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Fragility Margin of PWA Control Laws using
A Hyperplane Based Binary Search Tree

Songlin Yang1, Sorin Olaru1, Pedro Rodriguez-Ayerbe1 and Carlos E.T. Dorea2

Abstract— This paper concentrates on the fragility margins
of discrete-time Piecewise Affine (PWA) closed-loop dynamics.
Starting from the case where the nominal trajectories are
controlled by a PWA controller using a positioning mechanism
within a binary search tree (BST), we are interested in pre-
serving the properties of the nominal dynamics, particularly
the positive invariance in the presence of perturbations in the
control law representation. As the main result, we define (and
effectively construct) the fragility margin for a hyperplane
defining the partition of the nominal PWA controller. This
hyperplane will be identified through a node in a BST, and
the proposed margin characterizes the degrees of freedom in
the perturbation of its coefficients as it might result from a
quantization operation. From the mathematical standpoint, the
fragility margin is a set in the coefficients’ space, and the
properties of this set are formally described.

I. INTRODUCTION

Controller fragility is a primary problem of the per-
formance degradation of feedback control systems due to
inaccurate controller implementation [1]. The inaccuracy of
the control action is due to different reasons: analog-digital
conversion, truncations, quantification, and conversely, res-
olution of sensing devices and related measurement preci-
sion [2]. These negative factors are affecting the controller
performances upon implementation. Suppose the analysis of
classical linear controllers in terms of fragility is relatively
straightforward after passing through the parameter sensi-
tivity tool. By contrast, the robustness analysis of PWA
controllers defined in the polyhedral region of partitioned
state space is challenging.

The assessment of the robustness of controllers concerning
their internal representation requires an in-depth analysis of
the design methodologies and the structural implementation
details. In recent years, many researchers have investigated
the robustness of PWA control laws from different per-
spectives. For a linear system with PWA control laws, an
explicit robustness margin assuming a polytopic uncertainty
constraint on the nominal system was proposed in [3]. In [4],
the authors extended this work to the direction of admissible
variations in the PWA control law coefficients and denoted
it as the fragility margin such that the positive invariance
of systems states set is guaranteed. In [5], a delay margin
based on positive invariance of the nominal closed-loop
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dynamics in the PWA formulation was proposed for PWA
systems in the presence of variable time delay. Different
from the robustness analysis of the system model and the
corresponding PWA controller, in [6], [7], several novel ways
of reducing the memory footprint of PWA controller laws
were proposed to realize the high accuracy, low precision,
and memory efficient embedded model predictive control. In
[8], researchers investigated the impact of unavoidable errors
on the system performance during the practical application
of PWA control laws. In [9], the authors showed that the
non-overlapping and the invariance properties of a PWA
controller are preserved when the perturbation occurs on the
state regions’ vertices. However, evaluating the respective
control laws in the halfplane representation remains an open
problem.

Unlike the vertex-based fragility analysis in [4], [9],
[10], this paper focuses on the fragility of the hyperplane
characterizing the controller partition using a BST-based
approach. In terms of the fragility of the PWA control laws,
the main contribution of this work is to establish a margin
on the admissible variation of coefficients for a halfspace
representation associated with PWA control laws. In detail,
we worked on the following aspects:

• The hyperplane-based fragility analysis of the PWA
control law is implemented. Although vertex-based
fragility in [4], [9], [10] can be used to describe
the robustness of the PWA control law in the vertex
representation of state partitions, it is challenging to
apply. On the one hand, many vertices in a complex
system lead to the increased complexity of vertex-
based fragility analysis. On the other hand, half-space
representations of state partitions are preferred over
vertex forms during applications;

• BST is extended to the robustness analysis of the PWA
control laws. BST is known to speed up the online point
location and reduce the wastage of hardware resources
[11]. In this paper, BST is used to overcome the problem
of overlapping and region holes in state partition pertur-
bations. In addition to BST, orthogonal search trees are
another effective tool for solving such problems; [12].
In this paper, BST is selected for robustness analysis.

• An algorithm is proposed to establish the fragility mar-
gin of state partitions with a hyperplane perturbation.

