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MAXIMUM LIKELIHOOD ESTIMATION AND PREDICTION ERROR FOR A
MATERN MODEL ON THE CIRCLE

BY SEBASTIEN J. PETIT!,

! Laboratoire National de Métrologie et d’Essais, 78197 Trappes Cedex, France, *sebastien.petit@Ine.fr

This work considers Gaussian process interpolation with a periodized
version of the Matérn covariance function introduced by Stein [22, Section
6.7]. Convergence rates are studied for the joint maximum likelihood estima-
tion of the regularity and the amplitude parameters when the data is sampled
according to the model. The mean integrated squared error is also analyzed
with fixed and estimated parameters, showing that maximum likelihood esti-
mation yields asymptotically the same error as if the ground truth was known.
Finally, the case where the observed function is a fixed deterministic element
of a Sobolev space of continuous functions is also considered, suggesting that
bounding assumptions on some parameters can lead to different estimates.

1. Introduction. Gaussian process interpolation or kriging is a common technique for
inferring an unknown function from noiseless data, which has applications in geostatistics
[22], computer experiments [19], and machine learning [18]. Stein [22] stresses the impor-
tance of choosing a covariance function that fits the problem, promotes the use of the Matérn
[15] family of covariance functions, and advocates using maximum likelihood to estimate its
parameters.

A distinction is generally made between increasing and fixed-domain asymptotic frame-
works for parameter estimation of Gaussian processes [see, e.g., 3, for a review]. While
several increasing-domain asymptotic frameworks have been exhaustively studied [see, e.g.,
14, 2], fixed-domain frameworks are studied only with simplifications and for a restrained
number of parameters to our knowledge [28, 29, 24, 30, 13, 1, 12].

Considering fixed-domain asymptotics, the regularity parameter of the Matérn covariance
function seems to have been little studied, although Stein [22] presents numerous results sug-
gesting it as the most impactful from the point of view of prediction error. To study parameter
estimation, Stein [22, Section 6.7] proposes an asymptotic framework with equispaced obser-
vations on the torus and makes a conjecture about the asymptotic behavior of the maximum
likelihood estimate based on the Fisher information matrix [see also 20, in the case of noisy
observations]. This topic has only recently regained popularity. Indeed, Chen, Owhadi and
Stuart [5] used the previous framework to show that the estimation of the regularity param-
eter is consistent if the other parameters remain fixed. Moreover, Karvonen [8] has recently
shown an asymptotic lower bound in the general case of a “nice” bounded domain of R,
also covering the case of a fixed deterministic function from a Sobolev space. Other results
were obtained in similar frameworks [23, 11] with observations corrupted by noise.

This article presents three main contributions. First, we focus on the one-dimensional case
of the framework proposed by Stein [22, Section 6.7] to give an asymptotic normality result
for the joint maximum likelihood estimation of the regularity and the amplitude parameters.
Then, we leverage these convergence rates to analyze the expected integrated error, taking
constant factors into account and showing that estimating the parameters yields the same error
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asymptotically as if the ground truth was known. Finally, we investigate the deterministic
case by deriving the large sample limit of the likelihood criterion in a particular case. This
suggests that bounding assumptions on some parameters can lead to different estimates.

The article is organized as follows. Section 2 introduces the asymptotic framework and
our notations and Section 3 discusses relations to existing works. Then, Section 4 gives the
main results. Finally, Section 5 provides a few results on the deterministic case.

2. Gaussian process interpolation on the circle.

2.1. Framework. Let f:]0,1] — R be a continuous periodic function observed on a
regular grid:

{j/n,0<j<n—1}.

Consider the periodic version of the stationary Matérn covariance function introduced by
Stein [22, Section 6.7] and defined by the uniformly absolutely convergent Fourier serie
ko: x€ER— Yjezc j(O)ez’”xf with coefficients:

¢ - 3
(1) QJ(G)ZW, fOf]EZandeZ(v7¢,a)€(O,+°°) .
The function kg is continuous and strictly positive definite [see, e.g., 7, Theorem 1].

Assuming a centered process, the usual task in Gaussian process interpolation—also
known as kriging—is to use the model & ~ GP (0, kg) to infer the function f from the noise-
less data

@) Z=(f(0), f(1/n),....f(1=1/m))".

The parameter  is not identifiable as different values yield equivalent probability mea-
sures. However, v and ¢ are identifiable [see, e.g., 22, Chapter 4 and Section 6.7]. Stein [22]
advocates the regularity parameter v as the key quantity governing the asymptotics of the
prediction error. The amplitude parameter ¢ does not impact the posterior mean predictions
but matters for uncertainty quantification [see, e.g., 21] and can be consistently estimated by
maximum likelihood if v is known [see, e.g., 30, who use a different parametrization].

2.2. Best linear prediction. The function f is usually predicted using the posterior mean
function given by the kriging equations [16]. This predictor can be written simply in the
framework presented above.

PROPOSITION 1. Letn>1and f: [0, 1] — R a continuous periodic function. Suppose

also that f is the pointwise absolute limit of its Fourier serie. Writing f, for the posterior
mean function given Z and the parameter 6 € ®, we have:

~ (Zjlej-‘rnZCj] (f)
JeZ

— 27ixj .
® 9=} Zj1€j+nZCj1(9)>cj(9)e L ovimre o

where the c;(f)s are the Fourier coefficients of f. The convergence of (3) holds uniformly
absolutely.

The expression (3) shows how the posterior mean function approximates f: it transforms
the Fourier coefficients of kg into those of f using the ratio of their discrete Fourier trans-
forms. Finally, we also define the integrated squared error:

4) ISE, (v, oc;f):/o1 (f—fn)z.

Note that it does not depend on ¢.
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2.3. Maximum likelihood estimation. Given the observations Z and ® C (0, +<>0)3, a
maximum likelihood estimate is defined by 5,, = (Vn, (?)\n, &,,) minimizing (a linear transform
of) the negative log-likelihood:

(5) L,:0€®sn! (m(det(Ke))JrzTK;lz),

with ties broken arbitrarily and Ky the covariance matrix of Z according to kg.

The parameters v and o will be assumed to be bounded in this work, i.e., we take @ =
N x (0, o) x A with N and A bounded away from zero and infinity. Most of our results will
be stated with A being a singleton, meaning that & is enforced to a fixed value (which will
not necessarily be the ground truth). This type of assumption is more or less standard in the
field [see, e.g., 28, 13, 5].

However, keeping ¢ unbounded is key to our results and for discussing the deterministic
case in Section 5. Write Kg = @Ry o for 6 = (v, ¢, o) € (0, +oo)3. The following proposition
gives an expression for the profile likelihood, i.e., the infimum of IL,,(v, ¢, @) with respect
to ¢ € (0, +o0) for fixed v and «.

