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Abstract

Portfolio optimization requires sophisticated covariance estimators that are
able to filter out estimation noise. Non-linear shrinkage is a popular estimator
based on how the Oracle eigenvalues can be computed using only data from
the calibration window. Contrary to common belief, NLS is not optimal for
portfolio optimization because it does not minimize the right cost function
when the asset dependence structure is non-stationary. We instead derive the
optimal target. Using historical data, we quantify by how much NLS can be
improved. Our findings reopen the question of how to build the covariance
matrix estimator for portfolio optimization in realistic conditions.
Keywords: Portfolio Optimization, Covariance matrix filtering, Non-linear

shrinkage

1. Introduction

Covariance filtering is essential in multivariate Finance (Michaud, 1989)
and in all scientific fields (see Bun et al. (2017) for a recent review). A very
popular family of estimators filters the covariance matrix by only changing
its eigenvalues while keeping its eigenvectors untouched. They are known
as Rotationally Invariant Estimators (RIEs). The best known RIE is linear
shrinkage (Ledoit and Wolf, 2004). More recently, several methods of non-
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linear shrinkage (NLS) have been introduced (Ledoit and Péché, 2011; Ledoit
et al., 2012; Bartz, 2016; Bun et al., 2016). NLS asymptotically converges to
the Oracle estimator, which minimizes the Frobenius (element-wise square)
distance between the filtered and the true population covariance matrix. The
asymptotic limit corresponds to infinitely large data matrices at fixed aspect
ratio (the number of lines divided by the number of columns). Two important
conditions must be met to achieve this convergence: the dependence structure
between the time series must be constant, and the price return distribution
must not be too heavy-tailed (Ledoit and Péché, 2011; Ledoit et al., 2012;
Bartz, 2016; Bun et al., 2016).

Because NLS is provably a best estimator is some sense, it is also widely
used for portfolio optimization (Bodnar et al. (2018); Ding et al. (2021);
Rubio et al. (2012); Yang et al. (2015, 2014); Sun et al. (2019); Zhao et al.
(2021) among hundreds of references), including in the much cited the state-
of-the-art combination of dynamic conditional covariance and NLS (Engle
et al., 2019; De Nard et al., 2022). This results from the implicit belief that
Frobenius-optimal eigenvalues are also optimal for portfolio optimization,
or equivalently that the Oracle eigenvalues inevitably provide the best (or
almost the best) eigenvalues for portfolio optimization. There is however no
proof that it is actually the case.

Our main hypothesis is that the covariance matrix eigenvalues that are
best for global minimum variance minimization do not coincide with the Or-
acle eigenvalues and thus that non-linear shrinkage is not optimal in general.
A conceptually simple way to demonstrate this hypothesis is to compute the

RIE eigenvalues that do yield the optimal Global Minimum Variance port-



folio and show that this RIE outperforms the Oracle. Such an estimator is
obtained solving a quadratic programming problem, which admits an optimal
solution different from the Oracle.

We investigate with real financial data where this discrepancy comes from
and reversely in which conditions the NLS is a good approximation to the
optimal eigenvalues. We found that only when both calibration and test
windows are very large with respect to the number of stocks and when the
covariance coefficients between calibration and test differs only due to sample
size noise (in other words, both sample covariance matrices have the same
expected covariance matrix), then the two estimators share similar perfor-

mances.

2. Problem Statement

Consider n price return time series split into a calibration time window
of length d;,, and a test time windows of length d,,;, and let us denote the in-
sample (empirical) covariance matrix by 3™ € R"*" and the out-of-sample
(realized) covariance matrix by X°" € R™ " respectively. According to the
spectral theorem, the in-sample covariance matrix can be decomposed into
a sum of terms involving its eigenvalues A = ()\;) € R™ and their associated

eigenvectors components v; = (vy,) € R" as
= ZWEE (1)

An RIE estimator Z(\*) uses filtered eigenvalues, which yields the spectral

decomposition

Z(\)ig Zﬂﬁﬁ, (2)



where \* are a set of filtered eigenvalues obtained with some procedure and
 are still the eigenvectors of 3.
We aim to compare the filtered eigenvalues from NLS and from the ones

that are actually optimal for portfolio optimization.

