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30

31 Ferroics include diverse degrees of freedom (such as structural distortions and magnetic moments) among which cross couplings

32 occur, rendering a large variety of interesting phenomena. Determining such couplings, based on symmetry analysis, is not only
33 important to interpret observed phenomena but can also result in novel predictions to be then experimentally checked. Often, such
34 energetic couplings are di cult to construct without a deep knowledge of group theoretical symmetry principles. In the present
35 review, a crash course towards the derivation of energetic couplings, without using much the group theoretical language, is provided.
36 Rather, the present approach relies on a graphical technique and suitable symbolic language, which naturally yields some known
37 couplings (resulting in, e.g., spin/dipole canting, magnetically driven polarization and antipolar/antiferroelectric states). This review
38 also reports and discusses other symmetry-allowed energetic terms, including some leading to the occurrence of an electric polarization
39 in a variety of materials, and \exotic" ones that generate complex phases and phenomena in, e.g., nanostructures and heterostructures.

4> 1 Introduction

44 Ferroelectric, ferroelastic, magnetic and multiferroic materials { namely, ferroic materials { play a crucial
45 role in many elds such as information storage and sensing!*l. Besides, there are various degrees of free-
dom, such as structural distortions and magnetic moments, that are often crossly coupled and that are
4g at the heart of intriguing phenomena. Examples includes improper ferroelectricity®®l, spin canting €4,
49 magnetic compensation temperaturesi*212 and a variety of magnetoelectric e ectsi3351 Some excellent
50 reviews have already been written regarding the advancement of ferroic materials (in particular, multi-
ferroics) in the elds of theory, experiment and application, see, e.g., Refs.E821l On the other hand, it
53 appears that a review article solely devoted to the fundamental energetic couplings responsible for these
54 ferroic and multi-ferroic e ects is currently missing, to the best of our knowledge.

55  For instance, we have previously proposed a variety of symmetry-allowed energetic couplings (mostly,
56 focusing on ABOj; perovskites), including those involving anti-polar motions of A cations induced by
g Oxygen octahedral tiltings2%4, hybrid improper ferroelectricity in ABO3;=A’B O3 superlattices®, electrical
59 polarization resulting from the simultaneous occurrence of two magnetic sublattices?®281  spin canting
60 arising from magnetic Dzyaloshinskii{Moriya interactions (DMI) induced by oxygen octahedral tiltings®12
61 and its corresponding e ects for canted electric dipoles in ferroelectric and antiferroelectrics!?®, as well as
high-order magnetoelectric couplings™14. Here, we shall revisit these energetic couplings not by simply
g4 re-introducing them one by one, but rather by re-deriving some of them in an original and straightforward
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fashion. Note that such energetic couplings not only can explain some experimentally-observed phenomena,
but also can be put in use to predict novel e ects. We also provide two additional sections: one describing
various ways to induce electrical polarization in di erent types of materials, and one discussing even
more \exotic" energetic terms that have been proposed to give rise to, or simply explain, some striking
phenomena in ferroics.

2 Deriving symmetry-allowed energetic couplings

Let us rst take ABX3 perovskites (with X typically being O, F, Cl or I ions) as our platform, since
these materials are known to host diverse degrees of freedom { say, order parameters related to structural
distortions and/or magnetic orders. Note, however, that our approaches, to be explained below, can be
easily generalized to non-perovskite systems. In the present review, the basic spirit is to form energetic cou-
plings involving various order parameters, with these energetic terms being invariant under all symmetry
operations of the high-symmetric reference phase of the considered system.

2.1 De nition of the order parameters

2.1.1 Displacements, rotations and magnetic moments

The ideal AB X3 perovskite is cubic with a P m3m space group?d. When structural distortions occur, the
symmetry deviates from P m3m. By structural distortions, here we mean collective atomic displacements
involving the A, B, and/or X ions. Let us rst de ne the physical quantities that can be associated to
each ion. In Figure [1)(b), one chosen ion is originally located at the \a" position (dashed circle) and then
located at the \a"™" position (solid circle) after being displaced by u (red arrow). We can thus identify a
quantity (i.e., the atomic displacement u) which is invariant under time-reversal operation (1°). Indeed,
time-reversal transforms the time t to t but has no e ects on spatial coordinates (see Figure [I(a)). On
the other hand, as shown in Figure c), the displacement u is transformed to u by spatial inversion (1).

Now, we turn to the rotation of the BXs octahedron shown in Figure e), where the green and yellow
spheres denote the B and X ions, respectively. The yellow sphere with the number i corresponds to the
X;j ion, and the red arrows originating from Xz, X4, X5 and Xg ions denote the displacements associated
to them. In Figure [I[e), the rotation allows us to de ne a ! pseudo-vector located on the B ion and
pointing towards X;, based on the right-hand rule. For instance, ¥ = 0:12, where 2 is the unit vector
along the z-axis, corresponds to a tilting of about 0.1 radians of the BXg octahedron about such z-axis.
We graphically denote such ! pseudo-vector by the bold green arrow (lower left corner of Figure [I(e)).
The time-reversal transformation has no e ect on Y. Indeed, both the positions of the X; ions and their
associated displacements are invariant under time-reversal (see Figure [I(d)). Moreover, under a spatial
inversion centered in the B cation, the X ions swaps their positions by pairs (X3 swaps with X,, Xs with
Xg, and X; with X;), and the corresponding displacement vectors reverse signs as well (see Figure [1(f)).
As a result, the I pseudo-vector is invariant under inversion.

Furthermore, some A or B ions (e.g., Gd** and Fe** in GdFeOs) can carry magnetic moments as
well. In order to discuss the symmetry properties of magnetic moments, it is convenient to imagine
the magnetic moment as originating from an electric current loop, following classical electromagnetism.
(Strictly speaking, this picture is appropriate only if we are dealing with orbital magnetism; yet, symmetry-
wise, it works for the magnetic moments associated to electronic spins as well.) For example, by the right-
hand rule, the electric current ( owing from \b" to \c¢", in Figure [I(h)) results in a magnetic moment m
pointing upwards (blue arrow). Notice that the electric current | = ‘L—? (Q is the electric charge) depends
on the sign of time. Under time reversal, the electric current now ows from \c" to \b" and the magnetic
moment is transformed to m (see Figure [I{g)). On the other hand, if we apply a spatial inversion
transformation, electric current from \b" and \c" becomes a current from \b"" to \¢""*; hence the magnetic
moment is invariant under inversion (cf Figure [1{(i)).

To summarize this part, the displacement vector u is invariant under time reversal but reverses its
sign under spatial inversion; the magnetic moment m transforms in just the opposite way from u. lonic
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displacements can also happen in a collective way, which, e.g., leads to a pseudo-vector I, that is invariant
under both inversion and time reversal. Henceforth, we shall construct order parameters for perovskites
using such u, m, and ! building blocks.

2.1.2 Order parameters

We now focus on order parameters associated with structural distortions and magnetic structures in AB X3
perovskites.

Common distortions are the anti-phase and in-phase tiltings of the BXs octahedra (Figure [2). As
explained in Section 2.1.1., notice should be taken that (i) the anti-phase and in-phase tiltings essentially
are displacements carried by the X ions, but (ii) such displacements can be characterized by ! pseudo-
vectors centered at the B ions (Figs. [I[(d)-(f)). Taking the case of the !’s being oriented along the z [001]
pseudocubic axis as an example, the ionic motions involved in anti-phase tiltings are shown in Figure 2(a)
and represented by ! vectors in a way demonstrated in Figure [2(b). Similarly, we show and represent the
case of in-phase tiltings about the z axis in Figs. [2(c) and (d), respectively.

Let us now mathematically represent these structural distortions. To this end, we introduce the de -
nition of g points and its modulations in Figure . Such de nitions can be found in Ref.[8l (see e.g., its
Supplementary Information) and we repeat it here for sake of the completeness and understanding. The
P m3m cubic perovskite has a 5-atom primitive cell whose lattice vectors are denoted as ay, ay, and a, (note
that these three latter vectors are along the [100], [010] and [001] pseudo-cubic directions, respectively).
Selecting an arbitrary direct lattice site as the origin point, the rest of the direct lattice sites (which can be
each associated with a speci c¢ 5-atom cell) are represented by a lattice vector lyax +lya,+1,a, (I 1y 1),
where Iy, ly, and I, are integers. Similarly, we de ne the reciprocal lattice vectors aZ, aj, and a’; then,
the g points belonging to the rst Brillouin zone of the cubic perovskite structure can be indexed as
q=0xa; +qa +q:a; (4x:0y:0.). Notice thatq ( =x;y;z) arenonintegersanda a’ =2 . In
particular, the eight g points indicated in Figure b) are classi ed into four categories: (i) the point
which corresponds to homogeneous repetitions of our local quantities (e.g., an homogeneous repetition
of the local u-vectors leads to a ferroelectric distortion) that are thus invariant for any arbitrary lattice
translation, (ii) the R point that involves an anti-phase spatial modulation of the local quantities (e.g., the
I pseudo-vectors), thus reversing sign when translating by one lattice vector along the x, y or z direction,
(iii) the M point that involves a di erent type of modulation, whereby the local quantities (e.g., the
magnetic moments) are invariant upon lattice translations along the -axis but reverse their sign upon
lattice translations perpendicular to the -axis, and (iv) the X point that involves yet another type of
modulation whereby the local quantities are invariant upon lattice translations perpendicular to the -axis
while they reverse their sign upon translations parallel to the -axis.

