | 1.35-10° (3.05-1072) | 1.50-10° (3.79-102) | 2.60-10° (5.00-10=2)  1.31-10° (2.92-1072)
v=3/2 6.23-107"1 (2.17-1072)  7.42-107' (2.78-1072) | 6.79-107! (2.59-1072) | 6.73-107! (2.47-1072) | 2.20-10° (4.85-102) 6.49-10"' (2.49-1072)
v=5/2 5.16-1071 (2.28-1072) 5.86-107! (2.41-1072) | 5.70- 107! (2.41-1072) | 6.09- 107! (2.58-1072) ' 1.97-10° (4.16-1072) 5.30-10"' (1.69-1072)
v=1/2 5.05-107" (2.31-1072)  5.78-107' (2.30-1072) | 5.37-107! (1.87-1072) | 6.25-107' (2.51-1072)  1.72-10° (4.41-10"2) 5.30-10"' (1.73-1072)
v=9/2 5.05-107" (1.67-1072) 5.72-107! (2.60-1072) | 5.32-107" (1.41-1072) | 6.21-107! (2.63-1072) 1.60-10° (4.57-1072) 5.46-10~' (1.78-1072)
v=13/2 5.25-107' (1.73-1072) 5.90-10"' (2.57-1072) | 5.64-10"! (1.70-1072) | 6.59-10~! (2.47-1072) 150 10° (4.62-1072) 571107 (2.03-1072)
v=25/2 5.40-107" (1.56-1072)  5.90-107' (2.25-1072) [ 5.99-107! (1.85-1072) | 6.95-10~! (2.58-1072) 1.40-10° (4.60-1072) 5.92-10"' (2.06-1072)
V=00 5.64-107" (1.60-1072)  6.20-10~" (2.59-1072) | 6.30-10~! (2.02-1072) | 7.19-10~! (2.77-1072) 1.31-10° (4.87-1072) 6.51-10" (2.44-1072)
ve{l/2,- 0} [ 528-1071 (1.74-1072)  6.05-107' (2.27-1072) | 6.23-107" (2.00-1072) | 7.14-10"" (2.80-1072) 1.41-10° (5.88-1072) 6.30-10"' (2.42-1072)
R(6;S50s)
NLL/SPE | 5.54-10~' (2.07-1072)
SM-2.2.44 Re(Sioz),n=120,d =6
Averages of R(0;S5PF)
R(6;S5PE) NLL LOO-SPE LOO-NLPD LOO-CRPS KA GCV
v=1/2 2.78-1072 (8.04-107%) 2.42-1072 (6.84-107%) | 2.29-1072 (6.18-107%) | 2.22-1072 (6.42-10"%) | 1.04-10"' (3.37-1073) | 2.26- 1072 (6.28-10~*)
v=3/2 8.67-1073 (2.99-10~%) 9.98-1073 (9.50-10~*) | 8.01-1073 (2.85-10~%) | 8.12-1073 (5.52-10~*) [9.76-10~2 (4.06-10) | 8.16-103 (3.77-10~*)
v=5/2 6.84-1073 (3.43-107%)  7.78-1073 (5.51-107%) | 7.28-1073 (6.84-107%) | 6.54-1073 (2.58-10~%) | 7.69-1072 (3.29-10~7) | 8.36- 1073 (1.20-1073)
v=17/2 6.35-1072 (3.90-107%)  7.05-1073 (4.24-107%) | 6.40-1073 (2.84-107%) | 6.20-1073 (2.92-107*) [ 6.00-1072 (2.88-10"2) | 7.39- 1073 (7.05-10~%)
v=9/2 6.29-1072 (4.39-107%)  7.08-1073 (4.33-107%) | 6.19-1073 (2.85-107%) | 6.26-1073 (3.16-107*) | 5.47-1072 (2.79-10"2) | 7.42-1073 (1.05-1073)
v=13/2 6.37-107% (4.85-107%) 7.18-1073 (4.14-10%) | 6.36-107 (3.23-10%) | 6.28-1073 (3.24-10*) | 5.06-102 (2.69-102) | 7.57- 1073 (7.46-10~%)
v=25/2 6.56-1073 (5.38-107%)  7.65-1073 (4.94-107%) | 6.45-1073 (2.86-107%) | 6.66-1073 (4.04-10~%) | 4.70-1072 (2.59-10"3) | 8.40- 1073 (1.01-1073)
V=00 6.75-107% (5.53-107%) 7.80-107 (5.29-107%) | 7.28-1073 (5.79-10%) | 7.00- 1073 (4.66-10~*) | 4.29-10=2 (2.45-1073) | 8.75-1073 (1.11-1073)
ve{l/2,--- o} | 6.46-1072 (4.82-107%) 7.70-1073 (6.28-107%) | 6.43-1073 (2.86-107%) | 6.62-1073 (4.62-107%) | 4.35-102 (2.47-103) | 8.44-1073 (1.10-1073)
R*(SSPE)
v=1/2 1.99-1072 (5.62-107%)
v=3/2 5.90-1073 (1.02-107%)
v=5/2 4.46-1073 (6.52-1077)
v=17/2 4.18-1073 (6.07-107)
v=9/2 4.12-1073 (6.11-107%)
v=13/2 4.13-1073 (6.34-107)
v=25/2 4.21-1073 (6.68-107)
V=o0 4.35-10~ 3(721 107°)
ve{l/2,--- o} | 4.04-1073(5.93-1075)
R(0;SSPE)
NLL/SPE | 6.70-1073 (5.46-10~%)
linear 3.30-107" (1.02-1073)
INN 4.03-107' (1.76-1073)
2NN 3.07-1071 (2.26-1073)
Averages of R(6;S°RPS)
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R(0;SCRPS) NLL LOO-SPE LOO-NLPD LOO-CRPS \ KA GCV
v=1/2 6.99-1072 (6.49-107%) 6.11-1072(7.90-10%) | 5.87-1072 (5.98-107%) | 5.45-1072 (6.74-10"%)  1.35-10"" (1.92-1073) | 5.80- 1072 (5.81-10~%)
v=3/2 2751072 (4.72-107%)  3.10-1072 (1.16-1073) | 2.67-1072 (5.37-107%) | 2.65-1072 (5.87-10"%) | 1.30-10"" (3.79-102) | 2.64- 1072 (5.04-10~%)
v=5/2 2.07-1072 (4.42-107%) 2.53-1072(9.45-107%) | 2.14-1072 (6.57-10%) | 2.15-1072 (5.07-10~*) | 1.00- I 1(2 48-1073) | 2.21-1072 (7.05-10~%)
v=17/2 1.93-1072 (4.35-107%)  2.34-1072 (8.94-107%) | 2.01-1072 (4.81-107%) | 2.05-1072 (5.16-10~%) | 7.57-1072 (1.92-1073) | 2.10- 1072 (6.07-10~%)
v=9/2 1.92-1072 (4.52-107%) 2.32:1072 (8.81-107%) | 1.98-1072 (4.55-107%) | 2.06-1072 (5.35-107%) ' 6.77-10~ 2(1 79-1073) | 2.11-1072 (6.37-107%)
v=13/2 1.95-1072 (4.68-107%)  2.36-1072 (8.67-107%) | 2.05-1072 (5.21-107*) | 2.08-1072 (5.08-107%)  6.20-1072 (1.67-1073) | 2.18-1072 (6.33-10~%)
v=25/2 2.00-1072 (4.85-107%) 2.45.1072(9.56-107%) | 2.10- 1072 (4.70-10~%) | 2.17-1072 (5.81-10%) ' 5.77-10~ 2(160-10’3) 2.32-1072(7.30-107%)
V=o0 2.06-1072 (4.97-107%) 2.47-1072(8.93-107%) | 2.19-1072 (5.57-107%) | 2.26-1072 (7.04-107*) ' 5.34-1072 (1.49-1073) | 2.40-1072 (7.42-107%)
ve{l/2,-- 00} | 1.94-1072 (4.61-107%) 2.38-1072(8.80-107%) | 2.09-1072 (4.78-107%) | 2.11-1072(5.99-10%) 5.45-1072 (1.81-1073) | 2.33-1072 (7.35-107%)
R(Q;SCRPS)