PROPOSITION 2. [see, e.g., 19, Section 3.3.2] Let v, > 0. It holds that

. » Z'R,\Z
(6) d%n%]Ln(v, ¢,0)=1+n "In(det(Ry¢))+In| ——].
> ’ n

Moreover, if Z is nonzero, then the infimum is uniquely reached by an = ZTR;}xZ /n.
(The case Z = 0 is covered since both sides of (6) match.)
3. Relation to prior works.

3.1. Linking the spectra of kg and Kg. As Craven and Wahba [6] and Stein [22, Section
6.7] point out, the framework introduced in Section 2.1 is convenient. In particular, it gives a
closed-form identity

nilq)z'm,n = Z £n1+nj(9)
JEZ
linking the eigenvalues ¢)).07n, ey ¢>),n,1,,, of Ky to those of kg given by (1). Furthermore, the
matrices K share the same eigenvectors (see Appendix A.2 for details). One has n ™! Ol —

¢,,(0) for a fixed m but the ratio n='9A,,,/c,,(0) remains bounded away from one for m
close to n/2.

3.2. The consistency of V, for fixed ¢ and « [5]. Assuming observations from & ~
GP (0, kg,) under a similar model with 6y = (Vo, 9o, &%) € (0, +o0), Chen, Owhadi and
Stuart [5] show the consistency of V,, for equispaced observations on the d-dimensional torus
for fixed parameters ¢ and . A sketch of their reasoning for d = 1 is provided in this para-
graph. The spectrum of Ky is studied by showing that

09 A = eﬁ(l)gm(e) — oO)y—2v—1
uniformly in v and 1 < m < n/2." This approximation yields:
In(det(Kg)) = —2vnln(n)+nln(¢)+no(1),
(7 Z'Ky'Zz = ¢ ¢y Op(In(n)) if v<vy—1/2,
Z'Ky'Z = ¢ gy PRI P2V if v > vy — 12,

IThe )Lm.ﬁ satisfy A = n—m,n-
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with uniform Op-terms on some regularity ranges. The consistency for fixed parameters ¢
and « follows by observing that vy is the turning point where the quadratic form starts domi-
nating the log-determinant. The latter claims are also true if Vv is estimated jointly with ¢ € F
for a set ' bounded away from zero and infinity.

3.3. Our contributions. Consider now the case F = (0, +) by plugging (7) into (6) to
get

Inf (v, 9, @) = 14+ 0(1) +In(gy) + G (1) ~2voIn (n) = Gp(1) = 2¥01n (n),

which is not sharp enough. Therefore, a more precise analysis of how the spectrum of Ky
fluctuates around the one of kg is needed to study the profile likelihood. The following sec-
tion provides an ingredient for this purpose. Coordination with tools for proving uniform
central limit theorems makes it possible to study convergence rates for parameter estima-
tion and prediction error in Section 4. Developments for studying the profile likelihood are
used to provide insights in the case of a fixed deterministic function from a Sobolev space in
Section 5, which also discusses related works in this setting.

3.4. A symmetrized version of the Hurwitz zeta function. Stein [22, Section 6.7] uses the

function
1
'}/: ((X;X)E(l,—I—OO)X(O,l)I—) T a?

jEZ ’.] +x’06
for deriving the asymptotics of the Fisher information matrix of the model presented in Sec-
tion 2.1. It will also play a major role in our analysis of the likelihood criterion.

The function ¥ is (jointly) smooth and related to the Hurwitz zeta function {y by:

(8) Y0 x) = Cu(a; x) +Cu(a; 1—x), (e, x) € (1, +e0) x (0, 1).

Moreover, the function y(@;-) is symmetric with respect to 1/2 for a > 1.

Integrals involving y(o; ) for some o > 1, will appear in the main body of the article.
All of them are well—deﬁned, and integrability statements are postponed to the proofs in the
Appendix.

4. Main results.

4.1. Standing assumptions. Consider the framework presented in Section 2.1 and sup-
pose that the function is sampled according to the (real-valued) centered Gaussian process:

9) E:xel0,1] H*Z«/ (60) U1‘1‘+1U2‘J|51gn( ))ez’”"j,

JGZ
with 8y = (Vo, o, %) € (0,+00)3 and (U[]7J~)q€{172}7].>O independent random variables such
that U o =0, Ui o ~ 47(0,2), and U, j ~ A (0,1) for g € {1,2} and j > 1. Let P be the
measure defined on the underlying probability space (assumed to be the completion of the
product space, so the U, ;s are coordinate projections). The convergence of the expansion (9)
is meant pointwise both in L? (P) and almost surely.” It holds that & ~ GP (0, kg, ).

Let 5,, = (Vn, q;n, a,,) be a maximum likelihood estimate defined in Section 2.3 for some

® =N x (0, +0) x A with A C (0, 4o0) and N an interval bounded away from zero and infin-
ity such that vo € N. The following sections give convergence rates for parameter estimation
and prediction error.

2The almost sure unconditional convergence is ensured if vy > 1/2.
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4.2. Convergence rates of maximum likelihood estimation. The following result states
the consistency for the identifiable parameters and an upper bound on the convergence rates.

THEOREM 3. Let 0 < B < 1/4 and A an interval bounded away from zero and infinity.
The bounds V,, — Vy = op (n_ﬁ) and ¢, — ¢o = op (ln(n)n_ﬁ) hold in probability.

Informally, Theorem 3 is proven by showing that (a shift of) the profile likelihood con-
verges in probability to

Y(2vo+1;-
10 In(y(2v+1;- 1
(10) / n(rv+ +n< y2v+1i >

for v > vy — 1 /2. The first term is a refinement of the ¢'(1) appearing in (10) for the log-
determinant. The second term is a refinement of the &p (1) appearing for the quadratic form.
Jensen inequality shows that (10) is maximized by taking v = vj.

Furthermore, similarly to Stein [22, Section 6.7], let us define

Jg—2v—1 .
Yiez lx+j " Infx+j|
Yiezlx+j "

which is square integrable on (0, 1) and e(v) = E(yy(U)) and V(v) = Var(y,(U)), with
U ~ U (0, 1). The following result proves the conjecture made by Stein [22, Section 6.7]
when d = 1, v, is bounded, and o is known.

yyixe (0,1)— forv >0,

THEOREM 4. Suppose that A = {ay}. Then

o <¢nz¢§’0 (In(n) +€A(V0)) (Vi — VO)) ~ N (0, D).
V (vo) (Vu — Vo)

4.3. Convergence rates of the integrated squared error. This section states our results
about the expectation of (4) with estimated parameters. To avoid technical difficulties, we
suppose that vp > 1/2 in this section. We begin with the case of fixed parameters.

