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Numerical approximation of SDEs with fractional noise and
distributional drift

Ludovic Goudenege* El Mehdi Haress'# Alexandre Richard®$
February 22, 2023

Abstract

We study the well-posedness and numerical approximation of multidimensional stochastic
differential equations (SDEs) with distributional drift, driven by a fractional Brownian motion.

First, we prove weak existence for such SDEs. This holds under a condition that relates
the Hurst parameter H of the noise to the Besov regularity of the drift. Then under a stronger
condition, we study the error between a solution X of the SDE with drift b and its tamed
Euler scheme with mollified drift 5. We obtain a rate of convergence in L™ () for this error,
which depends on the Besov regularity of the drift. This result covers the critical case of the
regime of strong existence and pathwise uniqueness. When the Besov regularity increases and
the drift becomes a bounded measurable function, we recover the (almost) optimal rate of
convergence 1/2 —e.

As a byproduct of this convergence, we deduce that pathwise uniqueness holds in a class
of Hélder continuous solutions and that any such solution is strong. The proofs rely on
stochastic sewing techniques, especially to deduce new regularising properties of the discrete-
time fractional Brownian motion. We also present several examples and numerical simulations
that illustrate our results.

Keywords and phrases: Numerical approzimation, regularisation by noise, fractional Brownian
motion.

MSC2020 subject classification: 60H10, 65C30, 60G22, 60H50, 34A06.

1 Introduction

We are interested in the well-posedness and numerical approximation of the following d-dimensional
SDE:

t
Xt:XO+/ b(X,)ds+ B, teo,1], (1.1)
0

where X € R?, b is a distribution in some nonhomogeneous Besov space B) and B is an Re-
fractional Brownian motion (fBm) with Hurst parameter H. When B is a standard Brownian
motion (H = 1/2), this equation received a lot of attention when the drift is irregular, see for
instance [41, 44] for bounded measurable drift or [23] under some integrability condition. Strong
well-posedness was obtained in those cases, which contrasts with the non-uniqueness and sometimes
non-existence that can happen for the corresponding equations without noise. In case B is a
fractional Brownian motion, the results are more recent and we refer to Nualart and Ouknine [31]
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for Holder continuous drifts, then to Banos et al. [4], Catellier and Gubinelli [7], Galeati et al.
[15], Anzeletti et al. [1] and Galeati and Gerencsér [14] for distributional drifts when the Hurst
parameter is smaller than 1/2.

The most simple approximation scheme for (1.1) is given by the Euler scheme with a time-step h

t
Xth:XOJr/ (X! )dr+ By, te€0,1],
0

where r, = h| 7 |. For the numerical analysis of Brownian SDEs with smooth coefficients, including
the previous scheme and higher-order approximations, we point to a few classical works by Pardoux,
Talay and Tubaro [33, 40], see also [22]. The strong error || X; — X}*|| 1m (o) is known to be of order h
(and h'/? when the noise is multiplicative). When the coefficients are irregular, Dareiotis et al. [§]
obtained recently a strong error with the optimal rate of order 1/2 for merely bounded measurable
drifts, even if the noise is multiplicative. This was extended to integrable drifts with a Krylov-
Roéckner condition by Lé and Ling [25]. We also refer to the review [39] and references therein
for discontinuous coefficients, and the recent weak error analysis of Jourdain and Menozzi [21] for
integrable drifts. Besides, we mention that when the drift is a distribution in a Bessel potential
space with negative regularity, De Angelis et al. [10] have obtained a rate of convergence for the
so-called virtual solutions of a (Brownian) SDE, using a 2-step mollification procedure of the drift.

Let us now recall briefly what is known when B is a fractional Brownian motion. First,
Neuenkirch and Nourdin [30] considered one-dimensional equations with H > 1/2, smooth co-
efficients and multiplicative noise, i.e. the more general case with B replaced by a symmetric
Russo-Vallois [38] integral fot 0(Xs)d°B, in (1.1). They proved that the rate of convergence for
the strong error is exactly of order 2H — 1. Then Hu et al. [20] introduced a modified Euler
scheme to obtain an improved convergence rate of order 2H — 1/2; still in the multiplicative case.
They also derived an interesting weak error rate of convergence. Recently, Butkovsky et al. [6]
considered (1.1) with any Hurst parameter H € (0,1) and Holder continuous drifts in C®, for
a € [0,1]. They obtained the strong error convergence rate p(1/2+aH)N—¢ "which holds whenever
a>0and o >1—1/(2H). The latter condition is optimal in the sense that it corresponds to the
existence and uniqueness result for (1.1) established in [7]. Our main contribution in this paper
is an extension of their result to distributional drifts, i.e. to negative values of «, including the
threshold o =1 —1/(2H).

First, we state that if b is in the Besov space B) and that v —d/p > 1/2 —1/(2H), then there
exists a weak solution (X, B) to (1.1) which has some Holder regularity. This result is a direct
extension of [1, Theorem 2.8] to any dimension d > 1 and was also recently extended to time-
dependent drifts in [14]. The condition v — d/p > 1/2 — 1/(2H) allows negative values of v and
therefore b can be a genuine distribution. Solutions to (1.1) are then understood as processes of
the form X; = Xo+ K; + By, where K, is the limit of fg b (X) ds, for any approximating sequence
(b™)nen- We see in particular that this approach is well suited for numerical approximation. Hence
we propose a numerical scheme to approximate (1.1).

To that end, for a time-step h and a sequence (b™),en that converges to b in a Besov sense, we
consider the following tamed Euler scheme that we define on the same probability space and with
the same fBm B as X:

t
Xth’n =Xy +/ bn(X:,L;:n) dr + Bt7 (12)
0

where r, = h|;]. Choosing b" = g/, * b as a convolution of b with the Gaussian density g,/
with variance 1/n, and for a careful choice of n as a function of h, we prove under the stronger
condition v — d/p > 1 —1/(2H) that the following rate of convergence holds

RS S
Vhe (0,1),  sup [|Xy = X" iy < CRZTTR
t€0,1]



A more general version of this result is presented in Theorem 2.5 and discussed thereafter, in
particular concerning the value of the rate. We also obtain a non-explicit rate of convergence in
the limit case of the strong regime, that is when vy —d/p=1—-1/(2H) and v > 1 — 1/(2H).

This extends the result of Butkovsky et al. [6] to negative values of o = v — d/p, and matches
the 1/2 — e rate of convergence obtained in the limit case v —d/p = 0 and b a bounded measurable
function. Unlike previous works, our method does not rely on the Girsanov transform and avoids
computing exponential moments of functionals of the noise or its discrete-time approximation.

As a byproduct, we deduce that under the condition y—d/p > 1—-1/(2H) and v > 1-1/(2H),
X is in fact a strong solution and it is pathwise unique in a class of Holder continuous processes.
Note that in the sub-critical case v — d/p > 1 — 1/(2H), a notion of uniqueness (path-by-path)
was already proven in [7], and strong existence was established in [15], for solutions in the sense
of nonlinear Young differential equations. We compare these results to ours in Remark 2.4.

Our proof relies on several new regularisation properties of the d-dimensional fBm and of the
discrete-time fBm which somehow extend Davie’s lemma [9, Prop. 2.1]. Namely, for functions
f in Besov spaces of negative regularity (resp. bounded f for the discrete-time fBm), we obtain
upper bounds on the moments of quantities such as f; f(z + B,)dr in terms of x and (¢ — s), see
Propositions 3.5, 5.2 and 5.11. These upper bounds are sharper than if B was replaced by any
smooth function, which explains that we refer to regularisation properties of the fBm. The main
tool to prove these results is the stochastic sewing lemma developed by Lé [24].

The critical case with v —d/p = 1 —1/(2H) and v > 1 — 1/(2H) requires a version of the
stochastic sewing lemma with critical exponents that induces a logarithmic factor in the result
(see [3, Theorem 4.5] and [12, Lemma 4.10]). We use this lemma in Proposition 5.4 to prove an
upper bound on the moments of f; f(X,) — f(XPn)dr. This leads to the following bound for
gh,n - X — )(h,n7

& = 2o < € (I luge , 1m+elhm)) (2= 5)®

+C (1" lagz el m) [1og (1€ 15z, 1 e(h,m))| (£ =),

for some €(h,n) = o(1). We then prove a Gronwall-type lemma with logarithmic factors (Lemma
4.1) which yields a control of ||gh’n||L<[>(?1]L7n by a power of €(h,n).

Organisation of the paper. We start with definitions and notations in Subsection 2.1, then
state our main results in Subsection 2.2. In Section 3, we first recall some Besov estimates in
Subsection 3.1, then state a first regularisation property of the fBm in Subsection 3.2. We prove
tightness and stability results in Subsection 3.3. We conclude the proof of weak existence and
use the convergence of the tamed Euler scheme to establish strong existence and uniqueness in
Subsection 3.4. The strong convergence of the numerical scheme (1.2) to the solution of (1.1)
is established in Section 4. This proof relies strongly on the regularisation lemmas for fBm and
discrete-time fBm which are stated and proven in Section 5. In Section 6, we provide examples
of SDEs that can be approximated with our result. We also run simulations of the scheme (1.2)
to study its empirical rate of convergence and compare it with the theoretical result. Finally we
gather some technical proofs based on the stochastic sewing lemma in Appendix A and complete
the proof of uniqueness in a larger class of processes in Appendix B.

2 Framework and results

2.1 Notations and definitions

In this section, we define notations that are used throughout the paper.
e On a probability space (€2, F,P), we denote by F = (F):e[0,1] a filtration that satisfies the usual
conditions.



e The conditional expectation given F; is denoted by E! when there is no risk of confusion on the
underlying filtration.

e An R?valued stochastic process (X;)ico,1] is said to be adapted if for all t € [0,1], X, is
Fi-measurable.

e For a € [0,1], I a subset of [0,1] and E a Banach space, we denote by C}E the space of E-
valued mappings that are a-Holder continuous on I. The corresponding semi-norm for a function
f:0,1] — E reads

o ”ff*szE
[flesr == S e
t#s

e The L™() norm, m € [1,00], of a random variable X is denoted by || X|/z= and the space
L™ () is simply denoted by L™. In that case we denote by C#L™ the space of L™({)-valued
mappings that are a-Holder continuous on I. For an R?-valued process Z, the corresponding
semi-norm is then denoted by [Z]corm.

e When F is R or R%, we simply denote by Cf the corresponding space and when o = 0, we use
the notation Cj.

o We write L$° for the space of bounded measurable functions on a subset I of [0,1] and LPL™ :=
L (I, L™(f2)). For a Borel-measurable function f : R? — R¢ denote the classical L and C!

norms of f by || flse= sup,epalf(@)| and [|f]ler= || flloo+sup, », LE=LL
The corresponding norm for a process Z : [0,1] x Q — R? is
||Z||L;OL7YL:: Sup”Zslle.
sel
e For all S,T € [0,1], define the simplex Ag r by
Agr ={(s,t) € [S,T],s < t}.
e For a process Z : Agq x Q — R?, we still write
Zoillim
e = sup P22 g 20 = sup) Zosll o
s,tel |t - s| sel

s<t

e In applications of the stochastic sewing lemma, we will need to consider increments of Z, which
are given for any triplet of times (s, u,t) such that s <wu <t by

6Zs,u,t = Zs,t - Zs,u - Zu,t~

e Finally, given a process Z : [0,1] x @ — R?, a € (0,1], m € [1,00) and ¢ € [1,00], we consider
the following seminorm: for any 0 < s <t <1,

u m1L
[Z]Ca Lm.a = sup ||]E HZU — Zu' }m ||Lq

, (2.1)
[s:4] (u,v)EA ¢ (U - u)oz

where the conditional expectation is taken with respect to the filtration the space is equipped
with. By the tower property and Jensen’s inequality for conditional expectation, we know that

(Z]eo , m = [Zlea  Lmm < [Z]en | pmooe. (2.2)

[o,1] [o,1] 5.1

Heat kernel. For any ¢ > 0, denote by g; the Gaussian kernel on R? with variance ¢:

|

o) = s o (15 ).

and by G, the associated Gaussian semigroup on R%: for f: R — RY,

Gifle) = [ aa =) )y (23

4



Besov spaces. We use the same definition of nonhomogeneous Besov spaces as in [5], which we
write here for any dimension d. Let x, ¢ : R — R be the smooth radial functions which are given
by [5, Proposition 2.10], with x supported on a ball while ¢ is supported on an annulus. Let v_1
and v respectively be the inverse Fourier transform of x and ¢. Denote by F the Fourier transform
and F~! its inverse.

The nonhomogeneous dyadic blocks Aj,j € NU{—1} are defined for any R%valued tempered
distribution u by

Aju=F""(xFu) and Aju=F ' (p(277)Fu) forj>0.

Let v € R and p € [1,00]. We denote by B} the nonhomogeneous Besov space B;OO(RCI,R”Z) of
R%valued tempered distributions f such that

I fllsy= _S>11P1 2ﬂ||Ajf\|Lp(1Rd)< 0o.
J

B;;d(l/Plfl/m)

Let 1 < p; < p2 < co. The space B, continuously embeds into , which we write

as B) — BZ;d(l/pl_l/m), see e.g. [5, Prop. 2.71].

Finally, we denote by C' a constant that can change from line to line and that does not depend
on any parameter other than those specified in the associated lemma, proposition or theorem.
When we want to make the dependence of C' on some parameter a explicit, we will write C(a).

To give a meaning to equation (1.1) with distributional drift, we first need to precise in which
sense those drifts are approximated.

Definition 2.1. Let v € R and p € [1,00]. We say that a sequence of smooth bounded functions
(b")nen converges to b in B)~ as n goes to infinity if

sup|[b"[| 3 < [|b]| < o0,
neN (2.4)
lim [[b" = bl| 5,y =10, V7 <7.

n—oo p

Following [31], in dimension d = 1, we recall a notion of F-fBm which extends the classical
definition of F-Brownian motion. There exists a one-to-one operator Agy (which can be written
explicitly in terms of fractional derivatives and integrals, see [1, Definition 2.3]) such that for B
an fBm, the process W := AgB is a Brownian motion. Then we say that B is an F-fBm if W
is an F-Brownian motion. In any dimension d > 1, we say that B is an R%valued F-fBm, if each
component is an F-fBm.

We are now ready to introduce the notions of solution to (1.1).

Definition 2.2. Let vy € R, p € [1,00], b € B), T > 0 and X, € Re. As in [1], we define the
following notions.

e Weak solution: a couple ((X¢)iejo,1), (Bt)ielo,1]) defined on some filtered probability space
(Q, F,F,P) is a weak solution to (1.1) on [0, 1], with initial condition Xo, if
— B is an R%*-valued F-fBm;
— X is adapted to F;

there exists an R*-valued process (Kt>te[0,1] such that, a.s.,

X = Xo + K + By forallt €]0,1]; (2.5)

for every sequence (b")nen of smooth bounded functions converging to b in B)~, we have
that

sup

— 0 in probability. (2.6)
te[0,1] n—0o0

t
/ (X, )dr — K,
0




If the couple is clear from the context, we simply say that (Xt)epo,1] is a weak solution.

e Pathwise uniqueness: As in the classical literature on SDEs, we say that pathwise uniqueness
holds if for any two solutions (X, B) and (Y, B) defined on the same filtered probability space
with the same fBm B and same initial condition Xo € R?, X and Y are indistinguishable.

e Strong solution: A weak solution (X, B) such that X is FP-adapted is called a strong solution,
where FB denotes the filtration generated by B.

2.2 Main results

Our first result is decomposed into two parts: first, it gives a condition for existence of a weak
solution to (1.1) and therefore extends [1, Theorem 2.8] to the multidimensional setting. The proof
is presented in Section 3. The second part gives existence and uniqueness of a strong solution under
stronger assumptions, and will be a consequence of the convergence of the tamed Euler scheme
in Theorem 2.5. Thus it provides a multidimensional extension of [1, Theorem 2.9] through a
completely different proof.

Theorem 2.3. Let y € R, p € [1,00] and b € B).
(a) Assume that

d 1 1
0>y——>=——. H1
>1- 025759 (H1)

Then there exists a weak solution X to (1.1) such that [X — B]% L <00 for any k €
0,1+ H(y—d/p) ANO]\ {1} and m > 2.

(b) Assume that

1 d 1 1
H< - I P 1— —. H2
<g Uxamp2logg ad y>1-op (H2)

< oo for

Then there exists a strong solution X to (1.1) such that [X — B]i/24m,,
[0,1]
any m > 2. Besides, pathwise uniqueness holds in the class of all solutions X such that

[X — Blo24m ;5. < 00. Finally, if y —d/p>1—1/(2H), pathwise uniqueness holds in the
[0,1]
class of all solutions X such that [X — B]CH<1_74,(1/;7>+nL2,oo < 00, for anyn € (0,1).
[0,1]

The proof of Theorem 2.3(a) is given in Section 3.4 and the proof of Theorem 2.3(b) in Sec-
tion 3.5. The latter follows from the convergence of the tamed Euler scheme stated in Corol-
lary 2.6: since the scheme is adapted to FP and converges to any weak solution X such that

(X — B]C1/2+HL2,OO < 00, we deduce uniqueness and also that the weak solution is adapted to FZ
[0,1]

and is therefore a strong one. For n € (0,1), we extend the uniqueness result to solutions X that
satisfy [X — Bl #a—~+a/p)4n 2. < 00 in Appendix B.
[0.1]

Remark 2.4.

o In [7] and more recently [14, 15], (1.1) was solved in the sense of nonlinear Young differential
equations in the sub-critical case of the strong regime: for b in the Hélder space C* (=
B2, when o ¢ N), strong existence and path-by-path uniqueness hold for o > 1 —1/(2H),
unconditionally. Nevertheless the notions of solution might not be equivalent: we know from
Theorem 2.14(a) in [1] that a nonlinear Young solution with some Hélder regularity (which
is proven to hold in [15]) is a solution in the sense of Definition 2.2; however a strong
solution in the sense of Definition 2.2 must also have some Hoélder regularity to be a nonlinear
Young solution (Theorem 2.14(b) in [1]) and we do not know if any strong solution has such
reqularity.



o In the weak regime v — d/p > 1/2 — 1/(2H), weak existence was proven in [1] in dimension
1, then extended in higher dimension with time-dependence in [14]. In [1}], the notion
of solution is similar to Definition 2.2, with X that must satisfy (2.5) and (2.6) for any
approzimating sequence (by,) that converges to b in By, which is slightly more restrictive than

what is asked here (convergence in B;_). Hence for the sake of completeness, we provide a

proof of Theorem 2.3(a).

o Although the uniqueness result holds only in a class of reqular enough processes, we will see
in the next theorem that the Fuler scheme chooses exactly the unique solution in this class.

