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Abstract

For time-delay systems, it is known that global asymptotic stability is guaran-
teed by the existence of a Lyapunov-Krasovskii functional that dissipates in a
point-wise manner along solutions, namely whose dissipation rate involves only
the current value of the solution’s norm. So far, the extension of this result to
global exponential stability (GES) holds only for systems ruled by a globally
Lipschitz vector field and remains largely open for the input-to-state stability
(ISS) property. In this paper, we rely on the notion of exponential ISS to extend
the class of systems for which GES or ISS can be concluded from a point-wise
dissipation. Our results in turn show that these properties still hold in the
presence of a sufficiently small additional term involving the whole state history
norm. We provide explicit estimates of the tolerable magnitude of this extra
term and show through an example how it can be used to assess robustness with
respect to modeling uncertainties.
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1. Introduction

The input-to-state stability (ISS) framework has become a central and clas-
sical tool to study stability and robustness of nonlinear systems. Originally
developped for systems described by ordinary differential equations [1, 2], it has
progressively been extended to infinite-dimensional systems |3, [4].

A particular class of infinite-dimensional systems is that of time-delay sys-
tems. Due to the peculiarities of this subclass, it has been the subject of specific
ISS developments initiated with the works H, Ia] ISS for time-delay systems has
now become a mature topic, but some fundamental questions remain open.

In particular, a Lyapounov-Krasovskii functional (LKF) characterization of
ISS was provided in |7, 8]. This characterization requests that the dissipation
of the LKF along the system’s solutions is expressed in terms of the LKF itself
(LKF-wise dissipation). This requirement turns out to be rather unhandy in
practice. More crucially, it is not in line with the LKF characterization of global
asymptotic stability, in which the LKF is allowed to dissipate merely in terms of
the current value of the solution’s norm (point-wise dissipation) |9]. To date, it
is not known whether ISS can be ensured through a point-wise dissipation [10],
although this question has recently received a positive answer for the weaker
notion of integral ISS ]

Even in the absence of exogenous inputs, point-wise dissipation is not yet
fully understood. In particular, the possibility to ensure global exponential sta-
bility with a point-wise dissipation still constitutes an open question. A partial
answer was given in |12], but only for systems ruled by a globally Lipschitz
vector field. A positive answer to this question would complement the existing
arsenal to establish GES, including the Razumikhin approach ] and Halanay’s
inequality , p. 378].

In this paper, we significantly enlarge the class of systems for which ISS or
GES can be established under a point-wise dissipation. To that aim, we focus
on the exp-ISS property, which is a particular case of ISS in which the influence

of the initial state is requested to decay exponentially. In particular, exp-ISS



ensures GES for the corresponding input-free system. We provide growth condi-
tions under which a point-wise dissipation is enough to conclude exp-ISS. These
conditions may take two forms: either left or right, depending on whether the
increase rate or the decay rate is restricted. Both these conditions turn out
to be automatically satisfied when the vector field is globally Lipschitz, but we
show through examples that the proposed growth conditions encompass a much
wider class of systems, thus significantly generalizing the results in ]

While making the analysis simpler, the use of a point-wise dissipation com-
plicates the analysis of robustness to modeling errors or parameter uncertain-
ties, as compared to an LKF-wise dissipation or a history-wise one (in which
the LKF is requested to dissipate in terms of the whole state history norm).
To address this issue, we allow for an additional quadratic positive term in the
LKF’s derivative. This term involves the full state history. Since the dissipation
is only in terms of the current solution’s norm, the derivative of the considered
LKF is thus no longer guaranteed to be non-positive, even in the absence of an
input. Despite this severe issue, we show that exp-ISS does hold provided that
this extra term is sufficiently small. Our proofs being constructive, we actually
provide explicit estimates of the strength of this additional quadratic term. We
show through an example how this result can indeed be useful for robustness
analysis with respect to modeling errors.

On our way to establish these results, we provide several technical lemmas
that may be of interest on their own. In particular, we propose a novel suffi-
cient condition for a property known as robust forward completeness or bounded
reachability pmperzlfﬁwhich plays a central role in the stability analysis of time-

delay systems ,

specific inequalities on the system’s solutions.

]. We also show that exp-ISS can be reformulated as two

Notation. Given n € N>; and A > 0, X" denotes the set of all continuous
functions from [—A, 0] to R™, whereas W™ denotes the Sobolev space of abso-
lutely continuous functions mapping [—A, 0] into R™ with essentially bounded

derivative, and C'([—A, 0]; R™) denotes the set of all continuously differentiable



functions from [—A,0] to R™. Given a continuous signal x : [-A,T) — R"
with T € (0,4o00] and any ¢t € [0,T), x; € X™ denotes the history function
defined as x¢(7) := z(t + 7) for all 7 € [-A,0]. Given a non-empty interval
I C R and an essentially bounded Lebesgue measurable signal v : I — R™,
|u|| == esssup,c;|u(t)|, where |- | denotes the Euclidean norm. Given m € N>,
U™ denotes the set of all signals u : R>o — R™ that are Lebesgue measur-
able and locally essentially bounded. Given u € U™ and t1 > t2 > 0, up, 4
denotes the restriction of u to [t1,t2], namely w : [t1,t2] — R™ is defined as
ufg, ) () == u(t) for all t € [t1,5]. Given a continuously differentiable function
V :R"™ — R, VV denotes its gradient. Given a € R>g, [a] denotes the smallest
q € N for which ¢ > a. A function « : R>¢ — R>¢ is said to be of class NV if it
is continuous, non-decreasing and zero at zero. It is said of class K if, in addi-
tion, it is increasing. It is said to be of class K, if it is of class K and satisfies
limg_, 400 (s) = +00. Given a functional V : X™ — Rx, its Driver derivative

DTV : X" x R" — [—o00,+0o0] is defined, for all ¢ € X™ and all w € R", as

DTV (¢, w) := limsupy,_, g+ w where, for each h € [0,A), ¢y, ,, € X"
is given by
o(s+ h), if s e [-A,—h),
(bh,w(s) = .
#(0) + (h+ s)w, if se[—h,0].
2. Context

2.1. Global exponential stability

We start by considering input-free delay systems, namely:

() = folze), (1)

where z; € X™ and fy : X" — R" is a vector field which is Lipschitz on bounded
sets and satisfies fp(0) = 0. For such class of systems, we recall the definition

of global exponential stability.