Let us take the anti-phase and in-phase tiltings as examples to demonstrate how to link the physical
local quantities to a speci ¢ q point. The basic idea is to form collective modes spanning the whole lattice
coordinate space containing N primitive cells. For anti-phase tiltings, any two nearest-neighboring BXg
octahedra rotate in anti-phase to each other. We can thus express the ! pseudo-vector associated to the
(Ix; 1y; 1,) lattice site as

(. |y; 1,) = ( 1)(|x+|y+|z) 1 g 2 i@xIx+ayly+azlz) g (1)

where, for anti-phase tiltings, (dx; 0y;0;) = (%; %; %) is identi ed as the R point by comparing Figure b)

and Figure [3(b). We thus represent anti-phase tiltings about the z-axis (Figure (b)) in terms of an order
parameter de ned as:
IR — 1 2 i(axIx+ayly+azlz) g .l -
=z - N e 1 'Z(IXIIleZ) (2)
|x;|y§|z

where the superscript R and subscript z mark the corresponding g point and orientation of the collective
mode R, respectively. Similarly, one can describe the in-phase tilting about the z axis as:

=z
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Mz 1X2i(|+|+|)
!Z = N g2 1(Oxlx+ayly+azlz !Z(|X;|y;|z) (3)
Ix;ly;lz
where now we have (Ky;ky;k;) = (%;%;0), which is identi ed as the Mz g-point (see Figure ).

Similarly, in-phase tiltings about the x ory axis involve the Mx and My g-point, respectively. So far, we
have thus arrived at the symboliggepresentation of anti-phase and in-phase BXg tiltings (termed as tilting
order parameters), via 19 = = bty © brah el (1 1y, 1) with g = (3;3:3), (3;3:0), (5:0;3),
and (0; 3; 3) that are, respectively, associated with R, Mz, My and Mx points (see also Figure [3(b)).

In ABX; perovskites, the displacement u and magnetic moment m vectors can be associated to B
and/or A ions. For example, in Figure [3(c), the A or B sublattice is magnetized with the blue arrow
denoting the magnetic moment m. In such a case, with the m vectors pointing along the x direction,
the magnetic moments within the yz plane are ferromagnetically coupled to each other while they are an-
tiferromagnetically coupled to each other between two sites separated by ay. This magnetic structure is
accordingly denoted by the symbol m%, since the local magnetic moments m point along the X direction
and are modulated according to the Xx point (de ned in Figure [3(b) and for which the corresponding
q pointis (%; 0;0)). Note that the close relatives of Xx point are the Xy and Xz points whose reciprocal
coordinates are (0; %;0) and (0;0; 1), respectively. Moreover, Figure d) displays a displacement u asso-
ciated to either the A or B sublattice, along the z direction and modulated according to the My g-point.
This displacement collective mode is thus denoted by uMY.

So far, in this subsection we have de ned eight important g points, and shown how to represent some
order parameters symbolically. Speci cally, order parameters, linked to the -component of any local
physical vectors r (e.g., r can be the displacements u, pseudo-vectors T, and magnetic moments m) and
being modulated according to a ¢ point can be generally expressed as

1 .
N eZ I(|XQX+|yqy+|qu)r (IX, Iy, IZ) (4)

Ix;ly;lz

ri =

Thanks to these notations, we are now ready to enumerate the typical order parameters in ABX3
perovskites, which are summarized in Table [l Note that the displacement u and magnetic moments m
can be associated to both A and B sublattices, and these two cases must be distinguished. Hence, to
further de ne displacement or magnetic order parameters, we use the notation r$; (r=uorr=m),
where Y = A; B denote the atomic sublattice to which the physical quantity is associated. On the other
hand, the rotation-related pseudo-vector I can only be centered in the B sublattice in perovskites, and we
thus simply use 1% to denote it. Finally, let us indicate that the homogeneous strain order parameters
( and being X, y, and z) can also be de ned; further, they are associated to the point and a ect the
full lattice (i.e., they a ect all A, B, or X atomic sublattices). Let us also emphasize that transforms
under symmetry operations exactly as the product uy. uy. .

2.2 Transformation of the order parameters

Before (re)deriving some energetic couplings, there is one last obstacle to overcome: we should know the
symmetry operations of the considered systems and the transformations of each of the order parameter
under such operations. Since our order parameters in Table [I] are de ned with respect to the cubic
P m3m perovskite structure, the energetic couplings have to be invariant under the symmetry operations
of the Pm3m space group. There are plenty of symmetry operations for this space group, including the
in nite number of lattice translation operations, forty-eight point operations and time-reversal symmetry.
Fortunately, all these crystallographic symmetry operations are simply generated by a small subset of
them: (i) the two-fold rotation about the [001] direction (2q0:), the two-fold rotation about the [010]
direction (2910), the three-fold rotation about the [111] direction (3};;), the two-fold rotation about the
[110] direction (2110), and the inversion (1); (ii) time-reversal (1°); and (iii) the lattice translations given
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by the ay, ay, and a, vectors, in the following denoted by T (ax), T (ay), and T (a,), respectively. These
operations are termed as \generators" of the space group, and can be found at https://www.cryst.ehu.
es/cryst/get_gen.html. Notice again that the [100], [010], and [001] directions coincide with our X, v,
and z pseudo-cubic axes, respectively.

Let us now demonstrate how various order parameters transform under the point and time-reversal
symmetry operations, as schematized in Figure . We rst take the order parameter ug% as an example,
recalling that it represents the collective displacements (along the z direction) carried by the B ionic
sublattice and modulated according to the Xx reciprocal-space point. The original order parameter (i.e.,
before transformation) is shown in Figure [4((a) with eight B ions labelled by i (i.e., B; with i = 1;:::;8).
The 2,50 operation transforms the situation in Figure [4(a) into the situation in Figure [4(b), and three
changes have occurred simultaneously: (i) the ions By, B,, B3, and B, are interchanged with Bs, Bg, B-,
and Bg, respectively; (ii) the displacements originally along the +z direction (associated to the B, By,
Bs, and Bg ions) now point along z; (iii) conversely, the displacements originally along the z direction
(associated to the B;, Bz, Bg, and B7 ions) now point along the +z direction. Translating the sketches
into symbolic language, we see the transformation from uxX to uB under the 2;5¢ operation, noticing,
in particular, that the 2;;¢ rotation changes the g point (| e the spatlal modulatlon) from Xx to Xy.

Similarly, comparing Figure 1 [ild) and Figure [t e) mx% is transformed to  myY, by 2:10. Indeed, the
order parameter ry. always transforms identically by proper rotation operations (i.e., rotations without
combining with 1 or 17, regardless of whether r is u, m, or 129, Comparing Figs. a) and @(c), the
inversion leaves ugX invariant. On the other hand, the inversion transforms mgX into mg%, because
the inversion transforms m and u in di erent way (see Section 2.1.1). Note also that, in general, the
proper rotation symmetry operations, denoted by n (e.g., n fold rotation axis about the -axis), can be
combined with inversion to form the so-called improper rotations??. For example, the combination of 2g;
with 1 is equivalent to the mirror plane perpendicular to the [001] orientation. If we need to transform
an order parameter by a improper rotation, we thus \just" need to transform it by the proper rotation
n followed by an additional inversion transformation. Finally, the time-reversal operation has no e ect
onuy. and !9, but always transforms mj. to mjy. . Using the graphical rule depicted in Figure [4] the

transformatlons of the various order parameters under point operations and time-reversal symmetry are
readily obtained and summarized in Table 1]
Regarding the transformation of the order parameters under the T(a ) translatllgns it depends on their
g point modulations. For instance, let us consider the transformation of r}. = % bty ls 2 i(axlx+ayly+azl2)
ryv. (I ly; ;) under, e.g., T (ax). Since T (ayx) changes ry. (Ix;ly; 1) tory. (Ik  1;1y;1;), we have
1 X
I B A A A (W FY W 1y
Ix;ly;lz
1 X
=2 10x — e? '(qx|x+‘3Iy|y+qz|Z)r (|x| v; )_ e? Iquq . (5)

Ix;ly;1z

More generally, T (a ) transforms rY into e? ' rY , Where is the direction, e.g., X, vy, or z.

In summary, we emphasize that uY , m{. , and lq are three types of order parameters that are key
to understand the physical properties of many perovskites. In this section we have seen that (i) under
the pure proper rotations, uy. and my. (as well as uy. , m§. and 1) transform identically; (ii) under
time-reversal, uY and 19 remain |nvar|ant while mJ. becomes m{. ; and (iii) under improper rotations
(inversion center, mirror planes), mq and 11 transform |dent|cally, but in an opposite way than uq

2.3 Principles for energetic couplings

Now we are ready to construct the energetic couplings making use of Table [Tl Notice that we still limit
ourselves to perovskites at this moment. Readers might realize that we can easily guess a term, like, e.g.,
a bilinear coupling UV (U, V being two order parameters), and prove that such a term (to be discussed
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later) is invariant under (i) the translations T (ax), T (ay), T (a;); (ii) the rotations 201, 2010, 3111, 2110, 1;
and (i) the time-reversal (1%). Indeed, this is exactly the basic principle, i.e., the energetic coupling must be
invariant under all the generators of the reference phase (e.g., the Pm3m space group plus time-reversal
symmetry in perovskites). In the following, we will arrive at some rules that can simplify our analysis
when constructing energetic couplings.