This paper is organized as follows. The section dedicated
to the preliminaries presents the necessary knowledge related
to PWA. Section III analyzes the equivalent PWA control law
based on a BST. The section devoted to the main contribution



states the fragility problem and proposes a fragility margin
notion for a PWA control law.
Notation: In this paper, Rn, R+, R> N, IN and card(IN )
denote the set of real numbers in n-dimensional space, the
set of nonnegative real numbers, the set of positive real
numbers, the set of nonnegative integers, {1, 2, . . . , N} and
the number of elements of the set IN , respectively. For
two column vectors: x, y ∈ Rn, x = [x1, x2, . . . , xn]

T ,
y = [y1, y2, . . . , yn]

T , x ≤ y means xi ≤ yi, ∀i ∈ In. 1m×n

(0m×n), 1m and In denote a m×n matrix with its elements
equal to one (zero), a column vector with its elements equal
to one, and a n-dimensional identity matrix, respectively. For
a column vecor a ∈ Rn and a matrix A ∈ Rn×n, diag(a) and
diag(A) denote a n × n matrix with diagonal vector equal
to a, a n dimensional column vector with its elements equal
to the value of the diagonal vector of A, respectively. For a
matrix A ∈ Rm×n, vec(A) denotes the vector composed of
the columns of A. For two matrices A ∈ Rm×n, B ∈ Rq×p,
their left Kronecker tensor product is defined as:

A⊗B :=

a11B · · · a1nB
...

. . .
...

am1B · · · amnB

 ,

where aij represents the element in the i-th row and j-th
column of A. For two matrices A ∈ Rp×n and B ∈ Rq×n,
the Khatri–Rao product of them denoted by A ⊙ B ∈
Rpq×n := [A·1 ⊗B·1, A·2 ⊗B·2, ·, A·n ⊗B·n] with A·i and
B·i are the i-th column of A and B.

For any vector x ∈ Rn, we will use throughout the paper
the short-hand notation x̄ :=

[
xT −1

]T
to denote the n+1

dimensional vector appended with the constant −1.

II. PRELIMINARIES

A. PWA Functions

Definition 1. A hyperplane is a set:

{x ∈ Rn|hTx = b} = {x ∈ Rn|
[
h
b

]T
x̄ = 0}.

Definition 2. The function

H : Iq → Rn+1

defines a collection of q hyperplanes over X if: {x ∈
Rn|H(i)T x̄ = 0}∩X ≠ ∅, ∀i ∈ Iq; rank([H(i),H(j)]) = 2,
∀i, j ∈ Iq and i ̸= j.

In the paper, we will use the shorthand symbol to represent
the i-th hyperplane within a collection:

Hi := {x ∈ Rn|H(i)T x̄ = 0}.

Definition 3. Let a collection of hyperplanes be H. Any
indicator function F : IN × Iq → {−1, 0, 1} is generating

a family of polyhedral sets over X , denoted as1

Ri = {x ∈ X |F(i, j)H(j)T x̄ ≤ 0,∀j ∈ Iq}. (1)

Such a family of polyhedral sets is defining a polyhedral
partition of X if ∀i, j ∈ IN , i ̸= j, there are: X = ∪

∀i∈IN

Ri;

Ri ̸= ∅; int(Ri) ∩ int(Rj) = ∅. This polyhedral partition
is denoted next as {Ri}IN

.

Definition 4. Consider a polyhedron X ⊂ Rn with a related
polyhedral partition {Ri}IN

. A PWA function over {Ri}IN

is defined as:

fpwa :

{
∪

∀i∈IN

Ri

}
→ Rm

fpwa(x) = aTi x+ bi,∀x ∈ Ri.

B. PWA Dynamics

Let a discrete-time PWA system dynamics:

xk+1 = gpwa(xk, uk), (2)

with gpwa : X × U → Rnx , where

X = {x ∈ Rnx |Hxx ≤ bx},U = {u ∈ Rnu |Huu ≤ bu},

and Hx ∈ RnH×nx , bx ∈ RnH . One is interested in the PWA
system defined on a polyhedral partition {Ss}IM

of X . The
dynamics (2) is denoted as

gpwa(xk, uk) = Asxk +Bsuk + cs, xk ∈ Ss

Ss = {x|Hsx ≤ bs}, Hs ∈ Rns×nx . (3)

C. PWA control

Let a polyhedral partition {Xi}IN
associated to a collec-

tion of hyperplanes H and an indicator function F . For the
system (2), we consider the controll law as

uk = κpwa(xk),∀k ∈ N, (4)

where κpwa(x) is a PWA function over {Xi}IN
:

κpwa :

{
∪

∀i∈IN

Xi

}
→ U ,

κpwa(x) = Fix+ gi, if x ∈ Xi, i ∈ IN ,

(5)

Based on the control law (5), we obtain the closed loop
dynamics of the system (2), denoted as

xk+1 = gpwa(xk, κpwa(xk)) (6)

with the explicit formulation

gpwa(xk, κpwa(xk)) = (As +BsFi)xk +Bsgi + cs,

xk ∈ Ss ∩ Xi, s ∈ IM , i ∈ IN .

Before discussing the PWA control for the PWA system
(2), the definition of a controlled positively invariant set and
a relevant assumption should be provided.

1The polyhedron in (1) denotes in a compact formulation the set:

Ri =

{
x ∈ X

∣∣∣∣∣−H(j)T x̄ ≤0, if F(i, j) = −1

H(j)T x̄ ≤0, if F(i, j) = 1
, ∀j ∈ Iq

}
.