Definition 1 (GES) The origin of ([0) is said to be globally exponentially



stable (GES) if there exist k,n > 0 such that, for all zo € X™, the corresponding
solution of (@) satisfies |x(t)| < k||zolle™ for all t > 0.

The GES property therefore ensures that all solutions converge at the expo-
nential rate n and that their transient overshoot is bounded by a linear func-
tion of the initial state norm. A powerful tool to establish GES is through a
Lyapunov-Krasovskii functional (LKF). In particular, we recall the following

from |9, [17].

Theorem 1 (Existing LKF characterization for GES) The following state-

ments are equivalent:
i) the origin of () is GES

i1) there exist a functional V : X™ — R, Lipschitz on bounded sets, and

a,a,a,p >0 such that, for all p € X",

alp(0)]” < V(¢) <al¢|”
DYV (4, fo(¢)) < —aV(9)

iii) there exist a functional V. : X™ — Rxq, Lipschitz on bounded sets, and

a,a,a > 0 such that, for all p € X™,

al¢l <V(g) <al¢|
D*V (¢, fo(¢)) < —allg|l.

In this statement, DTV (¢, f(4,v)) denotes Driver’s derivative of V along
the system’s solutions, as recalled in the Notation paragraph. In particu-
lar, DTV (zy, f(x¢,u(t)) coincides almost everywhere with the upper-right Dini
derivative of ¢ — V(z;) on its maximal interval of existence: see ] and |19,
Theorem 2].

Beyond the fact that p does not need to be equal to 1 in Item i), there are
two key differences between Items ii) and iii). The first one lies in the fact that

the LKF V in Item iii) is coercive, in the sense that it can only vanish if the



whole state history is identically zero. On the contrary, the LKF in Ttem i7) is
lower-bounded only in terms of |¢(0)|, meaning that it may vanish even if ¢ # 0.
The possibility offered by Item i) to consider non-coercive LKFs turns out to
be very convenient in practice, whereas the fact that V' is coercive in Item i)
often proves useful to conduct further robustness analysis.

The second difference is in the way the LKF dissipates along solutions: in
Item i), this dissipation is in terms of the LKF itself (LKF-wise dissipation),
whereas, in Item i), the dissipation is requested to involve the whole history
norm (history-wise dissipation). When the LKF is coercive, there is no qualita-
tive difference between these two types of dissipation, but LKF-wise dissipation
does not necessarily guarantee a history-wise dissipation when V' is not coercive.

To sum up, while Item i) is more convenient to establish GES, Item 4i7)

constitutes a powerful converse result once GES is known to hold.

2.2. Exponential 1SS

We may consider the impact of an exogenous input on the system, which

then takes the form

@(t) = f(xe, u(t)), (2)

where z; € X", u € U™, and f : X" xR™ — R"™ is a functional which is Lipschitz
on bounded sets and satisfies f(0,0) = 0. A powerful way to assess robustness
with respect to the input signal u is through the input-to-state stability (ISS)
framework. The ISS property requests in particular that the steady-state error
of solutions is small if the applied input is of sufficiently small amplitude |2, 6].

In this paper, we focus on the following particular declination of ISS.

Definition 2 (Exp-ISS, linear gain) The system (2)) is said to be exponen-
tially input-to-state stable (exp-1SS) if there exist k,n > 0 and p € N such that,
for all xy € X™ and all u € U™, the corresponding solution of [2)) satisfies

|2(t)] < kllzolle™ + u(llugll), vt >0.



It is said to be exp-ISS with linear gain if, in addition, there exists ug > 0 such

that 1u(s) = pos for all s > 0.

This property has already been used in the literature of infinite-dimensional
systems. In particular, it was studied in ] in the context of parabolic partial
differential equations. Before that, it was used for general infinite-dimensional
systems under the name elSS H . It should not be confused with the expo-
nential ISS notion employed in ], which rather considers ISS with respect to
a filtered version of the input.

The above exp-ISS property clearly ensures 0-GES, meaning that the origin
of the input-free system #(t) = f(z,0) is GES. But it also ensures that, in re-
sponse to a bounded input u, any solution is attracted by a u(||u||) —neighborhood
of the origin. In particular, solutions are bounded in response to any bounded
input, the steady-state error is small for sufficiently small inputs, and solutions
converge to the origin in response to any vanishing input. In the particular case
of exp-ISS with linear gain, the steady-state error is at most proportional to the
amplitude of the applied input. This feature mimics what happens for linear
systems and turns out particularly useful when invoking small-gain results for
the stability analysis of interconnected systems [23].

Exp-ISS can be established by existing LKF tools. In particular, the follow-

ing result can be proved using classical manipulations.

Proposition 1 (LKF-wise dissipation for exp-ISS) Assume that there ex-
ist a functional V : X™ — Rsq which is Lipschitz on bounded sets, constants

a,a,a,p >0 and a function v € N such that, for all ¢ € X™ and all v € R™,
al¢(0)]” < V() <all¢|” (3)
DTV (¢, f(¢,v)) < —aV(¢) +([v]). (4)
Then () is exp-ISS. Moreover, if there exists o > 0 such that v(s) = vyos” for

all s >0, then @) is exp-1SS with linear gain.

Just like Theorem [I this result requests a LKF-wise dissipation. Interest-

ingly, Proposition [Il can actually be strengthened by allowing a positive square



term of the state history norm in the expression of the LKF’s derivative, as

stated next.

Theorem 2 (Alternative LKF-wise dissipation for exp-ISS) Assume that
there exist a functional V : X — R>q which is Lipschitz on bounded sets, con-
stants a,a,a,p >0, ¢ > 0, and a function v € N such that, for all ¢ € X™ and

allv e R™,

alp(0)]” < V(¢) <al¢|” (5)
DFV (¢, f(¢,v)) < —aV(¢) + cl|o]|” + 7 (|v])- (6)

Then, provided that
c< Qae_“A, (7)

the system [2l) is exp-ISS . If, in addition, there exists yo > 0 such that y(s) =

Yos? for all s >0, then @) is exp-ISS with linear gain.