NLL/SPE | 2.04-1072 (6.79-107%)
Averages of R(0;S55s)
R(6;515y5) NLL LOO-SPE LOO-NLPD LOO-CRPS \ KA GCV
v=1/2 9.74-1071 (1.22-1072)  9.59-10" (1.72-1072) | 9.33-10~! (1.62-1072) | 1.11-10° (2.24-1072) = 1.94-10° (4.06-10"2) | 9.24-10"! (1.60-10~2)
v=3/2 4.32-1071(9.95-1073) 4.96-107! (2.06-1072) | 4.46-10~" (1.02-1072) | 4.89-10~" (1.41-1072) = 1.63-10° (3.93-102) | 4.40-10~! (9.97-1073)
v=5/2 3.44-107' (9.53-107%) 3.81-107' (1.28-1072) | 3.58-107" (1.29-1072) | 3.85-107" (1.17-1072) = 1.26-10° (2.70-1072) | 3.65-107! (1.33-1072)
v=7/2 3.20-1071 (9.62-1073) 3.42-107' (1.16-1072) | 3.27-1071 (9.35-1073) | 3.54-107" (1.19-1072) = 1.04-10° (2.96-1072) | 3.38-10"" (1.22-1072)
v=9/2 3.15-107' (1.02-1072) 3.31-107" (1.14-1072) | 3.13-107! (8.70-1073) | 3.48-10~" (1.18-1072) 9.59-10~! (3.06-1072) | 3.30- 10" (1.31-1072)
v=13/2 3.14-107' (1.06-1072) 3.29-10~" (1.10-1072) | 3.15-107! (9.29-1073) | 3.42-10~" (1.08-1072) 8.87-10~! (3.01-1072) | 3.34-10" (1.20-1072)
v=25/2 3.19-1071 (1.09-1072)  3.34-107! (1.27-1072) | 3.16-107! (8.44-1073) | 3.49-107" (1.27-1072) 8.14-10"" (2.87-1072) | 3.48-10~" (1.35-1072)
V=00 3.24-1071 (1.10-1072)  3.37-107' (1.29-1072) | 3.29-107! (1.08-1072) | 3.56-10"" (1.36-1072) 7.39-10"" (2.71-1072) | 3.54-10" (1.45-1072)
ve{l/2,.-- e} |3.22-107" (1.04-1072) 3.42-107' (1.31-1072) | 3.22-107! (8.39-1073) | 3.61-10~" (1.33-1072) 7.51-10"! (2.89-1072) | 3.51-107! (1.41-1072)
R(6:509s)
NLL/SPE | 3.33-10~' (1.20-1072)
SM-2.2.45 Re(Sioz), n=2300,d =6
Averages of R(0;S5PF)
R(6;S5PE) NLL LOO-SPE LOO-NLPD LOO-CRPS \ KA GCV
v=1/2 1.22-1072(2.90-107%)  1.11-1072 (2.69-10~%) | 1.06-10"2 (2.61-10~*) | 1.03-1072 (2.54-10"%) ' 5.10-10"2 (1.57-1073) | 1.05-1072 (2.50-10~*)
v=3/2 4.87-107% (2.03-107%) 4.89-1072 (1.81-10%) | 4721073 (1.97-10~%) | 4.29-1073 (1.11-10~*) | 5.40-102 (3.00-10—2) | 4.71-1073 (1.97-10~%)
v=5/2 4.01-1073 (2.15-107%)  4.27-1073 (1.97-107%) | 4.10-1073 (2.31-107%) | 3.75-1073 (1.09-10~%) | 3:25-10"2 (1.41-10"2) | 4.21-1073 (3.38-10~%)
v=1/2 3.43-1073 (1.63-107%)  3.70-1073 (1.34-107%) | 3.54-1073 (1.90-10%) | 3.31-1073 (9.34-107%) [2.49-10"2 (1.13-103) | 3.56-1073 (1.19-107%)
v=9/2 3.17-1073 (1.24-107%)  3.55-1072 (1.33-107%) | 3.22-1073 (1.15-107%) | 3.12-1073 (8.04-1075) [2.19-10"2 (9.76-10"%) | 3.42-1073 (1.19-107%)
v=13/2 3.04-1073 (1.01-107%) 3.53-1073 (1.52-107%) | 3.11-1073 (9.66-10~°) | 3.00- 103 (7.05-1075) | 1.95-10"2 (8.40-10"*) | 3.41-1073 (9.80-1077)
v=25/2 3.06-1073(9.93-107%) 3.45-1073 (1.23-107%) | 3.21-1073 (1.02-107%) | 3.09-1073 (8.41-107%) | 1.75-1072 (7.66-10~*) | 3.89-1073 (2.02-10~%)
V=o0 3.20-1073 (1.07-107%)  3.75-1073 (1.66-107%) | 3.51-1073 (1.32-107%) | 3.28-1073 (1.02-10~*) | 1.54-1072 (6.68-10"%) | 4.44-1073 (2.73-107%)
ve{l/2,--- 0} [ 325-1073 (1.24-107%)  3.73-1073 (2.02-107%) | 3.26-1073 (1.10-10~*) | 3.13-1073 (8.08-107°) | 1.55-102 (6.70-10~%) | 3.81-1073 (1.59-10~%)
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R*<SSPE)
v=1/2 9.44-1073 (2.09-107%)
v=3/2 3.46-1073 (5.06-107%)
v=5/2 2.77-1073 (4.56-107%)
v=17/2 2.50-1073 (4.59-107%)
v=9/2 2.39-1073 (4.50-107%)
v=13/2 2.37-1073 (4.23-107%)
v=25/2 2.40-1073 (3.84-107%)
V=o 2.48-1073 (3.52-107%)
ve{1/2,-, 00} || 2.33-1073 (4.18-1077)
R(0;SSPE)
NLL/SPE | 3.34-1073 (1.56-107%)
linear 3.19-1071 (3.59-107%)
INN 3.05-1071 (9.04-107%)
2NN 2.27-1071 (1.24-1073)
Averages of R(0;SRPS)
R(6;SCRPS) NLL \ LOO-SPE LOO-NLPD LOO-CRPS \ KA
v=1/2 436-1072 (2.71-107%) 3.75-1072 (4.08-10~%) | 3.61-1072 (3.58-10~*) | 3.20-102 (3.60-10~*) ' 8.62-102 (1.59-1073) | 3.58-
v=3/2 1.67-1072 (2.85-107%) 1.83-1072 (4.77-107%) | 1.63-1072 (3.39-10~%) | 1.54-1072 (2.51-10~%) | 9.32-102(3.96-10 °) | 1.60-
v=5/2 1171072 (2.72-107%)  1.42-1072 (5.33-107%) | 1.19-1072 (2.93-107%) | 1.18-1072 (2.64-10%) | 5.32-1072 (1.48-103) | 1.20-
v=17/2 1.01-1072(2.32-107%)  1.22:1072 (4.35-107%) | 1.03-1072 (2.49-107%) | 1.03-1072 (2.38-107%) 1 3.91-1072 (1.19-1073) | 1.07-
v=9/2 9.72-1073 (2.12-107%)  1.17-1072 (4.05-107%) | 9.98-1073 (2.15-107*) | 9.99-1073 (2.19-10~%) 1 3.39-102 (9.63-10~%) | 1.07-
v=13/2 9.87-1073 (2.03-107%) 1.20-1072 (4.53-107%) | 1.02-1072 (2.09-10~%) | 1.02-1072 (2.07-10~%) ' 3.00-10~2 (7.61-10~%) | 1.10-
v=25/2 1.03-1072 (2.11-107%)  1.22-1072 (3.57-107%) | 1.08-1072 (2.22-107%) | 1.08-1072 (2.11-107%)  2.71-1072 (6.37-107%) | 1.19-
V=oo 1.09-1072 (2.30-107%)  1.30-1072 (4.34-107%) | 1.16-1072 (2.65-107%) | 1.15-1072 (2.32:107%) 2.46-1072 (5.52-107%) | 1.29-
ve{1/2,--,} [ 9.83-1073(2.09-107%) 1.22-1072 (5.01-107%) | 1.04-1072 (2.42-10%) | 1.01-1072 (2.24-107%) 2.47- 2(5 50-107%) | 1.18-