Definition 5. The polyhedral set X is positively invariant
with respect to (w.r.t) the closed system (6) if ∀x ∈ X ,
gpwa(x, κpwa(x)) ∈ X .

Assumption 1. In the current research, we assume that the
PWA control law (4) has been designed to guarantee the
positive invariance of X w.r.t (6).

For κpwa(x) satisfying assumption 1, we knew:
• Function κpwa(x) is based on the partition {Xi}IN

associated with a known collection of hyperplanes H;
• In order to evaluate κpwa(x), one needs to identify the

region Xi in {Xi}IN
satisfying x ∈ Xi. This problem is

known as point location, which is effectively addressed
by the approach of the so-called BST approach[11];

The robustness/fragility of PWA control laws are related to
the BST mechanism. The structural properties inherited from
the BST will be analysed in the next section.

III. BINARY SEARCH TREE IN PWA CONTROL LAWS

An effective way to address the point location problem
of PWA control laws is to establish an offline BST, which
is used online [11]. This section provides the structure and
construction of a BST based on a collection of hyperplanes.
After illustrating the BST in a real example, one analyzes
the features of the PWA control law based on a given BST.

A. Binary Search Tree

The BST is a directional graph denoted as (R∪B∪N ,E ),
where R∪B∪N represents the set of (root, body, and leaf)
nodes of the tree and E represents the set of edges between
two nodes, respectively. The BST contains the following
properties:

• Root node R: there is one and only one root node,
which has no incoming edge and two outgoing edges;

• Body nodes Bi ∈ B, i ∈ Icard(B): each body node Bi

has one incoming edge and two outgoing edges;
• Leaf nodes Ni ∈ N , i ∈ Icard(N ): each leaf node Ni

has one incoming edge and no outgoing edge;
• Directional edges E (n1, n2),E (n1, n3) ∈ E , n1 ∈ R ∪

B and n2, n3 ∈ B ∪ N : E (n1, n2) and E (n1, n3)
are edges directed from a same node n1 to two nodes
n2 and n3. E (n1, n2) and E (n1, n3) characterize the
different features of the node n1, and values 1 and −1
symbolize the difference between them.

• For each leaf node Ni, i ∈ Icard(N ), a unique path exists
starting from root note R to Ni, denoted by the edges
collection set P(Ni) linking R to Ni.

The construction mechanisms for a BST giving an efficient
point location for the PWA control law (5) are out of the
scope of this work (the reader is referred to [11]). We are
interested in the association between an established BST and
the partition {Xi}IN

over a collection of hyperplanes H.
• Each node n1 ∈ R∪B is associated with a hyperplane

in the collection H, and the symbol n1 represents the
index of the selected hyperplane. e.g., hyperplane Hi is
connective with n1, so n1 7→ i;

• Each edge E (n1, n2) is associated with a linear con-
straint connection with node n1, and the symbol
E (n1, n2) represents a value 1 or −1 to distinguish
the different sides of the constraint. e.g., nodes n1 ∈
R ∪ B and n2, n3 ∈ B ∪ N , E (n1, n2) 7→
1 and E (n1, n3) 7→ −1 are two edges to link
them. At the same time, E (n1, n2) denotes constraint
E (n1, n2)H(n1)

T x̄ ≤ 0 while E (n1, n3) denotes con-
straint E (n1, n3)H(n1)

T x̄ ≤ 0;
• Each leaf node Ni is associated to a convex Li ⊂ X

defined by the unique path P(Ni). e.g.,

Li = ∩
E (n1,n2)∈P(Ni)

{
x ∈ X |E (n1, n2)H(n1)

T x̄ ≤ 0
}

with Ni denoting the index of the region Li. e.g., for
Li, Ni 7→ i.

According to Definition 3, one can denote a polyhedral
partition {Li}IQ

by the relevant collection hyperplanes H
and an indicator function Fb : IQ × Iq → {−1, 0, 1}.
The following proposition establishes the link between the
indicator function Fb and the edges of BST.

Proposition 1. For a polyhedral partition {Xi}IN
over a

collection H with q hyperplanes and an associated BST
(R ∪B∪N ,E ), the regions associated with the leaf nodes
Ni, i ∈ Icard(N ) are described through the indicator function
Fb(Ni, n1), which are characterized as

Li = {x|Fb(Ni, n1)H(n1)
T x̄ ≤ 0, n1 ∈ R ∪ B}

with Fb(Ni, n1) = E (n1, n2) if ∃n2 ∈ B ∪
N , s.t. E (n1, n2) ∈ P(Ni), otherwise Fb(Ni, n1) = 0,
and ∪

i∈IN

Xi = ∪
i∈IQ

Li = X .