This result, proved in Section (.21 suggests some robustness of the exp-ISS
property: as compared to Proposition[I] the additional positive term c||¢[|” does
not compromise exp-ISS provided that ¢ is small enough to satisty (7). This
would come as no surprise if the considered LKF was coercive (meaning lower
bounded by a term of the form a||¢||”), which is however not requested here.
Note that, even in the input-free case, this result seems to be novel and provides

a useful sufficient condition for GES (simply consider v = 0 in Theorem [2)).

3. Growth conditions for exp-ISS

While Theorems [ and 2 provide powerful conditions for GES and exp-ISS,
the requirement of a LKF-wise (or history-wise) dissipation often significantly
complicates the analysis. It also lacks homogeneity with the existing LKF con-
dition for global asymptotic stability, in which a point-wise dissipation is enough

|. Here, we investigate whether such a point-wise dissipation would be suffi-

cient to ensure GES or exp-ISS.



Partial answers in this direction were given in H], where growth conditions
were provided to ensure that a point-wise dissipation ensures ISS. For the GES
property, it was shown in ] that such a point-wise dissipation is indeed suf-
ficient provided that the vector field is globally Lipschitz, which constitutes a
conservative constraint in practice. To date, it is not known whether a point-wise
dissipation can be used to establish GES or exp-ISS, but the results presented
below enlarge the class of systems for which this holds true by imposing specific
growth conditions. These conditions take two possible forms: either right or
left, depending on whether we assume a sufficiently slow increase or decrease.

We detail these results in two separate sections.

3.1. Right growth condition

Our first result ensures exp-ISS under a point-wise dissipation provided an
upper bound on a specific function involving the vector field. In line with
Theorem 2], we additionally allow for the presence of a positive term in the state
history norm, but the result is new also when this term is taken as zero. Its

proof is reported in Section [£.3]

Theorem 3 (Exp-ISS under an alternative right growth condition) Assume
that there exist a functional V : X™ — R which is Lipschitz on bounded sets,

a,a>0,c>0, and v € N such that, for all $ € X™ and all v € R™,
0 <V(g) <ag| (8)

D¥V(¢, f(o,v)) < —ald(0)]* + cllg]|* +~(|v]). (9)

Assume further that there exists a symmetric positive definite matriz P € R™"*"

and a constant o > 0 such that, for all € X™ and all v € R™,

$(0)" Pf(¢,0) < a(ll8]” +~(|v]))- (10)

Then there exists ¢ > 0 such that, if ¢ € [0,¢), the system @) is exp-ISS. If, in
addition, there exists vo > 0 such that v(s) = ~yos% for all s > 0, then @) is

exp-ISS with linear gain.



This result provides a right growth condition on the vector field f under
which a point-wise dissipation is enough to guarantee exp-ISS. It is worth stress-
ing that condition (I0) holds automatically for any arbitrary positive definite
matrix P when f is globally Lipschitz in the state, uniformly in the input,

namely if there exists £ > 0 such that

|f(¢,0) = fF(b,0)| <Ll —oll, Vo, o € X", veR™

In this case, () turns out to be satisfied with any v € A satisfying |f(0,v)|* <
~(|v]) for all v € R™. Nevertheless, as can be seen from Examples I8 below, the
proposed growth condition is far from being restricted to such class of systems,
thus significantly generalizing , Corollary 1]. The requirement (I0) can be
interpreted as a condition to guarantee that the current history norm ||| is
not too much greater than the current solution norm |x(t)|. More precisely, it
imposes a restriction on the increase rate of the function t — x(t) " Pz(t).

Rather surprisingly, the above result does not impose any lower bound on
the considered LKF, not even in terms of |¢(0)[: see (). In particular, it allows
for non-coercive LKFs, which is precious from an application viewpoint.

An immediate consequence of Theorem Blis the following sufficient condition

for GES.

Corollary 1 (GES under a right growth condition) Assume that there ex-
ist a functional V : X™ — Rs¢ which is Lipschitz on bounded sets, a,a > 0 and

¢ >0 such that, for all $ € X™, @) holds and

D*V (¢, fo(9)) < —al(0)]* + cl|]1*.

Assume further that there exists a symmetric positive definite matriz P € R™"*"

and a constant o > 0 such that, for all p € X",

$(0)" Pfo(¢) < oll¢|>.

Then there exists ¢ > 0 such that, if ¢ € [0,¢), the origin of ([ is GES.

10



Remark 1 (Estimate of ¢) The proof shows that ¢ can be picked in Theorem
and Corollary [0 a
¢ = min {p—me_2A , 1} ap—me_QA,
2pm
where p,, pypr > 0 denote the smallest and largest eigenvalues of P respectively.
This may however constitute a conservative estimate of the maximal positive

quadratic term appearing in Driver’s derivative of the considered LKF.

The proof of Theorem [3] consists in explicitly constructing a coercive LKF
with history-wise dissipation in order to invoke Theorem[l It crucially relies on

the following technical lemma, which originally appeared in M, Lemma 5.3].

Lemma 1 (From point-wise to LKF-wise) Given any continuously differ-

entiable function W : R™ — Rx>q, the functional Vo : X" — R> defined as

Vo(6) = max *W(9(r), Vo€ X",

is Lipschitz on bounded sets and satisfies

Vo(¢) > W(6(0)) = DVolg, f(¢,v)) < —2Vo(¢)
Vo(9) =W(e(0)) = DVo(6, f(¢,v)) < max{-2Vi(¢), VW (¢(0))f (4, v)} -

We will see in the proof of Theorem [ that this result turns out to be par-
ticularly useful not only to construct a coercive LKF based on a non-coercive

one, but also to impose a LKF-wise dissipation rate.

3.2. Left growth condition

The growth condition of Theorem Bl imposes that solutions do not grow too
fast. The following result shows that a similar statement can be obtained by

requiring that they do not decay too fast. Its proof is provided in Section

1See @) and HD).

11



Theorem 4 (Exp-ISS under a left growth condition) Assume that there
exist a functional V : X™ — Rxq which is Lipschitz on bounded sets, a,a@,a > 0,

¢ >0 and v € N such that, for all ¢ € X™ and v € R,

alg(0)]> < V(g) <allol? (11)
DYV (¢, f(¢,0)) < —alp(0)* +clgl* + 7 (|v]) - (12)

Assume further that there exists a symmetric positive definite matrizc P € R™"*"

and a constant o > 0 such that, for all $ € X™ and all v € R™,

6(0)TP £(6,0) = = (II8l* +7 (1v])) - (13)

Then there exists ¢ > 0 such that, if ¢ € [0,¢), the system [2l) is exp-ISS. If, in
addition, there exists o > 0 such that v(s) = y0s® for all s > 0, then @) is

exp-ISS with linear gain.