R(G;SCRPS)
NLL/SPE | 1.07-1072 (5.15-107%)

R(6:5%5) NLL \ LOO-SPE LOO-NLPD LOO-CRPS \ KA
v=1/2 6.70- 107" (6.06-1073) 6.32:107! (9.34-1073) | 6.19-107! (8.88-1073) | 7.57-107! (1.24-107%) = 1.32-10° (1.96-1072) | 6.15-
v=3/2 2921071 (6.92-1073) 3.19-107! (7.71 ) [2.99-107" (7.01-1073) | 3.32-107" (6.88-107%) = 1.18-10° (4.01-1072) | 2.94-
v=>5/2 2.19-1071 (6.80-107%) 2.43-107! (7.67-1073) | 2.25-107" (6.80-1073) | 2.45-10~" (6.05-1073) ' 7.39-10~" (1.89-1072) | 2.22-
v=7/2 1.90-107" (5.61-1073) 2.05-107" (6.18-1073) | 1.92-10~! (5.62-1073) | 2.10-10~" (5.52-1073) 5.84-10~! (1.67-1072) | 1.93-
v=9/2 1.79-107" (4.93-1073)  1.93-107" (5.84-1073) | 1.78-107" (4.46-1073) | 1.96- 107" (4.90-1073) 5.21-107! (1.37-1072) | 1.85-
v=13/2 1.74-107" (4.47-1073)  1.88-107' (5.92-1073) | 1.73-107! (4.02-1073) | 1.86-107! (4.19-107%) 4.60-10~"' (1.11-1072) | 1.82-
v=25/2 1.73-1071 (431-1073)  1.81-1071 (4.79-1073) | 1.73-107" (4.00-1073) | 1.82-10" (3.85-1073) 4.01-10~" (9.62-1073) | 1.89-
V=o 1.77-107" (4.31-1073) 1.85-107" (5.06-1073) | 1.77-107! (4.52-1073) | 1.83-10" (3.71-1073) 3.44-107! (8.12-1073) | 1.97-
ve{l/2,--,} | 1.82-107" (4.85-1073) 1.98-107" (7.12-1073) | 1.77-107" (4.33-1073) | 1.96- 107" (4.80-1073) 3.45-107! (8.06-1073) | 1.91-

R(8:S50s)
NLL/SPE | 1.88-107" (8.12-1073)

SM-2.2.46 Re(Syz),n=60,d =6

Averages of R(0;SPE)
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R(8;S5PF) NLL \ LOO-SPE LOO-NLPD LOO-CRPS KA GCV
v=1/2 2.40-107" (1.06-1072)  2.09-107! (7.27-1073) | 2.32-10" (1.10-1072) | 2.13-10~" (8.34-1073) 4.72-107"' (1.10-1072) | 2.40- 10~ (1.27-1072)
v=3/2 1.24-107" (1.07-1072)  1.48-107' (1.01-1072) | 1.26-107! (1.22-1072) | 1.13-107! (7.54-107%) | 4.81-10~! (1.72:1072) | 1.49-10~" (1.46-1072)
v=5/2 9.95-1072(5.04-1073) 1.23-10" (1.62-1072) | 1.04-10~" (9.78-1073) | 9.08-1072 (5.48-1073) [ 4.84-10"! (1.85-1072) | 1.20-10"! (7.82-1073)
v=17/2 1.06-107" (5.11-1073)  1.01-107" (9.24-1073) | 9.63-1072 (6.20-1073) | 8.82-1072 (5.44-1073) | 4.74-10~' (1.88-1072) | 1.37-10"! (8.17-1073)
v=9/2 1.12-107" (4.90-1073)  1.08-107! (9.66-1073) | 9.91-1072 (5.74-1073) | 9.24-1072 (6.11-107%) | 4.66-10~" (1.86-1072) | 1.49-10~" (8.47-1073)
v=13/2 1.20-1071 (5.26-1073)  1.06-107" (8.88-1073) | 1.04-10" (6.04-1073) | 9.36-1072 (6.15-1073) | 4.63-10"" (1.96-1072) | 1.61-10"! (9.73-1073)
v=25/2 1.29-1071 (5.71-1073) 1.38-107" (3.35-1072) | 1.13-10"" (6.83-1073) | 1.01-107" (6.59-1073) | 4.62-10"" (2.08-1072) | 1.73-10"! (9.81-1073)
V=o 1.38-107! (6.25-1073) 1.09-107' (7.38-1073) | 1.18-10" (7.53-1073) | 1.05-10~" (6.61-1073) ' 4.47-10~' (1.95-1072) | 1.93-10"! (1.17-1072)
ve{l/2,-- 0} | 1.04-107" (5.74-107%) 1.50-107' (3.04-1072) | 1.06- 107" (6.48-1073) | 9.72-1072 (6.21-1073) | 4.48-10~! (1.72-1072) | 1.76-10~" (1.21-1072)
R*(SSPE)
v=1/2 1.73-107" (6.96-1073)
v=3/2 5.81-1072(2.79-1073)
v=5/2 3.89-1072(1.92-1073)
v=1/2 3.39-1072 (1.48-1073)
v=9/2 3.31-1072 (1.35-1073)
v=13/2 3.23-1072(1.23-1073)
v=25/2 3.22-1072(1.15-1073)
V=00 3.20-1072 (1.11-1073)
ve{1/2,-, 00} || 3.03-1072 (1.14-1073)
R(0;SSPE)
NLL/SPE | 1.20-107" (6.53-107%)
linear 7.39-107" (1.18-1072)
INN 7.44-1071 (5.33-1073)
2NN 6.53-1071 (6.13-1073)
Averages of R(0;SCRPS)
R(6;SCRPS) NLL \ LOO-SPE LOO-NLPD LOO-CRPS KA GCV
v=1/2 1.28-1071 (3.04-1073) 1.20-107" (2.68-1073) | 1.22-107" (3.22-1073) | 9.84-1072 (2.17-1073) 2.31-10"' (9.08-1073) | 1.27-10""! (4.26-1073)
v=3/2 6.81-1072(2.28-1073) 8.71-1072 (3.86-1073) | 7.03-1072 (2.51-1073) | 6.78-1072 (2.43-1073) | 2.31-10"! (1.34-10"2) | 8.03-1072 (5.53-1073)
v=5/2 5.58-1072 (1.54-107%)  7.30-1072 (5.01-1073) | 5.87-1072 (2.19-1073) | 5.84-1072 (1.79-1073) 1 2.29-10! (1.40-1072) | 6.32-1072 (2.04-1073)
v=7/2 5.60-1072 (1.45-1073)  6.69-1072(3.92-1073) | 5.71-1072 (1.59-1073) | 5.81-1072 (1.61-1073) ' 2.18-107" (1.26-1072) | 6.77-1072 (2.24-1073)
v=9/2 5.74-1072 (1.37-1073)  7.03-1072 (4.07-1073) | 5.92-1072 (1.53-1073) | 5.99-1072 (1.78-1073) 1 2.09-10"" (1.14-1072) | 6.95-1072 (2.12-1073)
v=13/2 5.91-1072(1.40-1073) 7.05-1072(3.78-1073) | 6.10-1072 (1.59-1073) | 6.17-1072 (1.83-1073) [ 2.10-10"" (1.33-1072) | 7.29-1072 (2.43-1073)
v=25/2 6.15-1072 (1.46-1073)  7.55-1072(5.96-1073) | 6.41-1072 (1.82-1073) | 6.44-1072 (1.71-1073) | 2.03-10~" (1.22-102) | 7.59-1072 (2.41-1073)
V=00 6.36-1072 (1.54-1073)  7.37-1072 (3.18-1073) | 6.58-1072 (1.91-1073) | 6.68-1072 (1.97-1073)  1.94-10~"' (1.17-1072) | 8.02- 1072 (2.91-1073)
ve{l/2,--- o} | 5.69-1072 (1.68-1073) 8.17-1072 (6.09-1073) | 6.20-1072 (1.66-1073) | 6.41-1072 (2.16-1073) ' 2.15-10~" (1.39-1072) | 7.83-1072 (4.12-1073)
R(8;SCRPS)
NLL/SPE | 6.08-1072 (1.86-1073)

Averages of R(6;Sys)