For v, vy > 0, define

Y(4v+2;x) y(2vo + 1;x)
Y2 (2v + 1;x)

which is smooth and integrable when v > (vp—1)/2.
The following result states the asymptotics of the prediction error with fixed parameters.

2}/(2v+2vo +2;x)
yY(2v + L;x)

ﬁv;vozxe((),])H +'}’(2V()+1,x)—

THEOREM 5. Let (v, ) € (0, +o0)>. Then,

E(ISE, (v, a;§)) S forv<(vw—1)/2,

~oAvE2?

E(ISE, (v, 2; §)) <
and
1
n*YE (ISE, (v, a; &)) — q)()/ By.y,, otherwise.
0

The symbol < denotes an inequality up to a universal constant.



This result shows that half of the smoothness is sufficient for optimal convergence rates.
However, the constant fol Bv,y, is minimized by taking v = vy. This is in line with the result
of Stein [22, Theorem 3] obtained in a different framework.

Then, our last result gives the asymptotic behavior of the prediction error with estimated v
and ¢ and fixed—but not necessarily known—a.

THEOREM 6. Let A= {a} with0 < ot < 4oo. Then,
1
n?YoE (ISE, (V, o; £)) —>¢0/0 Dvyivy -

This last result shows that estimating the parameters yields asymptotically the same error
as if the ground truth was known.

5. The deterministic case. Let f > 0 and define the Sobolev space

Hﬂ“”mA}:{geLﬂmlLHm&mum“f:zxr+fw+“ﬂquw2<+m}
J€z

of (continuous) periodic functions. This section studies maximum likelihood estimation with
equispaced observations (2) from a fixed deterministic periodic function f: [0, 1] — R lying
in a Sobolev space. Proceed by defining the smoothness

vo(f) =inf{B >0, f ¢ HP*'/2[0, 1]}

of f as Wang and Jing [26] and Karvonen [8]. We will assume that vy(f) € (0, 4).
Suppose that §n = (Vn, a,,, &n) i1s a maximum likelihood estimate defined in Section 2.3

for ® = N X F x A with N and A bounded away from zero and infinity. This section discusses
the behavior of V, under three assumptions on F: 1) a singleton; 2) a range bounded away
from zero and infinity; and 3) the whole (0, +oo). For the last case, the definition

M/: (v,a) ENxA b—>;r;%]Ln(v,(]),a)—i-(Zvo(f)+1)1n(n)— 1,

will be used.

On “nice” bounded regions of R?, Karvonen [8] shows that liminfV, > v (f)if a and ¢
are fixed. (See [10] and [9] for asymptotic studies in the deterministic case on the estimation
of other parameters for a fixed regularity.) The following result shows that it holds on the
circle no matter the assumption on F.

PROPOSITION 7. If N and A are bounded away from zero and infinity, then
liminfV,, > vo(f)

holds for the three previous assumptions on F.

Regarding the precise behavior of v, above Vg (f), Karvonen [8] conjectures that Vv, con-
verges to Vo(f) + 1/2 if ¢ and a are fixed but deems that a joint estimation may give a
different behavior. The rest of this section is devoted to supporting this idea.

Write ~ for a two-way inequality up to universal constants and use the more stringent as-
sumption that ‘c i(f )] ~|j |*V°(f )= for simplicity. The following result is a minor adaptation
of the reasoning used by Chen, Owhadi and Stuart [5] and Karvonen [8], showing that the
conjecture is verified more generally if ¢ is bounded. The proof is omitted for brevity.
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——/

vo(f) Minimizer vo(f)+1/2

F1G 1. The function IML Jor vo(f) = 1. A numerical approximation of the minimizer is about 1.359. Note
that ML is approximated numerically using finite sums for 'y and discretizations for the integrals.

PROPOSITION 8.  Suppose that ‘cj(f)‘ R ]j\_v‘)(f)_] for nonzero j and that N, A, and F
are bounded away from zero and infinity. Then, the convergence V, — Vo(f) + 1/2 holds.

However, our last result suggests it does not hold when F = (0, +o0).

PROPOSITION 9.  Suppose that cj(f) = |j]7v0(f)7l for nonzero j. Then, for v > vy(f)
and o > 0, we have

It is possible to derive a uniform version of the previous convergence. However, it is omit-
ted for brevity and because we could not identify the minimizer(s) of the limit analytically.

Figure 1 shows a numerical approximation of M.



APPENDIX: PROOFS

A.1. Notations. The symbol < denotes an inequality up to a universal constant. For
compactness, the symbol = is used when the two-way inequality < holds.

Write Kg = Ry o and ¢;(0) = ¢c;(v,«), for 6 = (v, ¢,a) € (0, +o0)* and j € Z. All
results suppose that @ = N x (O, +oo) X Awith N = [ay, by|, A = [aq, ba], 0 <ay < Vo <by <
o0, and 0 < ag < by < 400 unless explicitly stated otherwise. Without loss of generality,
suppose that @y, < vo—1/2 and define Ng = [vg — 1/2+ €, +o0) NN for € > 0. The notation
I =|(n—1)/2] will often be used throughout the following.

A.2. Circulant matrices and useful facts. The framework introduced in Section 2.1 is
convenient for analyzing kernel-based regression methods [see, e.g., 6]. This section reviews
the properties needed for our purposes.

Let W be the n x n matrix with entries W, ,, = n—1/2e2mijm/n for (0 < j,m <n—1. For
every 0 = (v, 0, ) € (0,40)3, the periodicity of kg implies that

ko (0) ko (1) - ko ()

Ko = ke (%) ko (0) ... kg (%)

ko (L) ko (2) ... ko(0)
is a circulant matrix and so is Ry ¢. Consequently [see, e.g., 4, p. 130], it holds that Ry o =
WAy oW* with Ay o = diag ()lon, Au—1,) and

(11 Ao = Ze-z’”f'"/"k 1a(j/m)=nY cpinj(v,0), 0<Sm<n—1.
Jj=0 JEZ

Note that A, , depends on v and ¢ but the symbols are dropped to avoid cumbersome ex-
pressions. These coefficients verify

(12) A = Apmns for 0 <m<n—1.

Furthermore, combining each pair of eigenvectors of W shows that Ry o = PAV,OCPT for a
unitary matrix P written using sines and cosines functions. Then, with 6y = (vo, ¢o, ) the
ground truth introduced in Section 4.1, write

PTZ=1/f < AU, A,E)l,,Unl,,),

with lé n), ,A,EO)I the eigenvalues of Ry, o, and Uy, ...,U,—1,, drawn independently from

a standard Gaussian. We have

n—1 U2 )L( )
ZTRV wZ=00 ) ——= A )
m=0 mn,n

The following approximation discussed in Section 3.2 will sometimes be used.