Let (b")nen be a sequence of smooth functions that converges to b in B)~. Consider the tamed
Euler scheme (1.2) associated to (1.1) with a time-step h € (0,1). The main result of this paper is
the following theorem. It describes the convergence of the tamed Euler scheme to a weak solution

X such that X — B € ¢3!

regularity of the tamed Euler scheme is the same, that is, X" — B € C[lo/frHLz’oo.

L%, Choosing appropriately h and n, we also deduce that the

Theorem 2.5. Let H < 1/2, v € R, p € [1, 0] satisfying (H2) and let m € [2,00). Let b € By
and (b™)nen be a sequence of smooth functions that converges to b in B)~. Let Xo be an Fo-
measurable random variable, (X, B) be a weak solution to (1.1) and (X"™)ne(0,1),nen be the tamed
Euler scheme defined in (1.2), on the same probability space and with the same fBm B as X.

(a) Regularity of the tamed Euler scheme: Let n € (0,H), D a sub-domain of (0,1) x N and
assume that

sup ||b"||ooh%_H <oo and sup ||b”|\clh%+H_" < 0o0. (H3)
(h,n)€D (h,n)€D
Then sup [XM™ —B] 1., < 0.
(h’n)e’D C[Oyl] L‘NL,()C

Assume that X — B € CEO{frHLm>N and let € € (0,1/2).

(b) The sub-critical case: Assume v —d/p € (1 —1/(2H),0). Then there exists C > 0 that
depends on m,p,,d, ¢, ||b||B; such that for oll h € (0,1) and n € N, the following bound
holds:

=

X — X"

o SO (10 = bl 107loch S 4 0 ol enh ) @27)

ul

=

(c) The critical case: Assume vy —d/p=1—1/(2H) and v >1—1/(2H). Let ¢ € (0,1/2), M
be the constant given by Proposition 5.4, and § € (0,e™™). If (H3) holds, then there eists
C > 0 that depends on m,p,~,d, ¢, (, 0, ||bHB; such that for all (h,n) € D, the following bound
holds:

=Xy <Ol =5 s (L4 ol = 57 3 )]) + 16" [k 2
[0.1] (2.8)

(e"M-9)
el 6" oo~

Obviously, the previous error bounds also hold for the strong error in uniform norm, since we
have

sup [[X; = X[ < [X - XM 4 (2.9)

te[0,1] Cioay L™

Although the Hurst parameter does not appear in the upper bounds (2.7)-(2.8), the first term
[[o™ — bl gy~ does depend implicitly on H through (H2). Observe also that the second term,

6" || o h'/?72, corresponds to the optimal rate of convergence found in [6].



In the upper bounds (2.7)-(2.8), it is important to choose carefully the sequence (b"),en to
obtain a good rate of convergence of the numerical scheme. Choosing b" = G/, for n € N*, we
have thanks to Lemma 3.2 that for v — d/p < 0,

6" = bl 5y < C Bllsy ™2, (2.10)
6"l < Cllbll 5y n~ 20, (2.11)
6" |er < C |1bl| gy n® n~ 2075, (2.12)

Using these results in (2.7) and optimising over n and h, we deduce the following corollary.

Corollary 2.6. Let the same assumptions as in Theorem 2.5 hold. For h € (0,1/2), define
S
ny = {h 1_”+P'J and b™ = G 1 b.
Th

Then we have

sup [Xrn — B]C%H,me < . (2.13)
he(0,3) [0,1]

Let e € (0,1/2).

(a) The sub-critical case: Assume v —d/p € (1 — 1/(2H),0). Then there exists C > 0 that
depends on m,p,~, &, Hb||3; such that the following bound holds:

1 1 ¢
Vh € (0»2> ;o [X = X < CR2THY (2.14)

1
C[%,I]L
(b) The critical case: Assume v —d/p=1—1/(2H) and vy >1—1/(2H). Let ¢ € (0,1/2), M

be the constant given by Proposition 5.4, and § € (0,e™). Then there exists C > 0 that
depends on m,p,~,¢,C, 9, ||b||3; such that the following bound holds:

1
Vh € (o, 2) . X - X’W]C%,<

[0,1]

LS C Rt =0, (2.15)

Remark 2.7. We construct the tamed Euler scheme on a particular probability space that is given
in an abstract way by Theorem 2.3. From Corollary 2.6, we deduce (see Subsection 3.5) that X is
in fact a strong solution. It is then possible to construct the tamed Euler scheme on any probability
space (rich enough to contain an F-fBm), which is of practical importance for simulations.

Remark 2.8. For instance, if each component of b is a signed measure, then b € BY := BY(R?, R?)
(see [5, Proposition 2.39]). Hence the previous result (Corollary 2.6(a)) yields a rate 2(171“0 —¢,

which holds for H < =——. In the critical case, when H =

20+d) the rate becomes He ™™ — ¢.

_1
2(1+d)’

For vy —d/p > 0, B) is continuously embedded in the Holder space CY=4/P_ In [6], it was proved
that the Euler scheme achieves a rate 1/2+4 H (y—d/p) —e. Moreover, if b is a bounded measurable
function, the rate is 1/2 — e. To close the gap between the present results and [6], we handle the
case v — d/p = 0. Recall that Bg/ P'is continuously embedded into BY,, so it is equivalent to work
with ¥ = 0 and p = +oo. Note that BY contains strictly L>(R%) (see e.g. [37, Section 2.2.2,
eq (8) and Section 2.2.4, eq (4)]) which was the space considered in [6]. Let b € BY% . By the
definition of Besov spaces, we know that b € B for all n > 0. Choosing 1 small enough so that
—n>1-1/(2H), we can apply Theorem 2.3 and Theorem 2.5, and obtain a rate of convergence
as in Corollary 2.6 when " = G 1 b. This is summarized in the following Corollary.



Corollary 2.9. Let the assumptions of Theorem 2.5 hold. Let B be an F-fBm with H < 1/2,
b € BY, and m > 2. There exists a strong solution X to (1.1) such that [X — B],i/2¢m <

om0
0,1
0o. Besides, for any n > 0, pathwise uniqueness holds in the class of solutions X such that
[X - B]C[I[-)I#l»]anyoc < 0.
Let e € (0,1/2). Then Theorem 2.5(a) holds and there exists a constant C that depends only
on m, e, ||bl|go, such that for any h € (0,1/2) and n € N, the following bound holds:

s

[X _ Xh,n]

b SO (I = bl 5 ook 4 57 o 6" 1k ) -

L

SNl

1]

Moreover, for nj, = |h™'] and b™ = G 1 b, we have
™h

1
Vhe (0,=), [X—XMm] < Ch?~e,
2 CR L
sup [X™"n — B] 4 < o0.
he.3) cply L

Theorem 2.5, Corollary 2.6 and Corollary 2.9 are proven in Section 4.

2.3 Discussion on the approach and results

The main novelty of the paper is that we treat fractional SDEs with distributional drifts, including
the critical case v —d/p = 1 —1/(2H) and v > 1 — 1/(2H). For bounded drifts, one can use
Girsanov’s theorem (see e.g. [6, Lemma 4.2]), which requires upper bounds on exponential moments
of functionals of the fBm. In the literature, this usually leads to an exponential dependence on
[16™]| oo, which we chose to avoid. We note however that Lé and Ling [25] managed to develop a
Girsanov argument for unbounded drifts for the Brownian motion, using the L{L?(R%) norm of
b™ on small time intervals (see [25, Lemma 5.14]). For the fBm, the computations for a Girsanov
argument do not seem to work with the stochastic sewing, since the functionals that appear include
the fractional kernel (see for example [6, (B.1)]). As a novel approach, we use the stochastic
sewing lemma to regularise directly integrals of functions of the discrete noise {Xthhfn}tzo (see
Proposition 5.11) to avoid a Girsanov argument and any exponential dependence on norms of b™.
The price to pay is that the C' norm of b" appears, which can be compensated by powers of h.

Let us make a few comments on the rate of convergence obtained in Corollaries 2.6 and 2.9:

e For fixed v,p and d, one can chose H close to m from below, and get an order of
P
convergence that will be ——2—— — e~ H —¢.
& 2(1-7+2)
1
e For a fixed H, one can take b € Béo 277 for any € > 0, and get an order of convergence that

will be close to H.
e The order of convergence is 1/2 — ¢ when v — d/p =0, for any H < 1/2.

e The order of convergence is He ™™ — ¢ for some constant M, if v —d/p = 1 — 1/(2H) and
v>1—1/(2H). Hence the rates of convergence we obtained change abruptly when v — d/p
reaches the threshold 1 — 1/(2H).

In view of [6], one could have guessed that the order of convergence for v — d/p < 0 would
still be 1/2 + H(y — d/p). In particular, we point out that the two orders, 1/2 + H(y — d/p)
and m, coincide when v — d/p = 1 — 1/(2H). However (H2) only implies the following
inequality

1 d 1
SACEHE
27\ T2+ D)

Finally, the orders of convergence obtained here and in [6] are summarized in Table 1.



d 1
. Yy—,=1-37 d 1 d _ d
—-M 1 1 1 d
Rate He — & W—E E_E <§+H(’Y_E))/\1—E

Table 1: Rate of convergence of the tamed Euler scheme depending on the Besov regularity of the
drift.

3 Existence and uniqueness of solutions

In this section, we prove Theorem 2.3. The proof of Theorem 2.3(a) follows the same lines as
the proof of Theorem 2.8 of [1], but requires extensions of some technical lemmas concerning the
regularising effects of the fractional Brownian motion in dimension d. Subsection 3.5 is dedicated
to the proof of Theorem 2.3(b).

3.1 Besov estimates

The first of these extensions concern estimates of shift of distributions in Besov spaces. It is an
generalisation to R? of Lemma A.2 in [3] and follows its proof exactly, so we omit it.

Lemma 3.1. Let f be a tempered distribution on R? and let 3 € R, p € [1,00]. Then for any
ai,az,a3 € R and o, oy, a0 € [0, 1], one has

(1) |lfla+)lgs=lIfllgg -
(i6) If (a1 ++) = F(az + g < Clar = a1 | gge -
(i) |If(ar+-) = flaz+) = flaz+) + flag +as —a1+)ll g < Clar —az|* a1 — a2 fl| ggrer oo

Then we have the following estimates for the Gaussian semigroup in Besov spaces. They are
either borrowed or adapted from [3, 5].

Lemma 3.2. Let € R, p€[l,00] and f € Bg. Then
. 8
(1) If B <0, |Gefllo@ey< C NI fllgg t2, for all t > 0.
d

(i) If B— £ <0, |G flloo< C | fllgz 2775, for all t > 0.

(ii7) ||Gef — fHBE*ES Ct: ||f||65 for all e € (0,1] and t > 0. In particular, it follows that
lim;_o||Ge f — f||85: 0 for every B < .

(i) suprso|Gof 3= 1 s
(0) If =5 <0, [Gefller< Cflly 275 for all t > 0.
Proof. (i) The proof of Lemma A.3(7) in [3] extends right away to dimension d > 1.
_d
(i1) Using (i) for g — % instead of 3 and the embedding B — Bfo ?, there is

lig_d lg_d
IGef | oo @ay< C I fllgp=are t2075) < O || fll gg 12775,

(#i) This is an adaptation of Lemma A.3(i¢) in [3] to dimension d > 1 that we detail briefly. From
[29, Lemma 4], we have that for g such that the support of Fg is in a ball of radius A > 1,
there is for all t > 0,

1G9 = gll Lo @y < C (X% A1) |9 Lo (rey-

10



For any j > —1, the support of F(A,f) is included in a ball of radius 27. Hence,

2E=DNGH A f) = A fllpr@ay < C27P9) (2% A )| A fl 1o (ray
< C2775(82% N 1)2 2P| A £l 1o (e
< Ct5 2P| A f|| o re)-
The result follows.

(iv) — (v) The proof is the same as in the one-dimensional case, see [3, Lemma A.3(i4i)] and [3,
Lemma A.3(iv)].
O

The next lemma describes some time regularity estimates of random functions of the fractional
Brownian motion in Besov norms.

Lemma 3.3. Let (Q,F,F,P) be a filtered probability space and B be an F-fBm. Let f < 0,
p € [1,00] and e € N*. Then there exists a constant C > 0 such that for any (s,t) € No1, any
bounded measurable function f : R x R¢ — R? and any F,-measurable R®-valued random variable
= satisfying || f(-, E)|lcr < oo almost surely, there is

(i) E*[f (B, E)] = Go2 , f(E S[Bt},E), where G is the Gaussian semigroup introduced in (2.3) and
0%, := Var (Bt(l) IES[ ]) for any component B of the fBm;

(ii) [E*f(Bt,E)|< Clf (-, E)llgs (t — )05

(iii) ||f(Bt, ) = E*f(Be, D)1 < ClI (5 E)ler |2 (8 — 5)*
(iv) Furthermore, for any u in the interval (s,t) and m € [1,p] there exists a constant C > 0 such
1-2H
that [E* [ (B D)l < CIFCDllgs]| -0 (- 9)75 (¢ - "5

Proof. The proofs of (i), (i7), (i7i) are similar to (a), (b), (¢) in [1, Lemma 5.1] but they rely now
on Lemma 3.1 and Lemma 3.2. We only reproduce the proof of (iv) which is similar to (d) in [1,
Lemma 5.1], to emphasize where the dimension d appears.

For u € (s,t), we have from (i) that

E*[EY[f(By, E)™ = E*|Goz (BB, E)|™
=E°|Gy2 , f(E“B; — E°By + E* B, E)|™

Notice that E"Bt is independent of E“B; — E° B;, which is a Gaussian variable with mean zero and

covariance o2, .14 where

02, = Var(E*B{"” — E°B{"),

s,u,t * T

for any component B® of the fBm. It follows that
BN = [ 002, 0)IGoz JE B+ D" d
» ,

Let ¢ = 2 and ¢’ = qf—l. Using Holder’s inequality, we get

E*[E“[f (B, E)|™ < ”gos - t”Lq (]Rd)”G f( T (R)
= ||GU? 50||Lq (]Rd)”G f( 7~)||Lp (R4)-

By Besov embedding, dy € BY — B;d+d/q/ = B;dm/p. Hence by Lemma 3.2(7),

s,u,t

E*[E"[f (Bt E)]™ < Clldollg-amse ont’™ 1D o

11



The fBm has the following local nondeterminism properties (see e.g. (C.3) and (C.5) in [1]): there
exists Cp,Cs > 0 such that

o2, =C1(t—u)* and Uiuyt > Colu — s)(t —s)112H, (3.1
It follows that

E*[E*[f(Be, D™ < Clldoll g o £ Bl (w— )™ (¢ = ) 20F (¢ — ),

We conclude by taking the expectation in the above inequality and raising both sides to the power
1/m. O

3.2 Regularisation effect of the d-dimensional fBm

We use the stochastic sewing lemma of [24] (recalled in Lemma A.1) to establish the key regulari-
sation result (Proposition 3.5) that will be used to prove existence of weak solutions. Note that the
results in this subsection and the next one are similar to the one-dimensional framework developed
in [1].

First we have the following lemma, which extends [1, Lemma D.2] to dimension d > 1. Its
proof, which is also close to the proof of [1, Lemma D.2], is postponed to the Appendix A.1.

Lemma 3.4. Let § € (—1/(2H),0) such that B8 —d/p € (—1/H,0). Let m € [2,00], ¢ € [m, ]
and assume that p € [q,+oc]. Then there exists a constant C > 0 such that for any 0 < S < T, any
Fg-measurable random variable Z in R® and any bounded measurable function f : R% x R¢ — R¢

fulfilling
(i) E[IF(.Z)]2:] < oo;
(ii) E[IF(. D)) < oo,

we have for any (s,t) € Agr that

(| [ sz ar]™) P, < U aglon ¢ - 5775, (32)

As a consequence of Lemma A.1 and Lemma 3.4, we get the following property of regular-
isation of the d-dimensional fBm. It can be compared to [1, Lemma 7.1], which is stated for
one-dimensional processes in the sub-critical case only. The proof is postponed to Appendix A.2.

Proposition 3.5. Let m € [2,00), q € [m,+00] and p € [q, +0].

(a) The sub-critical case: let B € (—1/(2H),0) such that § —d/p > —1/(2H). Let 7 € (0,1)
such that H(B — d/p — 1) + 7 > 0. There exists a constant C > 0 such that for any f €
C° (R4, RY) 085, any R -valued stochastic process (Yt)tejo,1] adapted to ¥, any (S,T) € A1
and (s,t) € Agr we have

(] [ s wrae) |

<C t—s 1+H(5*%)
L <Clfllgylt—9) -

_d_1y4r

+ C”fHBg [¢]CE’S)T]L7"$‘1 (t - 5)1+H(5 » 1)+ .