B. Equivalent Controller Based Binary Search Tree

Proposition 2. For a PWA control law (4) with a polyhedral
partition {Xi}IN

, a collection of hyperplanes H and an
indicator function Fb : IQ × Iq → {−1, 0, 1} created by
an established BST. A BST-based control law is denoted as

κbst :

{
∪

∀i∈IQ

Li

}
→ U ,

κbst(x) = Fjx+ gj , x ∈ Li, j = τ(Li),

(7)

where Li is the i-th region of {Li}IQ
and

Li = {x ∈ X |Fb(i, j)H(j)T x̄ ≤ 0,∀j ∈ Iq},
τ(Li) = j, j ∈ IN ,Li ⊂ Xj

is an equivalent PWA controller to (4).

Proof. ∀x ∈ Li,∀i ∈ IQ, because Li ⊂ Xj , κbst(x) =
κpwa(x). With {Li}IQ

a polyhedral partition of X , so
κbst(x) = κpwa(x) holds for all x ∈ X .

Remark 1. Based on the equivalent PWA controller (7), the
closed loop system (6) can be rewritten as

gpwa(xk, κbst(xk)) = (As +BsFj)xk +Bsgj + cs,

xk ∈ Ss ∩ Li, s ∈ IM , i ∈ IQ, j = τ(Li).



Comparing to the PWA control law (5), there are several
features in the equivalent BST-based PWA controller (7):

• The BST-based PWA controller is not unique. Establish-
ing a different BST based on the PWA control law (4),
one gets a different equivalent controller over a polyhe-
dral partition with the same collection of hyperplanes;

• The polyhedral partition {Xi}IN
is associated with a

sequential research strategy to solve a point location
problem, and the partition {Li}IQ

is associated with a
BST strategy to solve a point location problem;

• If a hyperplane Hi, i ∈ Iq is perturbed to H̃i :=
{x|(H(i) + δi)

T x̄ = 0}, these two controllers are no
longer equivalent;

• If a hyperplane Hi, i ∈ Iq is perturbed to H̃i, the
invariant property of the system (2) under the controller
(4) and (7) are both affected;

• If a hyperplane Hi, i ∈ Iq is perturbed to H̃i, the
overlapping and regions hole may exist in the partition
{Xi}IN

, but will not appear in the partition {Li}IQ

corresponding to the properties of the BST [11].

(a) A perturbed polyhedral parti-
tion {X̃i}I4

with overlapping and
hole

(b) A perturbed BST-based poly-
hedral partition {L̃i}I7

without
overlapping and hole

Fig. 1. Polyhedral partition and BST-based polyhedral partition

Figure 1 illustrates these features. Based on these charac-
teristics, one researches the fragility margin of a hyperplane
based on a BST in the following sections.

IV. FRAGILITY MARGIN FOR A HYPERPLANE IN
THE BST

A. Problem Formulation

Consider a BST-based PWA control law (7) affected by a
perturbation on the representation of the hyperplane

H̃l := {x|(H(l) + δl)
T x̄ = 0}.

This perturbation leads to a PWA function:

κ̃bst :

{
∪

∀i∈IQ

L̃l
i

}
→ U ,

κ̃bst(xk) = Fjxk + gj , if xk ∈ L̃l
i, j = τ(Li),

(8)

where

L̃l
i =

{
Li, Fb(i, l) = 0,

Ll
i ∩ Ll

i,δ, Fb(i, l) ̸= 0,
(9)

with

Ll
i = {x ∈ X |Fb(i, j)H(j)T x̄ ≤ 0,∀j ∈ Iq, j ̸= l}
= {x|H̄ix ≤ b̄i}, H̄i ∈ Rn̄i×nx , b̄i ∈ Rn̄i ,

Ll
i,δ = {x|Fb(i, l)(H(l) + δl)

T x̄ ≤ 0}.

For the sake of brevity, let us express Ll
i ∩Ll

i,δ explicitly as{
x

∣∣∣∣[Fb(i, l)(hl + δhl )
T

H̄i

]
x ≤

[
Fb(i, l)(bl + δbl )

b̄i

]}
, (10)

where hl, δ
h
l ∈ Rnx , bl, δbl ∈ R,

[
hl

bl

]
= H(l) and

[
δhl
δbl

]
= δl.