LEMMA 10. One has n*12.07n ~co(v,a) = 1 and n= Ay ~ (v, &) = m=2V=! uni-
formlyinveN, a €A, nand 1 <m<|n/2|.

PROOF. Let 0 <m < |n/2], we have using (11)

~+oco
em(Vi @) < A /0 < 20 (V) +2 Y Cgnj(V, @).
=
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Moreover

oo oo
Y cminj(v, @) fem(v, ) < Y (b5 + 1/4)VH1/2) vl < chaavby
j=1 j=1

where C?*VP = max(1, (b3 + 1/4)?*1/2)¢(2ay + 1). This shows n™ ' Ay, & (v, a).
Then, ¢o(Vv, &) =~ 1 obviously and we have (b2 + 1)~ 12m=2V"1 < ¢, (v, &) < m~2V~!
form>1. ]

Nevertheless, our results will require refined approximations, as explained in Section 3.3.

A.3. More notations and properties. For each n, it is straightforward to prove that
the A, 8 are smooth functions of (v, a) € (0, +00)? by bounding the derivatives of the ¢ ;S
uniformly on compacta (up to third-order derivatives suffice for our purposes). Using the
formulas from Section A.2 then shows that IL,, is also smooth for any realization.

Furthermore, define:

M,: (v,a) e NxA— q%ngILn(v,q&,a)Jeroln(n) —In(¢o) — 1,
>

with vy the ground truth introduced in Section 4.1. Its expression is given by Proposition 2 so
it is a stochastic process which is smooth on the almost sure event Z # 0. The proofs mostly
consist in studying IM,,.

For a compact interval A C (0, +o0), define now U,: v € N — infgea M, (v, @). The
object U, is a stochastic process since the infima can be replaced by countable ones. Its
almost sure continuity follows from the almost sure smoothness of IM,, and the compacity
of A.

Also, write gy =In(y(2v+1;-)) for v > 0 and

y(2vo+1;-)
Y(2v+1;-)

for v > vp — 1 /2. These functions are smooth and integrable and we will write

hV;VO -

1 1
H: VG(V0—1/2, +OO)I—)/ hv;v07 G: VE(O, +0°)|_>/ gV7
0 0

and U: v € (vp—1/2, +e0) — G(v) +1In(H(V)). The smoothness of these functions is en-
sured by dominated convergence arguments (three derivatives suffice for our purposes).

A.4. Proofs of Section 2.2.

PROOF OF PROPOSITION 1. For x € [0, 1], the kriging equations yield f; (x) = k;—‘XKe_]Z,
with kg , = (kg (m/n—x))y<,n<,_;- Then, using the matrix W defined in Section A.2, we
have -

W'Z=y/n ( )y c;(f))
0<m<n-—1

jeEm+nZ
and
* _ —2Tixj
w k97x—\/ﬁ<. Z Qj(e)e ) )
jem+nZ 0<m<n—1

where the sums converge absolutely. Then, the pointwise absolute convergence of (3) follows
from elementary manipulations. The uniform absolute-convergence is ensured since the sum
of the moduli does not depend on x. O
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A.5. Proof of Theorem 3.
A.5.1. Proof of the theorem.

PROOF OF THEOREM 3. Let 0 < B < 1/4, Proposition 2 gives almost surely
17T -1

~ 0, o aZ N
In (9, =In (9o) +In (‘M) 23, — vo) In(n).

So

nP ~ B ¢g¢ZTR5;%z
In(n) <ln <¢"> _ln(%)) " In(n) tn ( 205 v0) > +20P (v, — o)
nP _ nP 9% 'Z'R; ' Z o
= gy " )G (1“ (,Mw>—1n< @ ))) 2P w).

The latter converges to zero in probability thanks to Lemma 16, Slutsky’s Lemma, Lemma 12,
and to the univariate Delta method, since the mapping InoH is smooth. O

LEMMA 11. The convergence Vo — Vo holds in probability.

PROOF. First for v e N and oc € A, we have

Z'R, LZ
]M,,(V,OC) = ln(det(Rvp())/n"_ln W

1 Z'R, LZ

Z'R, L7
=0(1)+1In T

uniformly thanks to Lemma 15 and by observing that the mapping v € [ay,by] — fol gv is
continuous. Now let v € [ay, Vo —1/2+ €] and o € A, Lemma 10 yields

T
Z R Z 1 i ( ) (v—=wp) > i U2 <T)_1+28
l+2 (v—vo) N I’l — ~ mn

in probability using a similar argument as the one from Lemma 26. Considering U, from
Section A.3, Lemma 16 gives U, (vy) — fol gv, in probability, so we have

inf U, (v) =T, ()

velay, vo—1/2+¢]

. ZTR\?%XZ 1+2¢ !
ZC+ inf In m —IU,,(VO)—>C—ln(2 8)_/0 gVO’

velay, vo—1/2+¢€],acA



PARAMETER ESTIMATION FOR A MATERN MODEL ON THE CIRCLE 11
with the later convergence holding in probability, for a universal constant C. Letting € — 0

shows that the above limit can be made arbitrarily high.
Finally let 0 < € < 1/2, we have

U, (v) - /O ey (W) dx—In < /0 1hv;v0>

M (v,00 -~ [ (s ( / lhv;vo> ‘ —op (1),

thanks to Lemma 15, Lemma 18 and the continuous mapping theorem applied from the space
of functions that are bounded away from zero and infinity to the space of bounded functions.

Moreover the function
1 1
U:veN, »—>/ gv(x)dx+In </ hv;v0>
0 0

is continuous, and strictly maximized by taking v = vy thanks to Jensen inequality and the
fact that £y, is constant only if v = v;. ]

sup
VENe

< sup
VENg,00EA

LEMMA 12. Let 0 < 8 < 1/4. The bound V,, — Vo = op (n*ﬁ) holds in probability.

PROOF. Let2/5 < €< 1/2,0< 8 <1/2 and let us reuse the function U from the proof
of Lemma 11. We have

In(n) Z'R, uZ 1
M, (v,a)-U(v) = ﬁ( . >+ln <nl+2(V\/o) —In /0 hvy, |5 (V, &) € Ne X A.

So this yields

nP sup [U, (v) =U(V)| <nP  sup  |My(v,0)=U (V)]

VEN, VENg, a€A

which converges in probability to zero thanks to Lemma 16 and Slutsky’s Lemma. Moreover,
U is C3 and some calculations show that

1 ~ 2 14 2
-[U//(VO) _ / <’}/2V()+1) _ < YZV()-}-]) > 07
0 \ V2vp+1 0 P2vy+1
with ¥ the derivative of (v, x) — 72y+1(x) with respect to v. Then, Lemma 11 and the fact

that the maximum of U on the compact N is unique give the rate n~#/2 thanks to a standard
Taylor expansion around Vvj. O

A5.2. Approximating In(det(Ry ¢)).