(b) The critical case: let 8 —d/p = —1/(2H) and assume that 8 > 1—1/(2H). There exists a
constant C' > 0 such that for any f € C°(R4,RY) N Bg“, any R¥-valued stochastic process
(Vt)tef0,1] adapted to F, any (S,T) € Ao and any (s,t) € Ag,r, we have

f B 1
L ) (1+ Wc[%“;m) (t— )b (34)

T Tge

log

H/Stf(Br +1/Jr)drHLm <COIf <1+
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3.3 Tightness and stability

The proof of existence of a weak solution is based on a classical argument: first, we construct a
tight approximating sequence of processes (Proposition 3.8), then we prove the stability, i.e. that
any converging subsequence is a solution of the SDE (1.1) (Proposition 3.9).

First we need two a priori estimates, which are direct consequences of Proposition 3.5(a):
Lemma 3.6 (resp. Lemma 3.7), which extends [1, Lemma 7.3] (resp. [1, Lemma 7.4]) to dimension
d>1.

Lemma 3.6. Assume that (H1) holds and let m € [2,00). There exists C > 0, such that, for any
be CP(RERY) N By,
[X — Blpitre-a/n) e < C(L+[b]1%2), (3.5)
[0,1] 4

where X is the strong solution to (1.1) with drift b.

Proof. Without loss of generality, assume that Xy = 0 and denote K = X — B. Then [K ]%,11 Lmaoo
is finite for any 7 € (0,1] as |[K, — K|= | [ b(B, + K,) dr|< ||b]loolt — 5.

We aim to apply Proposition 3.5(a) with m € [2,00), ¢ = 00, p =00, S =7 — % and 7 =1+
H(y—d/p). The assumptions of Proposition 3.5(a) are satisfied since 7 —H > 1/2— H/2 > 0, thus
7 € (0,1). In addition, by (H1), we have H(y—d/p) > H/2—1/2 > —1/2 and H(y—d/p—1)+7 > 0.
Then we get

1
[ (| — K |™)

Lo < ClIbll gy—are ((t —g)IHO=P) [Kler, jzmee(t - ) HHO= ) Hr—H

_d .
— Ob]l sy (t — ) FHO—) (1 + [Kler  pmoe (t = 5) H) . (3.6)
Choose ¢ = (4C’||b||B;)1/(H_T) so that C||bHB;€T_H < 1/2. Let u € [0,1]. Divide both sides in
(3.6) by (t — s)1+H(=4/P) and take the supremum over (s,t) € Ay (uteyn1 to get

1
[K]C1+H("V7d/p)L7n,oo S <C~1||b||8;{—"_2[‘[(V]CEr Lm,oc) 9

[w,(u+£)A1] u, (utL)A1]
and therefore

K _ <2C||b|| 5> -

[ ]C[jg%%f)w,m <205y
The end of the proof consists in iterating the previous inequality in order to control the Holder
norm on the whole interval [0, 1], and is completely identical to the proof of [1, Lemma 7.3]. O

Lemma 3.7. Assume that (H1) holds and let b,h € C;°(R*,RY) N B). Let X be the strong
solution to (1.1) with drift b. Let 6 € (0,1 + H(y — d/p)). Then there exists a constant C > 0
which does not depend on Xg, b and h, and a nonnegative random variable Z which satisfies
E[Z] < C||h||52(1 + ||b|\%;) such that for any (s,t) € Agq,

‘/t WX dr| < Z )t sl (3.7)

The proof relies on Proposition 3.5(a), Lemma 3.6 and Kolmogorov’s continuity criterion. We
omit it, as it is identical to the proof of [1, Lemma 7.4].
We now obtain tightness of the sequence that approximates X.

Proposition 3.8. Assume that (H1) holds, let (b"™)nen be a sequence of smooth bounded functions
converging to b in B)~. Forn € N, let X" be the strong solution to (1.1) with initial condition X
and drift b™. Then there exists a subsequence (ng)gen such that (X™  B)ren converges weakly in
the space [Cjo 1](R%)]2.

13



Proof. This short proof is close to the proof of [1, Proposition 7.5]. We reproduce it here for the
reader’s convenience.

Let K} := fot b"(X™)dr. For M > 0 and some 6 € (0,1 + H(y —d/p)), let

Ap = {f € C’[0,1] : f(O) =0, |f(t) - f(s)|§ M(t - 8)67 V(S7t) € A0,1}‘

By Arzela-Ascoli’s theorem, Ay is compact in Cpg1). Applying Lemma 3.7 to h = b", this gives
a nonnegative random variable Z" such that E[Z"] < C|[b™ gy (1 + [[b™||},) and (3.7) is satisfied.
Thus by Markov’s inequality we get

P(K™ ¢ An) < P(3(s,t) € Aoy ¢ |[KT|> M(t —s)°)
< ]P’(Z” > M)
< C sup||b” |53 (1 + sup|[p"||F:) M "
neN neN P

Hence, the sequence (K")nen is tight in Cjp1j. So (K", B)nen is tight in (C[O,l])z. Thus by
Prokhorov’s Theorem, there exists a subsequence (ng)xen such that (K™, B)ken converges weakly
in the space (C[OJ])Q, and so does (X", B)jen- O

Finally, the stability is expressed in the following proposition, which extends [1, Proposition
7.7] to dimension d > 1.

Proposition 3.9. Assume that (H1) holds and let (b")nen be a sequence of smooth bounded func-
tions converging to b in B)~. Let B"™ have the same law as B. We consider X™ the strong solution

to (1.1) for B = B™, initial condition Xo and drift b". Assume that there exist stochastic processes
X,B:10,1] = R? such that (X", B"),en converges to (X, B) on [Clo,1](RY)]? in probability. Then
X fulfills (2.5) and (2.6) from Definition 2.2 and for any m € [2,00), there exists C' > 0 such that

X — B]C[H?w,d/p)mm < C (1 + sup||p"||3) < o0. (3.8)
0,1 neN P
The proof is postponed to Appendix A.3.

3.4 Proof of Theorem 2.3(a)

Let (b™)nen be a sequence of smooth bounded functions converging to b in B)~. By Proposition 3.8,
there exists a subsequence (ng)ren such that (X™, B)en converges weakly in (Cjo 1)(R?))?. With-
out loss of generality, we assume that (X", B),en converges weakly. By the Skorokhod represen-
tation Theorem, there exists a sequence of random variables (X " B”)neN defined on a common
probability space (Q, F, I:’), such that

Law(X", B") = Law(X", B), Vn € N, (3.9)

and (X™, B") converges a.s. to some (X, B) in (Cio,1j(R))%. As X™ solves (1.1) with drift b”, we
know by (3.9) that X" also solves (1.1) with drift 5" and B™ instead of B. As X" is a strong
solution, we have that X" is adapted to FZ. Hence by (3.9), we know that X" is adapted to FB"
as the conditional laws of X and X™ agree, and therefore it is a strong solution to (1.1) with B
instead of B.

By Proposition 3.9, we know that X fulfills (2.5) and (2.6) from Definition 2.2 with B instead
of B and it is adapted with respect to the filtration F defined by F; := o(X,, By, s € [0,8]). It
remains to check that B is an F—me, which is completely analogous to the one-dimensional case
treated in the proof of Theorem 2.8 in [1]. Hence X is a weak solution.

Finally, (3.8) gives that

[X - B]C1+H(—y—d/p)Lm’(x) < 00,
[0,1]

which concludes the proof.
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3.5 Proof of Theorem 2.3(b)

Although it will be proven in the next sections, we will use Corollary 2.6 to prove Theorem 2.3(b).
Assuming (H2), we let (X, B) and (2, F,F,P) be a weak solution to (1.1) given by Theo-
rem 2.3(a). On this probability space and with the same fBm B, we define the tamed Euler

scheme (X"™),~0 nen. As in Corollary 2.6, we let b = G 1b, nj, = Ufmj and consider the
scheme (Xh’n")he(o,m- !

First, observe that X" is FB-adapted. In view of (2.9), X/*™ converges to X, in L™, for
each t € [0,1]. Hence X; is FZ-measurable and X is therefore a strong solution.

As for the uniqueness, if X and Y are two strong solutions to (1.1) with the same fBm B, such
that [X — B|,1/24n <ooand [Y — Bl i/2:m < o0, then by Corollary 2.6, X"nn = yhmna
0,1

0,1] ,
approximates both X and Y. So X and Y are modifications of one another. Since they are
continuous processes, they are indistinguishable. This proves uniqueness in the class of solutions
X such that [X — B].1/2+n < 0. In Appendix B, for any n € (0,1) and in the sub-critical

0,1]

s

2,00 L2,00

L2,oo
regime y—d/p > 1—1/(2H), we extend the uniqueness result to the class of solutions X such that
[X = Bl oma-vta/vynpmee < 00

[0.1]

4 Convergence of the tamed Euler scheme

_d_d
Let v and p satisfying (H2) and b € B). By a Besov embedding, we have B) < BZ ? 7 for any

q>0p. Setting’yzvf%Jr% and p = ¢, we havebGBg and v — d/p =4 — d/p, so that (H2) is
still satisfied in BZ . Hence without any loss of generality, considering a smaller ~y, we can always

assume that p is as large as we want. For the proof, we assume that p > m. This allows us in
particular to apply the regularisation lemmas (see Proposition 3.5 and Section 5.1).

4.1 Proof of Theorem 2.5

First, we skip the first point (Theorem 2.5(a)) about the regularity of the scheme X", Tt is
proven in Corollary 5.9, and follows from several technical lemmas presented in Section 5.

Now we prove Theorem 2.5(b) and (c¢). Let (X, B) be a weak solution to (1.1) defined on a
filtered probability space (2, F,F,P). On this probability space and with the same fBm B, we
define the tamed Euler scheme (Xh’")h>07neN.

For all ¢ > 0, recall from (2.5) that K} := X; — By — X and define

t t
K] = / b (X,)dr and K™ := / b(X") dr. (4.1)
0 0

With these notations in mind, we set the notation for the error as
EMM = X, — X", > 0.
Let 0 < S < T < 1. The error is decomposed as

€M 4o SIK-K" o +[KT- KM

-

c[2S,T]Lm C[S,T] Lm C[?S‘,T]Lm
=[K-K" .. +[E"] ,_
[ ]Cé S [ ]C[és S
S [K _ Kn] 1 + [El,h,n] 1 + [EQ,}L,?’L] 1 (4.2)
CALm CALm e sLm’
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where ( = 0 in the subcritical case, and for all s < ¢t we denote
Bl = K= K — (K} = KL,

t
Ejth" = / bV (Xo + K, + B,) — b"(Xo + K" + B,.) dr,

(4.3)
t
EXM = / b (Xo + K™ + B,) — b"(Xo + K™ + B,, ) dr.
‘We also denote
h,n):=[K— K" E2hn ) 4.4
e(h,n) == ]C%, ot led (4.4)

1] [0,1]

In order to prove Theorem 2.5(b) and (c), we will provide bounds on the quantities that appear
in the right-hand side of (4.2). The bound on E'"" is stated and proven in Section 5, see
Corollary 5.3 for the sub-critical case, and in Proposition 5.4 for the critical case. The bound on
E?M7 is proven in Corollary 5.13 for both cases. We now prove the bounds on K — K™ in both
cases.

Bound on K — K"™. Let k,n € N.
First, in the case v — d/p > 1 — 1/(2H), we apply Proposition 3.5(a) with f = b*¥ — b",
T=1/2+H,8=v-1and ¢ = X — B. Using [X — B|,1/245,, < 00, it comes that for any
[0,1]

(S, t) S AS,T7

rm

IKE = KE = KP4+ K| < C6F = b7 gy (£ — 5) HHO770),
Hence (KF — K¥)pen is a Cauchy sequence in L™ () and therefore it converges. We also know by
definition of X that K} — K* converges in probability to K; — Ks. Thus KF — K¥ converges in
L™ to K; — K,. Now by the convergence of b* to b in B;j’l, we get

1K, — Ko — K + K7z < Cllb— b -1 (£ — )" THO175),

Dividing by (t—s)2 and taking the supremum over (s, t) in Ag,r (recall that $+H(y—1—d/p) > 0),
we get that

|

K- K" < — 0" g1 4.
[ 1y . <Cllb—t"llg (4.5)

Wl

T

Now in the critical case, i.e. with v —d/p =1—1/(2H) and v > 1 — 1/(2H), we will apply
Proposition 3.5(b) with f =¥ —b", 3 =~ —1 and ¢ = X — B. Since (b") converges to b in B},
there is ||b¥ — b" |5y < 2[|bl| 5y V1, and therefore

5 = 57 - L
< log(2][blls; V1) + log([16F — 57 53-1)]

e 1 g
® bR = b -

< C(1+ [log (b — " 5-+)])-

Besides7 [X - B]Cl/2+H

< 00, hence for any (s,t) € Agr, Proposition 3.5(b) reads
[0.1]

Lm

IKf — K3 — Ki' + K7

L < OfBF = 0" | g1 (1 + [log [0 — 6" || g2 [)(t — s)2.
As in the sub-critical case, we deduce that

(K~ K"

=

L SOl =6y (14 gl — b5 ). (4.6)

T]

T\l

[
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Bound on EV™", Recall that £M" = K — K™" and that X is a weak solution constructed in
Theorem 2.3(a) that satisfies [X — B] 1245 ,,, < [X — Bl /241 < 0.
EX

5 0,1
In the sub-critical case, we have from Corollary 5.3 that there exists C' > 0 such that for any

(s,t) € Ag,any n € Nand h € (0,1),

[m,o0

n n 1 d
IS em < (1) )+ IEE I ) (t — ) +HOT175),
: CS,T]Lm

Divide by (t — s)/? and take the supremum over (s,t) € Agr to get

By <1y L IEE I ) (T - §)EHO, (4.7)

c

1
2
5,7)

In the critical case, for D a sub-domain of (0, 1) x N such that (H3) holds, Proposition 5.4 yields
the existence of £y > 0 such that if T'— S < {y, then for any (s,t) € Agr,

TH(]. + [Kh’n]cl/2+HLm)

lLm <M (1 + ‘log 15.7)
1E" | eg L A-€(hy )

[N

(s, "

3

> (\|€h7n||L[°;1T]Lm+6(h, n)) (t—s)

n n 1
+M(||gh, ||L[°§.T]Lm+[5h7 ] 1 ) (t—s)2.
' s L™

Since D satisfies (H3), we have from Corollary 5.9 that

sup [K"" 1om <00
(h,n)€D Clo L™

It follows that
JES! lm < M (1+[log ("

‘LE);T]

kel m)) (€ |ugs pymelhim) (2 = s)

1 h,n o m h,n _ 1

+C (14 0B Tt = )1y el ) + €]y, ) ¢ = 9)F
Now use that 1 > T >t — s to deduce that [log T|(t — s)2 is bounded on the set {(s,t,T) : T €
(0,1] and s < t < T'}. Since ||EM™| Lo Lm < ||5§’”\|Lm+[5h’"} 1 we get using M(t — s) <

8,7 2 S m)
[S,T]

C(t—s)z,

Jhan n n
JES i < M|Tog (18" |ugz , wmeCh )] (€7 1155, me(hym)) (2 = 5)

(5.1}

ot e(h,n)) (t — s)%.

ol

+ O (IE&™ lm+E™ 3

(5,7 1"

Divide by (t — s)'/27¢ and take the supremum over (s,t) € Ag r to get

(B 4o <M (|1og (18" gy mreth i) ) (117 12z o o+e(hsm)) (T = $)37€
[S,T]

(4.8)
h,n hny _ G6\¢

+C (5" lam+EM™ 3, +€lhm)) (T = S).

(5,71
Bound on E*"". By Corollary 5.13, we have the following bound for € € (0,1), and (s,t) € Agr
1B < © (10" k3 =% 4 6" e 0" [loch <) (¢ = )3
Dividing by (¢t — 5)% and taking the supremum over (s,t) in Agp, we get

L NP o (o S [ PV W B (4.9)

1
C[zs,T]LW
This is where we avoid using Girsanov’s theorem and rely instead on a bound that involves the C!
norm of b". This simply comes from estimates when ¢ — s < h of the form \f: f.+B)— f(¥r+
B,,)dr|< || fller (t—s) k=, at a scale where the discretised noise cannot regularise anymore. More

rigorously, the previous bound is again obtained by a stochastic sewing argument.
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Conclusion in the sub-critical case. Using (4.7) in (4.2), and recalling the definition of e(h, n)
in (4.4), we get

=

€]

h,n h,n o %+H(’y—1—%)
o Sdhm+o(E I ) (T S) .

1
2

Lm S,T)

Ly

[8,7]

Hence for T — § < (2C)~1/(/24H06=1=d/P)) —. ¢ we get

(€ 3, < 2e(hn) + €57 | (4.10)
S,T]

Then the inequality

h,n h,n 3 n
IE5™ Nam < IELT I +EEIERT 4
[S—¢0,S]
can be plugged in (4.10) and iterated until S — kfy is smaller than 0 for k£ € N large enough. It
follows that

£

I

< Celhn),

L

‘SNl

and in view of (4.4), (4.5) and (4.9), we obtain the result (2.7) of Theorem 2.5(b).

Conclusion in the critical case. Using (4.8) in (4.2), we get that if T'— S < 4y,

) <[K—K" , . +[E*")

1_ 1_
Ch L (s L™ S
+ M (|1og (18" "1 zg o -+e(h )] ) (I€7" | usg , melhym) ) (T = 8)4+¢

+ O (IEE" lum+E]

[S,T]

e, n)) (T — S)C.