The goal is to find a fragility margin for the perturbation
of the hyperplane H̃l. This margin is characterized in terms
of a region ∆l ⊂ Rnx+1 such that ∀δl ∈ ∆l, the positive
invariance of X is ensured under the perturbed PWA control
law (8). In other words, ∀x ∈ Ss ∩ L̃l

i, i ∈ IQ, s ∈ IM :

∆l ={δl ∈ Rnx+1| s.t. (11)},
(As+BsFj)x+Bsgj + cs ∈ X , j = τ(Li). (11)

Proposition 3. The fragility margin ∆l is represented as

∆l = ∩
∀i∈Il

∩
∀s∈IM

∆s
l,i

with

Il = {i|∀i ∈ IQ,Fb(i, l) ̸= 0},

∆s
l,i =

{
δl ∈ Rnx+1|∀x ∈ Ss ∩ L̃l

i, s.t. (11)
}
. (12)

Proof. Based on the assumption 1 and (9), when ∀i ∈
IQ \ Il, L̃l

i = Li and condition (11) holds directly. So for
the particular indexes i ∈ Il, we can construct the fragility
margin ∆l as an intersection of local margins ∆s

l,i for the
s-th local dynamic with s ∈ IM .

Remark 2. The particular BST construction detailed in the
previous sections identifies the local margins relevant for the
construction and thus avoids the treatment of each region
composing the partition of the closed loop PWA. The fol-
lowing subsection concentrates on the practical computation
of the local margin ∆s

l,i.

B. Construction of the Fragility Margin

Unlike the fragility margin focused on controller parame-
ters defined in [4], the present fragility margin deals with
the practical evaluation of the PWA control and thus is
particularly relevant for control law implementation. While
both notions have a similar construction process, the hyper-
plane fragility will prove to deserve a series of technological
transformations for effective computation.

Proposition 4. Consider a linear PWA system (2) with a
collection of hyperplanes H and a perturbed PWA control
law (8). The local fragility margin w.r.t the hyperplane Hl

is obtained as

∆s
l,i = Proj(δhl ,δbl )O

s
l,i.



Set Os
l,i represents a polyhedron

Os
l,i = {(δhl , δbl ,Υ1,Υ2)|

[1nH
,Υ2]

Fb(i, l)(hl + δhl )
T

H̄i

Hs

 = Υ1Hx(As +BsFj),

[1nH
,Υ2]

Fb(i, l)(bl + δbl )
b̄i
bs

 ≤ Υ1(bx −Hx(Bsgj + cs))}

(13)

with (δhl , δ
b
l ,Υ1,Υ2) ∈ Rnx ×R×RnH×nH

> ×RnH×(n̄i+ns)
+

and Υ1 is a diagonal matrix.

Proof. First, let us note that Fb(i, l) ∈ {−1, 0, 1} from the
definition and Fb(i, l) ̸= 0. Thus, to simplify, without loss
of generality, we consider the case Fb(i, l) = 1. For i ∈ Il

and ∀x ∈ Ss ∩ L̃l
i, in order to hold the invariance property,

the following should hold:

(As +BsFj)x+Bsgj + cs ∈ X , j = τ(Li).

From the halfspace representation of the state set X , it can
be seen that ∀x ∈ Ss ∩ L̃l

i ⊂ X and thus:

Hx((As +BsFj)x+Bsgj + cs) ≤ bx.

In other word, it means that Ss ∩ L̃l
i ⊂ Hs,i, where

Hs,i = {x|Hx(As +BsFj)x ≤ bx −Hx(Bsgj + cs)}.

Combining (3) and (10), Ss ∩ L̃l
i can be written as:x

∣∣∣∣∣∣
hT

l + (δhl )
T

H̄i

Hs

x ≤

bl + δbl
b̄i
bs

 .

According to the Extended Fakas Lemma [13], if there exist
two matrices Γ1 ∈ RnH

+ and Γ2 ∈ RnH×(n̄i+ns)
+ such that:

[
Γ1 Γ2

] hT
l + (δhl )

T

H̄i

Hs

 = Hx(As +BsFj), (14a)

[
Γ1 Γ2

] bl + δbl
b̄i
bs

 ≤ bx −Hx(Bsgj + cs). (14b)

then Ss ∩ L̃l
i ⊂ Hs,i. Formulations (14) give the nonlinear

constraint relation between δhl , δ
b
l ,Γ1 and Γ2. Indeed, the

nonlinear terms Γ1(δ
h
l )

T and Γ1δ
b
l ) are challenging to han-

dle, and thus it is not easy to obtain a feasible set for (δhl , δ
b
l )

from (14). In order to get a feasible sets for (δhl , δ
b
l ), further

processing is required.
The domain RnH

+ of definition of Γ1 is equivalent to

RnH
+ ⇐⇒ ∪

∀G1∈G
Ψ(G1) (15)

with G the set of all subsets of InH
and

Ψ(G1) = {x|eTmx = 0, eTnx > 0,∀m ∈ G1, n ∈ InH
\ G1}

where x ∈ RnH , em, en ∈ RnH are vectors with the m-th
and n-th element 1 and other elements 0. So the feasible set
for (δhl , δ

b
l ) satisfying Γ1 ∈ RnH

+ can be composed as:

∆s
l,i(R

nH
+ ) = ∪

∀G1∈G
∆s

l,i(Ψ(G1)),

where ∆s
l,i(Ψ(G1)) is a feasible set for (δhl , δ

b
l ) under the

constraint Γ1 ∈ Ψ(G1).
For the formulas (14) under the constraint Γ1 ∈ Ψ(G1),

there exists another two matrices Υ1 ∈ RnH
> and Υ2 ∈

RnH×(n̄i+ns)
+ such that:

• Υ1 ∈ RnH×nH
> is a positive diagonal matrix, Υ1Γ1 =

OnH
with eTmOnH

= 0 and eTnOnH
= 1 for all m ∈ G1

and n ∈ InH
\ G1;

• Υ2 = Υ1Γ2.

Both sides of (14) are left multiplied by a matrix Υ1,

[
OnH

Υ2

] hT
l + (δhl )

T

H̄i

Hs

 = Υ1Hx(As +BsFj), (16)

[
OnH

Υ2

] bl + δbl
b̄i
bs

 ≤ Υ1(bx −Hx(Bsgj + cs)). (17)

These are linear constraints for variables

(δhl , δ
b
l ,Υ1,Υ2) ∈ Rnx × R× RnH

> × RnH×(n̄i+ns)
+ ,

which can be denoted as a convex set:

Os
l,i(Ψ(G1)) = {(δhl , δbl ,Υ1,Υ2)| s.t. (16), (17)}.

Thus, ∆s
l,i(Ψ(G1)) = Proj(δhl ,δbl )O

s
l,i(Ψ(G1)).

Combing with (15), the feasible set ∆s
l,i(R

nH
+ ) is a union

of convex sets, which is generally not a convex set. Any
subset of the feasible set ∆s

l,i(R
nH
+ ) can be considered as a

local fragility margin w.r.t the hyperplane Hl, so we achieve
a proof of the proposition as soon as we can prove ∆s

l,i ⊂
∆s

l,i(R
nH
+ ).

If one assumes Γ1 ∈ Ψ(G1) and G1 = ∅, then: Ψ(G1) =
RnH

> ; Υ1 ∈ RnH×nH
> is a positive diagonal matrix, and Υ1 =

diag(Γ1)
−1; OnH

= 1nH
.

It means Os
l,i = Os

l,i(∅). Because ∆s
l,i = Proj(δhl ,δbl )O

s
l,i,

∆s
l,i = ∆s

l,i(∅) ⊂ ∆s
l,i(R

nH
+ ).

C. Computational Aspects and Relevant Algorithm

In this subsection, in order to compute the fragility margin
∆l, an equivalent canonical representation is proposed.

Actually, according to the vectorized operator and the
properties of the Kronecker tensor product, one applies a
vectorized operator to both sides of the formulation (13),
and the result is:

Ez = E0, Qz ≤ Q0



with

z =
[
(δhl )

T δbl diag(Υ1)
T vec(Υ2)

T
]T

,

E =
[
E1 E2 E3 E4

]
, Q =

[
Q1 Q2 Q3 Q4

]
,

E0 = hl ⊗ InH
, E1 = Inx

⊗ 1nH
, E2 = 0nx×nH

,

Q0 = bl ⊗ InH
, Q1 = 0nH×nx

, Q2 = InH
,

E3 = −(H(As +BsFj))
T ⊗ InH

(InH
⊙ InH

),

Q3 = −(bx −HxBsgj −Hxcs)
T ⊗ InH

(InH
⊙ InH

),

E4 =

[
H̄i

Hs

]T
⊗ InH

, Q4 =

[
b̄i
bs

]T
⊗ InH

.

As the nonnegative constraints on Υ1 and Υ2, one can
rewrite them as M1z < M10,M2z ≤ M20, with M10 =
0nH

, M20 = 0Hl
and

M1 =
[
0nH×nx 0nH

−InH
0nH×Hl

]
,

M2 =
[
0Hl×nx

0Hl
0Hl×nH

−IHl

]
,

where Hl = nH(n̄i+ns). So the set Os
l,i can be transformed

into a polytope formulation as: Os
l,i ⊂ Rnx+1+nH+Hl and

Os
l,i = {z|Ex = E0, Qz ≤ Q0,M1z < M10,M2z ≤ M20} .

Therefore, the local fragility margin of a hyperplane Hl ∈ H
is finally calculated as: ∆s

l,i = Projδhl ,δbl O
s
l,i.

Remark 3. If Fs(i, l) = −1, the related fragility margin
∆s

l,i should be calculated according to Proposition 4 with
adjusting the relevant formulation sign.