LEMMA 13. LetveN, o €A, 1 <m< |n/2|, and j € Z. We have:

1 + un7m7.i(v7 a)

(13) Cm+nj(vaa) = \jn—i—m!z"“

with —1 < vy <ty j(V,&) <0 and vy, = O(m™2).

PROOF. Using (11), we have

1 _ 1+ ttym (v, @)
@2+ (nm)* =172~ Tjnt-mP

Cm+nj(v’a) =

9
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—-v—1/2

with u (v, ) = (14 (a/(jn+m))?) — 1. Elementary operations show that

by—1/2

bo\* .\
OZMn,m,j(V,OC)Z ((l’:) +1> _la

which gives the desired result thanks to the Taylor inequality. 0

LEMMA 14. It holds that

1 1

Y(2v+1ix) = vt T (1—x)2vH1

+0(1),

uniformly in v € N and x € (0, 1). In particular, we have

y(2v+1;x) ~x 2V

uniformly inv € Nand 0 <x < 1/2.

PROOF. We have 0 <y(2v+1;x) —x 21 — (1 —x)"2V~!1 <2{(2ay +1). Deducing the
second claim makes no difficulty. 0

LEMMA 15. Uniformlyin v € N and o € A, we have
1
In(det(Ry ¢)) = —2vnln(n) +n/ gv+ O (In(n)).
0

PROOF. Letv € N and a € A. Using (11) and Lemma 13, we have

2'm,n/”l = Z Cm—&-nj(vv Ot)

JEZ

B Z L+ ttymj(V, @)

=7 jn—+ m‘2v+1

Therefore, using the notation / = | (n— 1) /2], we have

/ [
Z In(Apn/n) =—2v+1)ln(n) +a, (v, @)+ Z gv(m/n),

with
l

Z (1+vp)

lan (v, )] < )=o)

uniformly in v € N and o € A.
The function g, is symmetric with respect to 1/2. Moreover, a direct consequence of
Lemma 14 is that

(14) gv(x)=—Q2v+1)In(x)+ 0 (1),

uniformly in v € N and 0 < x < 1/2. For v € N, the function gy is thus integrable on (0, 1).
Furthermore, verifying that it is non-increasing on (0, 1/2] is straightforward using the
derivative of y(2v + 1; -), so we have:

(I4+1)/n 1 I/n
/ gvﬁ; ng(m/n)ﬁ/o 8v-

1/n
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Use then (14) to get fol/" gv = O(In(n)/n), uniformly in v € N. The remainders fll/flz gv

and fl(;;rl)/"gv are 0 (n~') uniformly in v € N since the mapping (v, x) — |gy(x)| is

bounded on N x [1/4, 3/4] as it inherits the continuity of y.
Therefore, we have

! 1/2
Z}gv(m/n):n A gv+ O(In(n)),

uniformly in v € N. Moreover, Lemma 10 shows that In (Ao, /n) = €(1) and In (4, ,/n) =
O'(In(n)) uniformly for n even. One can then conclude using (12). O

A.5.3. Approximating ZTRv,aZ. Let us first give some definitions. For € > 0, Lemma 14
can be used to show that there exists some C > 0 such that

(15) Bysvy (x) < Fe(x) = Cmin(x, 1 —x) "2 forall0 < x < 1 and v € N.
The function F; will be called the envelope of the family .%; = {hv;v(,, v € N} of functions.

LEMMA 16. Let2/5 < € < 1/2. Then, the sequence

(v, Q) eNng»—>\/ﬁ<Mn(v,a)—/01gv—ln </01hv;vo>>

of processes converges weakly to

2 [V hy By
GP (O,(vl,vz)»—> Jo hviivo V”")

1 1
fO hV1;V0 fO th;Vo
in L(Ng x A).
PROOF. Let IE be the set of continuous real-valued functions on the compact Ng X A and

Dy C It the subset of positive functions bounded away from zero, both endowed with the
supremum norm. One has

Z'R, 4 Z
120 =v0) [y,

surely. Furthermore, the mapping y : g € Dy C IE — Inog € It is Fréchet-differentiable at
the unit function and y/(1) : A € IE — h. Then, Theorem 3.9.4 from [25] and Lemma 17 show

(Vv,t) ENg x A

€Dy,

that
Z'R,\ 7 Z'R,\Z
sup  |v/nln V’al —/n v’al -1
(v,0)ENg XA nl+2(v—vo) Jo hvive n1+2(v=v) Jo Bvive
is op(1). Conclude with Proposition 2, Lemma 15, and Slutsky’s Lemma. O

LEMMA 17. Let2/5 < € < 1/2. The sequence

Z'R,\7
(v,a)eNngH\/ﬁ< ve 1)

_ 1 o
n1+2(v Vo) fO hv;vo
of processes converges weakly to

1
Ny v Fy, -
GP (0, (vi, o) — lfo "lv"ol"z,vO >7
fo hV1§V0 f() hv2;v0

in L*(Ng x A).
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PROOF.
Z'R, 7 1
\/ﬁ <n1+2(\/\/0) —/(; ]/lv;vo (x)dx

0 0

A’O n }l’mn
= \/ﬁU&n <1+2(vv0> Z m,n (VVO))Lmn —hy.yv, (m/n))

+723mnhvvo m/n +\/>< ZhVVO m/n /hvvo >’

m=1

with By, , = U,%m — 1. Then a classical Borel-Cantelli argument [see, e.g., 28, Lemma 4]
shows that supy,,.<, 1|Un .| = op(n?) for every § > 0, so

AO
2 0,n _
\/ﬁU()Jz <n1+2(vv0)107n> ‘ =op (1)7

sup
VENg, €A
and
Y 2 Do
su U - _h ) _ 1 '
veNe,szeA \f Z nz(vao)lmvn ViV (m/n) OP( )

thanks to Lemma 22. Finally Lemma 20, Lemma 25, Slutsky’s lemma, and the continuous
mapping theorem give the claim observing that the mapping v € N —> fol hy.v, is bounded
away from zero by continuity. O

LEMMA 18. Let0< e < 1/2, we have

ZTR;}XZ /lh (1)
su L Mvoas o, |
VENE,P()XGA nl+2(v—vo) ) v P
PROOF. First we have
m
sup ZB’””"VVo()|=0p(1),
VENe |1 p

thanks to Lemma 26, Lemma 27, and [25, Theorem 1.5.4, Theorem 1.5.7, and Lemma
1.10.2]. (Note that no outer probabilities are needed here since the mappings v € Ng —
hy.v, (m/n) are continuous.) Then, proceed as for Lemma 17. O

LEMMA 19. The function hy.y, is non-decreasing (resp. non-increasing) on (0,1/2]
when v > Vg (resp. v < V).