85




R(0:55ys) NLL LOO-SPE LOO-NLPD \ LOO-CRPS KA \ GCV
v=1/2 2.64-10° (7.42-1072) | 2.45-10° (5.78-1072) | 2.64-10° (7.67-1072) 2.92-10° (8.40-1072) | 4.38-10° (1.17-10~') 2.71-10° (9.41-1072)
v=3/2 1.59-10° (7.57-1072) | 1.84-10° (7.24-1072) | 1.71-10° (8.34-1072) 1.86- 100 (8.49-1072) | 4.18-10° (1.81-10"") 1.76-10° (9.40-1072)
v=5/2 1.27-10° (4.72-1072) | 1.41-10° (7.04-1072) | 1.36-10° (7.10-1072) 1.45-10° (6.27-1072) | 4.06-10° (1.90-10~") 1.38-10° (5.83-1072)
v=17/2 1.26-10° (4.43-1072) | 1.24-10° (5.78-1072) | 1.27-10° (5.35-1072) 1.35-10° 0°(5.91-1072) | 3.89-10° (1.63-1071) ' 1.48-10° 0°(6.38-1072)
v=9/2 1.28-10° (4.26-1072) | 1.29-10° (6.52-1072) | 1.29-10° (4.96-1072) 1.36- 00 (6.02-1072) | 3.75-10° (1.44-10~")  1.53-10° (6.26-10-2)
v=13/2 1.32-10° (4.42-1072) | 1.27-10° (5.95-1072) | 1.32-10° (5.02-10"2) 1.36-10° (6.06-1072) | 3.73-10° (1.76-10~") 1.59-10° (7.08-10~2)
v=25/2 1.38-10° (4.64-1072) | 1.31-10° (6.64-1072) | 1.39-10° (5.68-1072) 143100 00 (6.43-1072) | 3.59-10° (1.56-10~") 165100 0 (6.98-1072)
V=00 1.42-10° (4.89-1072) | 1.32-10° (6.47-1072) | 1.41-10° (6.17-1072) 1.47-10° (6.70-1072) | 3.43-10° (1.52-10~") 1.76-10° (7.66-10~2)
ve{l/2,--+ 0} | 1.31-10°(5.22-1072) | 1.45-10° (7.08-1072) | 1.37-10° (5.44-1072) 1.52-10° (7.21-1072) | 3.85-10° (1.96-10~!) 1.68-10° (7.87-1072)

R(6:S5s)
NLL/SPE | 1.39-10° (5.56-1072)

SM-2.2.47 Re(Si4z), n=120,d =6

Averages of R(0;S5PF)

R(6;S5PE) NLL | LOO-SPE LOO-NLPD LOO-CRPS \ KA GCV
v=1/2 1.66-1071 (5.10-1073)  1.51-107" (5.29-1073) | 1.61-107" (5.52-1073) | 1.44-107" (5.35-1073)  3.68-10"! (1.00-1072) | 1.53-10"! (5.05-1073)
v=3/2 6.20-1072 (2.63-107%) 8.39-1072(9.93-1073) | 6.41-1072 (2.71-1073) | 6.01-1072 (2.99-1073) | 3.76-10"" (1.80-10"2) | 6.17-1072 (2.78-1073)
v=5/2 4.99-1072(2.24-107%) 5.44-1072 (6.37-1073) | 4.97-1072 (2.66-1073) | 4.55-1072 (2.51-1073) | 3.53-10"! (1.73-10"2) | 5.62-1072 (3.47-1073)
v=7/2 5.54-1072(2.69-1073) 4.75-107% (3.24-1073) | 4.85-1072 (2.73-1073) | 4.77-1072 (3.22-1073) | 3.28-10"" (1.68-10"2) | 6.77-1072 (3.96-10~3)
v=9/2 6.18-1072(3.03-107%) 4.90-1072 (3.88-1073) | 5.46-1072 (3.31-1073) | 5.04-1072 (3.40-1073) | 3.17-10"" (1.67-10"2) | 7.52- 1072 (4.28-103)
v=13/2 7.03-1072(3.38-1073) 5.28-1072(4.09-1073) | 6.37-102 (3.88-1073) | 5.52-1072 (3.64-1073) | 3.09-10"" (1.81-1072) | 9.50- 102 (5.36-10~3)
v=25/2 7.81-1072 (3.68-107%) 5.58-1072 (4.31-1073) | 7.41-1072 (4.58-1073) | 6.23-1072 (4.33-1073) | 2.97-10"! (1.73-1072) | 1.12-10"! (7.16-10~3)
V=00 8.57-1072 (3.94-107%) 6.38-1072 (5.14-1073) | 8.09- 1072 (4.91-1073) | 7.47-1072 (6.23-1073) | 2.84-10~! (1.69-1072) | 1.24-10~! (7.71-1073)
ve{l/2,--- o} | 5.04-1072(2.25-1073)  6.66-1072 (1.09-1072) | 5.53-1072 (3.44-1073) | 4.75-1072 (2.82-1073) | 3.09-10~" (1.75-1072) | 8.25-1072 (5.16-1073)

R*<SSPE)
v=1/2 1.27-107" (5.41-1073)
v=3/2 3.81-1072 (1.96-1073)
v=5/2 23310 2(105 073)
v=1/2 2.01-1072(8.10-107%)
v=9/2 1.93-10- 2(721 1074)
v=13/2 1.94-1072 (6.63-107%)
v=25/2 1.94-1072 (6.07-107%)
V=o 2.05- 102(606 1074)
ve{l/2,-, 00} || 1.82-1072 (6.77-107%)
R(0;SSPE)
NLL/SPE | 5.84-1072 (2.80-1073)
linear 6.88-107! (6.37-1073)
INN 6.49-107" (3.84-1073)
2NN 5.72-1071 (5.06-1073)

Averages of R(0;SRPS)
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R(0;SCRPS) NLL \ LOO-SPE LOO-NLPD LOO-CRPS \ KA GCV
v=1/2 9.75-1072 (1.96-1073)  9.05-1072 (2.38-1073) | 9.04-1072 (2.28-1073) | 6.70-1072 (1.18-1073)  1.82-10"" (7.16-1073) | 8.78-1072 (1.87-1073)
v=3/2 4.15-1072(9.31-107%) 5.25-1072 (2.64-1073) | 4.30-1072 (1.04-1073) | 4.06-1072 (1.13-1073) | 1.75-10"" (1.01-1072) | 4.10- 1072 (8.40-10~%)
v=5/2 3.26-1072(5.81-107%) 4.13-102 (3.11-1073) | 3.38-1072 (7.68-10%) | 3.29-1072 (6.47-10~%) | 1.59-10~! (1.20-10"2) | 3.46-102 (8.35-10~%)
v=17/2 3.30-1072(5.85-107%) 3.72-1072 (1.34-1073) | 3.29-1072 (6.91-107%) | 3.32-1072 (7.56-107*) | 1.42-10~" (1.19-1072) | 3.69- 102 (9.04-10~%)
v=9/2 3.43-1072(6.27-107%) 3.80-1072 (1.35-1073) | 3.49-1072 (7.35-107%) | 3.45-1072 (7.31-107*) | 1.34-107! (1.19-1072) | 3.89-1072 (8.57-107%)
v=13/2 3.66-1072 (6.67-107%) 4.07-1072 (1.45-1073) | 3.76-1072 (8.05-10%) | 3.67-1072 (6.79-10~*) ' 1.28-10"" (1.21-1072) | 4.42-1072 (1.16-1073)
v=25/2 3.86-1072(6.93-107%) 4.19-1072 (1.27-1073) | 4.02-1072(8.72-107%) | 3.92-1072 (7.57-10~%)  1.22-10~! (1.20-10"2) | 4.80- 1072 (1.44-1073)
V=o0 4.10-1072 (7.12-107%)  4.50-1072 (1.57-1073) | 4.29-1072 (8.83-10~%) | 4.31-1072 (1.18-1073)  1.16-10~" (1.18-1072) | 5.11-1072 (1.53-1073)
ve{l/2,--- 00} | 3.27-1072 (5.84-107%) 4.54-1072(3.63-1073) | 3.53-1072(8.30-10%) | 3.40-1072 (7.06-107%) | 1.41-10~! (1.26-1072) | 4.08-1072 (1.20-1073)

R(G;SCRPS)
NLL/SPE | 3.55-1072 (8.04-107%)

.S
Averages of R(0;Ss)