2.3.1 Rules from translation symmetry

Given two order parameters ry’. and r/?>. (Y, and Y, being A or B), a coupling r{%. ry? is readily formed.
Under T (a ), we have the transformation ryiryz ¥ e? @+ )rlird2 following Eq. (5). To make ry r{?
invariant under T (a ) ( being X, y, or z), e? '@ *% ) must be 1, so that g, +q, must thus be an integer. In

other words, given two order parameters modulated according to q; = qixa; +q1ya§ +01282  (Qux; 1y’ G1z)
and 0z = O2x@% + Qoy@) + Goz8;  (Gox; Uzy; G2z), their multiplication might be an energy invariant only if

g: + g2 = G with G a reciprocal lattice vector. If this condition is not satis ed, the translation symmetry
will be violated. Similarly, fopa potential invariant coupling nprder parameters ryl. . (i = 1 to n),
translation symmetry requires ;i being integer for all ,i.e., ;0i=G

2.3.2 Rules from time-reversal

For couplings involving magnetic order parameters (e.g., mf}:; ), we have to consider time-reversal symmetry
(1) as well. Under this operation, we have the transformations m{. ¥ m{.  ud. ¥ ufi , and
19 ¥ 19 Hence, the coupling iryl. . may be invariant only if we have an even number of magnetic
order parameters mini; appearing in the product.

2.3.3 Constraints from rotation symmetry

We have many possible rotation operations. Here we present some examples to indicate how to deal with
them. By now, we know that neither mg.,mp nor mg, !X are energy invariants because the former
violates translation symmetry while the later breaks the time-reversal operation. Then, one may wonder
if, for instance, the coupling mg.,mg. is an invariant. To answer this question, we must consider the
constraints from the rotation symmetry operations. Regarding mg;xmg;y, let us examine how this product
is transformed by 2001, 2010, 3111, 2110, and 1. According to Table , we have, mg.,mg., ¥ mg,mg. under
2001, M3 Mg, ¥ mg,mg., by 2010, Mg, mg., ¥ mg, mg., when applying 37;;, mg,mg., ¥ mg, mg.,
under 2150, and mg,,mg., ¥ mg., mg. by 1, respectively. We thus know that m§.,mg.,, is not an invariant
because 249 changes its sign.

What about the coupling m§.,mg.,? Here, we have mg,mg., ¥ mg, mg. under 2,0, Mg, mg,, ¥
MBxMB.x by 2010, M5.,Mg., ¥ mg, mg., when applying 37;;, mg,mg, ¥ mg,mg, by 2, and
mg.,mg., ¥ mE. . mg. under 1, respectively. m§,mg. is thus not an invariant either because 3;,
and 2119 change it to a di erent term, namely mg;ymg;y. Interestingly, this suggests that we can consider
the coupling m§.,mg., + m§., mg., + mg.,mg.,, which is indeed invariant and a legit (bilinear) energy
coupling.

To end this subsection, we emphasize that to obtain an invariant energetic coupling term, we shall (i)

rst verify that the considered term that ful lls the rules from the translation symmetry (see Section 2.3.1)
and time-reversal (cf Section 2.3.2), and (ii) then verify that it is also invariant under rotation symmetry
operations.

2.3.4 Trilinear energetic term: an example

Let us now try to derive some trilinear energetic couplings. Before proceeding, we stress that there are
many possibilities for trilinear energetic couplings involving the order parameters de ned in Table [I} As
an example, we consider here a trilinear term UV W with U and V being R and mg. , respectively. Now
the question is: what can the third order parameter W be? First, we quickly notice that the g points for
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IR and mg; are both (%; %% . If the g point for the W order parameter is (dx; gy;d;), the translation
symmetry requires that g, + 3 + %, g, + 3 + %, and g, + 3 + 7 should all be integers; in other words,
we must have(dx;0y;0;)  G. Notice that the reciprocal G vector is equivalent to the  point since
g2 1CGxhctGyly+Gzlz) — 7 g2 10K*0ly+0L) glways holds for Iy, Iy, and I, integers. Hence, we conclude that W
should be a -point (homogeneous) order. On the other hand, invariance under time-reversal symmetry
operation implies that W must be a magnetic order parameter. Thus, there are only two options for
W, i.e., mg. or m,. . Hence, we have that the possible energetic couplings might be !ng; mg. or

RmMR
I"mg. My, .

However, this is not the end because we must con rm that '"mg. mg. or '"mg. m,. are invariant
under rotation symmetry operations, and link , , and with the X, y, or z directions. We focus on
I"mg. mg. and try four cases,eqg, = =, = & , & = ,and & & , since
such four cases exhaust all the possibilities. The = = = €& and & = casescan

be eliminated because under 2401, 'mg, Mg, ¥ I¥ME, mg,, I¥mg. mg, ¥ 12mg mg. and
1¥mg., mg, ¥ 1¥mg, mg,. The reader may also want to verify that couplings such as !mg. mg.,
1Xmg.,mg., and 1*mg. mg., are not invariant under some rotation symmetry operations. Hence, our
only hope to have an invariant of the form !"mg. mg. is the case with & & (e.g., !'Tmg mg.,).
Indeed, the 2401, 2010, and 1 symmetry operations all leave !fmg;ymB;Z invariant. We now need a \closed"
form based on !fij;ymB;z, which can be obtained by employing the 37;; and 2,5 operations. Considering
(i) that 2550 transforms 1¥mg. mg., into  1¥mg,mg,, implying that '¥mg mg., 1¥mg mg., is
invariant under such operation, and (ii) the e ect of 3};; on these two terms, we can conclude that
1¥mg, Mg, + 1XmE. mg, + 1Xmg, mg.,  1¥mg. mg., I1Zmg mg, 18mg, mg, is invariant under
the symmetry operations considered so far. In fact, we can easily con rm that such term, that can
be rewritten in a compact way as 'R (mE8 myg), is invariant under all the generators of the Pm3m
perovskite. Realizing that the order parameters mg. and m,. transform identically (see Table , another
symmetry-allowed energetic term, namely ¥R (mE m),), is thus obtained. In fact, the energetic terms
IR (mE mg)and 'R (ME my,) have already been used in phenomenological theories to interpret
spin cantings in magnetic perovskites such as rare-earth orthoferrites and orthochromites!®22283031: e
will be back to this in Section 3.3.

2.3.5 Construction of energetic terms for materials beyond perovskites

To construct energetic couplings for non-perovskite materials, the procedures and basic principles are es-
sentially identical to what is discussed above. We \only" need to pay attention to two speci c aspects.
First of all, for non-perovskite materials, we have to de ne new order parameters instead of the ones
indicated in Table [T} Let us for instance assume that the phase of the target material, to be denoted as
Piow, IS of low symmetry. We thus have to nd its corresponding high-symmetry reference phase Phign
and de ne the order parameters of Py, with respect to Pphign. Fortunately, some online softwares can
help us do this. We will not show how to use these tools here, but will simply list their names. In
particular, we recommend readers to be familiar with the following applications by checking the man-
uals therein: the \PSEUDO™" module in the Bilbao Crystallographic Server (https://www.cryst.ehu.
es/cryst/pseudosymmetry.html) and the \ISODISTORT"™ module in the ISOTROPY Software Suite
(https://stokes.byu.edu/1so/1sodistort.php), which provide possible choices for Pnign based on giv-
ing Piow as input. In many cases, there are several di erent options for Ppig, (associated to Pjq,) and one
has to select an appropriate Ppign as the starting point. There are no general rules for such a selection.
Which Ppign to use depends on the speci ¢ physical questions. Given Ppign and Py, We can then compute
the distortion modes characterizing P, (With respect to Phign) by the \AMPLIMODES" module in the
Bilbao Crystallographic Server (https://www.cryst.ehu.es/cryst/amplimodes.html) or the \ISODIS-
TORT"™ module in the ISOTROPY Software Suite (https://stokes.byu.edu/iso/isodistort.php),
and identify these modes as the relevant structural order parameters. We can also de ne the magnetic
order parameters by assigning magnetic moments to the magnetically activate ions (e.g., m de ned in
Figure [I(h)). Notice that the order parameters are atomic motions or magnetic moments carried by ions
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in the Phign phase, and should be transformed by the symmetry operations of Phigh. We can get the
generators of symmetry operations for Pyign by the \GENPOS" module in the ISOTROPY Software Suite
(https://www.cryst.ehu.es/cryst/get_gen_html). Having such information at hand, we shall de ne
the transformations of each order parameter and form the energetic couplings following the aforementioned
procedures.

2.3.6 A short summary

We have shown the basic principles for constructing energetic coupllljggs for structural and magnetic order
parameters in perovskites. In particular, for the coupling .rY . iGi should be integer and magnetic
order parameters should appear in couples, as required by translation and time-reversal symmetries, re-
spectively. The rotation symmetry operations provide further constrains. We have also showcased how
to construct some trilinear energetic couplings. Note, however, that even for the trilinear couplings there
are many di erent possibilities to be considered, and that constructing a phenomenological theory can be
quite di cult when starting from scratch. However, if one gains some information about which quantity
couples to which (e.g., from experiments or rst-principles simulations) in advance, the development of the
phenomenological theory may not be that complicated. In the next section, we will illustrate these ideas
by reviewing some works introcuding various energetic couplings.

3 Some recently discovered energetic couplings

3.1 Structural distortions in orthorhombic perovskites

To begin with, let us emphasize that many ABX; perovskites (such as rare-earth orthoferritest®3 and
orthochromites3l) crystallize into the Pbnm phasel?324,  Starting from the Pm3m cubic perovskite,
such a phase is achieved by condensing both in-phase and anti-phase tiltings of BXg octahedral (e.g.,
('R !5 1 M2) tilting pattern, as shown Figure . This Pbnm phase additionally possesses anti-polar
motions of the A ions along the x or y directions (see e.g., Refs.[5561) "as shown in Figure I(b) More pre-
cisely, there are two types of anti-polar motions for the A ions 223, namely those de ned by (UxX3; Ux?)

and those associated with (uAX,uAy) in the symbolic language introduced in the present review (cf
Figs. [6[(@).(c)). These anti-polar motions were shown to be induced from anti-phase and in-phase tilt-
ings of the BXg octahedral in, e.g., Refs.[22231 \We now outline the basic ideas to obtain the corresponding
energetic couplings.