PROOF. Suppose that v > vy. Use (8) along with the fact that the Hurwitz Zeta function
verifies

dCn
ox

and has the representation

(16) (a; x) =—aly(a+1; x), forx>0, and @ > 1,

Cu(a; x) = F(a)/o = dt, forx>0, and ox > 1,
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where I is the classical Gamma function [see, e.g., 17]. So, for x € (0, 1), we have

1 +oo f2v (eftx + eft(lfx))
2 I;x)=
vV L) F(2v+1)/o Erea——
and
3}, 1 +oo l2v+1(efz(lfx) _ eftx)
2v+1; dr.
8x( vELix) = F(2V+1)/ l—e! !
Now let x € [1/2,1), the derivative of Ay.y, at x has the sign of
d d
y(2v+1;x) 87(2v0 F1x) —y(2vo+ 1) ay (2v+1:x)
_ 1 [ [ ),
CTRv+DT2ve+1) Jo K(s,1)

with n(s,2;x) = s(e™* +e "0 (e — =) and x(s,¢) = (1 —e*)(1 —e™*) = K(t,5)
thanks to the Fubini-Lebesgue theorem. Then, one can split the integral to have:

1 oo e (VW0 ( (s, ,x) — M (8, 53%))
T2v+ D2+ 1) (/ /, K(s,1) deds

+/+m /+oo SZVtZVO(n([7s;X> — n(s’t;x))dtd
0 t K‘(t,S) S

_ ! [ (750 — 2120 (s, £:3) = 1 (¢, 5:))
S TRv+1DI(2ve+1) Jo K(s,1)
since 12Vs?Y0 < s2V¢2Y0 when s > t, k(s,t) > 0 and 1 (s,t;x) > 1 (t,s;x) when s > ¢ and x >
1/2.
So we proved that hy,y, is non-increasing on [1/2,1) and the first claim is due to the
symmetry with respect to 1/2. Observe that hy.y, = 1/hy,. for the second claim. O

drds <0

LEMMA 20. Let € >0, we have

1 1
— Z hV Vo m/n / hV VO (nmm(l 28))
uniformly in v € Ng.

PROOF. For v € N¢, the inequality (15) shows that .y, is integrable on (0, 1). Write
I=|(n—1)/2]. Using Lemma 19 and the symmetry with respect to 1/2, we have:

(I+1)/n 1 l I/n
(17) / hv;vo <- Z hv;vo(m/n) < hV;Vov
when v < vy and the reversed inequality when v > vy. Moreover, using again (15) yields
1/n 1/n
(18) By < Fe = O(n"%), uniformly in v € N.
0 0

The remainders fz/ 2 hy. vo and fl (I+1)/n hy.v, are € (n~ ') uniformly in v € N since the map-
ping (V, x) = hy.y,(x) is bounded on Ng x [1/4,3/4] as it inherits the smoothness of }.
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Therefore, we have

! 1/2
Z vivo(m/n) =n A hv;vo—I—ﬁ(l)—l—ﬁ(n]*ze),

uniformly. Use the symmetry of /.y, to conclude. The eventual term £y,y, (1/2) form =n/2
and n even is uniformly bounded on the compact Ng. O

LEMMA 21. Let 1 <m < |n/2], we have

A0

HZ(V_VO)lm7n

= (1+0(m™?)) hy,yy(m/n)
uniformly in v € N and o € A.

PROOF. Lemma 13 gives

l+’4n,m‘ '(V 70‘0)
A,E,?,)l Ljez \Hm/i,‘zgoﬂ y@w+1Lim/n) (140 (m™?))
2(v— - Lttty g i (V, - . —2)) ’
n2V=vo) 4, Yz ‘j+,;l/;‘(2‘\//+ol£) y(2v+1;m/n) (140 (m=2))
with uniform big-&’s. The desired result follows. O

LEMMA 22. Let0< € < 1/2, we have

1 n—1 2{(0)

m,n m
o A (2
(v, )N xA T mz::1 n2(v—v0))ym7n Y0\ n

1
=0 (nmin(3/4, 58/4)> :

PROOF. Let 1 <m < |n/2],vEN;, a €A, and f € (0,1). Using Lemma 21, we have
1 /2] 2.0 1 /2]

VE e ()] 1E o (2)

n m=1 n m=1
1 L"ﬁJ 1 [n/2]
N o g+ Y G g (m/),

m=1 nm:LnﬁJ-H

with
1 [n/2] ) 1 [n/2] 1
. Z O(m™ " )hy.y,(m/n) = ﬁ’( > Z hy.v,(m/n) = <n25>

m= LnﬁJ +1

uniformly in v € N, and o € A thanks to (15) since n IZ FE (m/n) = O(1). Moreover,
using also Fg, we have

ILnBJﬁ Sy, ILﬁJ m _1+25_ﬁ 2e(B—1)
5 L O el ST E () =0 ().

uniformly in v € N and o € A. Using (12) and the symmetry of &y, and taking 8 =3/8
then gives the desired result. O

LEMMA 23. Let 1/4 < & < 1/2. The family F¢ of functions equiped with the envelope Fy
defined by (15) verifies the uniform entropy condition [25, Section 2.5.5].
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PROOF. Forxe (0,1)and v eN, write y(2v+1;x) =y (2v+1;x)+7, (2v + 1; x), with
oo oo
1@V =Y (407 + Z JH1=x)7
j=1 j=1
and y: (2v+ 1;x) =x 21+ (1—x)"2~!. Write also it (v; x) = y(2vp + 1, x) /M (2v+1,x)
and h(v;x) = }/(2\/0—1—1 x) /v (2v+1,x).> The families Ft = {h(v;-),vEN} and
Fe = T = {1 [ (vs-), v e Ng} of functions are non-increasing with respect to the parameter vV
so they are VC subgraph classes. Indeed, let (x1,y1),(x2,y2) € (0,1) X R, there cannot be
two functions f and g in one of these families such that f(x1) < yi, f(x2) > y2, g(x1) > y1,
and g(x2) < y», since we have either g < for f < g.

Equip ﬁé and ﬂg respectively with the envelopes F; (by increasing eventually the con-
stant C in (15)) and F} : x € (0, 1) = Cymin(x, 1 —x)'*2", for some constant C; > 0. The-
orem 2.6.7 from [25] shows that these families satisfy the uniform entropy condition.