We observe that [K — K ”]C

s

o+ [EFM 1o < (T S)S €(h,n). Let £ > 0 satisfying
RN Clsm L™

W

0<(C) S ALAL. (4.11)

Passing the term [Eh’”]c%,CL from the r.h.s to the Lh.s, we get for any S < T such that T —S5 < ¢
5,7)

1+C h
ghn ———(e(h EX™||Lm) (T — S)°
[ }cé}iw < oot n) + 1€ ) ( )
M n n 1
+ e 1og (18" gz e m))] (1171 2gg o -te(h,m)) (T = )35,
(4.12)
Hence denoting C; = % and Cy = %, we have for T — S < /,
€k — 8™ < Cr (elhim) + €M 1sg 1) (T = ) s

+Cs (€% 115z, 1 +e(hs ) ) [og (1" |1z ,, m+e(h, )| (T = S).
We will now rely on the following technical lemma to conclude, which is a quantitative analogue

of [3, Prop. 3.6] and [1, Prop. 6.1] (see in particular the use of Equation (6.9) in the latter result).
We postpone the proof of this lemma to Subsection 4.2.
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Lemma 4.1. Let (E,||||) be a normed vector space. For£,Cy,Cy > 0 andn € (0,1) we consider the
set R(n, £, C1,Cs) of functions defined from [0,1] to E characterised as follows: f € R(n,¥,C1,Cs)
if [ is bounded, fo =0 and for any s <t € [0,1] such that t —s < ¢,

fe = foll < Cy (I Flnee o tn) (t = 5)% (4.14)

+ Co ([[fllzee, m+m) Hog (1 fll e 2 +m)| (£ = 5).
Then for any 6 € (0,e=C2), there exists 7 = 7(C1,Cy,¢,0) such that for any n < 7 and any
f S R(’I],& 01702);

—c
Flles, < 0,
Let 6 € (0, %) Recalling that Cp = 1247, let us also choose ¢ which still satisfies (4.11)
and which is small enough in order to have eCr>eM_§>5.
We now apply Lemma 4.1 with E = L™, ¢ = ¢, C; = C, C2 = Csy. By (4.13), we have that
Erm belongs to R(e(h,n),t,C1,Cy) for (h,n) € D. Therefore, there exists € = €(Cy, Ca, £, §) such
that if e(h,n) < € we have

1" gy < ()7 < el )
Let € = €(C1, M, £,4,() < € A1 such that e V-2 < % Then, if ¢(h,n) < ¢, we have

€M™ 1ee  nmte(h,n) < e(h,n)® " 2 4+ e(h,m) < 2e(h,m)* " 2 < e
Since x — z|log(x)| is increasing over (0,e~1), in view of (4.12), we have that over any interval I
of size ¢,

-M_
(€7 ,3c,, < Celhum) =20 (14 [log(e(h,m))).

Since ¢ is fixed independently of e(h,n), summing at most % of these bounds, we get that if
e(h,n) <e

o < Ce(h,n) €2 (14 [log(e(h,n))|) < Ce(h,n)e =40,

EMM 4
[ ]C[%),l](L"L

From Corollary 5.9 and the property [K]C[l/erme < oo, we have that under (H3), sup;, ,,cp [Eh’"]C%,CL
0,1 [0,1] m

[K]p1/24H oo+ SUDy, neD[Kh’"]C1/2+HLm w < 00. It follows that there exists a constant C' such
0,1] ’ [0.1] ’

that for all (h,n) € D,

[ghﬂ]c%*CLm < Ce(h, n)(eiM_M)-

[0,1]
In view of (4.4), we obtain (2.8) from Theorem 2.5(c).
Remark 4.2. The real-valued function gy = 7767& — 1 solves the differential equation

g, = —C (g: +n) log(g: + 1), Vt € [0,1].

Thus the result of Lemma 4.1 seems close to give an optimal bound. The term with the factor Cy
s only a small perturbation, that is why we do not keep track of the second constant in the bound
(4.8) of EVI,
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4.2 Proof of Lemma 4.1
Let 6 € (0, 5¢~°2). There exists a > 1 such that e"C2 Mt — o=C2 _§ Lete= e(Cs,9) € (0,1)

aloga aloga
small enough such that e~ 2o > e~ % — 925, Denote also a:=1 — e~ C2@=n-57, Now for
n € (0,1) and f € R(n,£,C1,Cs), define the following increasing sequence: to = 0 and for k € N,

inf{t>tk : 7]+||ftHZ ak+1 77}/\]. if tp <1,
let1 = .
1 if tr = 1,

with the convention that inf ) = +oco. In view of (4.14) and of the boundedness of f, the mapping
t — || f¢] is continuous. In particular, and by definition of the sequence (t;), we deduce that for
any k,

s, \£< an—n < a'y.

Let

N = {aiZEEZ;J 1, (4.15)

and let 7y = 7jo(C2,d) be such that for n < 7o, we have N > 1. We shall prove the following
statement:

There exists 7 = 77(Cy, Ca, ¢, ) such that for any n < 77 and f € R(n,¢,C1,Cs), tny1 = 1.
(4.16)

Observe that if (4.16) holds true, then for n < 7j and f € R(n, ¥, C1,Cs), we have

”fHL‘[’[f 1]E§ Nty <pl-o< n(e—cz,g(;)

and the lemma is proven.
Let us now prove the statement (4.16). Fix n < 7jp and f € R(n, ¢, C1,Cy). Let

N():inf{k‘ENl trt1 21}.

We aim to prove that Ny < N, so that we will have indeed ¢y = 1. First, if Ny = 0, we have
obviously that N > Ny. Assume now that Ny > 1. For any k < Ny — 1, we have n + || f, ||= a* 1
and ) + | fi,,. [|= a*™' n, which implies that || f;,,, — fi. [|> ("™ — a*)n. Consider two cases:

(1) If tgq1 — tp < £, then one can apply (4.14), using || f, . [|= [|fllze

to get
[tk7tk+1]E7 g

1
(@ =) < Cra™ 'y (tega — 1) 2 + Co a i flog (a1 )| (tkga — t).

(2) If ty41 — ti > £, then we split the interval [f4, tx41] into at most [ 4] intervals of size ¢, that
we denote [57, i“]. We can apply (4.14) over each such interval to get that
L7]
j i1
(@ = <O Y (W flles, o, m+n) (B = B))=
S et
Lzl

+C2 Y (Ifllze, . m+n) og(Iflle=, . e+n) (BLT = BL).
18,8911 (87,8571
=0 kPk kPk

)=

)=

k+1

By definition of the sequence (tx)gen, we know that n+ || f|| Lo < a*tn. Moreover for
s

J gi+1
I.69%1

k < N, there is a1y < a¥+lp < ¢ “*=%. Therefore, for f; = i1 (Ca,§) < 7jo small enough,
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we have that a**1n < e™! for any n < 7; and k < N. Since the mapping = + = |log | is
nondecreasing on the interval [0,e~!], we get that

- 1 - < k+1 1 k+1 )
(1l o o o1, sl o fog(a* )

Then, by Cauchy-Schwarz on the first term, we write

1 1
(Tt —aPyp < €y a* Ty \/;(tk+1 — )% + Cy a* ' nllog(a )| (thyr — tr).

Hence in both cases (tx11 — tx, < £ or tp4q — t > £), for any n < 7y, there is

C
1_—1L(tk+1 t )%

Via—1

Notice that the polynomial Cy -2+ [log(a*n)| X? + 312 —2- X — 1 has only one non-negative root.
Thus

(@'0)| (trg1 — tr).

7L7+\/ a 1 201 +4CQ“|log(ak+1n)|
2CQ“IIOg(a’““n)I

Then we have

2 (2ins) + 422 log(at >|¢§5;“1)\/ (s + 42 flog(at+ )|

(tk+1 - tk) > 5
(2%¢)" hog(at+ )P

Using the notation C, = gﬁ‘i and the inequality va + b < \/a + Vb, we get that for any n < 7,

2 2
(th1 — t) > G L i G

+ — —
2C3log(a TP Callog(@Ta)] ~ 2C30g(@™ )P (o)1 0F i [log(ak+1n))E

1 G
i - | (4.17)
Cy|log(a*+1n)| C2 /1 [log(ak+1n)|2

Now we will show that for NV defined in (4.15), the sum from 0 to N of the right-hand side of
(4.17) is larger than 1, which implies that Ny < N since ZkNio(tk—H —t) = 1. Let us start with
the second term in the above inequality. Notice that for k < N, we always have [log(a**1n)|=
[log(n)|—(k + 1) log(a). Thus we get

MZ

N 1
k=0 10ga+ |2 o |log(a®tin)|>

2 1 1
-+ .
" log(a ( V/[og(an)| \/10g(aN“77)>

We have [log(a™*'n)|= [log(n)|— [ 122! | log(a) > (1 — o) log(n)| = e~ >0 [log(n)]. So we

have [log(a™*1n)|— oo as  — 0 and therefore
y al 1 o ( L, 1 ) N 1
im) ——— < lim -
=0 £ log(ak+1y)|2 ~ n=0log(a) \ \/llog(an)]  \/Tlog(a¥FTn)[/  [log(aN+1n)|z

=0.

21



On the other hand,

1 M [log ()|
Z T 2 o dr = log ~
= Callog(a®*1n)| = Ca )y [log(a™1n)] log(a)Cy [log(a™n)]
- — fogo) )
log(a)Ca (1 = a)[log(n)|+allog(n)|—Nlog(a)
We have N + 1 = | @llostl | > elloe)l _q t}g Nlog(a) + 2log(a) > allog(n)|. Hence,

log(a) log(a)
1 1
> log ( [log ()] ) .
log(a)Ca (1 = a)log(n)|+2log(a)
The right hand side converges to log(1/(1 — «))/(Cqlog(a)) as n goes to 0. Hence, going back to
(4.17) and summing over k € [0, N — 1], we know that there exists 7 = 7(C1,C2,¢,d) < 1 such
that for n < 77 , we have

N No
Z(tkﬂ —tk) > o 11 o(a) log (1 i a) (I-g)=1= Z(tk+1 — ).

k=0 k=0

It follows that Ng < N and thus ¢tx4+1 = 1. Hence (4.16) is true and we conclude that for n < 7,
—C2_95

we have ||fHL°§1]E< n°

4.3 Proof of Corollary 2.6

We will do the computations with ny, = [h~%| for some o > 0 and prove that the upper bound on
(€] 412 1, given by Theorem 2.5 is minimized for o = 1/(1 — v + d/p).
[0.1]

First,y the inequalities (2.11) and (2.12) imply that d™ satisfy (H3) with D = {(h,np),h €
(0,1/2)}, any n € (0,H) and o < (2(H —1n) +1)/(1 — v + d/p). Therefore, we deduce (2.13) from
Theorem 2.5(a).

The sub-critical case. In view of Lemma 3.2, b™ satisfies (2.10), (2.11), (2.12). Then the
result of Theorem 2.5(b) reads

[ghmh] < C(I_h_aj_% + Lh—aJ*%(V*%)h%—E + Lh—aJ%*(W*%)hl—s)_

C

=

L™

Sy

Since —3(y — %) >0and & —(y— 7) > 0, we have

|h— J% =8) < =50~ and |h=]~ (-9 <« p50—9)

Moreover, since h € (0, 3) and [h=*] > A~ — 1, we have

It follows that
[£hm o

0,1

< C(nf +30mDREE B a0 Dple),
Now we optimize over «. Introduce the following functions:

«a @ d 1 d 1
fl(a)zav f2(a):§ (7—p> T3 and f3(a) = <7—p—2) atl, a>0.
Observe that f; is increasing and fs, f3 are decreasing. Moreover, we have
1
= = R = -
file) = folo) = foe) & 0" = p—o

It follows that the error is minimized at o = a*. Let nj, = [h~®"|. This yields rate of convergence
of order 1/(2(1 — v+ d/p)) — €, which proves (2.14).

(4.18)
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The critical case. Using (2.10), (2.11) and (2.12), the result of Theorem 2.5(c) reads

e M_s

g

Cio,1)

1 —Q -1 —Q -1 —4 .l—E — i —4d —€&
L S C(IheH (U og(hme ) + (b0 ~HO0-DREe 4 e 0Dt

Optimising over « again, we find o* = 2H. This yields

—-M

e —d
[gh,nh] 1¢ < C(hH_E‘log(h)l) ’

Clo. £

which proves (2.15)

4.4 Proof of Corollary 2.9
Let € € (0,1/2), then fix n € (0,1/(2H) — 1) and 6 € (0,%) such that n + & = . Then b also

)
belongs to B" and Theorem 2.3(b) states that there exists a strong solution X to (1.1) which

satisfies X — B € C[lo/ ?FTHL"“OO, which is pathwise unique in the class of solutions that satisfy

X - BeCypL*>.
To prove the second part of the corollary, apply Theorem 2.5(b) with v = —n, p = co and € = 4,

to get that for D satisfying (H3), we have sup(hyn)eD[Xh’" — Bl,1/24n,,, < 0o. Moreover, noting

Lm,
[0,1]
that [|b" — b g=n-1< C|b" — b/ g=1, it comes that

(X — X"
c

=

n n 1_ n 3 —
S (I8 = Bl I ook 30 87l 7ok 7).
1]

ol

Now take n, = |h™%| and ™" = Gy, b for some a > 0. Using (2.10), (2.11) and (2.12) as in

Subsection 4.3 leads to supj¢(o,1/2) [Xhmn — Bl 1248, < 0o and
’ (0.1]

[X _ Xh’nh]

c =c (h% +hETOTF 4 hl_‘s—%—an) )

=

L

SN

1]

Optimising over « as before, we find a* = 1/(1 4+ n), which yields a rate of convergence of order

— 6. Since 51— > 1/2 — 7, it finally comes that

1
2(14m) 2(14n) =

[X — XxPmn) o < ChETT0 = ChrE

Cio, L™

5 Regularisation effect of fBm and discrete-time fBm

In this section, X always denotes a weak solution to (1.1) with drift b € B}, with v € R and
p € [1, 00] satisfying (H2). For such X, recall that the process K is defined by (2.5). Let (b™)y be
a sequence of smooth functions that converges to b in B)~. For n € Nand h € (0,1), recall that
X" denotes the tamed Euler scheme (1.2) and that the process K™ is defined by (4.1).

5.1 Regularisation in the strong well-posedness regime
In this subsection, we state and prove the bound on E*"" first in the sub-critical regime (Propo-
sition 5.2 and Corollary 5.3), then in the critical regime (Proposition 5.4).

Recall that by a Besov embedding, B) < Bg_d/p+d/p for any p > p. Setting ¥ =~v—d/p+d/p,

we have b € B;Y and v — d/p =4 — d/p. So, without any loss of generality, we can always assume
that p is as large as we want. In this subsection, p > m > 2.
Before giving the main estimates of this section, we will need the following corollary of Lemma 3.4.
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Corollary 5.1. Let 8 € (—1/(2H),0) such that B8 — d/p € (—=1/H,0). Let m € [2,00) and
assume that p € [m,+o0]. Let A\, A1, A2 € (0,1] and assume that 5 > —1/(2H) + A and B >
—1/(2H) + A1 + Xa. There exists a constant C > 0 such that for any f € C°(R%,RY) N Bg, any
0<s<u<t<1, any Fs-measurable random variables k1,ko € L™ and any F,-measurable
random vartables ks, kg € L™, there is

t
/ (f(Br + k1) — f(By + k2) — f(By + k3) + f(Br + K4)) drHLm
—A1—Xo— 94
< C’||f|\35 B[y — ra|™]H ™22 [|k1 — kol 3k (¢ — w) HH == Ae=5)
+ O fllgs 51 — w2 — w3 + a3 (¢ = ) HEB=A= ),

Proof. The proof is identical to the one-dimensional version of this result, see Corollary D.4 of [1],
so we do not repeat it. It relies on Lemma 3.4 and Lemma 3.1(47). O

Proposition 5.2. Let (11)icp0,1), (¢t)iejo1] be two R¥-valued stochastic processes adapted to F.
Let f € C°(RY,RY) N B} and m € [2,00) such that m < p. Assume that v — % >1— 5 and let

T € (0,1) such that
1 d
— H —1—-- . 1
<7’/\2>+ (’y p)>0 (5.1)

There exists a constant C := C(m,p,v,d) > 0 such that for any 0 < S <T <1 and (s,t) € Ag 1,

H/Stf(wT’+Br)f(¢r+Br)dT .
< sy (14 1] 3, ) (10 = Glcg om0 = bsllum ) (1= ) 071750,

2 m, o0
S,T) L

(5.2)

Proof. Let 0 < S <T < 1. For (s,t) € Agr, let

t t
Asy = / f(Ws + By) — f(¢s + Br)dr and A; = /S f@, + B..) — f(¢. + B,) dr. (5.3)

Assume without any loss of generality that [¢] CL/2HH oo a0 [ — ¢]C{s L are finite, otherwise
(5,7] :

the result is trivial.

Let € € (0,7 — (1 —1/(2H))). In the following, we check the conditions in order to apply
Lemma A.1 (with ¢ = m). To show that (A.2) and (A.3) hold true with ey =7 AL + H(y —1—
d/p)>0, a1 =0and ea =1/2+ H(y—1—d/p) +¢/2 > 0, az = 0, we prove that there exists a
constant C' > 0 independent of s,t,.S and T such that for u = (s +t)/2,

(i) IE*[6Asuelllzm<C l\fllsg([wlc[ls/’ﬁHLm,oo + (¥ — dleg, o + 15 — dsllim) (= s)1+e

Cls.m)
(i) 10As el < C 1y ([W)orran e + 1) ([ = Dleg, gy + s = Gsllum) (¢ = w)h+ez;
(8.7 [s,7]

(iii) If (i) and (ii) are satisfied, (A.4) gives the convergence in probability of ngz’“fl Atf,tﬁ,ﬁrl along

any sequence of partitions Iy = {t*}N* of [S, ] with mesh converging to 0. We will prove
that the limit is the process A given in (5.3).