Algorithm 1 Fragility margin for a hyperplane Hl ∈ H
Require: xk+1 = gpwa(xk, κpwa(xk)), a closed loop PWA

system in (6), the polyhedral partitions {Ss}IM
and

{Xi}IN
over the state set X ;

Ensure: The fragility margin of the hyperplane Hl;
1: Construction a collection of hyperplanes H for {Xi}IN

;
2: Establishing a BST for the PWA control law uk =

κpwa(xk) based on the algorithm 2 in [11];
3: Recording an equivalent controller (7) with a BST-based

polyhedral partition {Li}IQ
;

4: Given a hyperplane Hl ∈ H, getting the index set Il =
{i|∀i ∈ IQ,Fb(i, l) ̸= 0}, initial i ∈ Il and ∆l =
Rnx+1;

5: while Il ̸= ∅ do
6: for s=1:M do
7: Calculating ∆s

l,i based on Proposition 4;
8: ∆l = ∆l ∩∆s

l,i;
9: end for

10: Il = Il \ i;
11: Selecting i ∈ Il;
12: end while
13: return A hyperplane Hl and its fragility margin ∆l.

For the closed loop PWA system (6), Algorithm 1 shows
the process of calculating the fragility margin for a given
hyperplane based on the former content. In the worse case,
card(Il) = Q, means that one must calculate Q∗M fragility
margin sets and Q ∗M intersection operation.

V. EXAMPLE
Consider a discrete-time PWA system:

xk+1 = gpwa(xk, uk) (18)

with the PWA function gpwa, the states and inputs constraints

gpwa(xk, uk) =

{
A1xk +B1uk, [0, 1]xk ≤ 0

A2xk +B2uk, [0, 1]xk ≥ 0
,[

−5
−10

]
≤ xk ≤

[
5
10

]
, ∥uk∥∞ ≤ 5,∀k ∈ N.

The system parameter matrices are:

A1 = 1.40 0
1.80 −1.10 , A2 =

[
1.22 −0.08
0.78 −1.26

]
,

B1 = B2 =

[
0.50
0.70

]
.

We design an explicit model predictive controller for an
auxiliary linear system xk+1 = A1xk +B1uk with the same
parameters and constraints to the system (18). This problem
has parameters Q = I2, R = 1, a prediction step equals 2,
an LQR terminal set, and a terminal state cost

P =

[
5.6902 0.4862
0.4862 3.1099

]
.

Based on these parameters, a PWA controller with 13
linear-affine control laws and their associated state space
partitions can be obtained. For this PWA controller in a
closed loop with the system (18), the positive invariance
property is verified over the definition domain. In the fol-
lowing simulation, using the presented procedure, one can
construct the fragility margin for such a PWA controller.

A BST was constructed according to the algorithm in [11].
In current example, one obtains a BST with depth 6, {Li}I27

and a collection H with 28 hyperplanes. Following the
procedure of Algorithm 1, a perturbed hyperplane Hl with
hl = [−0.9795 0.2013]T and bl = 1.9359 was considered.
Correspondingly, the index set Il was established with
card(Il) = 4.

In order to illustrate the effectiveness of the proposed
fragility margin, three simulation scenarios were shown:

• Scenario 1: the fragility margin ∆l of Hl was exhibited;
• Scenario 2: a random element [(δhl,in)

T , δbl,in]
T ∈ ∆l

was selected to verify the positive invariant property
been hold after perturbation.

• Scenario 3: an element [(δhl,out)
T , δbl,out]

T /∈ ∆l was
selected to verify the positive invariant property not
been hold after perturbation.

Scenario 1: Figure 2 depicts the selected hyperplane and the
regions affected by the perturbation on the coefficients. The
fragility margin ∆l of hyperplane Hl is illustrated in Figure
3. It should be pointed out that the actual margin calculated
through algorithm 1 may be unbounded. It is related to the
equivalence of representation up to the multiplication with
positive constants. In order to preserve the readability, a
bounding box ∥x∥∞ ≤ 10 was considered for the parameters
of the hyperplane.



Fig. 2. Selected hyperplane Hl and relevant affected regions.

Fig. 3. The fragility margin ∆l of the hyperplane Hl.

(a) The perturbation hyperplane and related regions

(b) The one-step ahead image of the regions affected
by the perturbation.

Fig. 4. A perturbation hyperplane in its fragility margin.

Scenario 2: A random selection of 2565 points in the
feasible set has been performed. The property under investi-
gation is the positive invariance of the state regions, which
holds despite the perturbation on the selected hyperplane. We
select a point [(δhl,in)

T , δbl,in]
T = [0.4726 − 0.0779 0]T

to illustrate the effectiveness of the admissible perturbations
(see Figure 4).