Consider ¢: x,y € (0,400) > (x! +y) . It holds that ’  (x, y)‘ <1 and ‘— X y)‘
¢%(x,y). Observe that ¢ (h(vi;-), 1/ht(va;-)) S Fe, for vi, V2 € Ne. Consequently, for
Vi,V2,V3,V4 € Ne and x € (0, 1), we have:

(g (hi(vl;x), l/hT(V3;x)) —G (hi(VQ;x), l/hT(V4;x)))2

2
s (hi(v“x) _hi(vz;X))z—i—F;(X) <hT(V13;x) - hT(V14;x)) ‘

Observe that ¢ (hy(Vv;-), 1/h+(V; -)) = hy.y, and use Theorem 2.10.20 from [25] to conclude
that the family

={¢(hy(vi:-),1/hy(v2;-)) =1, vi,v2 €N} (note that hy,.y, = 1)

with envelope Fs(”) =24/F? +Fg‘(F8T )2 satisfy the uniform entropy condition. Concluding
the proof is straightforward since % C ﬂ}(”) +1 and Fg(”) S Fe. O

LEMMA 24. Forall € > 1/4, we have

1" 2
; Z hvl Vo m/n h\/z Vo (m/n _> / hV] Vo th V()) ’
uniformly in v, Vo € Ng.

PROOEF. Let 6 > 0, there exists o > 0 such that:

04 2 04 5
/0 (hvllvo_hvz:vo) §4/0 F <4/5

and
1 Lon] , 4 Lo )
— Z hvl Vo m/n) hv2§V0 (m/n)) S ; Z Fg (m/n) S 5/5’
m=1

uniformly in vy, V2 € Ne. The same bounds also hold by symmetry for similar quantities re-
lated to [1 — a, 1]. Furthermore, a compacity argument using the smoothness of y shows that

3The symbols | and 1 account for the monotonicity with respect to v for fixed x.
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the mapping x € (0, 1) > (fy,vy (X) — yyevg (x))2 and its derivative are bounded on [, 1 — ]
uniformly in v, Vv, € Ne. Consequently, the standard technique for bounding approximation
errors of Riemann sums gives

[(1—a)n] -1 -

Z (hv1;VO (m/n) — hy, v, (m/n))2 — / (hvl;vo — hvz;vo)2

m=|an|+1 «

<4/5,

1
n

uniformly in vy, v € Ng, for sufficiently large n.

Forn>1 andOgm§n—1,deﬁneBm7n:U,,217n—l.

LEMMA 25. Let3/8 < € < 1/2, we have

Z mnh Vo <7> ~ GP (07(‘/17‘/2) = 2/0 hvl;VthZ;V0> )
in L= (N¢).

PROOF. Since & > 3/8, then the envelope Fp defined by (15) is in L*(0, ). More-
over, Lemma 23 shows that .%, satisfies the uniform entropy condition. Then, with d =
I+ = ll12(0,1)> we have [|Fg[[;2(g,1) < +oo and thus (F, d) is totally bounded thanks to the
uniform entropy condition.

With Y, 1 § € Fe — n1/ 2Bnng(m/n), the measurability conditions from [25, p. 205]
are met since the suprema can be replaced by ones on countable sets. Indeed, using the sur-
jection p: v € Ng = hy.y, € F¢, the suprema on subsets of .7, x .7, are suprema on subsets
of (Ng X Ng, || —+||2), with ||-||» standing for the euclidean norm. A subset of a separable
metric space is separable. Then, the sample path continuity of v € Ng — Y., (p (v)) is in-
herited from the continuity of v € Ng — hy,y, (x), for 0 <x < 1.

Since F, € L*(0, 1) is monotonous on (0, 1/2], one has n=! ¥ F — fol FZ#. Then, for
0 > 0, the Lindeberg condition holds:

n—1
2 2
X:: (sup g)]lsupge%]Ym,n(g)|>6> =6 Z E (5 sup Y, ( )]]-(Slsupgeys|Ym,n(g)|>1>

m=1 g€Fe

IN

n—1
2 —4 4
o E E (6 sup Ym,n(g)]16*1 supg6(¢s|Ym,n(g)|>1>

m=1 g€Fe

IN

m=1 g€Fe

522E<64sup ())

A
-
VS
E
N
=
™MMT
oL
3
~
S
I
Q
X\
o
N———

Furthermore, for 8, — 0, we have

n—1 1 n—1

sup Y E((Yalgn) ~Yun(22))?) = E(BL)  sup =~ ¥ (g1(m/n) —ga(m/m))?

d(g1, 82)<8m=1 d(g1, 82)<8 " m=1
= o(1)+E (B} ;) 8; =0

on % thanks to Lemma 24.
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Then, for g1,g2 € %, one has

n—1
<2Ymn gl Z mn(82>—>2/ 2182,

m=1
using Lemma 24 and Lemma 19 to show that 1 ¥ 12, v (m/n) = Jo B, Yo+
Finally, with u,, ,, =n -1g2 ,,6," /n>one has 0 < 1, mF2 < +oo almost surely and Z” | M mFg = 2—
Op(1) using Markov’s inequality.
We can then conclude using Lemma 2.11.6 and Theorem 2.11.1 from Van Der Vaart and
Wellner [25] and the reformulation from L™ (.%;) to L™ (Ng) is an application of the contin-
uous mapping theorem. O

LEMMA 26. Let v > vy—1/2, we have

lnl

gn(Vv Zanhvvo <’:> =op(l).

PROOF. Let 6 = v —Vvy+1/2 > 0. Then, (15) yields

Var ( Bo [n/2] 452 1 /2l 5.
E(ga(v)) =— 5 Zhvvo< ) 22(*) =5 LM
n- = \n n* =
which converges to zero no matter how 6 compares with 1/4. O

LEMMA 27. Let 0 < € < 1/2 and define

1l m
20 VENe = = Y Buahyy, (7) .
nm:1 n

The sequence (g,)n>2 is asymptotically uniformly equicontinuous in probability for (x,y) —
|x —y| [25, Chapter 1.5].