Sketching the crystal structure of the Pbnm phase in Figs.[5(a) and (b), it is easy to recognize its char-
acteristic distortions (anti-phase tilting, in-phase tilting and anti-polar motions of A ions). The di culty
is how to relate the anti-polar motions to the in-phase and/or anti-phase tiltings. Incidentally, one may
notice that for perovskites with only BXg anti-phase tilting (e.g., the 14=mcm phase of SrTiO;84) the
anti-polar motions of A ions disappear®? (see Figure c)). Similarly, when only the in-phase BX; tilting
is present, there are no anti-polar motions either??, This means that the combination of in-phase and
anti-phase tiltings is a key factor driving the anti-polar motions of the A ions. Based on this observation,
readers could proceed according to the principles for energetic couplings introduced in Section 2.3.1.

For instance, the translation symmetry operations suggest the possibilities of having (i) a trilinear
coupling among 'R, Mz and u*?, and (ii) a quartic coupling among IR, 1Mz 1Mz and uR, as low-
order couplings. Let us, for instance, guess a trilinear term of the form '5!2"Zu3§§( and use Table
to proceed following the strategy mentioned in 2.3.4. We nd that IR1MzuxXz ¥ 1R1Mzy%X2 under
2001, IRUMPURE W NIRUMZURZ by 2030, YR1)M7URS B TRUMXURY when applying 377;, TRIMZuxs ¥
1R IM2uX? due to 2150, and TRIMZuxs B IRIMZuXZ under 1, respectively. Our guessed terms are
invariant under 2g01, 2010, and 1. but not when applying 2,19, which rather suggests to inspect the
combination 3 1}17uxz + 1R 1M2uX2 { which can be written in a compact form as 3 1)17ux?, , following
the notation in Ref.!28l, Taking then 37, into consideration, the full symmetry-allowed energetic coupling

is (YRIMZuXz + !5-¥ZUXZ)+Cp where c:p: means cyclic permutations, e.g.,, X ¥ y,y ¥ z,z ¥ X


https://www.cryst.ehu.es/cryst/get_gen.html

O©CO~NOOOTA~AWNPE

DO UIUIUTUUUICIVCIUURNDANRNRNDNARNDNWWWWWWWWWWOWNNNNNNNNNNRPPRPRRRRRRRR
ARANPRPOOOVNONROMNROOOVYOUNRWNROOONNONRONROOONNOUNRWNROOO~NOUNWNEO

. L . . WILEY-VCH
3.1 Structural distortions in orthorhombic perovskites

and x ¥ z,y ¥ x,z ¥y This coupling clearly shows why there are ui\fg( and uAy anti-polar motions

in ABX3 given the (1%; !5; 1 M2) tilting pattern. Similarly, readers may derive the quartic coupling

IR 1MziMzyR , + c:p: shown in Ref.”3, where xy means the direction along the x y direction.

It is worth emphasizing that the two couplings '3 1}/7ux%, and 13 ¥M21MzuR are crucial for ob-
taining the so-called hybrid improper ferroelectricity in perovskite ABX3=A'BXj superlatticesl6'81. For
example, in Figure [6[(a), the Pbnm phase of ABX; is antipolar (null polarization) because the A ions
displace along the opposite direction (e.g., b and b for u>A<§( ) from one plane to another with precisely
the same magnitude. However, when forming a ABX3-A°BX3 superlattice with the composition modu-
lated along the direction of the in-phase tilts (see Figure [(b)), A and A’ displaced oppositely but with
di erent magnitudes. Consequently, the ABX3=A'BX; superlattice will exhibit an uncompensated po-
larization along the b or b direction for (001) 1 1 ABX3=A’BX; superlattice. Interestingly, based on
this hybrid improper ferroelectricity, one can design near-room temperature multiferroic superlattices, e.g.
in La;NiMnOg=R,NiMnOg (R being rare earth)E8l. It was also predicted that a ve-state path resulting
in the switching of polarization and magnetization under an electric eld, via the reversal of anti-phase
octahedral tiltings, can occur in some superlattices exhibiting hybrid improper ferroelectricity¥9. Here, we
will not go through with so many details on hybrid improper ferroelectricity and its application, but refer
interested readers to Refs. 838391 Nevertheless, we point to the fact that Ref.B% numerically found that
the phonon modes associated with polarization or antipolar motions in hybrid improper ferroelectrics can
act rather unusually, namely they are hard in the high-temperature paraelectric phase (like in improper
ferroelectrics®142) while they soften on approaching the ferroelectric-to-paraelectric phase transition from
below (as, in proper ferroelectrics). Such a unusual mixed behavior originates from the IR l'\"zuAXy

=Xy *z
coupling, as also previously found in Ref.3l,
It is also worthwhile to indicate that Ref.!22 rst looks for energetic couplings at an atomistic level,
that is, involving the local displacement of a central A ion and the pseudo-vectors of its eight nearest B
ions. Two energies were then found to be, having the following form:

>
Ei=Ky [UA;i;Z(!i;l;y!i;l;z + !i;2;y!i;2;z + !i;5;y!i;5;z + !i;e;y!i;e;z)

uA'i'z('i'3'y'i'3z"''|4y |4z+'|7y |7z+'|8y |82)

+uAIZ('I1X |1z+ l|4x i;4,z + l|5x i;5;z + l|8x |82)
UA;i;z(-i;Z;x-i;Zz + I|3xI|32 + I|6x||62 + l|7x |7z)]
+uA;i;x(!i;1;x!i;1;z + !i;2;x!i;2;z + !i;3;x!i;3;z + !i;4;x-i;4;z)
UA;i;x(!i;S;x!i;S;z + !i;6;x!i;6;z + !i;7;x!i;7;z + !i;8;x!i;8;z) (6)
"'UA;i;x(! i;1;x!i;l;y + !i;2;x!i;2;y + !i;5;x!i;5;y + !i;6;x!i;6;y)
UA;i;x(! i;3;x!i;3;y + !i;4;x!i;4;y + !i;7;x!i;7;y + !i;8;x!i;8;y)
"'UA;i;y(! i;1;x!i;l;y + !i;4;x!i;4;y + !i;5;x!i;5;y + !i:8;x!i;8;y)
UA;i;y(! i;2;x!i;2;y + !i;3;x!i;3;y + !i;6;x!i;6;y + !i;7;x!i;7;y)

+uA;i;y(! i;1;z ! i;1y + 1 i;2;z ! i;2;y + ! i;3;z ! i;3;y + ! i;4;z ! i;4;y)
UA;i;y(!i;S;z!i;S;y + !i;6;z!i;6;y + !i;7;z!i;7;y + !i;8;z!i;8;y)

and
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X

2 2 2 2

E: =Kz [Uaiiz(Mioy Vizz + Vg Viaz + Vi Visz + Vigy Virz)
i

2 2 2 2
UA;i;z(! i1y ! i1zt ! i:3y ! i3z T ! i;6;y ! 6z t ! i;8;y ! i;8:2)

2 2 2 2
+UA;i;z(!i;1;x!i;1;z + !i;3;x!i;3;z + !i;6;x!i;6;2 + !i;8;x!i;8;z)

2 2 2 2
UA;i;z(!i;z;x!i;Z;z + !i4x!i;4;z + !i5x!i;5;z + !i7x!i'7'2)

2 2 2 2
FUnix (T2 Vi + 1iaz Yiax + Vs Yisx + Vg, Yirx)

2 2 2
UA;i;X(!i;l;z ! ix t !i;3;z ! i3x t !i;6;z ! iex + !i;8;z - i;8;x) (7)
2 2 2 2
FUaix Ty Vi + iy Vi + Yoy Viox + iy Visix)

2 2 2 2
Uaix (! i;2;y!i:2;x + !i;4;y!i?4:X + !i;S;y!i?5:X + !i7y!i'7'X)

2 2 2 2
Uiy (Yo Vizy + Y Viay + Vs Yisy + Vi izy)
2 2 2
uA;i;y(! i1:x ! iy T ! i;3;x ! i3y T ! i;6;x ! ey + + 17 i;8;x = i;8;y)
2 2 2 2
+UA;i;y(! i;1;z ! Ly t ! i;3;z ! i3y T ! i;6;z ! ey T ! i;8;z ! i;8;y)

Unsizy (! i2;2;z Vioy + !i2;4;z!i;4;y + !i2;5;z!i;5;y + !i2;7;z!i;73y)

where ;... is the -component of the tilting pseudo-vector associated with the m*" B ion surrounding

A ion i (where m can range between 1 and 8, see Figure 3a), and this A ion displaces by ua.;. along the
-direction.

Interesting, for the Pbnm structure, E;and E; precisely correspond to (13 147uxs + IR 1MZux?) +
c:p: and !)'fyl;\"z!g"ZuA;xy + c:p:, respectively, when going from the atomic scale to a formula involving
macroscopic order parameters. Strikingly, E; and E, can also be used to understand the occurrence of
antipolar displacements originating from X octahedral tiltings in various other phases, as detailed in Table
| of Ref.l22l, In particular, E; naturally explains why long-period antipolar displacements can happen
in the so-called nanotwin phases having a complex tilting patterns®4. In such case, 1? (respectively, !5)
can interact with both 3* and uf'f;x (respectively, ujlz;y), where q; = (1=2;1=2; )and g, =(0;0;1=2 ),
with between 0 and 1/2 (q; is thus a g-point between M and R, while g, is between X and ).