R(0:55,5) NLL | LOO-SPE LOO-NLPD LOO-CRPS | KA | GCV
v=1/2 2.02-10° (4.37-1072)  1.89-10° (4.32-1072) | 1.99-10° (4.86-1072) | 2.06-10° (5.07-1072) 3.53-10° (9.63-107%)  1.92-10° (4.19-1072)
v=3/2 9.44-107' (3.01-1072)  1.14-10° (5.62-102) | 1.03-10° (3.23-1072) | 1.14-10° (3.62-1072) | 3.20-10°(1.31-10"") 9.56-10"! (2.83-1072)
v=5/2 7.30-107" (2.06-1072) 8.27-107! (4.71-1072) | 7.85-107! (2.66-1072) | 8.53-10"! (2.57-1072) 1 2.92-10° (1.69-10"") 7.79-10"! (2.72-1072)
v=1/2 7.30-107" (2.13-1072)  7.18-107' (2.63-1072) | 7.19-107! (2.43-1072) | 8.12- 107! (3.08-1072) ' 2.69-10° (1.69-10~") 8.20-10~' (2.95-1072)
v=9/2 7.56-107" (2.27-1072)  6.95-107' (2.76-1072) | 7.46-107! (2.58-1072) | 7.98-107' (3.12-1072) ' 2.56-10° (1.69-10"") 8.46-10~"' (2.99-1072)
v=13/2 7.98-107" (2.37-1072)  7.20-107" (3.03-1072) | 7.90- 107! (2.89-1072) | 8.06- 107! (2.89-1072) ' 2.44-10° (1.73-10~") 9.62-10~! (3.84-1072)
v=25/2 8.34-1071(2.43-1072) 7.19-107" (2.92-1072) | 8.32-10"" (3.06-1072) | 8.30-10"! (3.17-1072) 230 10° (1.72-1071) 10510 (4.99-1072)
V=00 8.78-1071 (2.48-1072) 7.64-107'(3.21-1072) | 8.68-107" (3.11-1072) | 9.11-10"" (4.76-1072) 2.14-10° (1.69-10"1)  1.10-10° (5.25-1072)
ve{l/2,--- 0} [ 7.34-1071 (2.08-1072) 8.32-107' (4.85-1072) | 7.84-107" (2.80-1072) | 8.54-10~" (2.78-1072) 2.59-10° (1.83-10~') 9.07-10' (3.71-1072)
(9 S09)>
NLL/SPE | 7.91-10" (2.57-1072)

SM-2.2.48 Re(S147z),n=300,d =6

Averages of R(0;S5PF)

R(6;S5PF) NLL \ LOO-SPE LOO-NLPD LOO-CRPS \ KA GCV
v=1/2 9.39-1072 (2.73-107%) 8.84-1072(3.38-1073) | 8.98-1072 (2.77-1073) | 8.41-1072 (3.37-1073) 2.45-10~! (5.90-1073) | 8.33-1072 (2.90-10~3)
v=3/2 2A4741072(1 26-1073) 3.44-1072 (4.32-1073) | 2.49-1072 (1.26-1073) 248-10’2(1 32-1073) [2.49-107" (1.04-1072) 2.51»10*2(1 37-1073)
v=5/2 1.74-1072 (9.56-107%)  1.80-1072 (1.05-1073) | 1.71-1072 (9.10-107%) | 1.57-1072 (9.05-10~*) 1 2.09-10"" (9.84-102) | 2.16- 1072 (1.46-1073)
v=17/2 1.88-1072 (1.09-1073)  1.55-1072 (1.24-1073) | 1.66-1072 (9.33-10%) | 1.44-1072 (9.15-10%) | 1.68-10-! (5.73-10 2) | 2.96- 1 2(2 31-1073)
v=9/2 2.18-1072 (1.27-1073)  1.36-1072 (9.51-107%) | 1.85-1072 (1.31-1073) | 1.56-1072 (1.13-1073) | 1.56-10"' (5.16-10"%) | 3.55-1072 (2.96-10~3)
v=13/2 2.78-1072 (1.57-1073)  1.48-1072 (1.12-1073) | 2.28-1072 (1.67-1073) | 1.82-1072 (1.51-1073) | 1.47-10"' (4.87-103) 4448»102(353»10’3)
v=25/2 3.47-1072 (1.88-107%)  1.60-1072 (1.08-1073) | 2.67-1072 (1.95-1073) | 2.17-1072 (2.02-1073) [ 1.40-10"" (4.61-103) | 5.46-102 (3.57-102)
V=00 4.13-1072(2.13-107%) 1.89-1072 (1.46-1073) | 3.22-1072 (2.47-1073) | 2.35-1072 (2.16-1073) | 1.31-10"" (4.33-102) | 6.47-102 (4.01-103)
ve{l/2,-- 0} | 1.80-1072 (9.98-107%) 1.54-1072 (1.18-1073) | 1.76-1072 (1.21-1073) | 1.48-1072 (9.05-10%) | 1.56-10"1 (5.64-10"%) | 3.53-1072 (2.70-1073)
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R*<SSPE)
v=1/2 7.22-1072 (3.22-1073)
v=3/2 1.72-1072 (9.39-107%)
v=5/2 9.66-1073 (4.33-107%)
v=17/2 8.10-1073 (3.03-107%)
v=9/2 7.75-1073 (2.56-107%)
v=13/2 8.01-1073 (2.32-107%)
v=25/2 8.36- 1 “(2 12-107%)
V=o 8.93-1073 (2.05-107%)
ve{1/2,- 00} || 7.48-1073 (2.48-107%)
R(0;SSPE)
NLL/SPE | 2.04-1072 (1.17-1073)
linear 6.58-1071 (2.28-1073)
INN 5.39-1071 (2.85-1073)
2NN 4.67-107" (3.86-1073)
Averages of R(0;SRPS)
R(6;SCRPS) NLL \ LOO-SPE LOO-NLPD LOO-CRPS \ KA
v=1/2 6.63-1072 (1.01-107%) 6.19-1072 (1.78-1073) | 5.90-1072 (1.02-1073) | 4.11-102 (5.46-10~%) | 1.37-10"" (4.22-1073) | 5.66-
v=3/2 2.23-1072(2.98-107%) 2.90-1072 (1.62-1073) | 2.21-1072 (3.61-10~*) | 2.07-1072 (3.75-10~%) | 1.28-10"" (5.40-107) | 2.18-
v=5/2 1.63-1072 (2.22-107%)  1.91-1072 (5.39-107%) | 1.62-1072 (2.42-107%) | 1.58-1072 (2.63-107*) | 8.74-1072 (3.09-10 ) | 1.71-
v=17/2 1.62-1072(2.23-107%)  1.77-1072 (4.24-107%) | 1.58-1072 (2.12-107%) | 1.53-1072 (2.35-10™%) ' 6.47-1072 (1.87-1073) | 1.87-
v=9/2 1.71-1072(2.33-107%)  1.75-1072(3.85-107%) | 1.67-1072 (2.57-107%) | 1.61-1072 (2.47-107*) ' 5.65-102 (1.45-1073) | 2.03-
v=13/2 1.90-1072 (2.61-10~%) 1.88-1072 (3.03-10~%) | 1.86-1072(2.99-10%) | 1.79-10~2 (2.86-10~%) 5.05-10~2 (1.14-1073) | 2.30-
v=25/2 2.12-1072(2.93-107%) 2.04-1072 (3.34-107%) | 2.04-1072 (3.07-10~*) | 1.99-1072 (3.51-10~%) 4.65-1072 (9.39-10~%) | 2.54-
V=oo 2.33-1072(3.20-107%)  2.27-1072 (6.72-107%) | 2.26-1072 (3.59-107%) | 2.17-1072 (3.47-10™%) 4.32-1072 (8.02-10~*) | 2.80-
ve{l/2,--- 0} | 1.62-1072(2.18-107%) 1.87-1072(6.74-107%) | 1.63-1072 (2.60-10~*) | 1.56-1072 (2.36-107*) | 6.55-10"2 (5.49-103) | 2.04-

R(G;SCRPS)
NLL/SPE 1.72-1072 (2.81-107%)

Averages of R(6;S5s)