Unlike Theorem [3] this result does require a lower bound on the LKF in

terms of |¢(0)]. Note however that V' is not requested to be coercive.

Remark 2 (Estimate of ¢) Although Theorem []] is an existence result, its
proof provides an explicit estimate of the constant ¢: see (B9) where py,, par > 0
denote the minimal and maximal eigenvalues of P respectively. In particular, ¢
1s independent of the function . However, here also the reader should be warned
that the above estimate is conservative and in practice larger values of ¢ could

be allowed.

The following result is an immediate consequence of Theorem @l for input-free

systems.

Corollary 2 (GES under a left growth condition) Assume that there ex-
ist a functional V : X" — R>q which is Lipschitz on bounded sets, a,a,a > 0

and ¢ > 0 such that, for all $ € X™, [ holds and

DV (¢, fo(8)) < —alp(0)* + ¢ || (14)

12



Assume further that there exists a symmetric positive definite matrizc P € R™*"

and a constant o > 0 such that, for all p € X",

$(0)" Pfo(¢) = —o [l¢l|”. (15)

Then there exists a constant ¢ > 0 such that, if ¢ € [0,¢), the origin of () is
GES.

The proof of Theorem [ relies on the following two lemmas, which may be
of independent interest. The first one, proved in Section [5.1] is used to show
that, under the assumptions of Theorem [ the solutions of () exist on R>¢. It
actually ensures a stronger property called robust forward completeness (RFC)
, Definition 2.1] or bounded reachability property , Definition 4], which
play a key role in the analysis of time delay systems. This property means that,
for all T,r > 0, all g € X", and all u € U™, the corresponding solution of (2])
satisfies the following implication:

[zoll <7, flu <7 = sup |a(t)] < +o0.
t€[0,T]
In other words, starting from any bounded set of initial states and considering
any input lying in any given bounded set, solutions can only reach a bounded

set over any finite time interval.

Lemma 2 (Sufficient condition for RFC) Assume that there exist a func-
tional V : X™ — R>q which is Lipschitz on bounded sets, a,c,c > 0, o, @ € Ko,
and v € N such that, for all ¢ € X™ and all v € R™,

a(|¢(0)]) < V(d) <a([¢l) +¢ (16)
DYV (¢, f(¢,v)) < aa(l|o]) +([v]) +c. (17)
Then the system () is robustly forward complete.

From the regularity assumptions made on both V' and f, the upper bound
(@D is necessarily satisfied for some @ € Ko, v € N, and a,c > 0. The key
requirement in the above lemma therefore lies in the fact that « can also be

picked as a lower bound on V', as imposed by (L6]).

13



The second lemma allows to convert the proof of exp-ISS into specific in-

equalities on the solutions norm.

Lemma 3 (Exp-ISS characterization) The system (2)) is exp-ISS if and only
if there exist constants £, T >0, X € (0,1) and a function y € N such that, for

all zog € W™ and all w € U™, its corresponding solution satisfies

|ze]l < £llzoll + o (|Jupon]), ¥t € [0,T), (18)
o]l < Xlzoll + 1 (||ugp,m]]) - (19)

Moreover, @) is exp-ISS with linear gain if and only if the above holds with a

linear function u € N.

Note that this result allows to consider only initial states xy that are ab-
solutely continuous, which significantly increases the regularity of the resulting
solutions. In particular it can be shown that, if V' is Lipschitz on bounded sets
then, given any zg € W™ and any u € U™, the map t — V(x;) is locally ab-
solutely continuous (and consequently differentiable almost everywhere) on its

domain of existence: see , Theorem 5, Remark 6] or H, Lemma 2.5].

4. Examples

We illustrate our results through the following three academic examples.

Example 1 (Theorems Bl or M) Consider the system

i (t) = —%:vl (£) + 2ot — A) + 2a(8) (21 (8)? + 2ot — A)?) (20a)
da(t) = —225(t) — 1(t) (21 (6)? + 22(t — A)?) + u(t). (20b)

and let f(x¢,u(t)) denote its right-hand side. Consider the LKF defined for all
¢ = (¢1,¢2)T € X? as

0
V(6) == 61(0)° + 62(0)% + 2 /_ _oa(r)ar (21)

14



Then it holds that
[6(0)]* < V() < (1424)[¢? V¢ e &%, (22)

which establishes [®) and ) with a =1 and @ =1+ 2A. For all ¢ € X? and

all v € R, its Driver’s derivative along the system’s solutions reads
DYV (¢, f(9,)) = = 61(0) + 261(0)62(—2) — 42(0)° + 262(0)o
+2 (¢2(0)* = g2 (—A)?)
~ 91(0)° + 5610 + 202(~A)” — 465(0)" + 620 + 7
+2(¢2(0)* — ¢2(—A)?)

—%qﬁl (0)2 — ¢2(0)* + 02

IN

IN

1
< —210(0) + 07, (28)
thus establishing @) and [2) with a = 1/2 and v(s) = s% for all s > 0. Finally,

6(0)T £(6,) = — 21 (0) + 61 (0)ba(—A) — 265(0) + 6o(0)0

2
< —£¢1 (0)2 + go(—A)* — g¢2(0)2 + %Uz
< lloll* +~ (v, (24)

thus fulfilling (IQ) with o = 1 and P = I. Hence, Theorem [3 applies and we
conclude that, for any value of the delay A > 0, 20) is exp-1SS with linear gain.

Similarly,

BO)T F(6,0) = 501 (01 + 61(0)62(~2) — 262(0)? + G2(0)y
)

> ~41(0 — 502(-A) = 202(0)° — 30

=3(1611* + v (lvl)), (25)

v

thus making the left growth condition (I3) fulfilled with o = 3. So Theorem [}
can also be invoked to conclude exp-ISS.