Assume for now that (i), (ii) and (iii) hold. Applying Lemma A.1 and recalling (A.1), we obtain
that

H [f(Br ) =SBy + o) dr

_1—4d 1
S HAs,t‘ Lm)(t—s)l-"_H(’y 1 p)+T/\2

Lm+C Hf”BZ(W]C[ls/,ZTﬁHL”'“ + 1[0 = dler, yom + s — o]

[S,T

d

+ C Iy (Wlejzir o + D = Bleg o + 15 = Ssllim) (= ) THOTTETE,

S

NG

(5.4)

24



To bound || A ¢|m, we apply Lemma 3.4 with ¢ = m and 8 = v — 1, and for 2 = (¢5, ¢s).
As f is smooth and bounded, the first assumption of Lemma 3.4 is verified. By Lemma 3.1(7),
IF(-+s) = F(+ @s)llgy-2 < 2]l 53-1, hence the second assumption of Lemma 3.4 is verified. Tt

follows by Lemma 3.4 that
|Asillzn < CHIF@s+ ) = F(@a + lgy-allpm (¢ — 5)'FHOT=D)
< O fllsy l1s — sllpm (t — 5)'HHO-1=5

< Clflsy (¥ = Pler, yom + 19s — ¢s|

L) (t — ) HHO1=5), (5.5)
Injecting the previous bound in (5.4), we get (5.2).
We now check that the conditions (i), (ii) and (iii) actually hold.

Proof of (i): For u € [s,t], we have § A, ¢ = fi f(Ws+By)— f(és+ Br)— f(bu+ Br) + f(py +
B,)dr. By the tower property of conditional expectation and Fubini’s theorem, we have

t
B6A e = [ EYEY[f(6u+ B,) = 160+ By) = f(u+ B,)+ 1(6u + By)| dr

=: /t ES EY[F(B,,s,u) + F(B,,s,u)]dr, (5.6)

where
F(ys,u) = f(s + ) = F(0s +) = F@u + ) + F(u+ 6 — s + ),
F(ys,u) = f(¢u+-) = F(u + 65 — s+ ).
By Lemma 3.3(ii), we have that
[BYF (B, 5,u)|< | F (-, 5,u)|| gy (r = w)" 07275,
B F(Br, 5,0)|< | F(5,u) | gy (r — )O3,
Moreover, by Lemma, 3.1(ii7), it comes that
B\ F(y5,0)llgy2 < I1F sy s — dsl B¥ by — b
< Fllsg e — 6ol (B [abs — 9ou™) ™
< N llsp s = Gsl 1] 3

[s,T]

_g)ztH
me(u s) .

Besides
HEC, s, w)llgy=—llem < [ fllsyllos = u = b5 + dullm
< | fllsy [ = dleg, fyom (w—s)"
Plugging the previous bounds in (5.6) and using ||¢s—¢s||pm < ||Ws—@s||pm+(T—S)T [W—@]c-

fs,m L™

we obtain

IE*6 Agutllm < C Iy (18] g
C[S,T] Lm,oc

+1) (1% — Bleg i + s — D5l

« ((t_s)l—&-'r—i-H('y—l—%) + (t_s)1+%+H+H('y—2—%))

<O fllsg (14 3
[s,

) Lm,oo

Proof of (ii): Apply Corollary 5.1 with 8 =, A =1, \y = 1, Ao = ¢, kK1 = s, ko = ¢s,
k3 = ¥, and k4 = ¢,. This yields

16 A5 elm < ClLFllsy B (s — bl ™1 ™ 1 oe 1905 = dsllzm (¢ — u)tFHO1memd/P)
+ O fllsy s = bs = tu + bullm (¢ — u) THO—I=d/D),
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Hence we get from (2.1) that

_1—4)yy =
16As il < CUFllsy Wy Iltbs = Gullm (¢ —u) FHOTIZ5)7

(5.7}

Oy [ — Bler, . o (¢ — u) HHO-L= DT

[8,T]

and use [Y]%: 210, o < [T/J]Cl/rz’TﬁHLm,oo + 1 and [[¢bs — ¢sllLm < |lvs — dsllm+[ — ey, , Lm to

[S,T] [s
prove (ii).
Proof of (iii): Finally, for a sequence (IIj,)gen of partitions of [S, ¢] with TT, = {t¥} N and mesh
size |II;| converging to zero, we have

Ni—1 Ni—1 t?+1
HAt— Z At§7t§+1 < Z /tk f(Wr + By) = f(or + Br) _f(l/th +Br)+f(¢t§ + B;) Lm
i=1 m =1 Yt
’ Ni—1 t§+1
<> [ rwer B = s+ B+ #6604 B - 0y + B
=1 7t
Ne—1 et
<Wfler Yo [ [or =], + e = o] ..
=1 t;

Now use that ||t —1 |
¢r = GprllLm < C([¢ — Yler, ,oom + [1/)](;[1/2;3Hm,m)|ﬂk|” to get

[5,7) 4

We now apply Proposition 5.2 in the sub-critical case to obtain the following bound on E™"™.
This bound is used in Section 4.

Ni—1
A= 30 Aga, | SOl (T = 8)(19 = Yleg, gyre + Wleajzts ) Tl =20,
i=1 '

Lm

O

Corollary 5.3. Recall that the process K™ was defined in (4.1) and let Xo be an Fo-measurable
random variable. Let m € [2,00) such that m < p and assume that v —d/p > 1—1/(2H). There
exists a constant C > 0 such that for any 0 < S < T <1, any (s,t) € Agr, any h € (0,1) and
any n € N,

t
/ B (Xo + Ko+ B) 0" (Xo + K1 4 By r|

< Clbllsy (14 (X = B) o) (15 = K]

Lm0

Lm + ||KS - K;’”

ck |Lm’)(t—8)1+H(%1*% :
[8,T]

1
2
[s,1]

Proof. Notice that 7 = 1/2 satisfies (5.1). Hence apply Proposition 5.2 with 7 = 1/2, f = b",
Y= Xo+ K and ¢ = Xy + K™ and recall from (2.4) that 1075y < [|bll 5y to get the result. [

The following proposition provides a result similar to Corollary 5.3 but in the critical case.

Proposition 5.4. Let the assumptions of Theorem 2.5(c) hold. In particular, recall that Xy is an
Fo-measurable random variable, that v — d/p=1—1/(2H) and v >1—1/(2H), ¢ € (0,1/2) and
assume further that 2 < m < p. Recall also that K™ and K"™ were defined in (4.1), and e(h,n)
was defined in (4.4).
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dr

Lm

ng [d)] 1/24+H m|Hk|1/2+H§ WJ] 1/24+H mm|Hk‘1/2+H andfOYUZT/\(l/2+H),
C[ST] L C[SJ.] L™

dr



There exist constants M > 0 and ¢y > 0 such that for any 0 < S < T < 1 which satisfy
T -8 <Yy, any (s,t) € Ag, any h € (0,1) and any n € N,

t
H/1U%X0+B;+J%)—H%X0+Bfm4<BﬁdﬂL
TH(I =+ [Kh’n]cl/2+HLm)

<M 1)1 571 ’(K—K“ o pmte(h )t—
e e < P rer ot iz i ellom) ) =)

s

_ K m _ 1hmn
+ M (1K = K™ g om 4K = KM

1
t—s)2.
) 7

W

Remark 5.5. The constant M is important in the proof of Theorem 2.5(c) as it appears in the
order of convergence.

Proof. Let 0 < S <T < 1. For (s,t) € Ag,r, let As; and A; be defined by
t
As,t == / bn(XQ + KS + Br) - bn(XO + K?7n + Br) d?”,

t
Api/bWXb+K;+BQ4bWXb+Kﬁ"+Bﬁdn
S

and let
Rs,t = At - As - As,t~ (58)

In this proof, we write | K — Khm”c%_(L for |Ks — Kg’"HLm—F[K — Kh’"]cé_<

[S,T] [S,T]Lm
Let

0<e< (7—1—&—2;)/\(1—20.

Set 7 = 1/2 4+ ¢/2. In the following, we will check the conditions (A.2), (A.3) and (A.5) which
permit to apply the stochastic sewing with critical exponent [3, Theorem 4.5]. To show that (A.2),
(A.3) and (A.5) hold true with ey = H, a1 = 0,62 =1/24+ H(y—1—-d/p)+€/2=¢/2, as =0
and g4 = £/2 we prove that there exists a constant C' > 0 independent of s,¢,.5 and T such that
foru=(s+1)/2,

(1) ||E85As’u’t||]/n§ C (1 + [Khm]cl/?*HLm) (t - S>1+H;

[S,T]

() WE*0Aq el < C [Bler, , aom (¢ = 5) 347 + C(I1K = KMoz pm-te(h,n) ) (¢ = s);

5,T]

. 1
(i) 10Asuplloms CIE = K™ yoc  (t—s)27
(s,7]
(iii) If (i) and (ii) are satisfied, (A.4) gives the convergence in probability of Zﬁv:’“fl At?,t’;ﬁ+1 along
any sequence of partitions Iy = {tf}fvjl of [S,t] with mesh converging to 0. We will prove

that the limit is the process A given in (5.7).

Then from [3, Theorem 4.5], we get

TH(I + [Kh’n]cl/2+HLm)

Roylim <C (1 M 15.7) ’(KfK“ N h,)tf
IRl .0 (14 o8 e, 2 s ) (O oz telton) ) (=)

+C|K = K" 4o (t=5)E 4+ C Rl

1
(s, L™ (t - 5)2+T'
[s,T]

27



Now recalling that 7 = 1/2 + £/2, we can divide both sides by (¢t — s)” and take the supremum
over (s,t) € Agr to get

T+ [KM"] pjeen )

n<cf(1 }1 [5.7] ’ (K—Kh’" o pmte(h, )T—SH
om0 1+ s e PvEr=nUAN o5 el m)) (1= 5)

[Rle-

[s,7]

n 1
+C||K—Kh’ HC%_CL"I —|—O[R]c[* m (T —9)2.

S,T]
[S,T]

_ 1
For S < T such that T — S < (20)~2 =: {, we get that C [R]C[Ts,T]L"" (T-95):z < (1/2)[R]C[Ts,T1L""'
We then subtract this quantity on both sides to get

TH<1 + [Kh’n]cl/erHLm)

n<20(1 ‘1 [5.7) ’ (K—K’“" —— )T—Sl_T
o 220 1+l g e ) 55y el m) ) (T = 8)

[S,T

[Rler.

[8,T]

+20|K — K" v .
C[Z’S,T]Lm
We conclude using (5.13) and

A = Asllzm < [|Bstllpm+[|As,efl -

We now check that the conditions (i), (i), (ii) and (iii) actually hold.

Proof of (i): For uw € [s,t], by the tower property of conditional expectation and Fubini’s
theorem, we have

t
E*0Asu: = / E*E* [b"(Ks + B,) = b"(K[" + B,) = b"(Ky + B,) + 0" (K™ + B,) | dr
u
t
= / E* EY[F(B,, s,u) + F(B,,s,u)] dr, (5.9)

where

F(-,s,u) =b"(Xo 4+ K, + B,) —b"(Xo + K" + B,) = b"(Xo + K, + B,)
+b0"(Xo + KM + K, — K + ),
F(,s,u) =b"(Xo+ KM +) =" (Xo+ KM + K, — K, +-).

By Lemma 3.3(i¢), we have for A € [0, 1] that
[E“F(By, s,u)|< C[|[F(,5,u) gy-1-» (r = w)HO=1=A=5),
Moreover, by Lemma 3.1(44), it comes that
1F Gy sl gy-1-x < C D™ |y 1K — Kol [ Ko — K2
Hence

[ESE“F(B,,s,u)| < C[|b"|5y | Ky — KP"MES|K, — K| (r - w)HO=1=2=5)

<O g |Ks = KPP K] 3w (= s)3HH (- ) HO71220)
[SYT] Lm,oo
and from Jensen’s inequality,
ST U n n 1 _1—)\—2a
B F(B,. 5, )ln < C I sy 1K — KPR (K] o (= )30 (T30,
(5.7}
(5.10)
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As for F, we have similarly that
BB F(By, 5,u)|[1m < C B E (8, gy || o (7 — u) 775
< Of6" gy | K™ — KB — Ky + Kyl (5 — w) 707175

(5.11)

< 10l (1K), + IRy,

[S,T] [S,T]

Choosing A = 0 and noticing that H(y — 1 — d/p) = —1/2, we plug (5.10) and (5.11) in (5.9) to
obtain

[N

HESéAS,u,tHL"‘ <C an”B; [K]C%H{

[S.T]

s -

1y (1K) + IR g, ) (0 979 =

sy L™ (5.7]

< Ol (167 g, + K]y, ) 6= 000

Cis,m)

Use finally the property K = X — B € C[lo/frHLm*Oo from Theorem 2.3 and (2.4) to deduce (i).
Proof of (i’): We rely again on the decomposition (5.9).

We now use (5.10) with A =0 and (5.11). Since H(y —2 —d/p) = —H — 1/2 > —1, there is

[E*0Asu tllLm < C anHBZ [K]C%JrHme”Ks - Kshm [Lm (t—s)
(s.7) (5.12)
+C "l K" = K& = Kot K| e (8= 5)2.

N

Here we do not expect K™" — K to be 1/2-Holder continuous uniformly in A and n, but only
(1/2 — ¢)-Holder, so we need to decompose || K" — K" — K, 4+ K,||pm into several terms. First
we introduce the pivot term K — K7 to get

=

e e I e L

T]

Wl

Now observe that from (4.1), (5.7) and (5.8),

Reuw=Kl —KI'— A, — /u b"(Xo + K" + B,) dr,
so that |

Khn — ghn _Rgn 4 K= /u b (Xo+ K"+ B,) — b"(Xo + K" + B,)dr — Ay — Ry o
Hence recalling the definition of E2"" from (4.3), we get

[ = B = K+ KL [ < [ B2 o+ As

L+ || Rsull L
As in (5.5), we have

_1-d
[Asullm < Cl0" 5y 1 Ks — K" pm (u — )O3

= C|I6" |y 1K — K"z (u— 5)%. (5.13)

Thus we get

Nl=

e e LB

c

=

o < (O 1.~ K27 )=
T

Tl

+ [Rler. . pm (u—35)".

[S,T]
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Plugging the previous inequality in (5.12), it comes

||E85As,u,t|

o 0 sy (0 g 4K yam Ky = KEMlimt (B2 4 Yt )
4 T Lm,oo I Lm

[S,T] S,T1]

1
17l [Rleg, 5o (8 — )37

Use finally that K] 1 < o0, [E>Mn] 4
| ]C[Z‘STT}]ILT"’oc | ]C[é,Tle’
Proof of (ii): We apply Corollary 5.1 with 8=, A=1, \; =1, Ao = ¢, k1 = K,, ko = K",
k3 = K, and k4 = Kfj’": this yields

< ¢(h,n) and (2.4) to deduce (1’).

16 As utl L (t — ) HHO—1=e=d/p)

i < O s (B 1K = Ko™/ 1K = K27
+ O iy [ = K = Koy KL o (8= ) 012000

1,¢e
<O Isy Ky K = K™ [m (E—u)2 "
&.r] m, o0
+O[6" gy (K = K™ o (t—w)tTC
C[SYT]LW

Since sup,, [|0" |57, [K]CES/Q»TJ?HLMM are finite and € < 1 — 2¢, we have obtained (ii).

Proof of (iii): The proof is identical to point (iii) of Proposition 5.2. O

5.2 Sewing bounds for the d-dimensional discrete fBm
First, we obtain in Subsection 5.2.1 the C[lo/?]JrHme regularity of the tamed Euler scheme (1.2)

under (H2) and (H3), then we proceed to prove an upper bound on [E27h’n]cl/2 m in Section 5.2.2.
[0,1]

5.2.1 Holder regularity of the tamed Euler scheme

Lemma 5.6. Recall that vy and p satisfy (H2). Let m € [2,00), ¢ € [m,o0]. There exists a constant
C > 0 such that for any 0 < S < T < 1, any R%*-valued Fs-measurable random variable 1), any
feCRYLRY)N By, any h >0 and any (s,t) € Ag ., we have

(] s+ ey

Proof. We will check the conditions in order to apply Lemma A.1. For (s,t) € Agr, let

1 _H D\ (t— )3 TH
1o SO (e B3 4 £l ) (8 = 5) 7.

t t
A,y = EF / (6 + By, )dr and A, = /S f(+ By, dr.

Let u € [s,t] and notice that E°6 A, = 0, so (A.2) holds with I'y = 0. We will prove that (A.3)
holds with ay = 0 and )
L2 = Ol flech?™™ +C| flls3-

The case t — s < 2h. In this case we have
At |< [1F oo (t = 5) < Ol fllooh® = (£ — 5)2+H. (5.14)

The case ¢t — s > 2h. Here we split A, in two
t

s+2h
Ay, — B / (o + By, ) dr + E° / FGb+ B, dr.

+2h
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For the first part, we obtain

s+2h
B [+ By dr| < 2 Okt (e = 5) 10

Denote the second part by

t
J ;:/ E* () + B, ) dr.

+2h

Using Lemma 3.3(¢4) and Lemma 3.1(4), we have

t
_a
||z < C / 1l (rn — )05 dr.
s+2h

Since 2(r, — s) > r — s, we obtain

Wl € [ 1Sl 7P
s+2h
< O|lf |1yt — 5)' 0%
< gt — 5137 -
Overall, combining (5.14) and (5.15), we obtain that for all s < ¢,
[ As,tllLa < C'<||f||ooh%_H(t - s)%+H + 1 fllsy (¢ — 8)%+H).
Thus for any u € [s, ],
10As willne < || Asillm -+ Asllzm | Al zm
< O (I llh 1 + 1711 ) (¢ = )3+,

The power in (t — s) is strictly larger than 1/2, so (A.3) holds.