R(6:5%5) NLL \ LOO-SPE LOO-NLPD LOO-CRPS \ KA

v=1/2 1.34-10° (2.11-1072)  1.26-10° (2.95-1072) | 1.27-10° (2.31-1072) | 1.29-10° (2.36-1072) = 2.62-10°(5.92-1072) | 1.21-10° (1.80-
v=3/2 4.84-1071 (1.22-1072)  6.22-107! (3.33-1072) | 5.10-107" (1.38-1072) | 6.00- 10" (1.54-1072) | 2.23-10° (7.20-1072) | 4.96-

v=>5/2 3.56-107' (9.25-107%) 3.93-107! (1.18-1072) | 3.69-107! (9.73-1073) | 4.12-107! (1.06-102) | 1.63-10° (5.05-10"2) | 3.90-

v=7/2 3.50-1071(9.38-107%) 3.37-107! (9.45-1073) | 3.42-107! (9.05-1073) | 3.70- 107" (1.03-1072) | 1.27-10° (3.49-1072) | 4.21-

v=9/2 3.65-1071 (9.88-1073) 3.12-107!(8.28-1073) | 3.44-107! (1.02-1072) | 3.63-107! (1.11-1072) = 1.15-10° (2.93-1072) | 4.47-

v=13/2 4.01-107" (1.09-1072)  3.13:107' (7.99-1073) | 3.63-107! (1.14-1072) | 3.70-107! (1.24-1072) = 1.05-10° (2.57-1072) | 4.89-

v=25/2 439-1071 (1.17-1072)  3.19-107' (7.75-1073) | 3.77-10" (1.10-1072) | 3.80-10" (1.43-1072) 9.60-10"" (2.30-1072) | 5.22-

V=o 475-1071 (1.22-1072)  3.38-10' (9.61-1073) | 4.00-10~' (1.20-1072) | 3.86-10~" (1.36-1072) 8.60-10~! (1.99-1072) | 5.57-
ve{l/2,---,00} | 3.55-107 (9.12-1073) 3.46-107" (1.31-1072) | 3.45-107" (9.90-1073) | 3.85-107! (1.02-1072) = 1.24-10° (9.04-1072) | 4.43-

R(8:S50s)
NLL/SPE | 3.72-107" (9.34-1073)

88



SM-3 Additional analysis of the results

SM-3.1 Some comments about the results

Detailed results are provided in Section SM-2.2. Here we briefly outline the few problems where
the choice of the selection criterion has a more noticeable impact.

Observe the Rosenbrock collection with d = 2 and n = 20 where LOO-SPE, LOO-CRPS
and LOO-NLPD strongly outperform ML for more suitable values of v. This is caused by ML
screening out one variable by choosing a very large range parameter along this dimension on
some repetitions.

We count other situations where ML exhibits flaws like the Rosenbrock collection with d =
5 and n = 100, where CV methods slightly outperform ML. There is also the Goldstein-Price
function with n = 20 where GCV slightly outperforms other methods.

On the other hand, ML appears to be part of the top performers for all GKLS problems, for
the Mystery function with n = 100, n = 40 and n = 20 and for the Rosenbrock collection with
d =5 and n = 50. Note that for the last two cases, ML appears to give better results especially

for weaker models, which is a property often associated with CV.
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SM-3.2 ANOVA analysis

In Section SM-3.2.1 and Section SM-3.2.2, we provide more details about the influence of v
using one-factor ANOVA analysis as in the article. We consider the three metrics SPE, CRPS
and IS.

Observe that the large variations are also mainly explained by v for CRPS and IS. Note
that the Rosenbrock collection with (n,d) = (20,2) mentioned in Section SM-3.1 appears as an
singular exception on Figure SM2. Indeed, it presents significant fluctuations of log,,(R) with a
non-negligible part that is not uniquely explained by v.

Observe also that the fluctuations are typically larger on very smooth problems than on GKLS
problems. This is consistent with the results of Tuo and Wang (2020), that suggest that under-
estimating the regularity of an underlying function has much more dramatic consequences that
overestimating it. As a consequence the more regular the function is the more critical is the
choice of v. The phenomenon is more strikeful as the design becomes larger since an infinitely

differentiable function can seem irregular when the spacing between points is too large.

SM-3.2.1 Raw ANOVA tables

We provide here the Sobol” indexes along with the total variances V's for all problems.

ANOVA tables for the low-pass filter example
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Table SM1: Sobol indices for experiments, SPE, n € {10d, 20d, 50d}

Problem | d | n | Scriterion Sy Sint | total variance
Re(S2z) | 6| 60 | 0.006 | 0.989 | 0.005 0.803
Re(Ser) | 6| 60 | 0.008 | 0.987 | 0.005 0.492
Re(S1oz) | 6 | 60 | 0.021 | 0.962 | 0.017 0.036
Re(Si4z) | 6| 60 | 0.233 | 0.69 | 0.078 0.015
Problem |d | n | Sciterion | Sv Siat | total variance
Re(S2z) | 6| 120 | 0.003 | 0.996 | 0.002 0.785
Re(Ser) | 6| 120 | 0.002 | 0.996 | 0.002 0.639
Re(Si0z) | 6 | 120 | 0.024 | 0.959 | 0.017 0.032
Re(S14z) | 6 | 120 | 0.104 | 0.804 | 0.092 0.026
Problem | d | n | Scriterion Sy Sint | total variance
Re(S>z) | 6 300 | 0.017 | 0.977 | 0.007 0.7
Re(Sez) | 6 | 300 | 0.003 | 0.996 | 0.001 0.702
Re(S10z) | 6 | 300 | 0.016 | 0.969 | 0.015 0.028
Re(Siaz) | 6 | 300 | 0.158 | 0.724 | 0.118 0.061
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Table SM2: Sobol indices for experiments, CRPS, n € {10d, 20d, 50d}

Problem | d | n | Scriterion Sy Sint | total variance
Re(Saz) | 6] 60 | 0.002 | 0.994 | 0.004 0.23
Re(Ser) | 6| 60 | 0.004 | 0.991 | 0.006 0.132
Re(Sjoz) | 6 | 60 | 0.021 0.96 | 0.02 0.017
Re(Si4z) | 6| 60 | 0.123 | 0.838 | 0.039 0.009
Problem |d | n | Sciterion | Sv Siat | total variance
Re(S2z) | 6| 120 | 0.002 | 0.996 | 0.003 0.234
Re(Sez) | 6| 120 | 0.001 | 0.997 | 0.002 0.176
Re(Si0z) | 6 | 120 | 0.023 | 0.961 | 0.016 0.022
Re(S14z) | 6 | 120 | 0.041 | 0.916 | 0.043 0.016
Problem | d | n | Scriterion Sy Sint | total variance
Re(S>z) | 6 | 300 | 0.004 | 0.99 | 0.006 0.218
Re(Sez) | 6 | 300 | 0.001 | 0.997 | 0.002 0.211
Re(S10z) | 6 | 300 | 0.019 | 0.968 | 0.013 0.031
Re(S14z) | 6 | 300 | 0.033 | 0.931 | 0.036 0.028
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Table SM3: Sobol indices for experiments, 1S95%, n € {10d, 20d, 50d}

Problem | d | n | Scriterion Sy Sint | total variance
Re(S2z) | 6|60 | 0.002 | 0.992 | 0.006 0.239
Re(Ser) | 6|60 | 0.014 | 0.973 | 0.012 0.162
Re(Sioz) | 6 | 60 | 0.043 | 0.945 | 0.012 0.016
Re(Si4z) | 6| 60 | 0.056 | 0.91 | 0.035 0.01
Problem |d | n | Sciterion | Sv Siat | total variance
Re(S2z) | 6| 120 | 0.001 | 0.997 | 0.002 0.26
Re(Ser) | 6| 120 | 0.002 | 0.996 | 0.002 0.228
Re(Si0z) | 6 | 120 | 0.012 | 0.984 | 0.005 0.024
Re(S14z) | 6 | 120 | 0.027 | 0.928 | 0.045 0.018
Problem | d | n | Scriterion Sy Sint | total variance
Re(S>7) | 6 | 300 | 0.003 | 0.993 | 0.004 0.245
Re(Sez) | 6 | 300 0.0 0.998 | 0.002 0.269
Re(S10z) | 6 | 300 | 0.007 | 0.988 | 0.006 0.034
Re(Siaz) | 6 | 300 | 0.031 | 0.918 | 0.051 0.033
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ANOVA tables for GKLS and other test functions
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Table SM4: Sobol indices for experiments, SPE, n € {10d,20d,50d }