The subgraph (a) of Figure 4 shows the perturbed regions,
while the subgraph (b) of Figure 4 shows the invariant
property of the perturbed system. The invariance property
is guaranteed if the state of these affected regions remains
within the domain of definition in one step. In subgraph (b),
the regions with color are the one-step image of the regions
with the same color in subgraph (a) under the action of the
PWA controller. Intuitively, these regions are subsets of the
whole state region, so the invariance property holds under
the perturbation.

Scenario 3: In contrast, a point [(δhl,out)
T , δbl,out]

T /∈ ∆l

equaling to [−0.2628 0.3523 0.3250]T is selected to il-
lustrate the invalidation of invariant property. Similarly, one
shows the perturbed regions in subgraph (a) of Figure 5 and
the invariant property invalidation in subgraph (b) of Figure
5. As it can be observed graphically, the yellow region is
not a subset of the original definition set, and the positive
invariance is lost for this perturbation of parameters.

(a) The perturbation hyperplane and related regions

(b) The one-step ahead image of the regions affected
by the perturbation.

Fig. 5. A perturbation hyperplane out of its fragility margin.



VI. CONCLUSIONS

A fragility margin of the hyperplane in PWA control is
proposed by incorporating the impact of the BST into its
practical assessment. The technique focuses on the robust-
ness of the regions associated with a PWA control law.
The positive invariance of the closed-loop PWA system is
guaranteed if the perturbation hyperplane that contributes
to the definition of the polyhedral partition is confined to
its fragility margin. A fragility margin independent of a
particular BST configuration shall be investigated further.

REFERENCES

[1] P. Dorato, “Non-fragile controller design: An overview,” in Proceed-
ings of the 1998 American Control Conference. ACC (IEEE Cat. No.
98CH36207), vol. 5. IEEE, 1998, pp. 2829–2831.

[2] N. A. Nguyen, S. Olaru, G. Bitsoris, and P. Rodriguez-Ayerbe,
“Explicit fragility margins for PWA control laws of discrete-time linear
systems,” in 2014 European Control Conference (ECC). IEEE, 2014,
pp. 1450–1455.

[3] S. Olaru, N. A. Nguyen, G. Bitsoris, P. Rodriguez-Ayerbe, and
M. Hovd, “Explicit robustness margins for discrete-time linear systems
with PWA control,” in 2013 17th International Conference on System
Theory, Control and Computing (ICSTCC). IEEE, 2013, pp. 380–385.

[4] N. A. Nguyen, S. Olaru, P. Rodriguez-Ayerbe, G. Bitsoris, and
M. Hovd, “Explicit robustness and fragility margins for linear discrete
systems with piecewise affine control law,” Automatica, vol. 68, pp.
334–343, 2016.

[5] M.-T. Laraba, S. Olaru, and S. I. Niculescu, “Analysis of PWA control
of discrete-time linear dynamics in the presence of variable time-
delay,” in 2016 IEEE 55th Conference on Decision and Control (CDC).
IEEE, 2016, pp. 567–572.

[6] D. Ingole, M. Kvasnica, H. De Silva, and J. Gustafson, “Reducing
memory footprints in explicit model predictive control using universal
numbers,” IFAC-PapersOnLine, vol. 50, no. 1, pp. 11 595–11 600,
2017.

[7] C. Jugade, D. Ingole, D. N. Sonawane, M. Kvasnica, and J. Gustafson,
“A memory efficient fpga implementation of offset-free explicit model
predictive controller,” IEEE Transactions on Control Systems Technol-
ogy, 2022.

[8] A. Suardi, S. Longo, E. C. Kerrigan, and G. A. Constantinides,
“Robust explicit MPC design under finite precision arithmetic,” IFAC
Proceedings Volumes, vol. 47, no. 3, pp. 2939–2944, 2014.

[9] R. Koduri, S. Olaru, and P. Rodriguez-Ayerbe, “On the precision in
polyhedral partition representation and the fragility of PWA control,”
in 2017 IEEE 56th Annual Conference on Decision and Control
(CDC). IEEE, 2017, pp. 2539–2544.

[10] S. Yang, S. Olaru, P. Rodriguez-Ayerbe, and C. E. Dorea, “Robustness
of PWA control based on a coupled vertex sensitivity analysis,” in 18th
IFAC Workshop on Control Applications of Optimization, 2022.

[11] P. Tøndel, T. A. Johansen, and A. Bemporad, “Evaluation of piecewise
affine control via binary search tree,” Automatica, vol. 39, no. 5, pp.
945–950, 2003.

[12] T. A. Johansen and A. Grancharova, “Approximate explicit constrained
linear model predictive control via orthogonal search tree,” IEEE
Transactions on Automatic Control, vol. 48, no. 5, pp. 810–815, 2003.

[13] A. Schrijver, Theory of linear and integer programming. John Wiley
& Sons, 1998.