2.1. Oracle Eigenvalues

The Oracle eigenvalues are obtained from the out-of-sample covariance

matrix from

/\kOracle - Z ZU Zout jk? (3)

i=1 j=1
where v'™ are the in-sample eigenvectors.
Such an eigenvalue correction provably produces an estimator that mini-

mizes the Frobenius norm (Ledoit and Péché, 2011; Bun et al., 2016)
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i=1 j=1
2.2. Optimal RIEs for GMV Portfolios

The simplest portfolio optimization problem (and the most relevant one
to assess covariance filtering methods) is Global Minimum Variance (GMV)
portfolios. We denote the fraction of capital assigned to each possible asset
i =1,---,n by w € R". GMV portfolios aim to minimize the realized
portfolio variance 3°" at fixed net leverage >, w; = 1. Mathematically, the

problem can be written as the function of the weights as

n n N
mui)n Z Z wS w;  with Z wg = 1. (5)

i=1 j=1 k=1



This problem is readily solved if the future is known: the optimal GMV

weights are given by

(Eout)fl e
Wopt = W (6)
where e = 1,--- , 1 is a n-dimensional vector of ones.

The main contribution of this paper is to show how not optimal NLS is for
GMYV portfolio optimization in a practical context. To this end, we compute
the GMV-optimal RIE, which constrains the weights w to be written as
a function of Z(A\*) instead of 3°"*) the optimization variables being Z’s
eigenvalues. The optimal weights are now

215k
DD =

where =71 is the inverse covariance matrix RIE whose spectral decomposition

(7)

W =

is
=5 = Z T Uk (®)

It is important to point out that the denominator of 7 is a normalization
factor which ensures that the sum of the weights equals one. Equation 7 is

thus equivalent to

— =—1. —
wp =30 s k=10

ZZ:l Wy = 1.

Another important point is that the optimal GMV portfolio obtained from

(9)

9 and 8 does not depend on the scale of the eigenvalues A (or, equivalently,
the average volatility). Thus, the only constraints we must impose on the

eigenvalues is their non-negativity

1
Ck::FZO; for k=1,---,n. (10)
k



Finally, the full QP problem is expressed as

: n out
Mily =10 D oq Wik W;

subject to  wy =7, Elzjl; k=1,---,n
D wy =1 (11)
B = Yo GOV =1, n

Eq. 11 defines a convex Quadratic Programming problem, which can be
solved by numerical methods. In this QP problem formulation the variables

-1

w and E7 are slack variables that will be identified by the optimization

algorithm. In total, the QP has n(n + 5)/2 variables: n for w, n(n +1)/2

! as the inverse covariance is symmetric, and n for ¢ which are of

for 2~
interest here. The number of constraints are (n* + 5n + 2)/2. The resulting
optimal (j can be then normalized to have a set of eigenvalues whose sum
equals expected volatility.

The procedure described above does not guarantee an ordered sequence

of optimal eigenvalues. Let us therefore add n — 1 ordering constraints to

Eq. 11, which yields

: n yout,,, .
ming z-1,0 Y. w; X w;

subject to  wy = Z?:1 Egjl; k=1,---.n
Do Wi =1 (12)
=y = Yot QU G =1,
Ce =05 k=1,---,n
Ce = Cr—1; k=2,---,n.

These constraints necessarily imply a less optimal solution with respect



to the unsorted case. A Python implementation of both QP problems is

available from Bongiorno (2021).

3. Results: real Global Minimum Variance portfolios

We apply both estimators to a data set of adjusted daily returns of the
most capitalized US equities spanning the 1995-2017 period.

The experiments are carried out in the following way. We randomly select
two contiguous time intervals [t — 0y, t[ and [t, £+ doue | from the whole period,
remove all the stocks which have more than 20% of missing values or zero
returns, and discard any two stocks with an in-sample correlation larger than
0.95. From the remaining assets, we randomly select n = 50 stocks and we
compute Y™ and X" from the two intervals respectively.