Problem d | n | Sciterion Sy Sint | total variance || Problem | d | n | Scriterion Sy Sint | total variance
Borehole 8180 | 0.004 | 0.994 | 0.002 0.276 || GKLSC® | 2 | 20 | 0.367 | 0.333 | 0.299 0.062
Rosenbrock 2120 | 0.188 | 0.621 | 0.191 0.329 || GKLSC® | 5|50 | 0.236 | 0.691 | 0.073 0.017
Rosenbrock 5|50 0.08 |0.812 |0.109 0.006 || GKLSC! | 2 |20 | 0411 | 0.406 | 0.182 0.036
Goldstein-Price 2120 | 0.134 | 0.663 | 0.203 0.004 || GKLSC! | 5|50 | 0.183 | 0.718 | 0.099 0.015
Mystery 2120 | 0284 | 0.565 | 0.151 0.033 || GKLSC? | 2 | 20 | 0.407 | 0.447 | 0.147 0.029
Goldstein-Price (1D) | 1 | 10 | 0.012 | 0.982 | 0.006 2.002 || GKLSC? | 5|50 | 0.211 | 0.685 | 0.104 0.015
Problem d| n | Sciterion | Sv Sint | total variance || Problem | d | n | Scriterion | Sv Sinc | total variance
Borehole 8 | 160 0.0 0.999 | 0.0 0.426 || GKLSC? | 2| 40 | 0453 | 0.229 | 0.318 0.032
Rosenbrock 2| 40 0.0 0.999 | 0.001 0.549 || GKLSC? | 5100 | 022 | 0.734 | 0.047 0.022
Rosenbrock 51100 | 0.18 | 0.735 | 0.086 0.014 || GKLSC! | 2| 40 | 0.441 |0.253 | 0.306 0.048
Goldstein-Price 2| 40 0.06 |0.912 | 0.028 0.03 || GKLSC! | 5| 100 | 0.156 | 0.806 | 0.038 0.022
Mystery 2| 40 | 0414 | 0.259 | 0.327 0.032 || GKLSC? | 2| 40 | 0.429 | 0.284 | 0.287 0.046
Goldstein-Price (1D) | 1 | 20 0.0 1.0 0.0 225 || GKLSC? | 5] 100 | 0.142 | 0.818 | 0.041 0.02
Problem d| n | Sciterion | Sv Sint | total variance || Problem | d | n | Scriterion | Sv Sinc | total variance
Borehole 8 | 400 0.0 1.0 0.0 0.581 || GKLSC? | 2 | 100 | 0.343 | 0.35 | 0.307 0.017
Rosenbrock 2 | 100 0.0 0.995 | 0.004 0.639 || GKLSC? | 5250 | 0.166 | 0.797 | 0.037 0.016
Rosenbrock 51250 | 0.001 | 0.995 | 0.004 0.348 || GKLSC! | 2 | 100 | 0.349 | 0.348 | 0.303 0.015
Goldstein-Price 21100 | 0.015 | 0.982 | 0.004 0.243 || GKLSC' | 5| 250 | 0.108 | 0.872 | 0.02 0.018
Mystery 21100 | 0.064 | 0.898 | 0.038 0.036 || GKLSC? | 2 | 100 | 0.424 | 0.222 | 0.353 0.013
Goldstein-Price (1D) | 1 | 50 0.0 1.0 0.0 3.259 || GKLS C? | 5| 250 | 0.101 | 0.881 | 0.018 0.018
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Table SM5: Sobol indices for experiments, CRPS, n € {10d,20d,50d}

Problem d | n | Sciterion Sy Sint | total variance || Problem | d | n | Scriterion Sy Sint | total variance
Borehole 8180 | 0.002 | 0.985 | 0.013 0.068 || GKLSC® | 2 |20 | 0475 | 0.35 | 0.176 0.006
Rosenbrock 2120 0.14 0.7 0.16 0.101 || GKLSC® | 5[50 | 0.205 | 0.708 | 0.086 0.005
Rosenbrock 5150 | 0.124 | 0.771 | 0.106 0.003 || GKLSC! | 2 |20 | 0.385 | 0.509 | 0.106 0.006
Goldstein-Price 2120 | 0.089 | 0.706 | 0.205 0.002 || GKLSC! | 5|50 | 0.125 | 0.769 | 0.106 0.005
Mystery 2120 | 0366 | 0.529 | 0.106 0.004 || GKLSC? | 2 | 20 | 0.377 | 0.541 | 0.082 0.005
Goldstein-Price (1D) | 1 | 10 | 0.01 0.985 | 0.005 0.675 || GKLSC? | 5|50 | 0.12 |0.778 | 0.102 0.005
Problem d| n | Sciterion | Sv Sint | total variance || Problem | d | n | Scriterion | Sv Sinc | total variance
Borehole 8| 160 | 0.002 |0.991 | 0.006 0.105 || GKLSC? | 2 | 40 | 0.482 |0.207 | 0.311 0.003
Rosenbrock 2| 40 | 0.001 | 0.998 | 0.002 0.203 || GKLSC? | 5| 100 | 0.156 0.8 |0.045 0.006
Rosenbrock 51100 | 0.142 | 0.785 | 0.073 0.004 || GKLSC! | 2| 40 | 0.473 | 029 | 0.237 0.003
Goldstein-Price 21 40 | 0.028 | 0.95 | 0.021 0.014 || GKLSC' | 5| 100 | 0.086 | 0.866 | 0.048 0.006
Mystery 2| 40 | 0.423 | 0.215 ] 0.362 0.003 || GKLSC? | 2| 40 | 0.487 |0.314 | 0.198 0.003
Goldstein-Price (1D) | 1 | 20 | 0.002 | 0.994 | 0.004 0.817 || GKLSC? | 5 | 100 | 0.071 | 0.883 | 0.047 0.005
Problem d| n | Sciterion | Sv Sint | total variance || Problem | d | n | Scriterion | Sv Sinc | total variance
Borehole 8 | 400 | 0.005 |0.988 | 0.007 0.15 || GKLSC® | 2 | 100 | 0.235 | 0.543 | 0.222 0.003
Rosenbrock 2 | 100 | 0.007 | 0.984 | 0.009 0.25 || GKLS C? | 5 | 250 0.1 0.864 | 0.035 0.005
Rosenbrock 51250 | 0.001 | 0.996 | 0.003 0.104 || GKLSC! | 2| 100 | 0.215 | 0.595 | 0.19 0.004
Goldstein-Price 2 | 100 | 0.005 | 0.988 | 0.007 0.099 || GKLSC' | 5250 | 0.062 | 0.901 | 0.037 0.006
Mystery 21100 | 0.004 | 0.993 | 0.003 0.039 || GKLSC? | 2 | 100 | 0.323 | 0.412 | 0.265 0.003
Goldstein-Price (1D) | 1 | 50 | 0.008 | 0.985 | 0.007 1.164 || GKLS C? | 5| 250 | 0.062 | 0.898 | 0.04 0.006
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Table SM6: Sobol indices for experiments, IS95%, n € {10d,20d,50d }