Convergence in probability. Finally, for a sequence (II;)ien of partitions of [S,t] with IT; =
{t¥} % and mesh size converging to zero, we have

Ni—1
- E A
HAt £t
i=1

Nel ok,
p = ; /t E‘f(d)JrBrh)*Et?[f(U’*Brh,)]‘dr

Np—1

<X /tt E|f(+ B,,) —E" f(¥ + Br,)

i

dr.

Note that if 7, < t¥, then E|f(1/}+Brh)fEt§f(w+Brh)|: 0. On the other hand, when r), € (¢, tF ]
then in view of Lemma 3.3(¢4¢), we have

E|f(¢) + By,) — E% f(4 + By, )|< C||fller [T |

It follows that
Ni—1

Ne—1 t§+1
[a= 3 A ] < X [ 1l an,
=1 =1 i

and therefore ZZN:’TI At’?,t’%,l converges in probability to A; as k — 4o00. Hence we can apply
Lemma A.1 with e; > 0 and e; = H to conclude that

S 1A = A™) 7 0 < IES AL = Ay = Aual™) % o+ [ At o
< C (Iflloc 25 + 1 sy ) (¢ = )3+,
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Proposition 5.7. Recall that v and p satisfy (H2). Let e € (0,3) and m € [2,00). There exists a
constant C > 0 such that for any R%-valued F-adapted process (y)ico,1], any f € Cp° (R, R?) nBy,
any 0 < S <T <1 and any (s,t) € Agr, we have

(2] [ e+ B )| <O (1 kB 1Sl ) e - )

+ O yon (Il ler 312 (¢ = )1+, (5.16)

C2 Lm,oo

[S.T]

L

Remark 5.8. A direct consequence of this proposition is that for any (s,t) € Ag1, we have
| (&

")’ |, < (il nd = + 713 ) (¢ = )37

(1133 + 17 lleshEHH72) (2 = )12, (5.17)

t
/ f(r + By,)dr

+C W]C[%S:]H

Lm,oo

Proof. We will check the conditions in order to apply Lemma A.1 (with ¢ = 00). Let 0 < S < T < 1.

Assume that [¢],1/245,, . < 00, otherwise (5.16) trivially holds. For any (s,?) € Ag r, define
[5.7]

t ¢
Asi = / f(s+ B,,)dr and A, = / f(¥r + By, dr.
s S

To show that (A.2) and (A.3) hold true with €1 = ¢, e = H > 0 and a3 = az = 0, we prove that
there exists a constant C' > 0 independent of s,¢,.S and T such that for u = (s +t)/2,

(1) B (64, 04]l 1< C 9] (17 sy 1 fller 412 (¢ = )1+

1
3 +H

Cs,m

M,
() 15 A st ™) ¥ e < C (Iflloo B3+ £l ) (2 = )3+

(iii) If (i) and (ii) are satisfied, (A.4) gives the convergence in probability of ngz’“fl At;;_’t;_c+1 along

any sequence of partitions Il = {t*}* of [S, ] with mesh converging to 0. We will prove
that the limit is the process A given above.

Assume for now that (i), (ii) and (iii) hold. Applying Lemma A.1, we obtain that
t ma L )
[5] [ st Boyar]™)7]| <€ (10 hd =+ 5l ) 2= )34

(171135 +1 e REH=2) (2 = 51

L

+C Y]

1
C[S

+ I E Al ™)™ || oo

+H
YT] L7Yl,00

Applying Lemma 5.6 with ¢ = 0o and ¢ = 1), for the last term of the previous equation, we get
(5.16).
We now check that the conditions (i), (ii) and (iii) actually hold.

Proof of (i): We have

t
E*0Ay s = / E*[f(tbs + Br,) — f(thu + By, )] dr.

The case t — u < 2h. In this case, using the Lipschitz norm of f, we have

3=

t

[E*6 A el < ||f||c1/ E*tps — thul dr < [[fller (¢ —w) (E*|ibs — ¢pu|™) ™ .

Thus using the inequality (t — u)(u — s)1/2H < CRY2HH= (4 — )1/ 2= HEe(y — 5)1/2HH < Ot —
s)HrepztH =< it comes

IE0Asuillr= < Clfler W] yom (¢ —s)Henat—e,

C[?S',T] m,o0
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The case t —u > 2h. We split the integral between v and w + 2h and then between u 4 2h and
t as follows:

t

u+2h
]ES(SAs,u,t = / ]Es[f(wé + BT;L) - f(¢u + BT‘;L)] dr + / E*® [f("/% + B"'h) - f(¢u + BT';L)] dr

+2h
= Jl + JQ.

For J;, we obtain as in the case t — u < 2h that
1
HJ1||L°°: HES(sA&u,quQhHLoo < CllfHCl[w}C%*HLm,oo(u + 2h — s)1+6h2+H €

[S,T]

< Clfller ] yom | (t— ) TEREHIE, (5.18)
[S,T]

As for Js, the tower property of the conditional expectation yields
t
Jo=E [ Bt Bry) - bt B dr
u+2h
Now use Lemma 3.3(i7) and Lemma 3.1(4i) to obtain
! H(y—4-1
I <€ [ B+ ) = o+ sl = PO ar

+2h
t

- _d_
< O 1fllsy (B [ty — ™) / (rn — ) O g
u-+2h
Using the fact that 2(r, — u) > (r — u), it comes

t

—_d_

[ 2lleee < CW 3im  Nfllsg (u—S)%“]/ (r— w0 Vr
Clg,m L™ u+2h

<SCW) yon . Iy (u— )3 (¢ — u)HHO=5D
C[?S‘,T] Lm0

<SCW) gon,, flle (=)0, 5.19)
c[é,T] Lm,oo

In view of the inequalities (5.18) and (5.19), we have proven (i).

Proof of (ii): We write

S my— S my— S my—
Lo SNEZ6 A ™)™ [ oo + EZ[6Asu] ™)™ [ oo + [[(E7 |6 Aue|™) ™

”(ES|5As,u,1t|m)E

1o°

Applying Lemma 5.6 with ¢ = oo for each term in the right-hand side of the previous inequality,
respectively for ¥ = 9, ¥, again and 1, we get (ii).

Proof of (iii): Finally, for a sequence (ITj,)xen of partitions of [S, ¢] with IT;, = {t#}~* and mesh
size || converging to zero, we have

Np—1

tr,ic+1
<X [ B Bl = g + Byl
1 =1 i

Ni—1

Ay — E Ati,tiﬂ
i=1

Ne—1 ptf,
<c Y [l — viglon dr
i1 JtF
Nip—1

o 1
<C ;|27 dr —o0.
<Clfller 3 LW e

t’L
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Corollary 5.9. Assume (H2), let D be a sub-domain of (0,1) x N satisfying (H3) and let m €
[2,00). Recall also that K™™ was defined in (4.1). Then

sup [K™"] 1., < 0.
1

1
(h,n)€D Cio, L™

Proof. Let (h,n) € Dand e < H. In view of Equation (5.17), we have for f = b" and ¢ = Xo+K""
that there exists a constant C' such that for any h € (0,1), n € N and (s,t) € Ag 1,

(&

t my L
[ i syl ) <o (et bl ) - 9

1o
+ O g (166 lea kB ) (¢ = ),
[s,t] '
where we used that [[b"(| 5y < [|b]|y. In particular, for 0 < .S <7 <1 and any (s,t) € Agr,

(&

t ma L
J R A N T (N A e
s

+CIE™ yun (bl 16" 3 HH2) (¢ = 5) '+,
Cigqy L™ g

Moreover, using that |K/-" — K]\

< ||b"|loch, we have

1 t my &
(i = sty ™| < (®] [ 0o+ b4 B -+ w24 B @)

(= )7l
1o°

t m
<O e ok (¢ = )+ | (2] [ 0o+ k2 4 B )

I,

t
/ b (X + KM+ B, ) dr

3

.-
< C (6" oo W3+ [blls ) (¢ = 5) HH7

+C (1K™ 3o

[S,T]

(Ilsg 7l S 42) [ e [ o) (2 = )

[m, o0

Now using (H3) with 7 = & small enough, we get sup(j, ,,yep||0"[lc1[[0"[|ch < 00 and

m)%HLac Sc(t_s)%+H+C([Kh’n] lin OO-1-1) (t—s).

(s, L™

[EEa

Now divide by (£ — s)2+# and take the supremum over [S,T] to get that

(K" siw S CHCIK"] 4y (T=8)2 7M.

C[?S,’T] Lm, C[S,T] Lm,oo

Let £ = (35) 72-7 Then for T — § < ¢, we deduce

[K™™] 4, <2C.

H
6[25,T] Im,o0

Since ¢ does not depend on h nor n, we get the Holder regularity on the whole interval [0,1]. O

5.2.2 Hoélder regularity of £/

We start this subsection with general results on the regularisation property of the discrete-time
fBm, that eventually lead to a bound on the term E%"" in Corollary 5.13.
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Lemma 5.10. Let ¢ € (0,3) and m € [2,00). There ezists a constant C' > 0 such that for any
0< S <T<1, any R*-valued Fs-measurable random variable 1, any f € C)(R% R?), any h > 0
and any (s,t) € Ag 1, we have

nlm

H /Stf(¢+3r) — f(+ By,)dr

L SOl h375(t = 5)275.
Proof. We will check the conditions in order to apply Lemma A.1. For (s,t) € Agr, let

t t
Ay, = E° / J@o+ B) = f(4+ By, )dr and A, = /S F@+ By) — f(b+ B, dr.

Let u € [s,t] and notice that E°6 A, = 0, so (A.2) holds with I'y = 0. We will prove that (A.3)
holds with as = 0 and )
[y = Cllfllech>™*.

The case t — s < 2h. In this case we have

[ A t| < (1 Flloo(t = 5) < C|lflloch® == (t — 5)3+=. (5.20)

The case t — s > 2h. Here we split A;; in two:

t

s+2h
Ay, — B / f@+ By) — f(+ By, ) dr + E* / S+ By) — f(+ By,) dr.

+2h

For the first part, we obtain

s+2h
B [ f0 B = 1@+ B dr| b2 Cllfllchd ot - 9)F

Denote the second part by

J = / E(f(4 + By) — f( + By, dr.

+2h

From Lemma 3.3(¢) and (3.1), we have

~—

BN

Geyirsyon [+ EBy) = G,y —syoe 0 + EsBrh)> dr (5.21)

N
I
=
—~

Geyirsyon (0 +EBy) = G,y —syoe 0 + ESBT)) dr

I
Nm
+

SN
>
~~

+ [ (Gertmapn f6+ B B,) = Gy oo (0 + BB, ) dr
S
=:Jy + Jo.
For Jy, we apply [6, Proposition 3.7 (ii)] with =10, =1, @« =0 to get

t

[ l[pm < C Hflloo/ ((r =) = (rn = )*")(r — )72 dr.
s+2h
Now applying the inequalities (7 —s)?# — (r, —s)*# < C(r—rp)(rn—s)*2=1 and 2(r, —s) > (r—s),
it comes
t

b SOl [ =)= =) ar
s+2h

[[1

t

<Clflh [ s tar

s+2h
< C|[fllsoh ([log(2h)|+[log(t — 5)]) -
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Use again that 2h <t — s to get
1_ 1, e
[Tl < C 1 fllsoh®™(t = 5)2*5.

As for Jy, we have

t
[allon [ 1Geyru-syon Sl BB, ~ BB, | dr
s+2h

In view of [6, Proposition 3.7 (i)] applied with 8 = 1, « = 0, [6, Proposition 3.6 (v)] and using
again that 2(ry, — s) > (r — s), we get

t
12| Lm < C ||f||oo/ BB, — E* By, || (r — 5)~ " dr
s+2h

SCIIflloo/ (r =) — )71 — )" dr

+2h
< C|fllso B (Jlog(2h)]+|log(t — s)])
< C||fllac h275 (t = 5)27F5.

Combining the bounds on J; and J3, we deduce that

(S

[l < Cllflloe ¥ (t = 5)375.
Hence for all t — s > 2h,
|Awtllin< Cllflloc hE™ (= ) FE, (5.22)
Overall, combining (5.20) and (5.22), we obtain that for all s <,

1_ 1., ¢e
[As,ellm < Cllflloch2 ™5 (t — s)2 7 2.

Thus for any u € [s, ],

||5As,u7t||L"” < ||As,t| L’"+||As7u”Lm+||Au,t|
< C|flloch? = (t —5)2 73,

Lm

The power in (¢ — s) is strictly larger than 1/2, so (A.3) holds.
Convergence in probability. Finally, for a sequence (II;)xen of partitions of [S,¢] with IT; =
{t¥} % and mesh size converging to zero, we have

Np—1

_ A
4= > A,
=1

N1 ety k
o B+ B = 0+ B ~ B0+ B+ fw = B, ar
=1 i

tzc+1 &
< 2_; /ﬁ ]E‘f(z/}—kBr)—Etif(w—kBr) dr

Np—1

> /tkm]E’f(‘“Bm)—Etff(wﬂth) dr
i=1 Yt

= Il + IQ.
In view of Lemma 3.3(iii), it comes that

Np—1

t?+1
B3 [ et = )" dr < |l (¢ - 5).
i=1 Yt
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As for I, note that if r, < t¥, then E|f(1) + B, ) — E f(1 + By, )|= 0. On the other hand,

= by

when 7, € (tF,¢¥ ] then in view of Lemma 3.3(iii), we have

E|f(¢) + By, ) — E% f(4 + By, )|< C||fller [T |

It follows that

Ny—1

D3 / 1l [Tl dir,

and therefore Zf:’fl Atk’tk“ converges in probability to A; as k — +00. We can therefore apply
Lemma A.1 with ey > 0 and e = /2 to conclude that

Ay = Asllom < (| A — As — Ag el om 4| As ol
<O\ fllos h275 (t — )5,
O

Proposition 5.11. Let ¢ € (0,3) and m € [2,00). There exists a constant C > 0 such that for
any R%-valued stochastic process (V1)ieo,1] adapted to F, any f € CL(RY,R?), any h € (0,1) and
any (s,t) € Ao, we have

< Ol =2t = 9)¥H5 4| esley, ek ~5(t = )" 5).

(5.23)

H /: Fbe+ By) = (b + By, ) dr|

]

Proof. Assume that [1/)]6[10 L <00, otherwise (5.23) trivially holds. We will check the conditions
in order to apply Lemma A.1 (with ¢ =m). Let and 0 < § < T < 1. For any (s,t) € Ag r, define

t t
A= / Fbs + By) — (b + Byy)dr and A, = /g 0+ B) — [y + By, ) dr.

To show that (A.2) and (A.3) hold true with 61 = g2 = ¢/2 > 0 and ay = a3 = 0, we prove that
there exists a constant C' > 0 independent of s,¢,S and T such that for u = (s +1t)/2,

( ) ||IES[§A3 u t]||Lm< C Hf”cl [ ] L h= s( )1+%;

ST]
(i1) 16Ag.uillom< C|fllooh27C (t —5)25;

. .o . . . a1 Np—1

(iii) If (i) and (ii) are satisfied, (A.4) gives the convergence in probability of ;"% Ak x| along
any sequence of partitions Iy = {t¥}* of [S, ] with mesh converging to 0. We will prove
that the limit is the process A given in (5.3).

Assume for now that (i), (ii) and (iii) hold. Applying Lemma A.1, we obtain that

+ £

H/stfw”B”‘f(¢T+Brh)dr\(LmSC(”flooh%‘%— SIS+ fller ey, , b5 — )15

+ || Ast|lLm

€

We will see in (5.27) that ||As|lzm< C||fllech? ¢ (t — s)2+5. Then choosing (s,t) = (S,T), we
get (5.23), using that [1/1] gL < [1/1}@ Loo-

We now check that the conditions (i )7 (11) and (iii) actually hold.

Proof of (i): We have

t
E*5A, s = E* / F(bs + By) — (s + Byy) — F(tbu + By) + f(thu + Byy) dr.
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The case t — u < 2h. In this case, using the Lipschitz norm of f, we have

t
[E6 Al <20 Sl [ 102~ bul
u
Therefore using the inequality (t — u)(u —s) < Ch'=¢ (t —u)*(u —s) < C (t — s)tTehi—=,

B0 As willLm <[ fller[Wler,  pm (= u)(u—s)

[s,7]
< Clfller[Wley, , noe (8 — ) TR,

The case t —u > 2h. We split the integral between v and w + 2h and then between u 4+ 2h and
t as follows:

u+2h
BS54, = / E*[f(ths + By) — f(ts + Bry) — f(tu + By) + f(thu + By, dr

t
+Es/ E*[f(¥s + Br) = (s + Br,) = f(Yu + Br) + f(Yu + By,)] dr

+2h
= Jl + J2a

using the tower property of conditional expectation for .Js. For J;, we obtain from the case
t —u < 2h that

1T = 1E* 6 As wuranllLm < Cllfller ey, ., poe (t = 5)F=R1E (5.24)

)

As for Jo, we use Lemma 3.3(4) and (3.1) to write

t
Jo = Es/ . (GCl(r—u)QH - GCl(r;L—u)QH)(f(ws + EHBT) - f('(/)u + EUBT)) dr
u+2

t
VB [ Goygpymaon (P + BB = f(0. 4 B'By,) = f(u + B'B,) + S0+ E'B,) ) dr
u+2h

=: Jo1 + Joo.
For Js1, we apply [6, Proposition 3.7 (ii)] with =0, =1, a =0 and f = f(¢s + ) — f(Yu + )
to get

t

[ J1 [ < ClE|f (%5 + ) = f(Yu + -)Iloollm/”h ((r =) = (rn = w)*™)(rp — )~ dr.