Note that such long-wave atomic arrangements can generate unusual phenomena, such as \pinched"
hysteresis polarization-versus-electric eld loop in defect-free materials®. Interestingly, the E; coupling
can also interact with other energetic couplings to provide novel physics. For instance, E; has been
found in Refs.B841 to be responsible for generating the Pbcm state of NaNbOjs, for which = 1=4 and
thus g; = (1=2;1=2;1=4) is the T-point and g, = (0;0;1=4) is the -point. However, the existence of all
these physical quantities also implies that another energetic coupling is activated, that is one coupling four
order parameters, namely '3, 17, us, and u,,, as well as an equivalent one coupling 1, 1], Uy and
Ua.,- Consequently, a polarization appears along the z-axis (which is associated with u,,), which in fact
transforms the antipolar Pbcm state into a polar one of symmetry Pca2;. In other words, the existence
of simultaneous energetic couplings leads to wondering if the room-temperature state of NaNbO; is not
Pbcm but rather Pca2,. Experiments are called for to check such recent prediction.

In summary, in this subsection we have illustrated the logic of how to guess a coupling and derive the
associated phenomenological theory based on some previous information (e.g., crystal structures of Pbnm
and related perovskites) or atomistic energies. We will now review other works on phenomenological
theories involving phenomena such as: bilinear couplings between cation displacements and octahedral
tiltings, spin and dipole canting, magnetically driven improper ferroelectricity, and some magnetoelectric
couplings, taking perovskites as a platform. We will review some experimental facts and local interactions,
and outline the ideas for deriving the energetic couplings, but (for the sake of brevity) omit the details
on how to apply the symmetry operations. We will also provide two other sections dedicated to couplings

generating electrical polarization and complex phenomena.
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3.2 Bilinear couplings between cation displacements and octahedral tiltings

One may wonder if the aforementioned trilinear energetic coupling is the lowest in order when dealing
with structural deformations. Surprisingly, it was found that there is an even lower order between cation
displacements and octahedral tilings in perovskites®. It is a bilinear coupling that has the following
atomistic form:

X
E; = Kz [UA;i;x(!i;l;y + !i;Z;y + !i;3;y + !i;4;y)
i
Uaix(Yisy + Yiey + iy + Ligy)
+UA;i;y(!i;5;x + !i;6;x + !i;7;x + !i;8;x)
uA;i;y(!i;l;x + !i;2;x + !i;3;x + !i;4;x)
+UA;i;y(!i;l;z + !i;4;z + !i;5;z + !i;8;z)
Uasiy(Yiziz + Yiaz + Yiez + Yizz) ®)
+Uaiiz(Yizy + Yizy + Visy + Yizy)
Uniz(Tisy + Yiay + Yisy + Yigy)
+uA;i;z(!i;l;x + !i;2;x + !i;5;x + !i;6;x)
UA;i;z(!i;3;x + liax + gk + !i:S:X)
+uA;i;x(!i;3;z + !i;4;z + !i;7;z + !i;8;z)
UA;i;x(! i;1;z + !i;2;z + !i;5;z + !i;G;Z)]

Note that Ref.¥ also proposed that this E; energy can be rewritten in the continuum limit by
involving (real-space) curl of cation displacements coupled with tiltings, and vice-versa (i.e., real-space
curl of tiltings coupled with cation displacements). Interestingly, Ref.[4l further demonstrated that two
speci ¢ modes each provide a non-zero  Ejz local energetic coupling: one is the , = (1=4;1=4;0) mode and
another is S; = (1=4; 1=4; 1=2). In other words, these previously overlooked couplings can be used to explain
the origin of the complex P bam ground state of the prototype of antiferroelectrics, that is PbZrO3, that has

, and S, modes#83l In fact, these modes should be considered as hybrid, in the sense that they are made
of a mixture of unusual cation displacements and octahedral tiltings, as consistent with Ref.B4, Strikingly,
the local bilinear coupling of Ref.l24l can also yield other complex structural arrangemﬁpts, inclﬁding those
(i) indexed by the 5 g-point de ned as (1=4; 1=4; 1=2) and responsible for a predicted 2 4 ~ 2 phase of
P nma symmetry in BiFeO; and Bi(Fe1-,S¢1-,)O3 systems>58l: (ii) incommensurate phases known to occur
in lead-based perovskites®? for which the modulation has an irrational repetition period; and (iii) even
the existence of an uncompensated polarization in incommensurate structural modulations of perovskite
antiferroelectrics!®8,

3.3 Spin and dipole canting in perovskites

Let us now recall that rare-earth orthoferrites RFeO31¥4 and orthochromites RCrO;E3l adopt a Pbnm
ground state (see, e.g., Figs. [p[(@) and (b)). The predominant antiferromagnetic (AFM) structures of the
transition-metal (Fe3* or Cr®*) sublattice are termed as G type, with an associated AFM vector pointing
along the a, b, or ¢ directions and denoted as Ga, Gy, or G (in our language, mg.,,, My.,,, OF Mg.,, with
B =Fe, Cr), respectively®5  Because of the magnetic Dzyaloshinskii{Moriya interaction%81  spin cant-
ing occurs in RFeO3 and RCrO3; compounds; in particular, with G, or G, ordering, weak ferromagnetism
appears with the magnetization direction being along c or a (say, mg., or mg.,, in our language), respec-
tively, which was both experimentally observed and theoretically con rmed (sketched in Figure 19111’591.

How to link the above experimental facts with symmetry-allowed energetic couplings? We can rst
notice that RFeO3 and RCrO3 are both ABX; perovskites with a (1%; 1R; 1M2) tilting pattern, and
wonder if these octahedral rotations may be the driving force for spin canting. To check this, readers may
employ rst-principles techniques and conduct non-collinear magnetism calculations for AB X3 compounds
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with various tilting patterns and predominant G type antiferromagnetic vectors along di erent directions.
As shown in Ref.® in e.g., BiFeO3, when G type antiferromagnetic vectors (on the Fe sublattice) and
anti-phase FeOg tiltings are along two perpendicular directions, there appears a weak magnetic component
along the third, orthogonal direction. Such \numerical experiments' strongly suggest a coupling involving
IR, mg. ,and mg. (B=Fe)with & & , which is fully consistent with the IR (m§ mjg) energetic
coupling derived in Section 2.3.4.

Note that, in rare-earth orthoferrites and orthochromites, as indicated above, the anti-phase tilting
corresponds to !Ey, i.e., it is along the b direction. As a result, the predominant AFM ordering, m'g;xy
(i.e., G, along the a direction) or mg., (i.e., G, along the c direction), implies the occurrence of m,
and m,,, which correspond to a weak ferromagnetic moment along the c and a directions, respectively.
Hence, the 'R (mB mg) energy coupling naturally explains the weak ferromagnetism (and associated
spin canting) in rare-earth orthoferrites and orthochromites, and ascribes the structural origin of the
Dzyaloshinskii{Moriya interaction to anti-phase tilting of FeOg or CrOg octahedra.

Furthermore, other energetic couplings (Eq. [9) regarding various kinds of magnetic structures have also

been introduced in Refs.!®2 The whole set of these couplings is given by:
Es= IR (mg mg)+ 17 (mg' mg)+ ™ (mg mpg)
+ M (mg mg)+ IR (mg my)+ ™™ (mg my) ©

for which the M and X symbols should be understood as M and X , respectively, with  and being
determined according to the rules from translation symmetry (see Section 2.3.1). , , , , and are
coe cients that characterize the strength of these interactions and are material dependent. Note also that
Equation [9 naturally explains why the R3c phase of bulk BiFeOs, and the related Cc phases of BiFeOs;
Ims, can exhibit weak magnetism when their predominant magnetic order parameter is of G-typel®.

Strikingly, readers might notice that uf transforms oppositely under 1 and 1" but identically under the
rest of the generators, as compared with mg. This is also valid for ug versus mg. In other words, (UE  ug)
and (m§  myg) always transform identically under all symmetry operations. Hence, 'R (u§ ug) can
be naturally obtained by simply generalizing 'R (mE myg) to electric dipoles! This is quite important
since the energy coupling 'R (uB  ug) indicates clearly the existence of a mechanism describing the
possible canting of electric dipoles, as similar to Dzyaloshinskii{Moriya interaction describing the canting
of magnetic moments. Referencel?® conducted rst-principles calculations that did con rm the existence of
this novel 'R (uB ug) coupling energy in perovskites and coined it the \electric Dzyaloshinskii{Moriya
interaction" 28 { to emphasize that it is the counterpart of the magnetic Dzyaloshinskii{Moriya interac-
tion8%61  |n fact, a detailed analysis proved the existence of twelve di erent mechanisms in perovskites,
all involving octahedral tiltings, that are consistent with electric Dzyaloshinskii{Moriya interactions. For
instance, the energy couplings in the electric regime, which form the electric counterpart of Eq. [9} is given
by128J

0 _ 0gR R 0q R M X Dq M M
E;= 17 (ug ug)+ " (ug ug)+ ! (ug'  Ug)
+ "M (UE U>B() + "R (US Up) + "M (u'I\B/I Ua) (10)

where ° ¢ % U U"and ¢ are material-dependent parameters. In particular, and as discussed in
Ref.12 the terms associated wth ° and ° imply dipole cantings in perovskites possessing an in-phase
tilting and a polarization whose directions are perpendicular to each other, and are at the heart of the
inhomogeneous Pmc2; phase discovered in tensilely strained BiFeO;136364 PpTiO;/BiFeO; superlat-
ticesl®® and RFeO;5 (R being a rare earth). The occurrence of these latter two terms, along with the
one associated with in Eq. [9, was further found to induce an original magnetoelectric e ect that makes
it possible to control magnetism with an electric eld®3. As a matter of fact, switching the polarization
in the P mc2, state of BiFeO3 rst results in the change of the sense of the rotation of the in-phase oxygen
octahedra, thanks to "M (u¥ ug) and 'IM (UM u,). Then, this change in rotation induces
the switching of the m¥ antiferromagnetic vector, as governed by '™ (mE mg). Note that other
magnetoelectric e ects can be designed by combining appropriate terms of Eqgs. [9 and [10]
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Let us also indicate that Ref.!2 further (i) derived six other energetic couplings that can also yield non-
collinear electric dipolar con gurations but that are not as simple as Dzyaloshinskii{Moriya interaction
(that is, they do not involve a cross product between two electric quantities); and (ii) constructed a one-
by-one correspondence between the magnetic and electric Dzyaloshinskii{Moriya interactions, strongly
suggesting that physical quantities di erent from the oxygen octahedral tiltings can be at the heart of
non-collinear electric dipolar arrangements. One obvious question for future studies is to determine what
are these latter quantities, if any.