Note that the vector field in (20) is not globally Lipschitz, thus making E,
Corollary 1] inapplicable to conclude exp-1SS. Also, it is worth stressing that the

15



considered LKF V does not admit an LKF-wise dissipation rate, so Theorem [2
cannot be invoked either. It is however fair to stress that such a LKF-wise

dissipation could have been obtained by considering the following LKF:
0
W(0) = 610 + 0202+ [ e on(r)ar
for some conveniently chosen p > 0. The addition of an exponential term
under the integral is standard in the analysis of time-delay systems. While this
trick does work for some relevant classes of systems ,@, Lemma 1], it is not

universal and the possibility offered by Theorems[A and[{] to consider a point-wise

dissipation significantly simplifies the analysis.

The second example illustrates how the c||¢||?> term appearing in (@) and

([2) can be used to guarantee some robustness to modeling errors.

Example 2 (Theorem [3] or M for robustness) Consider the system

i (t) = —%xl(t) + 21 (t— A) + 22(t) (21(1)* + 22(t — A)?) +edi(zy)  (26a)

B1(t) = —2x2(t) — 21 () (21 (£)* + 22(t — A)?) + u(t) + eda (). (26b)

The only difference with respect to 20) lies in the extra terms dy(x¢) and da(xt)
that represent modeling uncertainties. € € R represents the intensity of these
uncertainties. We assume that dy,ds : X2 — R are Lipschitz on bounded sets

and satisfy, for all ¢ € X2,
di(9)| < [9ll, Vie{l,2}. (27)
Considering the LKF 'V defined in 210), it can be seen from [23) and 27) that

DYV(9, £(6,0)) < 3 160) + 27 + 2 (61 (0)ds(9) + 62(0)d(9)

IN

1
—5 160" +v* + e[|,

where [ is such that the right-hand side of [28) reads f(x+,u(t)). We conclude,
with either Theorem[3 or Theorem [J], that there exists € > 0 so that exp-1SS is

preserved under such model uncertainties provided that ¢ € (—&,&). Recalling
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that, for this example, a = 0 = py, = py = 1 and a = 1/2, the estimate
of & given by Theorem [ (see Remark[d) reads &, = e~ *2/16, thus suggesting
a decrease of robustness when the delay A increases. Similarly, recalling that
o = 3 in the application of Theorem [J we get from Remark [@ the following

alternative estimate of this tolerable uncertainty:

1
8 12304(1 + 2A)4] (A + m)

)

which can be checked to be greater than & whenever A > 4.5. Combining
Theorems [A and [{] and letting € := max{é1,&2}, any ¢ € (—&,&) preserves exp-

ISS of ([28) if the modeling uncertainty satisfies (21).

The following other variant of Example [l shows that, on some occasions,

condition ([0 can be fulfilled while condition ([I3) is violated.

Example 3 (Theorem [, but not Theorem [d]) Consider the system

i (t) = —%xl(t) +x1(t — A) + 22(t) (21(1)* + z2(t — A)?) (28a)
i1(t) = —222(t) — 22(t)® — 21(t) (21(6)? + 22(t — A)?) + u(t). (28b)

The only difference with respect to 20) is the extra term —xo(t)® appearing in
@8L). This term brings only mon-positive terms in Driver’s derivative of the
function V' defined in 21), meaning that [23) remains valid when f denotes the
vector field in 28]). For the same reason, 24l) remains valid as well. Theorem

thus applies and the system (28) is exp-1SS with linear gain. Nevertheless,
1
$(0)" f(¢,v) = —5951(0)2 +¢1(0)91(=A) = 2¢2(0)% — ¢2(0)" + p2(0)v.

The term —¢2(0)* cannot be lower-bounded by a term proportional to —||¢||%.
Reasoning similarly, we can see that [I3) cannot be fulfilled for this system, no

matter the choice of the positive definite matriz P € R?>*2, thus making Theorem

inapplicable.
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5. Proofs

5.1. Proof of Lemmal2

Invoking the density of W™ in X and the continuity of solutions with respect
to the initial state, it can be shown that robust forward completeness holds even
if we restrict the analysis to initial states in WW". In other words, it is enough to
show that, given any r,T > 0, there exist R > 0 such that, given any zyp € W"
and any u € U™, the following implication holds:

ol <7 flull <r = sup |z(t)] <R (29)
t€[0,T]

Consider any o € W™ and any v € U™ and let 2(-) denote the maximal solution
of (@), defined on an interval [—A, tyay) for some tpnax € [0,400]. From [29,
Theorem 2.1, p. 41], we know that tmax € (0,400]. The function V' being
Lipschitz on bounded sets, it can be seen that the map ¢ — V(x;) is then
locally absolutely continuous on [0, tyax): see , Theorem 5, Remark 6] or [1,
Lemma 2.5]. Hence, its derivative exists almost everywhere on [0, tyax). Using

, Theorem 2], we get from (I7)) that

%V(xt) <aa(||lz) +y(u(t)]) + ¢, VYVt €0, tmax) a.c.

Integrating, it follows that, for all ¢ € [0, tmax),
t t
V) < VGao) +a [ aledr+ [ (utr)) + o dr.
0 0
We then get from (I6) that, for all ¢ € [0, tmax),
t t
(e <ol +2+a [ allarir+ [ Guo) +odr. @)
0 0
It follows in particular tha@, for all t € [A, tmax),

a(llxtll)éa(llxoll)+5+a/o a(llell)dTﬂL/o (Y(Ju(D) +e)dr. (31)

2Note that the interval [A, tmax) may be empty.
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Moreover, for all ¢ € [0, min{A, t;,ax }), it holds that

a<||xt||>=max{ max_a(ja(r)]), max a<|w<T>|>}

TE[t—A,0] T€[0,t]

e}

<
< max{aumn), mas

Using again (30) and observing that ([I)) imposes that @(s) +¢ > a(s) for all
s >0, it follows that, for all ¢ € [0, min{A, tmax}),

04(||$t||)Smax{a(ﬂl’o“),5(||l’o||)+5+a / o[z |l)dr + / <v<|u<f>|>+c>df}
<a(|zoll) +7+a / oz )dr + / (V(Ju()]) + ¢) dr. (32)

In view of BIl), we conclude that (32) holds for all ¢ € [0,#max). Invoking

Gronwall-Bellman’s inequality, it follows that, for all ¢ € [0, tmax),

o) < @(lzol) 2 + [ () + o)

meaning that

Jael] < o (<a<||wo||>+e>eat+ / <v<|u<T>|>+c>e“<f-T>dT). (33)

If tmax were finite, then we would have limsup, ,,- [|z¢[| = +o0 @, Theorem
3.2, p. 43], which is incompatible with [33)). Hence tmnax = +00. In particular,
given any r,T > 0, if ||zg]] < r and |Ju|| < r, then it holds that

eaT
sup Je(t)] < o~ ((am L) e 4 (y(r) + c)—) ,
t€[0,T] a

thus fulfilling 29)) and establishing robust forward completeness.