Now using that [|E*|[f (15 +-) = f(%u+)lloo [ Lm < [ fller B[40 = thul[| L < | fller 1905 = Pull Lo and
applying the inequalities (r —u)2? — (r, — )22 < C(r —rp)(rp — w)?2 =L and 2(r, —u) > (r —u),
it comes

t

[Ja1llm < Cllfller [Pley, ;oo lv = 8] 2h(7“ —rp)(r =" —u) 2 dr
, -
< Clfller [ler, 4y poe 7 (t = 5) ([log(2h) |+ [log(t — w))).

Since t —u = (t — 8)/2 > 2h, one has
[atllzm < Ol flerWler, , poe BP0 — )15, (5.25)

[8,T]

As for Joo, observe that

Gy (r—u)2H (f(¢s +E“B,) — f(s + BB, ) — f(¢u + E¥B;) + f (¢ + EuBrh))‘
S NGeren—wpn fWs + ) = Geyr—uwp2n f($u +)ller [E*By — E*By, |
<ONf(Ws + ) = fWu + )|loo (rn —u) @ |E*B, —E“B,, |
< Clflles (rn — w)~ [, — 6ul [E*B, — "B,
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where we used [6, Proposition 3.7 (i)] with 8 = 1 and o = 0 in the penultimate inequality. Now
in view of the previous inequality, using consecutively Jensen’s inequality, [6, Proposition 3.6 (v)],
that 2(rp, —u) > r —u and that t —u = (t — s)/2 > 2h, it comes

t

(| Jaz| L (r —w) " dr

e < C | flles /

u+

B> {15 = ¢ul [E*(Br = By, )|
2h

t

< Cllfller s — bl / IE*(B, — Byl (rn — )" dr
u+2h
t
<Cl e lWley e (=) [ =) =) on =) ar
! u+2h
< Ol fllesWlen, , 1o b (¢~ ) (log(2h) +]log(t — )

< O fller Wy, ppe B8 (E = 5)' T2, (5.26)
In view of the inequalities (5.24), (5.25) and (5.26), we have finally
B Agillin < Ol ley, , om b5 (6 = 5)1 5.

Proof of (ii): We write
”‘SAS,u,t‘

L < || As ¢

L+ As ul

L[ At

rm

and we apply Lemma 5.10 for each term in the right-hand side of the previous inequality, respec-
tively for ¢ = 95, ¥ again and ¥,,. We thus have

1As tllim< C oo h® 7% (t = 5)273, (5.27)
and combining similar inequalities on A, , and A, with (5.27) yields

1< C|flloc h278 (t — 5)2 75,

”(SAs,u,t

Proof of (iii): Finally, for a sequence (ITj)ren of partitions of [S,¢] with IT, = {t¥}* and mesh
size || converging to zero, we have

Ne—1 ptf,

< 30 [ IS+ B~ S+ B — S+ B+ Sy + Bl dr
Ix i=1 7t

|| Np—1

At - E Atj, it
=1

Ni—1 tv{'c+1
<C Y [ el - vl ar
i=1 “t
N1 t?+1
< Clfller z; /t ez, , p~ M| dr — 0.
1= 2

O

Corollary 5.12. Let e € (0,1) and m € [2,00). There exists a constant C > 0 such that for any

R?-valued F-adapted process (Yt)ecion), any f € C,}(Rd7Rd), any h € (0,1), and any (s,t) € Ao 1,

2O (Il B3 E (= )25 4 [ fler ey, o 52— 9))

[0,1]

H /: f(Wr + By) = f(¢r, + By,) dr

Proof. Introducing the pivot term f(1, + B, ), we have

[ e+ B = st By

<| / Fr+ Br) = f(o, + B )|+ / f(Wr+By) = [+ By dr|
=: J1(+ Jo. k
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We first bound .J; using the C' norm of f:

t
< Sl [ 1= dr < e[l e ot = ).

Then J; is bounded by Proposition 5.11. Combining the two bounds, we get the desired result. O

Corollary 5.13. Recall that the process K"™ was defined in (4.1). Let e € (0,3) and m € [2,00).
There exists a constant C > 0 such that for any (s,t) € A1, any h € (0,1) and any n € N, we
have

t
| [ oot s By = b ot KE 4 By ar]| < Ol [87 a0 okt ) )

Proof. Define the process ¢, = Xy + Kth’", t € [0,1]. Since ¢ is F-adapted and b" € C}(R?,R?),
we apply Corollary 5.12 to get

t
H/ b"(X0+Kﬁv"+Br)—b"(X0+Kﬁh7"+Brh)drHL
< C(I0" ook 5t = 5)7 + 11" les [Wley, , b5t = )} ) (¢ = 5)*

< O (0" k32 + 0" ler [Py, | bt~ ) (= )7

0,1]

It remains to prove an upper bound on [1/)]% gL For 0 <u <wv <1, we have

v
o — Pul= | / b (XD dr| < o — [ oo

Hence [w]c[loy”Loo < 10" oo -

6 Examples and simulations

In this section, we discuss examples of SDEs of the form (1.1) that can be treated by Theorem 2.5.

6.1 Skew fractional Brownian motion

The skew Brownian motion is a one-dimensional process that behaves like a Brownian motion with
a certain diffusion coefficient above the x-axis, and with another diffusion coefficient below the
x-axis. We refer to [19, 27] for various constructions, and in particular in [26], it is shown to be
the solution of an SDE which involves its local time. This equation reads dX; = « de( + dW;, for
a € (—1,1), where L is the local time at 0 of the solution. Formally we can write dL;X = §o(X;) dt.
More generally in R¢, although this is not the only possible approach (see e.g. [4, 16] for alternative
definitions), we call skew fractional Brownian motion the solution to (1.1) when the drift is «dy,
a € RY, that is

dXt = Oé(So(Xt) dt + dBf (61)

. —d+4 . . .
Since dg € B, 7, Theorem 2.3 gives strong existence and uniqueness for H <

tamed Euler scheme converges for the same values of H by Theorem 2.5.

m and the

Remark 6.1. Since H < 1/(2(d+ 1)) < 1/d, we know from [{2, Theorem 7.1] that the fBm visits
any state x (and in particular 0) infinitely may times with positive probability. So the equation
(6.1) is not simply reduced to X = B.

Instead of putting a Dirac measure in dimension d > 1, one can also define a skew fBm on some
set S of dimension d — 1 by considering a measure p supported on S (for example a Hausdorff
measure). As before, we know from [42, Theorem 7.1] that for H < 1/d, the fBm visits S infinitely
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many times with positive probability. So the equation dX; = ¢)dt + dBy is not reduced to
y ti ith positive probability. So the equation dX w(Xy)dt + dBy i t reduced t

X = B. Since signed measures also belong to B,?‘Hd/p [5, Proposition 2.39], we have again strong
existence and uniqueness for H < 1/(2(d + 1)).

As an alternative construction of the skew fBm, we also propose to replace the local time by
its approximation b(z) = g-1(_. )(z), € > 0. Now we have b bounded and so b € BY., therefore
one can take H < 1/2 and consider the SDE

dX, = 1 X)dt+ dB
t—@ (_575)41( ) t+ t-

In the Markovian case and dimension d = 1, the skew Brownian motion is reflected on the z-
axis when a = 1. Unlike the skew Brownian motion, the skew fBm (for H # 1/2) is not reflected
for any value of «, since X — B is more regular than B (see Theorem 2.3). To construct reflected
processes, a classical approach is to proceed by penalization, see e.g. [28] in the Brownian case, and
[35] for rough differential equations. This consists in choosing a drift of the form b.(z) = % and
letting € tend to 0. Note that this approach also works for stochastic partial differential equations
(SPDEs), see for instance [18, 32, 43]. If we consider more specifically the stochastic heat equation,
the solution in time observed at a fixed point in space behaves qualitatively like a fractional SDE
with Hurst parameter H = %. Hence it is interesting to consider the following one-dimensional
SDE:

€
dX; = (Xt)‘m(xf) dt + dB;. (6.2)

m

In [35], k was essentially the identity mapping and the distance between X¢ and X° was quantified,
with X9 a reflected process. But then the drift is not in some Besov space. So in order to
approximate (6.2) numerically, we could assume that x is a smooth cut-off to ensure that the drift
is in some Besov space (e.g. BL)), however it is no longer clear that X¢ converges to a reflected
process. We leave the question of numerical approximation of reflected fractional processes for
future research.

6.2 Applications in finance

Some models of mathematical finance involve irregular drifts.
First, consider a dividend paying firm, whose capital evolution can be modelled by the following
one-dimensional SDE:

dXt = (’f’ — ]lXtSq) dt + O'dBt,
with an interest rate r, the volatility of the market o and some threshold ¢, see e.g [2].

Remark 6.2. An extension of the previous SDE to dimension d can be done by considering a
threshold of the form 1,cp where D is some domain in RY or Lf(a)<q where f: R? — R.

Numerical methods for bounded drifts with Brownian noise exist in the literature, see e.g.
[8, 21]. When B is a fractional Brownian motion with H < 1/2, [6] provides a rate of convergence
for the strong error (and Theorem 2.5 provides the same rate of convergence).

Then, we propose a class of models which can be related heuristically to the rough Heston model
introduced in [11]. Recently, it was observed empirically that the volatility in some high-frequency
financial markets has a very rough behaviour, in the sense that its trajectories have a very small
Holder exponent, close to 0.1. Formally, the volatility component in the rough Heston model is
described by a square root diffusion coefficient and a very rough driving noise. It would read

dVi = (Vi) dt + \/V, dB, (6.3)

if we could make sense of this equation, the difficulty being both to define a stochastic integral when
H is small, and to ensure the positivity of the solution. Note that it is possible to define properly
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a rough Heston model, by means of Volterra equations, see [11]. However, we keep discussing (6.3)
at a formal level, and consider the Lamperti transform L(z) = /x. Assume that a first order chain
rule holds for the solution of (6.3), then as long as V stays nonnegative, it comes that

L<vt>=L<vo>+/0t 0 s+ 3.

111:11 f:I Nt I‘( t) \% t ELI?: IEEL:IS
[/t - L( + K [/S d5+ Bt 6 4

While there are some quantitative numerical approximation results for rough models (e.g. for
the rough Bergomi model [13, 17]), the Euler scheme for the rough Heston model is only known to

K(z?)

2|r|1—a
as for k a bump function and for small ¢ > 0, b € BY (see [5, Prop. 2.21]). Hence Theorem 2.5
can be applied whenever H < 1/4 and in view of Corollary 2.6, this yields a strong error of order

(1/4)~

converge without a rate [36]. Now we can make sense of the Equation (6.4) with drift b(x) =

6.3 Fractional Bessel processes (in dimension 1)

Bessel processes [34, Chapter XI] play an important role in probability theory and financial math-
ematics.

As a generalization and motivated by the discussion in the previous subsection, we consider
solutions to the following one-dimensional SDE:

K(Xy)
X, = B .
dX, = X dt + dB,, (6.5)

for some o« > 0 and H € (0,1). When H = 1/2, @ = 1 and & is the identity function, we know
that the solution always stays positive [34, Chapter XI, Section 1]. By computations similar to [5,
Prop. 2. 21] the drift b(z) = x(x) |x|~* belongs to B ® for a € (0,1). In this case, (H2) reads
H < 3ta) +a) and the rate of convergence of the tamed Euler scheme is close to ﬁ

6.4 Other examples in higher dimension

A way to extend processes (6.5) to dimension 2 could be the following:

dxi = |)((X|)dt+ dB!, i=1,2, (6.6)

where B! and B? are two independent fBms and o > 0. By [5, Proposition 2.21], one can prove
that  — b(z) = 'll(lﬂ) belongs to B> for a € (0,2). Therefore, the condition on H becomes
H < g5y

Notice that the SDE (6.6) presents a singularity only at the point (0,0). To create a singularity
on both the z and y-axes, one could also look at the following SDE

. 1 .
dX!= —— dt+ dB!, 1=1,2.
CT XA T e T

Another example to consider in higher dimension is an SDE with discontinuous drift. For
instance, let the drift be an indicator function of some domain D as in (6.7):

dx, =19(x,) dt + dB,, (6.7)

where ]lgi) denotes the vector-valued indicator function with identical entries 1p on each compo-
nent. We have ]l%i) € BY,, and thus one can take H < 1/2.
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6.5 Simulations

In dimension 1, we will simulate two SDEs. First the skew fractional Brownian motion (6.1) with
« = 1. Then we simulate the SDE with bounded measurable drift 1, € B, i.e.

dX; = 1x,50dt + dB,. (6.8)

The drifts are approximated by convolution with the Gaussian kernel, that is " (x) = G1b(z) and
we fix the initial condition to Xy = 0. For the skew fBm, this corresponds to

and for (6.8) this yields

x n 2
b (x) = 1/%/0 e 5 dy.

As in Corollary 2.6, we fix the parameter n of the mollifier in the tamed Euler scheme as n =
1

Lh s |. Our aim is to observe the rate of convergence numerically, so we need a reference value
for the solutions of (6.1) and (6.8). However these solutions do not have an explicit expression so
we do not have an exact reference value. Instead, we first make a costly computation with very
small time-step h = 277 107* that will serve as reference value. In a second step, we compute
the tamed Euler scheme for h € {271107%, 2721074, 2731074, 27410~*} and compare it to the
reference value with the same noise and A = 2771074, The result is averaged over N = 50000
realisations of the noise to get an estimate of the strong error.

In dimension 2, we simulate the 2-dimensional SDE (6.7) with X, = 0 and with D the quadrant
defined by D = {x = (z1,22) : 1 > 0,22 > 0}. The drift b is approximated by

n

b"(2) = G b(x) = /R e 1 1 (y) dy.

T om

Recall that according to Corollary 2.6, the theoretical order of convergence is almost 1/2 when
the drift is bounded and almost 1/4 when the drift is a Dirac distribution. We plot the logarithmic
strong error with respect to the time-step h for several values of the Hurst parameter, in Figure 1
for the Equations (6.8) and (6.7), and in Figure 2 for the Equation (6.1). We conclude that the
empirical order of convergence is consistent with the theoretical one.

Appendices

A Proofs of regularisation by fBm in dimension d

We start by recalling an extension of the stochastic sewing Lemma [24] with singular weights that
was established in [3]. It is useful for the main estimates of Section 3 (Lemma 3.4 and Proposition
3.5, whose proofs are developed in this appendix) and also in Section 5.

For a € [0,1) and (s,t) € Agr we define

t
Vg?‘%(s,t) = / (r — S)~%dr,
which satisfies

v(s,t) < O (t — )17 (A.1)
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Figure 1: Plot of the logarithm of the strong error (y-axis) against h (z-axis) for a bounded drift.
Left: Equation (6.8) (d = 1) - Right: Equation (6.7) (d = 2) . For different values of H < 1/2, and
in both dimension 1 and 2, we observe that the numerical order of convergence (by linear regression)

is approximately 0.5 (with a standard deviation plotted in dashed lines), which coincides with the
theoretical order 1/2.
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Figure 2: Plot of the logarithm of the strong error (y-axis) against h (z-axis) for a Dirac drift
in dimension d = 1, namely Equation (6.1). For several values of H < 1/2, we observe that

the numerical order of convergence (by linear regression) is approximately 0.25 (with a standard
deviation plotted in dashed lines), which is close to the theoretical order 1/4.

Lemma A.1 ([3]). Let 0 < S < T, m € [2,00) and ¢ € [m,0]. Let (Q, F,F,P) be a filtered
probability space. Let A : Agp — L™ be such that A, is Fy-measurable for any (s,t) € Agr.

Assume that there exist constants I'1,Ty > 0, a7 € [0,1), ag € [0, %) and €1,e9 > 0 such that for
any (s,t) € Agr and u:= (s+1)/2,

B [0 Asuelllze < T1(u—S)7o(t = s)'+e, (A.2)
I(ES[6Ag ™) 7 | o < T (u— §) 72 (¢ — 5) 3452, (A.3)

Then there exists a process (Ai)ie(s,m) such that, for any t € [S,T] and any sequence of partitions
I, = {tF} N of [S,t] with mesh size going to zero, we have

Ay = lim At’?,t,’?Jrl in probability. (A.4)

Moreover, there exists a constant C = C(e1,e2, m, a1, ) independent of S, T such that for
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every (s,t) € Agp we have

W=

IS A, = Ay = Agd ™)™ 10 CT1E (s,0)( = ) + CTa (W52 (5,0)) " (¢ = 9)*,

and

IES[A; — As — A )l|e< CTvss) (s,8) (- 5)°.