From the eigenvector basis of ¥ and X°" we compute the optimal eigen-
values (Egs (11)), the sorted optimal eigenvalue and the Oracle ones (Eqs
(12)) and the Oracle eigenvalues, which optimize the Frobenius norm. We
stress that NLS aims to approximate the Oracle eigenvalues, thus produces
slightly worse results Bongiorno et al. (2021). For that reason, we only
include the Oracle eigenvalues in our study. Finally, we compute the out-of-
sample (realized volatility) of GMV portfolios for each RIE.

In the upper panels of Fig. 1, we show the average annualized volatility
over 10,000 portfolios with randomly chosen assets at random times. The
performance ranking is always the same one: applying Oracle correction is
always better than using only the past (X, and the weights from the QP
problem are always better than the Oracle RIE.

One notices a large gap between the Optimal and the Optimal sorted
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Figure 1: Realized volatility as a function of the out-of-sample period length. The upper
panels display results from the original data, while the lower ones use stationarized data.
The vertical black dotted lines refer to the transition point n = dyyt to a positive-defined
out-of-sample covariance matrix. Matrix inversion of X for dous < n 4+ 1 is obtained with
a pseudo-inverse (Pantaleo et al., 2011). Averages over 10,000 portfolios of n = 50 random

assets in random periods from daily data (large capitalization US equities).



weights; when 0, < n-+1, this gap comes from the fact that when 6,y < n+
1, the out-of-sample covariance matrix is not positively-defined. This means
that there are d = n + 1 — oy null eigenvalues which imply an eigenspace
of dimension d from which every portfolio will have null variance. This is
a purely mechanical effect that cannot be exploited from in-sample data
only. This gap disappears when the monotonicity of the filtered eigenvalues
is imposed. Interestingly, when oy > n + 1 the difference of performance
between all the methods remains approximately constant until d,,; reaches
very large values (1000 days, i.e., about 4 years of data). The phenomenon
occurs when the in-sample window size ¢;, increases from 200 to 2000. This
effect comes from the non-stationarity of the dependence structure in the
financial data we use. As a consequence, very large calibration or test periods
produce out-of-date eigenvector bases.

To confirm this hypothesis, we stationarize the in-sample and out-of-
sample time-series. The idea is simply to shuffle the in-sample and out-of-
sample days of each subperiod [t — diy, ¢ + dout[, in such a way that both the
in-sample and out-of-sample holds a similar proportion of past and future
days, which yields the same expected covariance matrix in both periods. In
the lower panels of Fig. 1 we show that increasing both d;, and d,, on two
stationarized time-series reduces substantially the bias. This comes from the
fact that in these conditions, the in-sample and out-of-sample eigenvector
bases tend to be very similar. If either of the two time-window lengths are

reduced, the similarity between the two eigenvector bases decreases.



4. Conclusion

Covariance filtering for portfolio optimization, while having progressed
much in the last decades, still needs fundamental improvements. The prob-
lem lies in the nonstationary nature of dependence in financial markets, which
conflicts with one of the main assumptions of the optimal stationary RIE,
and which implies that the Frobenius distance is not the right cost function
for the optimal RIE in a non-stationary world. The correct optimal RIE, de-
rived in this work, currently does not have any asymptotical estimator that
use only in-sample data, and thus, finding the optimal covariance cleaning
scheme for equity markets is still an open question.

Any improvement will mechanically improve on the state-of-the art DCC+NLS
scheme (Engle et al., 2019). The simplest route is to keep improving RIEs
for which many exact asymptotic results are known (Bun et al., 2017). For
example, we recently showed that a long-term average approach of the Oracle
eigenvalues outperforms the Oracle eigenvalues in systems with nonstation-
ary dependencies such as US and Hong Kong equity markets (Bongiorno
et al., 2021).

We finally note that a RIE does not filter the noise in the eigenvec-
tors which contain useful additional but noisy structures. A way to filter
the latter is provided for example by ansatze such as hierarchical clustering
(Tumminello et al., 2007) or probabilistic hierarchical clustering (Bongiorno
and Challet, 2021, 2020), which outperform the optimal stationary RIE for
GMYV portfolios when é;, < 2n and DCC+NLS when the asset universe keeps
changing, as it is the case in real life. An alternative route is to train a deep

neural network to learn to predict both the eigenvalues and the eigenvectors.
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