5.2. Proof of Theorem[2

First observe that Lemma 2l readily ensures that all solutions of () exist on
R>¢. Using density of C! ([—A,0];R™) in X" and continuity of solutions with
respect to the initial state, it is enough to show that there exist k,n > 0 and
p € N such that, for all zg € C* ([-A,0];R") and all u € U™,

j2(t)] < Ellzolle™ + u(upqll), vt = 0. (34)
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Considering any zo € C' ([-A,0]; R") and any locally bounded u € U™, since
V' is Lipschitz on bounded sets, the mapping ¢ — V (x;) is locally absolutely
continuous on R>( (see , Theorem 5, Remark 6] or [1, Lemma 2.5]) and we
get from (@) that

d
aV () < —aV (z) + cllze])” + v (u®)]), Vt>0 ae.

It follows that

d
% (e™V (z1)) < ce™ |||’ + ey (lu(t)]), Vt>0 ae.

Since ¢t — V (2¢) is locally absolutely continuous, we get for all ¢ > 0 that

eV (xy) =V (zg) = /0 diT (e V(x,))dr

t t
gc/ ¢o ||xT||PdT+/ ey (|u(r)]) dr-
0 0

It follows from (&) that, for all ¢ > 0,

e—at

w0 < (alooll e [ el ar [ e umar). @)

In particular, for all ¢ > A, we get that

—a(t—A) t ¢
& _ at at
ot < S (ool 4 [ e ol ar+ [ e qurar ). (36)

Moreover, using again (33]), it holds for all ¢ € [0, A] that

TE[t—A,0] T€[0,t]

t t
(@l + ¢ [ le17ar+ [ e quinpar ) |
0 0

1 ' t
<2 (@l +e [ e ol ar+ [ e quinar )

|ze]|” = max{ max |z(7)]”, max |a:(7')|p}

< max{||xo||p ,

Q| =

where the last bound comes from the fact that @ > a as ensured by (). We
conclude that (B8] actually holds for all ¢ > 0, which implies that, for all ¢ > 0,
—,—a(t—A

(t-4) 0

ae (&

e’ < ————llzoll” + — sup {cllarl|” +7 (lupn])}-
a aa refo,t]
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Invoking M, Lemma 7.1, we conclude that for every e > 0 there exists § > 0
(independent of the solution) such that, for all ¢ > 0,

aeaA

3 eaA T
laell” < F—llaoll?e™ + ——(1+&) sup {(clla]” +A(lugo.nl)) e~}

a T€[0,t]

which in turn implies that

p oT aeaA 14 CeaA p oT
sup ||z e’ < —— |lzol|” + (1+¢) sup {[lzc|" e}
T€[0,t] a aa T€[0,t]
eaA st
+ (1 el lDet (37)

Pick ¢ > 0 small enough that ce?®(1 + ¢)/aa < 1, the existence of which is
ensured by (@). Then the constant & := 1 — ce®®(1 + ¢€)/aa is positive and we
get from (&) that, for all ¢t > 0,

eaA
p
ol + =

ae
[ze]|Pe’ < sup [z €’ <

T€[0,t] - af

(1 + ) v(llugo,ql)e’.

The function s + s'/7 being increasing, it holds that (r 4 s)'/? < (2r)Y/F 4
(25)1/7 for all 7,5 > 0. We conclude that

2aeaA 1/p s 26aA 1/p 1p
foud < (Z22) e+ (220} (o)
which establishes ([B34]) with 7 := ¢ and
2ae*A e 2e8 /e 1/
k= = 1 P Vs >0.
(Z) o= (Paga+9) 2@, wz
We conclude that (2] is exp-ISS. Finally, if v(s) = 7os” for some o > 0, then

the obtained gain p is linear and (2) is exp-ISS with linear gain.

5.8. Proof of Theorem[3

Consider the functional Vj : X — R>( defined as
Vo(¢) = max (1) Po(r), Vo X" (38)
TE|—A,

Then it holds that

e 2 pm¢l* < Vo(9) < puligl?, (39)
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where p,,, ppr > 0 denote the smallest and largest eigenvalues of P respectively.

In view of Lemma [l V; is also Lipschitz on bounded sets and satisfies

Vo(¢) > ¢(0)TPo(0) = D*Vo(o. f(9.v)) < —2Vo(9) (40)
Vo(¢) = 6(0)TPp(0) = D*Vo(o. f(¢,v)) < 2max {~Vo(4). $(0)" Pf(4,v)} .
(41)

Now let W(¢) := V(¢) + eVy(¢) for some £ > 0 to be chosen later. Then W is
Lipschitz on bounded sets and it holds that

e 2 pm||l* < W (@) < (@+ epu)| ] (42)

Thus, W is a coercive LKF. In view of ([40)- (1)), we need to consider two cases.

Case 1: Vo(¢) > ¢(0)T Pp(0). Then we get from (@) and (@Q) that

DYW (¢, f(¢,v)) < —2eVo(¢) — al(0)[* + cllg]|* +y(Jv])
< — (2epme™2 = o) [ll* + ¥ (Iv]), (43)
where the last bound comes from (B9)).
Case 2: Vo(¢) = ¢(0)T Pgp(0). Then we have from (BJ) that

6O > O 5 P any g2 (44)

bm Pm
It follows from (@) and (I that

DYW (6, £(6,0)) < — ald(O) + elléll? + v(Io])
+ 2emax {~Vo(¢), ¢(0) " Pf(¢,v)}
Pm  _
< <E 2 —c) 1617 + (o)
T 2emax {Vo(@). 6(O)TPF(G.)}y . (45)

Here again, we need to consider two subcases.