Problem d | n | Sciterion Sy Sint | total variance || Problem | d | n | Scriterion Sy Sint | total variance
Borehole 8180 | 0.011 | 0.975|0.014 0.085 || GKLSC® | 2 | 20 | 0.371 | 0.499 | 0.13 0.01
Rosenbrock 2120 | 0.152 | 0.635 | 0.214 0.151 || GKLSC® | 550 | 0.259 | 0.684 | 0.057 0.017
Rosenbrock 5150 | 0.185 | 0.72 | 0.094 0.011 || GKLSC! | 2 [ 20| 0.279 | 0.656 | 0.065 0.01
Goldstein-Price 2120| 0.32 0.28 0.4 0.001 || GKLSC! | 5|50 | 0.251 | 0.671 | 0.078 0.015
Mystery 2120 | 0218 | 0.731 | 0.051 0.021 || GKLSC? | 2 |20 | 0.242 | 0.719 | 0.039 0.008
Goldstein-Price (1D) | 1 | 10 | 0.022 | 0.966 | 0.013 0.72 || GKLSC? | 5| 50 | 0.254 | 0.662 | 0.084 0.013
Problem d| n | Sciterion | Sv Sint | total variance || Problem | d | n | Scriterion | Sv Sinc | total variance
Borehole 8 | 160 | 0.001 | 0.996 | 0.003 0.137 || GKLSC? | 2 | 40 | 0462 | 0.365 | 0.173 0.004
Rosenbrock 2| 40 | 0.001 | 0.997 | 0.002 0.227 || GKLSC? | 5| 100 | 0.259 | 0.692 | 0.049 0.007
Rosenbrock 51100 | 0.131 | 0.799 | 0.07 0.007 || GKLSC! | 2| 40 | 0361 |0.522|0.118 0.005
Goldstein-Price 2| 40 0.06 | 0.899 | 0.041 0.018 || GKLSC' | 5| 100 | 0.189 | 0.763 | 0.048 0.006
Mystery 2| 40 | 0411 |0.324 | 0.264 0.007 || GKLSC? | 2| 40 | 0.324 | 0.578 | 0.098 0.004
Goldstein-Price (1D) | 1 | 20 | 0.001 | 0.996 | 0.003 0.946 || GKLSC? | 5| 100 | 0.181 | 0.769 | 0.05 0.006
Problem d| n | Sciterion | Sv Sint | total variance || Problem | d | n | Scriterion | Sv Sinc | total variance
Borehole 8 | 400 | 0.002 | 0.995 | 0.003 0.189 || GKLSC® | 2 | 100 | 0.344 | 0.436 | 0.22 0.004
Rosenbrock 2 1100 | 0.001 0.99 | 0.009 0.258 || GKLSC? | 5| 250 | 0.383 | 0.564 | 0.054 0.003
Rosenbrock 51250 | 0.001 | 0.995 | 0.003 0.136 || GKLSC! | 2| 100 | 0.208 | 0.658 | 0.134 0.006
Goldstein-Price 21100 | 0.01 | 0.985 |0.005 0.133 || GKLSC' | 5250 | 024 |0.708 | 0.052 0.003
Mystery 2| 100 | 0.098 | 0.856 | 0.046 0.02 || GKLSC? | 2 | 100 | 0.338 | 0.447 | 0.215 0.004
Goldstein-Price (1D) | 1 | 50 0.0 0.993 | 0.007 1.156 || GKLS C? | 5| 250 | 0.222 | 0.73 | 0.048 0.003
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SM-3.2.2 Graphical summaries of the ANOVA tables

We provide here the same plot as in the article, but also for SSPE GCRPS and S%f%.
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Figure SM2: One-factor ANOVA for SPE, CRPS and IS.
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SM-3.3 Additional criteria comparison

We provide here more criteria comparison. We also add percentages which show the fraction
of problems where a given criterion average score is statistically indistinguishable from the best
selection criterion under study. Dotted lines indicates a ratio 2, 4, 6, 8 and 10.

We observe that the NLL criterion appears to dominate the other criteria when v is automati-
cally selected.

The situation is a bit different when v is enforced to a “weak” (as measured by R*) value.
When v is underestimated, then the LOO criteria and GCV appear to dominate NLL. More pre-
cisely the LOO-CRPS criterion appears to be the most efficient in terms of CRPS and surprisingly
of SPE and the LOO-SPE seems to be the most efficient according to IS in this situation.

Note also that the NLL selection criterion appears to dominate the others when Vv is overesti-

mated.

SM-3.3.1 Varying regularity

Here we present comparison for v =1/2,3/2,5/2,V, on all test instances and for all design sizes.
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Figure SM6: v =V

104



SM-3.3.2 Varying the design size

Here we present comparisons for n = 10d,20d,50d on all problems and for v = V.
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Figure SM7: n = 10d
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Figure SM8: n = 20d
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Figure SM9: n = 50d
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SM-3.3.3 Varying the type of problem

Here we present comparisons on specific sets of problems for all design sizes and for v = V.
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Figure SM10: GKLS
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Figure SM11: Other test functions
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Figure SM12: lowpass filter
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SM-3.3.4 Varying both the type of problem and the regularity
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Figure SM13: GKLS, v =1/2
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Figure SM14: GKLS, v =3/2
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Figure SM15: GKLS, v =15/2
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Figure SM16: GKLS, v =9/2
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Figure SM17: Other test functions, v =1/2
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Figure SM18: Other test functions, v =3/2
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Figure SM19: Other test functions, v =15/2
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Figure SM20: Other test functions, v =9/2
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Figure SM21: lowpass filter, v = 1/2
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Figure SM22: lowpass filter, v = 3/2
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Figure SM23: lowpass filter, v =5/2

124



R/Ro

10° 4

oo

R/Ro

= =

o

(o]
[}
o [}
= 3
=L o ==
75% 50% 42% 17% 8% 33% 75% 42% 0% 0%
NLL L()O-‘CRPS LOO-]\ILPD LOO‘-SPE GéV LOO-‘NLPD NI‘_L LOO-‘CRPS LO()‘-SPE GéV
SPE CRPS
(a) § (b) §
10
4
£
3
o)
o o (]
[0
S s R =
100 4
83% 50% 25% 33% 8%
NLL LOO-NLPD LOO-SPE LOO-CRPS GCV
IS
(¢) Spos

Figure SM24: lowpass filter, v =9/2
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SM-3.4 Additional model comparison

Here we present the same kind of analysis as in the article regarding the regularity parameter.
Note here that we use the notation y = v —1/2. A summary is given in Section SM-3.4.6.
Observe that automatically selecting the model with NLL appears to be very efficient as it
leads to a very small loss compared to the situation where the “best” v is known in advance.
The other criteria appear to be efficient to select v on smooth problems but not on GKLS prob-
lems, especially GCV which seems to be the least efficient to select v. Note that automatically
selecting v with the LOO criteria or even GCV still exhibits practical benefits as the regularity

parameter has a much larger impact on smooth problems.
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SM-3.4.1 Accuracy of NLL
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Figure SM25: Accuracy according to SSPE for criterion NLL
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Figure SM26: Accuracy according to SSRPS for criterion NLL
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Figure SM27: Accuracy according to S%f% for criterion NLL
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SM-3.4.2 Accuracy of LOO-CRPS
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Figure SM28: Accuracy according to SSPE for criterion LOO-CRPS
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Figure SM29: Accuracy according to SSRPS for criterion LOO-CRPS
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Figure SM30: Accuracy according to S%f% for criterion LOO-CRPS
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SM-3.4.3 Accuracy of LOO-SPE
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Figure SM31: Accuracy according to SSPE for criterion LOO-SPE
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Figure SM32: Accuracy according to SSRPS for criterion LOO-SPE
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SM-3.4.4 Accuracy of LOO-NLPD
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Figure SM34: Accuracy according to SSPE for criterion LOO-NLPD
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Figure SM35: Accuracy according to SCRPS for criterion LOO-NLPD
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Figure SM36: Accuracy according to S{)S_% for criterion LOO-NLPD
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SM-3.4.5 Accuracy of GCV
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Figure SM37: Accuracy according to SSPE for criterion GCV
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Figure SM38: Accuracy according to SRS for criterion GCV
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SM-3.4.6 Summary

We provide here a last comparison between models on Table SM7, Table SM8 and Table SM9

by taking all problems as a perimeter. These results clearly confirm that:

1. Under-smoothing has (much) more dramatic consequences than over-smoothing. This is

true for all selection criteria.

2. Good results are achieved in quite a robust manner (since we are looking at the 95%-
quantile) by selecting the value of v automatically, jointly with the other hyper-parameters.
This is true for all selection criteria, with GCV as a notable exception. It is particularly
true for NLL (for other criteria, we have seen that the performance drops a little on the

non-smooth GKLS problems).

Table SM7: 95% quantiles for R/Ry with SPE where Ry is the best model for a given criteria and a given

problem.

NLL | LOO-SPE | LOO-NLPD | LOO-CRPS | GCV
v=1/28.0-10° | 7.4-10° 7.4-103 7.4-103 | 7.4-10°
v=3/2|17-10> | 1.6-10° 1.6-10° 1.6-10> | 1.6-10?
v=5/2| 62 13 11 11 5.7
v=17/2| 21 2.5 2.5 2.5 4.2
v="v 1.1 1.8 2.6 1.9 7.7
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Table SM8: 95% quantiles for R/Ro with CRPS where Ry is the best model for a given criteria and a given
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