Remark A.2. e In this paper, the stochastic sewing Lemma is applied for only two possible

values of q, that is ¢ = oo or ¢ = m, in which case we have ||(JES|-|m)%HLm: || m

o A critical-exponent version of the stochastic sewing Lemma, introduced in [3, Theorem 4.5]
is used in Proposition 5.4. Under the same notations and assumptions as Lemma A.1 (with
g=m and ay = as = 0), assuming moreover that there exist '3, T'y,e4 > 0 such that

B [0As i)l o < Tslt — s|+Talt — s|' o4, (A.5)
we get that for (s,t) € Agr,

INVAS
log

H-At - As - As7t||Lm S CF3 (1 +

) (t—s)+CTo(t — s)%“"’ + CTy(t — s)'Tes.
3

A.1 Proof of Lemma 3.4

We will apply Lemma A.1 for S <s<t<T,

t t
At = / f(Bra E) dr and As,t =E° |:/ f(BT’ E) d’f’:| .
S s

Notice that we have E*[0A; ] = 0, so (A.2) trivially holds. In order to establish (A.3), we will
show that for some g5 > 0,

16 A tllza< Do (= 8)5F (u—§) =% (A.6)

For uw = (s+1)/2 we have by the triangle inequality, Jensen’s inequality for conditional expectation
and Lemma 3.3(iv) (recall that ¢ < p) that
t
E“ {/ f(B,,E) dr]

o [[ro0e]] 4

< / (I F(By ) -+ [E* £ (By Z)l| o) dr

||5As,u,t ||Lq < ‘

La

t
<2 / IE* £ (B, Z) |1 dr

t
_ _d 1-2H
SC/||||f(-,:)HBgHm(T—U)Hﬁ(u—5) W (r—S)"= dr

<CIFC g llee (¢ = w) 7o w—9)=%"

b

where we used r — S < 2(u—S) for the last inequality. Hence, we have (A.6) for eg = 1/24+Hj > 0.
Let t € [S,T]. Let (Ilx)ren be a sequence of partitions of [S,¢] with mesh size converging to
zero. For each k, denote TIy, = {t¥*} ¥ . By Lemma 3.3(iii) we have that

HAt =D A,

tf+1 &
<> [163) -5 B D
1 7 t

< CIIFCBlerllze (¢ = S) Ml — 0.
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Hence (A.4) holds true.
Applying Lemma A.1, we get

D=

myL = (241 1
JESIA =A™ 7 [0 < Al C TG D ggllee (vsd (s,0) = 9¥ 75 (A7)

To bound ||As ||z, notice that

lAuilzs = |

t t
B [ 12 < [ 1D (A8)

Hence to obtain (3.2), use Lemma 3.3(i7) and recall that 1+ H(8 — %) > 0 to get that

t
= _d
Aeilln <€ [ I7CDgglon (57D
= —d
SC”Hf('v:)”Bg”Lq (t—5)1+H(B p)'

Plugging the previous inequality in (A.7) with the first inequality of (A.1) yields (3.2).

A.2 Proof of Proposition 3.5
Let (S,T) € Ag,1. For (s,t) € Agr, let

Agy = / f(By +9)dr and Ay := /S f (B, +,)dr. (A.9)

Proof of (a). Assume that wj]C{S,T]Lm‘q < 00, otherwise (3.3) trivially holds. In the last part of
this proof, we will check that the conditions in order to apply Lemma A.1 are verified. Namely,
we will show that (A.2) and (A.3) hold true with ey = H(B8 —d/p—1)+7 > 0, a1 = 0 and
eo=1/2+ H(B — %) > 0, ap = 0, so that there exists a constant C' > 0 independent of S, T, s, ¢
such that

(10) IE*[5Aswlllzo O fllgs [lep, , zma (= 5) HHE=5-D47,

(i) |[(B16Asns

mE| < Clfllggle— 9D

(iiiy) If (i,) and (ii,) are satisfied, (A.4) gives the convergence in probability of Zf\fo*l At?at?+1
along any sequence of partitions I, = {t¥} N of [S,#] with mesh converging to 0. We will
prove that the limit is the process A given in (A.9).

Assume for now that (is), (iiy) and (iii,) hold. Applying Lemma A.1 and recalling (A.1), we
obtain that

(][ s wrae) |

Lm.q (t - S)1+H(ﬁ_1_%)+7

< CIfllgg Wle

_d 1
+ C | fllgs (¢ = )0 4 (B At ™) ™ || o

L [TS,T]

To bound H(IES\ASJV”)% | 4, we apply Lemma 3.4 to 2 = ¢s. As f is smooth and bounded,
the first assumption of Lemma 3.4 is verified. By Lemma 3.1(3), || f(- + )|l g5 < || f|| ¢, hence the
second assumption of Lemma 3.4 is verified. It follows by Lemma 3.4 that

1 —d
B As e ™) 7 Nl o < CHILFWos + g o (¢ = ) HHE=)

<C | fllgp (£ — ) THED. (A.10)

Then, we get (3.3).
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Proof of (b). Assume that [1],1/2r,, < oo, otherwise (3.4) trivially holds. In the last part of
8,7)

this proof, we will check that the conditions in order to apply the stochastic sewing Lemma with

critical exponent [3, Theorem 4.5] are verified. Namely, we will show that for some ¢ € (0, 1) small

enough (specified later), (A.2), (A.3) and (A.5) hold true with e; = H >0, oy =0, g2 = ¢/2 > 0,

as =0 and I'y = 0, so that there exists a constant C' > 0 independent of s,¢, S and T such that
(1) 1B A illlm < C 1Sl g ) g (6= )47

[8,T]

(i) [E*[0As,u¢]l

S Cllfllgg 0] gy (6= 5) 5

C%EI;{L”L
(i) 16As,uallm< C 1 F gy (14 ] g )= )35
P C[S,T] Lm

(iiip) If (i) and (iip) are satisfied, (A.4) gives the convergence in probability of vaz’“O_l Ak k|
along any sequence of partitions ITj, = {t¥} N of [S,#] with mesh converging to 0. We will

prove that the limit is the process A given in (A.9).
Assume for now that (i), (i}), (ilp) and (iii) hold. Applying [3, Theorem 4.5], we obtain that

| [ 15+ vnar],, <Ol g, (14 Wac T2y
r r)ar = B8 l.m 0og — S
s Lm By C[Qs,JrT] Lm ”fHBg
1 " —5)3t3
+C g (14 W]y, ) €= )
+ 1 4s il

To bound [|As ¢||zm, we use again (A.10) with 8 — % = —577 to get [|[Asillom< C| fll 55 (t — s)2.
Hence we get (3.4).

We now check that the conditions (i4), (iis), (iiia), (is), (i), (iip) and (ilip) actually hold.
Proof of (i,), (iy) and (ij). For (s,t) € Agr, we have

t
Susns = [ By +00) = F(B -+ )
u
Hence, by the tower property of conditional expectation and Fubini’s Theorem, we get

E*6 A, ud] = |E° / EY[f(B, + 1) — (B, + )] dr].

Now using Lemma 3.3(i7) with the F,,-measurable variable = = (15, 1,,) and using again Fubini’s
Theorem, we obtain that for A € [0, 1],

B [ BB, 00~ FBr+vldr] | < [IEIAC 60 = 564 bl sl (= 070D ar

< Clfllga-rsr IE[9hu — ]l o / t(r —u)?O=0) gy,
(A.11)

By the conditional Jensen inequality and (2.1) (recall that m < q), we have
1B [0 — el < Wler , omn (u—s)". (A12)

Then choosing A = 1 in (A.11), we get (i)
In the critical case, let 7 =1/2+ H. For ¢ = m, we get from (A.11) and (A.12) that
15 Auutllim < C | lgpsnr [Wler, , oo (¢ = 5) HHEA= 047,

[S,T]

Choosing A =1 in the previous inequality, we get (ij). While choosing A = 0 yields (is).
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Proof of (ii,). We write

|ES16asue™ ™| < || @S0acd™ ™|+ || ES A ]+ @54 ]

K
La

Recall that we already obtained a bound on [[(E|6A|™)'/™| L« in (A.10). We obtain similar
bounds for ||(E%|6 A .,|™)Y ™|« and ||(E%|6A,.+|™)" ™| e, which yields

H(ES\fSAs,u,tm)m ‘Lq <C|fllg ((t — ) HHB=E) |y — )FHB=5) 4 (4 u>1+H(Bf%))

_d
< O|f g5t — ) HHED.

Proof of (iip). We choose ¢ such that § —¢ > —1/2H and § —e —d/p > —1/H. We apply now
Lemma 3.4 with 8 = f—¢ and Z = (¢5,1,,). As f is smooth and bounded, the first assumption of
Lemma 3.4 is verified. By Lemma 3.1(¢), || f(-+1%s) — f(- +1/)u)||85,5§ 2||fH6575, hence the second

assumption of Lemma 3.4 is verified. It follows by Lemma 3.4 and Lemma 3.1(i7) that
L < CIFC+60) = (40 e o (¢ — ) FHE=)
< O 17l 45s — ul” (o)
Hence by Jensen’s inequality,
164wl < O 117l g llbs — 0l
S ClSllgg W yon (= s)HHH(B=)+5

[S,T]

||6As’u,t|

Lm (t —Uu

€t — ) HH(B=e=5)

_d =
< O llg (1+ W] g, ) (=) FHO=5,

[S,T]

Proof of (iii,) and (iiiy). For a sequence (II;)xen of partitions of [S,#] with ITj, = {t*}Y* and
mesh size converging to zero, we have
Nk—1

— E A
HAt ot
i=1

Lm dr

Ni—1 t§+1
B, ) — f(B, K
Lms;/tf VF(Be+ 60) — F(By +0s)]

Np—1

£
<30 [, Mo, = el dr
i=1 i

< H T/\(l"’_H) — U.
<C ||fHC1 | k?| 2 [w]C[TS/'\t(]%JrH)Lm keooo

A.3 Proof of Proposition 3.9

This proof is very close to the proof of [1, Proposition 7.7], but we adapt it to dimension d > 1 for
the reader’s convenience.

Assume w.l.o.g. that Xo = 0 and let K := X — B, so that (2.5) is automatically verified. Let
(l;”)neN be any sequence of smooth bounded functions converging to b in B)~. To verify that K

and X satisfy (2.6), we have to show that
t
/ V(X)) dr — K,
0
By the triangle inequality we have that for k,n € N and ¢ € [0, 1],

/()tgk(XT)dr/tBk(Xp)dr /Oti’k(f(f)dr/tb”()?f)dr

0 0

lim sup = 0 in probability. (A.13)

k=00 te(0,1]

< +

t
JRC oy
0

t
+ / WYX dr — K| = Ay + Ay + As. (A.14)
0
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Now we will show that all summands on the right hand side of (A.14) converge to 0 uniformly on
[0, 1] in probability as k — oo, choosing n = n(k) accordingly.
First we bound A;. Notice that

t t t
/bk(Xr)dr—/ bR (X7 dr gkuHCl/ | X, — X" dr
0 0 0

< [|B¥]ler sup | X; — X7
t€0,1]

For any € > 0, choose an increasing sequence (n(k))ren such that

) A, 1
P(kuncl sup | X, — X0~ g) <>, VkeN.
te[0,1] k

Hence, we get that

lim sup

= 0 in probability.
k—o00 te[0,1]

t t
/ V(X)) dr — / V(XY d

0 0

Now, we bound As. Let 4/ < v with v —d/p > 1/2 —1/(2H). By Lemma 3.7 applied to X",
h = bF — b™ and 7/ instead of 7, there exists a random variable Zn, i such that

E[Zn ] < O 0" = 0" 5 (1+ 1" 15,1)
< C (0 = bl gy 10" = bll57) (14 sup [[6™12,0), (A.15)
P P meN P
for C independent of k,n and such that there is

t t
/Ek(Xﬁ)dr—/ b (X dr
0 0

sup
t€[0,1]

< Zn,k~

Using Markov’s inequality and (A.15) we obtain that

t t
P sup /bk(f(f)dr—/ b (X dr
telo,1] |J0

0

> 5) < e 'E[Z,4]
< Ot (16" = bll gy +IID" = bl 50) (1 + Slé%llbmllzgf)
Choosing n = n(k) as before, we get

t t
lim sup /bk(f(f(k))dr_/ ) (XKD e

k—ootelo,1] [Jo 0

= 0 in probability.
To bound the last summand As, recall that X7 = fg b (X7) dr + B. We get that

< sup (|X]" — X|+|By — By).
t€0,1]

t
sup / V(XD dr — K,
tel0,1] /0

Since by assumption (X n E”)neN converges to (X , E) on (C[O,I])Q in probability, we get that

lim sup
k=00 1e0,1]
and therefore (A.13) holds true.
It remains to show that (3.8) holds true. By Lemma 3.6, there exists C' > 0 such that for any
(S, t) S onl,

t
/ b0 (XR)) dr — K| = 0 in probability,

0

~ ~ ~ ~ 1 -
|E 1k - By - (ko - Boim=| | <cas sup 07 ) (1 =) 1O (A6)

Using that fg b (X7 dr converges to K; on Cjo,1) in probability and that sup,,cy[|b™ |5y is finite,
we get (3.8) by applying Fatou’s Lemma to (A.16).
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B Extension of the pathwise uniqueness result

In the regime v — d/p > 1 — 1/(2H), we extend the pathwise uniqueness result of Section 3.5 to
weak solutions X that satisfy a weaker regularity than [X — B] cL/2HH < o0o. Let m > 2 and
1

1 L

assume that

[X - B} H(1—~+4)+n < 0 <B1)
C[O,l] P Lm,oc

for some 1 € (0,1). Our goal is to show that [X — B].1/2+n < oo. Of course if n > H(y —

[0,1]

d/p) + 1/2, this is automatically true. Hence we assume n < H(y — d/p) + 1/2. Let n € N and
consider the process

Lm0

t
0

Applying Proposition 3.5 with f = b, 7 =1+ H(y — d/p) and ¥ = Xy + X™ — B, we get that
there exists a constant C such that for any n € N, and (s,t) € Ag 1,

I(E

_d
_ S Clbllsy(t = s)+HO)

/tb"(i/)r—i—Br)dr‘m)’l"

L
—dy4r
+OX" =By (t—s) HHODT,

[s.1]

16115

Lm0

where we used that [[b"[| 5 < [|b]|s;. In particular, for 0 < .S <7 <1 and (s,t) € Agr, we have

I(E

_d
_ S Olbllgy(t =)0

L

[ ma]")

+OIX" =B g [bllsy (2 — ) O

H
2 m, 00
s, L

Now divide by (¢t — S)1+H(77%) and take the supremum over Agr to get

[X™ — B] HH(y -2 <C ||bHBg+C [X" - B] +H(y -2
(5.7 ILm,o C[S’T] Lm

bl (=), (B.2)

with 7 — H > 1/2.
For (s,t) € Agr, we have

t
| [ 0w Bodr| < 19y ¢ = 5) < bl ¢ = )0,

1
T/2—H
Therefore, [X™ — B] 1+m(-a/p) fmoe < 00. Let £ = <2C|1b|> . Then for T — S < ¢, (B.2)
: >

[S,T]

implies that

P’ [ m,c0

(X" = B] 11 u¢-4, ’ <C.

[S,T]

Since
L

]
(X" — B}cloJrlf]I(”’d/p)L’"vO" < Z[Xn — B}CHH(v—d/p)Lm,ma

)=

[ = ot (k+1)€]
and /¢ does not depend on n, we conclude that
sup[ X" — B] |, p,_4, < 0. (B.3)
neN Conp D LM
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We now wish to take the limit as n goes to infinity in the previous inequality. Define K" := fo b (X, dr
and write

X-X", <[K-K", +[E",
C 25,T]Lm C[?S‘,T]Lm C 25,T]Lm

(B.4)

where K is defined in Definition 2.2 and for all s < t,

t
El, = K — K!' = (X} — B, — X!' + B,) = / b (Xo + K, + By) — b (X" — B, + B,)dr.

Bound on K — K". For k € N, we aim to apply Proposition 3.5(a) with f = b¥ — ", 7 =
H(l1—~+d/p)+n, 8=~v—nand ¢» = X — B. Let us check the assumptions: Since n < 1, we
have vy —n —d/p > —1/(2H); then 7 is clearly positive and 7 < H + 1/2 < 1 because we assumed
n < H(y —d/p) +1/2; finally we have 7+ H(y —n—d/p — 1) = n(1 — H) > 0. In addition, we
assumed [X — B]C[B.I]L"m,,ac < o0 in (B.1), thus Proposition 3.5(a) yields that for any (s,t) € Agr,

|EF — KF — K4 K| < ClBF = 0" gy (8 — ) THO=173).
p
Hence (K — K¥)ien is a Cauchy sequence in L™ () and therefore it converges. We also know by
definition of X that KF — K* converges in probability to K; — K. Thus KF — K* converges in
L™ to K; — K,. Now by the convergence of b* to b in B}~ we get

n n n _p_4d
1K: = K = K{' + K [[1m < Cllb =" gy (8 = 5) 077730

Dividing by (t—s)? and taking the supremum over (s, t) in Ag 1 (recall that 1+H(y—n—d/p) > 0),
we get that

K~ K"

I

S Clb= b gy (B.5)

T]

Wl

Bound on E"™. We apply Proposition 5.2 with ¢ = X" — B, ¢ = Xg+ K, f =0" and 7 = % to
get

t
H / b (Xo + Ky + B,) — b"(X" — B, + B,) drHL

=

< O oy (4 (X7 = B] i (1 = X",

[0,1]

X = Xl ) (= ) O,

W

T]

Now divide by (¢t — s)% and take the supremum over Ag 1 to get
By, SCU+IX =B,

S,T] C[O,l]

J(x—xm 5 |+ 1Xs — X3

[S,T]

Lm)(T _§)EHHO-1=D)

(B.6)

rm

Injecting (B.3), (B.5) and (B.6) into (B.4), we get

X —X"] ) < C||b—b”||Bwfn+C’([X—X”] s + ||Xg—X§||Lm)(T—S)%+H(”_1_%).
Cio,m L™ P Cl L™

Hence for T — § < (2C)~Y/(/24H06=1=d/p)) —. 0 we get

I

= x"y < 20(lb =6 gya+ 1 Xs = XEzm )- (B.7)

,T]

wNl

Then the inequality

[S—¢0,5]

1
1Xs = Xgllzm< | Xs-t = Xg_ollLm+0 [X = X"] 3

o1



can be plugged in (B.7) and iterated until S — kfy is smaller than 0 for k € N large enough. It
follows that

X - X",

=

'
o < Clb— "] g5

ol

Recall that b converges to b in B)~" by (2.1). Hence, X™ converges uniformly (in L™(£2)) to X.
Taking the limit as n goes to infinity in (B.3), we have shown that for any n € (0,1) and m > 2

[X - B] H(y—1+%)4n <o = [X - B] L+H(— ) < o0
[0’1] D I m,oo [0,1] P Lm,oe

< 0. It follows that pathwise

[,m, o0

Since 1+ H(y —d/p) > 1/2+ H, we also have [X — B 1211
[0,1]

uniqueness holds in the class of weak solutions that satisfy (B.1).
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