Subcase 2.1: —Vo(¢) > ¢(0)T Pf(¢,v). Then we get from (@3] that

DWW (6. £(6.0)) < — (22 ) ol +1(1]) — 2Va(e)

IN

- (ﬁ—;’;ﬁ - ) 1612 + (o). (46)
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Subcase 2.2: —Vy(¢) < ¢(0)T Pf(¢,v). Then we make use of condition (I0) to
get from (@3] that

DYW (6, F(6,0)) < — (ﬁ—;’;ﬁ - ) 1617 + (o) + 2:6(0)T PF(,v)

IN

= (a2 = ) ol +1(ll) + 2eaIo1 +2(1D)
pPm

< - <ap—m62A —c— 260’) llol1> + (1 4 2e0)y(|v]).

Pm
By picking
Pm_ _an
= 47
€ a4UpMe , (47)
it follows in particular that
DUW(6.£(6,0) < - (afie — ) ol + (4 2000 (pl). (49)

Combining ([@3]), 6)) and [ES), we obtain the following inequality, valid for all
¢ € X" and all v € R™:

DYW(, f(¢,v)) < — (€= )[[6]* +([v])

where

¢ := min {25 , %LM } pme 28 (49)
F(s) := (1 +2e0)v(s), Vs=>0. (50)

Using ([@2]), we obtain that

DY W (6, f(6,0)) < — —-—S W(6) +(o]).

a+epm

We conclude that W has a history-wise dissipation rate provided that ¢ € [0, ).
Exp-ISS of (@) then follows from classical LKF sufficient conditions for exp-
ISS, such as the one recalled as Proposition [} In the case when v is a square
function, we see from (B0) that 7 results in a square function. Exp-ISS with

linear gain then also follows from Proposition [I1
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5.4. Proof of Lemmal3

If () is exp-ISS then there exist constants & > 1, 7 > 0 and a function

i € N such that, for all zg € W™ and all v € U™, its solution satisfies
|2(t)] < Ellwolle™ + ullupgl), vt >0, (51)
which implies in particular that
el < Ellwolle™ + nlllugol), vt > A. (52)
In addition, we have from (&I) that, for all ¢ € [0, A],
|z ]| = max{ max |x(7)|, max |x(7)|}

reft—A,0] " rE[0,1]

< max {||zoll, kllzolle™ + u(lluoql) } -
Since k > 1, it follows that, for all ¢ € [0, A],
2]l < Ellzolle™ "2 + u(llu gl VE € [0, Al (53)

In view of (&), we conclude that (G3]) actually holds for all ¢ > 0. In particular,
given any A € (0, 1), inequalities (I8) and ([IJ) hold with ¢ := ke" and T :=
A+ iln (5).

We now proceed to showing the converse. To that aim, suppose that there
exist £,7 >0, A € (0,1) and € N such that, for all zo € W™ and all u € U™,
the solution satisfies (I8) and (I39). Invoking the density of W™ in X™ and the
continuity of solutions with respect to the initial state, it can be shown that
[@R) and ([@3@) actually hold for all g € X™ and all u € Y™. Considering any
xg € X" and any u € U™, let z(-) denote the corresponding solution of (2.
Clearly, (I8)-(9) and the semigroup property imply that z(-) is defined on R>¢.
Using () inductively in conjunction with the semigroup property, we conclude
that, for every ¢ € N>q,

i—1

, } . 1
iz || < X flzoll + g (fugoim[[) DN < N llzoll + T—a ([Juo.m[]) -

Jj=0
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Defining 1 := %ln (%) > 0, we get that

. 1
izl < e ool + 7= ([Jup.im )

Using (&) and the semigroup property, it follows that, for every ¢ € N>; and

for every T € [0, T,

, l
lisr || < L™ [|o]| + (m + 1) i ([[ug.iz i) -

Notice that, by ([I8]), the above estimate holds for i = 0 as well. Since for every
t > 0 there exists ¢ € N and 7 € [0,T) such that ¢t = iT + 7, we obtain that

l
ol < €0 o+ (155 + 1) (o)

14
< e ol e+ (155 +1) e ool

and exp-ISS follows. If y is linear then the obtained ISS gain is linear too.

5.5. Proof of Theorem [}

Let p,, par > 0 denote respectively the smallest and largest eigenvalues of P.
We assume that ([II), (IZ) and (I3) hold for some ¢ € (0, €], where ¢ is a positive
constant to be defined later. The proof for the case ¢ = 0 is completely similar
(and far easier). First observe that, by Lemmal2] the system is robustly forward
complete. In particular, its solutions exist on R>g. The proof relies on Lemma
Given any zp € W™ and any u € U™, let x(-) denote the corresponding
solution of (2)). Since V is Lipschitz on bounded sets, the mapping ¢ — V' (x;)
is then locally absolutely continuous (as ensured by |27, Theorem 5, Remark 6]
or H, Lemma 2.5]), and we get from (IZ) that

d
=V (@) < —ala@®) +clln]® +y (u®]) . VE>0ae.

Integrating, we get that, for all ¢ > 0,
t
Ve +a [ Ja(m)fdr <V (ao) + et max el 409 (Jupa). - (50)
0 T€(0,
Using ([II), it follows in particular that, for all ¢ > 0,

jo(t)]* <

21l

ct t
laol* 4+ _max 1a(7)* + 2 ([[uo.all)-
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Consequently, for all ¢ > 0,

max |:E(T)|2=max{ max |z(7)[?, max |x(7)|2}

TE[—A,t] TE[—A,0] ’ T€[0,t]
a ct t
< maux{”:zcoﬂ2 > |\$0H2 + 4 Telfl_ai()t] |x(T)|2 + EW (HU[O,t] H)}
a ct t
< g llaoll® + 2 max (20 + 27 ([luoal)

where we used the fact that @ > a as ensured by (). In particular, for all
t € [0, 5], it holds that

max |x(7)

a t
max 2 < a_d Hwo||2+_a—_ =7 (|[up.g])

2a 2t
< B aol? + 2y (o). =)

which in turn implies that, for all T € [0, 5z] and all t € [0, 77,
2a 2T
laell < /= Nlwoll + 4/ ==/~ (luo.)- (56)
a a
On the other hand, we have from () and (54)) that, for all ¢ € [0, T,

r a T T
| et ar < ol + 5 ma oI + 1o (luonl) - 67

Combining (B5) and ([EZ), we get for all T € [0, &]:

T —
2T T 2cT
[ terar <2 (14 20 ool + £ (1428 ) (o)
2a 2T
< ;Hwow +—(lup,mll)- (58)
Pick

2
=i o= 2] Ti=aa ¢i= = 59
T ooz |0 Timaldte), e=qop (59)

and consider the function p € N defined for all s > 0 as

u(s) :—%max{\/ﬁ,\/]% <p;\25+aa (1+%))} 3. (60)

Then it follows readily from the definition of ¢ in (B9) that, for all ¢ € (0, ¢,

Te (o, %} , (61)
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and it can be checked from the definitions of ¢ and ¢ in (B9) that

qe (pma 4eoa < 2a
pPm o\ 2a a a’

Consequently, there exists A € (0,1) such that

2 (p—":@v - —4506) - (62)
pm \ 2a a a

Also, considering separately the two possible values that the max in (60) may

take, it can be checked that the following two properties hold for all s > 0:

) =[5V = 15 w
% <Q§—;u(s)2 — 20¢ (1 + %) ”Y(S)) =z %7(5)' (64)

We show next that the estimate

il < Alzoll + 4 ([lugo,]]) (65)

holds with the constant T given in (B9, the function p provided in (€0), and
any A € (0,1) satisfying ([62]) with the constants provided in (E9). The proof of
([5) is made by contradiction. Suppose that it does not hold for some zp € W"

and some u € U™, namely:

ozl > Alwoll + po([|uio,m])- (66)

We know from (B6]) and the semi-group property that

2a 2T
el < /= llaell+ 4/ =/7 (luoni ) vt € 0,71,

This, combined with (G6l), gives for all ¢ € [0, T:

a 2T
lzell >4/ 5= (/\Iwol + ulllup,mylh) =/ €\/7(|U[O,T]|)> :

It follows that, for each i € {0,...,g—1}, there exists t; € [i(A+¢€),i(A +¢) + A]
such that

a 2T
lz(t;)] > \ 22 <)\ lzoll + p(llwgo,mll) — \/ 7\/7(||U[0,T]|)>
a 1 Ja
> 22 ol + 51/ 2 (o ), (67)
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where we used (G3)) to obtain the last bound. On the other hand, inequality
(@3) implies that, for almost all t > 0,

d
G (@0 Pr(®) = =20 (Jaull + (Juoa )
Recalling that ¢; < i(A +¢) 4+ A, it holds from the definition of T in (E9) that

t;+e < Tforallie{0,...,¢g—1}. It follows from (BH) that, for almost all
t € [ty t; + €],

V

% (z(t)" Px(t)) > —@leoll2 — 20 (1 + E) Y([lugp,ql)

Y

doa 2T
———MMF—%(Lw—)wmmmu

By integration, we get for all i € {0,...,g — 1} and all ¢ € [t;,¢; + €] that

deoa

z(t) T Px(t) > x(t;) " Px(t;) —

2T
HMW—%e@+—Jvmmmm

It follows that, for all i € {0,...,¢ — 1} and all ¢ € [¢t;,t; + €],

2 Pm 2
x(t)” > — |x(t;)|” —
2@ 2 P fa(t) — =

deoa 20¢e 2T
|oP———Q+—wammu
Pm

Combining this with (67) yields

2
Pm a 1 /a
mwfz;;(x ﬁ|m|+—dz_0u0Tm)

deoa 20¢ 2T
[[2o* — — (1 + —) ¥(lugo,zpll)
pma PMm a

Pma )\2 1
z—t(—me+—mw%ﬂnﬁ

pma

deoa 20¢ 2T
- |MF———Q+—)vw%ﬂm
PMm a

1 g deoa
L )ma?
M

o
. 27
o <FH(HU[O,T]”)2 — 20¢ <1 + z) 7(||U[0,T1|>> )
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for all ¢ € [0,7T]. Noticing that the intervals (¢;,t; +¢), i € {0,...,q — 1}, are

disjoint subsets of [0, T, we conclude that

T q—1 ti+e
/ w()2dr > Y / ja(r)|? dr
0 i=0 7t

qe pm)\2g 4806 2
N B 68
_p—M( L )|xo| (68)
¢ [ Pma 2 2T
o 2 (g 20 (1 2L ) sl )

Observe that g # 0. Indeed, if ¢ was zero, then we would have from (B6]) and

©3) that [|zr]| < /A(Tup,n)v2T/a < pu(llugp,m)/2, which is incompatible
with (G6). Based on this, we finally get from (62), ([64) and (68) that

T _
2a 2T

| e dr > 2ol + 2o lu ).
0 a a

Confronting this lower bound with the upper bound provided in (B8], we obtain
a contradiction. Thus, given any xo € W™ and any u € U™, estimate (65) holds
with the constant T given in (9), the function p € N proposed in (60), and
any A € (0, 1) satisfying (62) for the constants introduced in (&9). Exp-ISS then
directly follows from Lemma Bl by invoking (G6]) and (65]). Finally, in view of

(0), the obtained gain p is indeed linear if v is a square function.

6. Conclusion

We have presented two growth conditions under which a point-wise dissipa-
tion is enough to establish exp-ISS for time-delay systems. These results are
new even in the input-free case and significantly extend the class of systems
that can be addressed by a point-wise dissipation. They also show that a posi-
tive quadratic term involving the whole state history function can be added to
the LKF derivative without compromising exp-ISS. Although probably conser-
vative, explicit estimates are provided on the strength of this additional term.
We have shown with an example how this extra term can be useful to conduct

robustness analysis with respect to modeling uncertainties.
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Despite their apparent similarities, the proofs of Theorems [B] and Ml are rad-
ically different: the former relies on the explicit construction of a coercive LKF
with history-wise dissipation, whereas the latter relies on a solutions-based con-
tradiction argument. We have not been able to unify the two proofs which,
we believe, could provide an interesting direction of research in order to gain
insights on these conditions and envision possible ways to further improve them.

Another obvious line of research would be to investigate whether exp-ISS
(or GES) can be established under a point-wise dissipation without any growth
restrictions. This question remains open and is in line with the conjecture

proposed in ] that ISS can be established through a point-wise dissipation.
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