3.4 Magnetically-driven-ferroelectricity in perovskites with two magnetic sublattices

Let us illustrate the discusssion in this subsection by focusing on the GdFeO3; perovskite. It has a Pbnm
space group (cf Figure a) 32y and the Fe®* and Gd®* sublattices are magnetically ordered when temper-
atures are lower than 661 K and 2.5 K, respectively?€7 Interestingly, GdFeO3 exhibits no polarization
until both Fe** and Gd®* adopt G type ordering, as reported by Ref.l™®. The observed polarization is
about 0.12 C=cm?, and oriented along the c-direction 2. Such small value strongly hints at the fact
that the polarization is of improper origin, and, in particular, may originate from the magnetic structures
involving both Fe3* and Gd3* sublattices. It is clear that the predominant magnetic order for Fe3* sub-
lattice is G type. However, because of the weak superexchange interaction between Gd3* sites, the Gd3*
sublattice can be ordered in diverse ways, e.g., with G , C , A , or F type orderings (see Ref.l8 for
sketches) associated with R, M, X and  points de ned in Figs. [3(a) and (b), respectively. One question
to ask is thus: which magnetic order of Gd** sublattice can give rise to the polarization of GdFeO; and
what is the responsible energy coupling?

A direct but tedious route to answer that is to start from the G type ordering for Fe®* along an
direction, and enumerate all the magnetic cases involving the Gd®* sublattice, namely G , C , A
or F type orderings along directions, with and being a, b, and ¢ (as de ned in Figs. l(a) (b))
In total, 36 magnetic con gurations can thus be considered and rst-principles simulations using non-
collinear magnetism can be performed on them, computing polarization along the way after structural
relaxation are done. This is precisely what was done in Ref.ll, Among the 36 cases, three were found to
have a polarization of about 0.4 C=cm? along the ¢ direction, which is consistent with experiments[?8,
All these three cases share the same characteristic, namely, Fe3* and Gd3* sublattices present a dual
G type ordering, with their resulting AFM vectors being aligned along the same direction. Such fact
then motivated the authors of Ref.28 to conduct additional computations, now using collinear magnetism.
These additional calculations did nd such a polarization, which strongly suggests that it does not originate
from spin-orbit interactions. For instance, it is not a result of speci ¢ magnetic DMI e ects, like the spin-
curent model 8889 valid for, e.g., BiFeO3™ and TbhMnO; ™,

Now, we aim at deriving the phenomenological theory for GdFeO; according to our above analysis.
We know that the polarization is along the c-direction of the Pbnm phase (which is also our z-axis), and
we thus pick ug., from Table |1 since we are searching for a polarization. Note that it does not matter
whether we consider ug., or u,.,, because they transform identically. We also now know that both Fe3*
and Gd®* should be ordered as G type along the same direction if we hope to induce a polarization. In our
language, we pick the mg and mR quantities along the same direction (e.g., mg., and my.,). Naturally,
we can form a coupling mg.,mR. ug., that ful lls the requirements from both translation and time-reversal
symmetries. Unfortunately, mE;Xmﬁ;qu;Z is not a symmetry-allowed energetic coupling, because under
the 2050 operation we have m§, m3. ug, ¥ mg mR. ug,. Before losing hope, we shall keep thinking
about what was omitted so far. For instance, why not also taking the structural distortion (e.g., in-phase

and anti-phase tiltings) into consideration? For instance, what about a ! 1Xmg_ mQR. ug., coupling, when
realizing that the tilting pattern is (13; 17; 1¥?) for Pbnm perovskite (see Section 3.1) and that such

a coupling is invariant when applying 2q;0 (as evidenced by looking at each involved physical quantity
in this coupling under 2q;9 in Table 1). In fact, using aII operation symmetries, it is straightforward
to nd that a symmetry-allowed energy coupling is (!31}mg. m3 ug, + IR1XmME. mR ug.,) + cp..

Similarly, starting from 1R1¥mg. m3. ug., (for which the magnetlc orderings are along the z-axis), we
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can determine that ! 3 1*mg. m3 . ug., +c:p: is another invariant. In fact, the collinear feature of the dual
G type magnetization of both Gd3* and Fe3* sublattices implies that we can involve m8 m&R. We thus
arrive at (131 }ug,, + 11 Rug., + 1R %ug. )My m3y, which is precisely one energetic coupling derived
in Ref.128 to explain the occurrence of polarization in GdFeOs. Note, however, that other mechanisms
can result in a magnetically driven polarization in GdFeO5; according to Ref.128l, For example, the shear
strain and anti-polar motions combining with m§ mR can give rise to polarization via the following
: . R R R R R R R R R R
couplings: ( xyUg., + yzUg.x + zxUg,)Mg MZ, (UaxUayUg., + Uy Ua Uy + U, Ua,Ug. )M My, and
Xy Xy

(UAXUAZ Ug., + UXXURXUg., + UaYUx)Ug )ME M3, respectively (see Ref.* for details).

3.5 High-order Magnetoelectric couplings

Higher-order couplings can give rise to ever more complex e ects that may be of interest, even for appli-
cation. As an example, we brie y note an investigation of magnetoelectric couplings in CaMnO3. Let us

rst recall that the perovskite CaMnO3; has a Pbnm symmetry and a predominant G type magnetic or-
dering@, similar to the case of rare-earth orthoferrites and orthochromites (see Figure a)). Due to spin
canting, it also shows weak ferromagnetism along the a or ¢ directions when G type magnetic vectors are
along the c or a directions, respectively!”. The underlying mechanism is similar to the one describing the
spin canting in Section 3.3. Morever, under tensile strain, Pb2;m and P 2;mn phases have been predicted
to happen, the latter being the ground state and the former being metastable#7  Unlike the Pbnm
state, these two phases are polar with a polarization pointing along the b and a direction, respectively (see
Figure [5(a)) for these directions). Furthermore, by applying electric eld along the b direction, it should
be possible to transform the P2, mn into the Pb2;m state. During the switch of the polarization from a to

a, b to b oratob, the weak ferromagnetic moments are greatly changed, according to rst-principles
calculations; magnetoelectric coupling is thus demonstrated 4. Interestingly, Ref.[4l determined that such
magnetoelectric coupling is of high-order, namely of the form

— R R RmR R R
E5 - 1(UB;qu;y !x m,.m, + uB;yuB;z !y my m, + uB;zuB;x!z m; my
R R RR R R
uB;qu;y !y my mz uB;yuB;z !z mz mx uB;zuB;x!x mx my) (11)
+ 5(Ug . Ug., 1RMm + ug. ug, 1RmRm, + ug.,ug. 1 Rmim
2\MB;xYB;y = x 'z ix B;y¥YB;z=y "''x 'y B;z¥B;x=z "'y "'z

RAR RAR RAR
uB;qu;y!y mz my uB;yuB;z!z mx mz uB;zuB;x!xrny mx)

3.6 Other energy couplings involving electrical polarization

There are, in fact, a plethora of symmetry-allowed energy couplings that involve polarization. The aim of
this section is to brie y mention some of them, putting an emphasis on their physical consequences.

For instance, one may wonder if, in addition to the couplings indicated in Sections 3.1 and 3.2, there
are other energies involving both polar cation displacements and tilting of BXg octahedra. The an-
swer is de nitely yes, since the following bi-quadratic couplings are known to exist in perovskitestl:
LRI RUALUAKHCP:, IR IR UG Ug o +Cip:, TRIRUA Uay FCip, TR RUG U +Cip:, 1XU XU, Uy, +Cips,
L XU Ug o +Cip:, XU Xup uay +oip:, U XU ug., +cip:. Interestingly, these couplings were
typically found to be competitive in nature, e.g., a tilting occurring about an -axis tends to annihilate
the development of the polarization along such axis, and vice-versal/4,

On the other hand, there are other bi-quadratic couplings that are collaborative in nature. They are of
the form, 1R1Ru Up,, +Cip:, PRI RUG UG, + Cips, UV, U, + ciprand 1YWY ug, ug, + Cip.
Such couplings can, e.g., explain why various phases possess a R3c phase where polarization along < 111 >
pseudo-cubic directions coexist with tiltings about the same direction!®74, They may also induce novel
phenomena such as a structural transition possessing several order parameters with none of them being
primary, that is, a phase transition that is neither proper nor improper but rather of special trigger-type
nature ™71,
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Even more surprising is the recent discovery of another collaborative high-order interaction in Ref. [,
It is quadratic in cation displacements and quartic in tiltings, say (UaxUax + UayUay + Ua,Ua ) (AR IR +
TXIR+1RIR)2 It can result in ferroelectricity induced by universal steric mechanisms, and induce unusual
behavior, such as an enhancement of all the three Cartesian components of the electric polarization under
hydrostatic pressure or compressive epitaxial strain. Such coupling appears to be important in ABXg
perovskites with small A cations, such as ZnSnO; 8,

There are also couplings between other quantities and polarization, in perovskites or non-perovskites.
For instance, a Jahn-Teller distortion Q can interact with the electrical polarization P (e.g., u, or ug)
in perovskites via, e.g., couplings of the form PQuN'54 and P2QIM 4 (notice that, for simplicity, we
omit the details about the spatial directions associated with displacement u, tilting I and the M point in
these expressions). Such energy terms lead to an electric- eld manipulation of Jahn-Teller e ect, orbital
ordering and magnetic orderings 6477,

Furthermore, other original energy coupling were found in the so-called NH,CdCl;-type structures 784
which were also denoted as post-post-perovskite in Ref.l5. This is a trilinear coupling involving the polar
mode and two pseudo-Jahn Teller deformations, and has the potential to make some magnetic systems
multiferroic { such as rare-earth manganites!®l,

Another example: in hexagonal rare-earth ferrites, a symmetry-allowed energy involves the polarization
and the so-called K3 mode®®®8l via a term that is proportional to P K3. It also results in a strengthening of
the polarization under pressure, as a consequence of the natural pressure-induced increase of the amplitude
of the K3 mode®4,

Similarly, a polar Pmc2; phase was recently found from rst-principles in some brownmillerite materi-
als®®l with the associated electrical polarization originating from an original energy coupling that is linear
in the polar mode, quadratic in another distortion associated with a 3 mode and linear in a X, mode.
Due to such couplings, the resulting ferroelectricity can be considered to be of novel type, since it di ers
from previously reported proper, improper, hybrid improper, and triggered Kkinds.

As regards magnetoelectric e ects, in addition to the mechanisms indicated in Sections 3.4 and 3.5,
the electrical polarization, P, can couple with magnetism via other ways. For instance, it was recently
predicted that the polarization of 134-type AAYB4O;, perovskites, such as LaMnsCr,O1,, can be induced
thanks to three original and previously overlooked interaction terms for which other physical quantities
mediate the coupling between G-type antiferromagnetic vectors?®, These quantities are oxygen tiltings or
shear strain, and the resulting couplings are given by®: . . j  jGM"GCp , IM . GMNGCp
(Gynegr+6yne§fr+eyn6§:r) 03P, ) JGMG*" P Land .  JGMG*" P,
where '™ P, and G are in-phase CrOg tilting, polarization, shear strain and magnetic orders (associated
with Mn and Cr sublattices), respectively. (, ,and being X, y, or z) is the Levi-Civita symbol
whose value is 1 for being even permutation, 1 for odd permutation and 0 otherwise. Such energies
explain why LaMn3Cr,01, has a polarization %% Note that, strictly speaking, LaMns;Cr,01, is not the
same as the perovskites ABX3. As a result, the order parameters de ned in Table [T can not be directly used
for LaMn3Cr;O4,. Readers may treat it as an example to understand how to construct phenomenological
theory for non-perovskite materials as shown in Section 2.3.5 and Ref. 2,

Another original magnetoelectric e ect was found in the boracite family, explaining why electric- eld
control of magnetism can occur there®®, thanks to the coupling of the form MM, P, +MyM,Py+M,M,P,,
where M and P are magnetization and polarization order parameters. Such magnetoelectric e ect was
further put in use to predict that the LaSrMnOsOg perovskite should be a near room-temperature and
switchable multiferroic, having rather large ferroelectric polarization and spontaneous magnetization as
well as strong magnetoelectric coupling 51,

Moreover, the rst-principles calculations of Refs.FX%l predicted the occurrence of an electrical po-
larization near magnetic domain walls in both perovskites and rare-earth iron garnegs, via a so-called
symmetric exchange-striction mechanism. This e ect implies that P can be written as  _; ;- P&k Si Sj,
where the summation is over all the spin pairs and P%l is the polarization coe cient vector associated
with the < i;j > spin pairl®%l,

The electrical polarization, P, can also play a role as part of the magnetic DMI vector, via the energy
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provided by the spin-current model®8&9: C(P ;) (m; m;), where C is a coe cient and ej; is the unit
vector joining the sites i and j, which possess the local magnetic moments m; and m;j, respectively. This
spin-current model has been recently used to model and understand magnetic cycloids of the multiferroic
BiFeO3 perovskitesT0H103l in general, and to predict that one can make a right-handed cycloid becoming
left-handed (or vice-versa) by applying an electric eld% in particular.
It is also important to mention that several physical quantities, including non-trivial ones, can simulta-
neously interact with each other, giving rise to interesting phenomena. For instance, Ref.lX%! revealed, via
rst-principles calculations and their analysis, that one can control magnetization, Jahn-Teller distortion
and orbital ordering via an electric eld in some ferroelectric ferromagnets. This is because of three di er-
ent types of energetic coupling: one coupling polarization with anti-phase and in-phase oxygen octahedral
tiltings Py 1R1Mz and PylyR-Q"Z, a second one coupling polarization with anti-phase oxygen octahedra
tilting and Jahn-Teller distortions P, !RQ, and Py1y RQ,, and nally a biquadratic coupling between anti-
phase oxygen octahedral tilting and magnetization !)'f 5mB xMg.y- Of comparable complexity was the
recent prediction that an electric- eld (E) can switch magnetic topological charge (Q) in a controllable
and reversible fashion in some Type-1 multiferroics™®!. This mechanism happens through the mediation

of electric polarization (P) and Dzyaloshinskii-Moriya interaction (D), and was coined EP DQ.

3.7 Some \exotic" energetic couplings

Regarding topology, electrical topological defects can also occur, in addition to magnetic ones. For in-
stance, electrical vortices, nanobubbles, dipolar waves, disclinations and skyrmions were predicted 20%112]
and recently experimentally con rmed 0213118l - Sych complex arrangements can have their own order
parameter, such as the so-called electrical toroidal moment Tg for polar vortices, which consists of aver-
aging the cross product of local electric dipoles with position of these dipoles over the whole system 207,
These \exotic™ order parameters can, in principle, couple with other physical quantity, and generate novel
e ects. Of particular importance may be the coupling of the electrical toroidal moment with polariza-
tion and strain which are of the general form (when also incorporating coupling between polarization and
strains): ik ijkTEi Te;j kit ijkTEi TE;jPkPI+0ijiPiPj )+ ihiTe; with h; being the Tg;;’s conjugate

eld (that is, the curl of the electric eld)®7. Such couplings were predicted to (i) make the materials
spontaneously optically active; and (ii) allow the systems to transform from their dextrorotatory to laevoro-
tatory forms (and vice-versa) via the application of an electric eld. Optical rotation of polarized light, as
characterized by gyrotropic coe cients, was further found to be possibly maximized at room temperature
by such application too, thanks to these couplings*8.

The electrical toroidal moment can also interact with BXg octahedral tiltings, in analogy to the bi-
quadratic coupling between polarization and the tiltings indicated in Section 3.6. Such coupling can
induce unusual patterns of these tiltings according to Ref.l*19. It can also generate novel phenomena:
applying the curl of an electric eld along some speci c directions to a system with a predominant G-type
antiferromagnetic vector can rotate Tg and, thus, also the axis about which BXg octahedra tilt in anti-
phase fashion (because the electrical toroidal moment couples with these tiltings). This, in turn, makes the
weak magnetization rotate (because of a tilting-driven DMI indicated in Eq. [9). In other words, applying
curled electric elds can result in a control of the direction of the magnetization (note that it can also
result in controlling the magnitude of the magnetization for other directions of the curled electric elds).
This constitutes what was coined the \magnetotoroidic™ e ect in Ref.!229,

Other subtle interactions can also involve Tg. For instance, it can interact with zero-point atomic
vibrations in some speci ¢ systems, such as KTaO; dots, e ectively annihilating the electrical toroidal
moment29, Such a vanishing is reminiscent of the quantum-induced annihilation of the electrical polar-
ization in systems known as incipient ferroelectrics® 21, Hence the name \incipient ferrotoroidics' given to
materials like KTaO; dots in Ref.l224, Note also that, as indicated in Ref.[23 time-dependent electrical
toroidal moment has the dimension of a magnetic moment and can also be expressed as a product of the
polarization and its time derivative. Consequently, Ref.l223 predicted that pulses of magnetization can
occur in nominally nonmagnetic systems, if they adopt nanoscale ferroelectric domains that are moving
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under the application of a GHz electric eld. These striking magnetoelectric e ects are, in fact, consistent
with those observed and interpreted starting in the 1980’s in Refs, [L24{128]

Let us nish this presentation of \exotic" couplings by mentioningpan energy that was rst proposed
based on symmetry arguments alonel®. It is of the form: E = & (r (E H)) M(r) d®, where
a is a material-dependent constant, r is the position vector, E and H are electric and magnetic elds,
respectively, and M(r) is the magnetization eld. Such an energy can be considered as the coupling
between the electromagnetic angular momentum density and magnetic moments, and was accordingly
coined \AME for Angular MagnetoElectric coupling” in Ref.29 |t was later found to originate from the
relativistic Dirac equation, and, in fact, completes the traditional spin-orbit interaction by making the
sum of the two interactions gauge-invariant (neither the traditional spin-orbit Hamiltonian nor the AME
Hamiltonian is gauge invariant by itself)[239. \ery surprisingly, this AME energetic coupling was found to
reproduce in a straightforward manner (i.e., via simple analytical derivations) the spin-current model !,
anomalous Hall e ect3II331 anisotropic magnetoresistance and planar Hall e ects23#135 jnterface-driven
Rashba-Edelstein e ectsS8I38l jnverse Faraday e ecti3013%1421 and some uncommon spin-orbit-driven
spin-torque termsi43147 - This AME interaction may be further put in use to understand other complex
phenomena or even perhaps design novel ones.

4 Summary

Using perovskite as a model system, we have shown how to de ne the order parameters, to obtain their
transformations, and to derive symmetry-invariant energetic couplings. In particular, we have reviewed
some previous works dealing with energetic couplings for perovskites and describing e.g., structural distor-
tions, spin (dipole) cantings and magnetically driven ferroelectricity.

Let us brie y summarize the basic principles and procedures that allow us to deduce such energetic
couplings. First, readers should notice that, when deriving energetic couplings, one has to de ne the
order parameters and the transformations under symmetry operations. For this purpose, the target phase
(e.g., phase to be investigated) and a high-symmetric reference phase are both needed; the order parameter
(characterizing the target phase) and its transformation properties are de ned with respect to the reference
phase. Then, the principle to obtain energy couplings is that the interaction terms involving various
order parameters, irﬂ‘i; ., must be invariant under all the symmetry operations of the reference phase
(i.e., translation, time-reversal, rotation symmetry operations). There are many possible couplings to

nd, but the constraints by translation and time-reversal symmetries drastically reduce the number of
possible invariants, and the rotation symmetry further restricts the energetic couplings. Hence, the task
of identifying the speci c ones connected to experimental phenomena gets much simpli ed.

To determine the energetic couplings, one basically proceeds as follows:

e Based on the target phase, nd its high-symmetric reference phase, a phase from which the target
phase can be reached by reducing the symmetry (e.g., phase transition).

e De ne the order parameters relating the reference and target phases. The order parameters may be
related to either structural distortions or magnetic arrangements.

« Find the generators of the symmetry operations of the reference phase and identify the transformations
of the order parameters according to these generators.

e Link each order parameter with itsq point (in the rst Brillouin zone) according to its transformation
by lattice translations (listed in the set of generators).

e Guess a coupling involving the relevant order parameters. The translational symmetry requires the
sum of the q points (of the order parameters involved in the energy coupling) to be a reciprocal
lattice G vector. The time-reversal symmetry requires the magnetism-related order parameters to
have a total even power.
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« Verify that the guessed coupling does not \disappear" by rotation symmetry operations. If it does,
this coupling is not a symmetry invariant; hence, go back to the previous step and consider a new
coupling. If the coupling does not disappear, nd its corresponding \closed" form and verify that it
is indeed an energetic coupling. For the meaning of \closed", see Sections 2.3.3 and 2.3.4.

e Try linking the derived energetic coupling with the experimental phenomena, or make your prediction
(and verify it) according to the energetic coupling.

Indeed, the derivation of a phenomenological theory is not an easy task. It usually requires trial and error
by deeply considering the information at hand, such as experimental measurements and/or rst-principles
calculated data. An alternative way to generate the energy couplings is to use the INVARIANTS module
in the ISOTROPY Software Suite (https://stokes.byu.edu/iso/invariants.php). Interested readers
might check the manual, verify the energetic couplings mentioned in the above sections, and generate their
own invariants.

Before we conclude we should stress that, while in this article we have discussed a large variety of
couplings and e ects, our compilation is by no means exhaustive. Indeed, particularly in recent years,
there are plenty of examples of interesting multi-functional couplings and ever-more-complex phenomena
being discussed in the literature. One especially interesting category relates to the e ects associated to
spatial gradients of the ferroic order parameters (e.g., exoelectric couplings), which would warrant a review
of their own. We refer the interested reader to Refs. 148151 tg get a feeling of the recent developments on
that front.

We should also emphasize that another all-important aspect: When one develops a phenomenological
theory to explain a set of experimental or computational data, one typically aims at identifying the simplest
model (simplest energy couplings) that are able to account for the data. However, achieving this does not
necessarily imply that the identi ed simple theory is correct; indeed, new data could prove it incomplete
and requiring an extension. The case of PbZrO; is a likely example of this. The trilinear and harmonic
couplings discussed, respectively, in Refs.H8l and[?4l o er a plausible explanation for the stability of the
observed ground state of the compound. However, new rst-principles data point at the possible key role
of other exoelectric-like couplings™® of the type introduced in Ref.[’*1  suggesting that a re ned theory
is needed. This \need for re nement" can potentially apply to all the speci ¢ examples presented here.

In sum, we hope that the techniques described in this crash course, and the cited softwares, will provide
some assistance for researchers in the development of phenomenological theories tackling (multi)functional
e ects in ferroic materials. We also hope that the sections in which we review work on speci ¢ couplings
and e ects may be of interest to scientists working on these ever-surprising compounds.
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1

2 Table 1: Transformation rules for various order parameters in ABX3 perovskites. The order parameters of tiltings (for the
3 BXg octahedra), displacement and magnetism are represented by I, u, and m, respectively. Also, we adopt the convention
4 that the symmetry operators are centered on the A site. FE, AFE, FM and AFM wordings denote that the corresponding

order parameters belong to the ferroelectric, anti-ferroelectric, ferromagnetic, and anti-ferromagnetic categories. Some order
7 parameters and their transformation rules have already been proposed in, e.g., Ref. 28l

8

9 2001 2000 3111 2110 1 1"
10 IR IR IR IR R IR IR
11 IR IR 1R !f* !f IR IR Tiltings (R point)
12 l)ée | F%/ IR IR IR Ii\éQ I]\é2
=z 4 -z =X A -z -z
ii | MXx ] Mx | MXx 1 My | My | MXx | MXx
15 My 1My iMy Mz MMy MY Tiltings (M point)
16 |¥\/Iz |K/Iz |K/Iz 1 Mx 1Mz |K/Iz |K/Iz
17 uEe GR GR u)F(* uEe uée uEe (B site)
18 B;x B;Xx B;x By By B;x B;x .
19 ug.y UR.y ugéy ug., Usx  Upy Up.y AFE (R point)
52 US;Z US;Z l"IB;Z UE;X US;Z UE;Z UE;Z _
5> Ug.x Ug.x Usx Ugy  Ugy Ug.x  Ugiy (B 5|te_)
23 Ug.y Ug.y Ug.y Ug;, Ug.x Ug.y Ug.y FE ( point)
;g uB;z uB;z uB;z uB;x uB;z uB;z uB;z
XX XX XX Xy Xy XX XX
X X X X X
27 Usy  Usy Usy Usz Usyx  Usy - Usy
XX XX XX y y XX XX
gg u;B(;z l:(B;z uB);(z uB;x uB;z U;B(;z U;B(;z
y y y Xz XX y y P
30 U)B(;x U>B(;x l')I<B;x Usiy Usiy u)B<;x u>B(;x (B site)
31 Ugy  Ug) Ugy  Uaz  Uzx  Ugy  Ugy AFE (X point)
§§ Uzb((?; U;B(;}; l:(B;); usz;Zx U;B:;)é UEB?; UEB((;};
z z z X z z z
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z z 4 X z z z
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4 z 4 X z z z
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40 Mx M x Mx My My Mx M X
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z X 1
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Figure 1. Sketches of displacement (b), rotation of BXg octahedra (e) and magnetization (h) vectors, and their transforma-
tions under time reversal (a, d, g) and inversion (c, f, i). In panel b, the inversion center locates at the position bisecting \a"
and \a""; in panel e, the inversion is centered at the B ion (green sphere); in panel h, the inversion is the center of the cyan

circle.
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52
53 Figure 2: Sketches of anti-phase (a) and in-phase (c) tiltings of BXg octahedra about the z direction for ABX3 perovskites,

54 and their representations by the ! vectors (b, d). Here, the green and yellow spheres denote the B and X ions, while the A
55 ions are not shown for clarity.
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Figure 3: De nition of ¢ points and the modulations. Panel a shows the A or B sublattices in ABX3 perovskites. Panel b
de nes the modulations of various q points; the number (1 to 8) denoted the ions labelled by numbers in panel a; the symbols
(e.g., , R) mark the q points. Also, in panel b, the cyan and yellow colors indicate that the physical quantities centered
on the corresponding ions are with plus and minus signs, respectively. Panels ¢ and d are examples of magnetic structures
and structural distortions (see Text); the blue and red arrows are magnetic moments and displacements, respectively.
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Figure 4. The transformations of order parameters under the rotational operations 2119 and inversion 1. Panels a and d
are the patterns of ué?; and m>B<;>§, respectively. Panels b and e (respectively, ¢ and f) are the transformed patterns by 2;1¢

6 (respectively, by 1). The magnetic moments and displacements are represented by blue and red arrows, respectively. The B

ions are shown as green spheres, while the 2555 rotational axis and inversion center are denoted by yellow arrow and small
yellow sphere (e.g., centered on A ion of ABX3), respectively.
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Figure 5: Panels (a) and (b) are sketches of the Pbnm perovskite ABX3. Panel (a) is its three-dimensional view with the
anti-phase tilting of BXg shown along a + b direction; panel (b) is the top view with the in-phase tilting of BXg along ¢
direction (also, z direction). Panel (c) sketches the 14=mcm perovskite ABX3.

Figure 6: The sketches of the anti-polar motions (of A and A® ions) in perovskites. Panels (a) and (c) are the (u;f;zx; uﬁ;zy),

and (uﬁ;x; uﬁ;y) motions of Pbnm AB X3 perovskite, respectively. Panel (b) shows the displacement mode for ABX3=A'B X3
superlattice. The lattice and Cartesian coordinate systems coincide with Figure
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Figure 7: Two typical magnetic structures associated with the B sublattice (green spheres) in ABX3 perovskites. The blue
and yellow arrows denote the G type antiferromagnetic components and weak ferromagnetic components, respectively. The
lattice and Cartesian coordinate systems coincide with Figure E}