PROOF. Letn>2and 1 <m < |n/2| and define

1
1 VEN — = IR IR
Nm.n € Y2v+1(m/”) ‘,gi ‘j+m/n’2v+l

These functions are smooth. Furthermore, Lemma 14 shows that 1, ,(v) ~ (n/ m)? ! and

similar derivations yield — n””’ (v) & (n/m)* ™ In (n/m), for v € Ne, 1 <m < |n/2|, and n.
Write K, ,: V € N — hv,vo (m/n). Then, for all 6 > 0 and v € N, we have
‘ dK

< n 1728‘#26
1% — .
dv V)5 (m)

Now let v, v» € Ng. If one chooses p > 1 and 6 > 0 such that p(1 —2&+26) < 1, then
we have by Holder’s inequality with 1/g+1/p =1

gn(V1) — 8n(V2)]

1/q 1/p
1= 1 1 n—1 den p
< <n Z |an|q> ’ ( Z sup (1\/7(‘/)’ > "VI_VZ‘:

m=1 =1 veNe
which is enough to prove asymptotic uniform equicontinuity using (19), the symmetry of
hy.v, with respect to 1 /2, and the fact that the B,, ,s admit moments of every order. ]

(19)
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A.6. Proof of Theorem 4. We start by providing a few cumbersome expressions. Re-
member that the quantities A,,,, depends on v and o but have their argument dropped to
avoid cumbersome notations. The function L, is smooth for any realization, and
n—=120 ;2
L, (V, 0, —ln + Z 11’1 mn ¢0 Z el
n¢ m=0 A’”?”

aa/m 0 almn 2
1 n ¢0 n— ll Umn

JL, _ 1”7 v m,n gy
av (V) (paa) - nm;() Afm,n I’l(]) m;o )anz,n
2 noy Ly (M’”’">2
e I
av? ’ n.-o }‘r%z,n
92 A A 2 2
¢0 n—1 A’;?un ( ov2 A’ ( av ) )Umﬂ
- ng = Divn
83]L,, 1 ”Z’l 23 lmn 0 A @A
8\/3 Ao P av:  dv
9> Ao @ I (9% ZETA.
275 o )Am’"_z ov ( ov2 ;Lm’"_< ov ) )
232 0% Ay n O, 0% Ay n O,
410 m,n m,n mn m,n m,n
Zlmnlmn( < av3 Mt oy TV e oy )

mn [ 0% amn \ > s
-3 v <8v2/lm’"2< av ) ))Um"

Lemma 10 and the following will help to analyze roughly the previous expressions. Ex-
ceptionally, the arguments of the A, ,s are not dropped.

LEMMA28. Let6>0,0<m<[n/2],veN, acAandkec{1,2,3}. The functions Ay,

are smooth and.:

1|0 }Lmn .
2t )| & oty 1w a2
and
Ao

PROOF. We have

* Ao |In* (a® + (m+ jn)
.| = SEENY

ol 1
vk J% (02 + (m+ jn)?)

(a2 + (m+ jn)?)

\VE1/2-8/2

Lemma 10 gives the result.
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PROOF OF THEOREM 4. Remember that A = {ap} and consider I, as a function
of (v, ¢) only. We start by elucidating the behavior of the score function.
Let ex(v) = E (y2(U)) for v > 0. Stein [22, proof of Theorem 1, Section 6.7] shows that

n 210 (n) +41n(n)e(vo) + 2e2(vo) — 22 — o) )
COV <{V]Ln(\/0’ ¢0)> — ln( ) (Vo) ¢0L P —I—ﬁ(n 8)’
6 o 202
Cn

for some € > 0.
Define

4, = 2% ( % 0 )
V(vp) \In(n)+e(vo) v/V (o)

One has A,-{CnAn = 2I, and so
Cov <\£ﬁAIVILn(vo, ¢0)> — AT Cov (éﬁvmn(vo, ¢0)> An — 2D

Let us show the Lyapunov condition. To do so, write

90 A nUnin
O I
solL,(v,9)= n*IZ" ! oLmn (v, ¢). Let § > 0, we have

]Lm,n (V, (P) - ln((j)) +In (Am, )

el _2 2+6

I o 1o 248 ‘ _ 0’1’

ZE‘ (Vo, 90) ZmZE(“*Uin‘ ): ’
Oy n=t0 ;=0

¢g+5n1+6
and
2 2+5 0 2+6
o i\ E ’1—U071( vt [ 92 .
Ye(| B -2 T () S
m=0 v n>t m=0 m,n n'+39/

using Lemma 10, Lemma 28, and the derivatives expressions. Therefore,

¥ € (VAT VL (0 )72 S 015 2 0?72 Z  E (170, )| 77) =0
m=0

The Lyapunov condition is fulfilled, and it is straightforward to verify that the score function
is centered, yielding

2@A,Ivmn(vo, 0o) ~ N (0, ).

Consider now the Hessian matrix. One has

E (V*L,(vo, §o)) = gCOV(V]Ln(VOa %)),

SO

%E (V2L (o, ¢0)) —Cp = O (n5).
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Furthermore, using Lemma 10, Lemma 28, and the previous expressions, it is straightforward
to check that

0L, e
Var ((a\/)p(av)zl](vo’ (])0)) =0 (l’l 2 ) s

for € > 0 small enough, so V2L, (vo, ¢g)/2 —C, = Op (n¢) for some & > 0 and therefore
ATV2L,(vo, ¢o)A, — 4L, in probability.

Let us now roughly bound the third derivatives. For € > 0, m > 1, k € {0,1,2,3}, and
|V —vy| < €, one has

ak m,n ak)tm,n ak)lm,n

avk’ (v0+871)‘§‘ vk (V, )‘g‘ vk

Therefore, using again the previous expressions, Lemma 10, and Lemma 28, it is straightfor-
ward to show that

(vo—&, 1)‘.

2’1,

20 E( P @V @077

pE{O, 13233}7 |V*V0‘§£, |¢7¢0‘S£

o)) =06,
Now we have

N ~ 2
0= AL, (v o)+ 8°L, (v 0) (2730 ) 4.0 ( o)l ) |

thanks to (20) and using Theorem 3 leads to

0= AIA]Ln (V07 ¢0) + (A;:—Azan (Vo, ¢O)An + OP(1)> A;l (g\n : ;g) :

and

V2na,! (%ﬂ _ :;2) == (AIAzan (Vo, 90) An +0P(1)> _IAIA]Ln (Vo, 9o) ~ A (0, o),

thanks to Slutsky’s Lemma. This gives the result. O

A.7. Proofs of Theorem S and Theorem 6. The posterior mean does not depend on ¢,
so all derivations will be written with ¢ = 1. Furthermore, we will write @ = (v, &) and use
the coefficients ¢;j(w) = c¢j(v, o) defined in Section A.1 to avoid cumbersome expressions in
this section. Also, we assume that ¢y = 1 without loss of generality and write @y = (Vo, Q).

We assume Vo > 1/2 to avoid dealing with conditionally convergent series. In this case,
the coefficients of the expansion (9) are almost surely summable (take the expectation of the
sum of the moduli). Then, on the corresponding almost sure event: the expansion (9) con-
verges uniformly absolutely, so the hypothesis of Proposition 1 are fulfilled. Consequently,
the expansions (9) and (3) with f = & are almost surely Fourier expansions in L? [0, 1].

The proofs will rely on using Parseval’s identity. Let @ = (v, o) € (0, —1—00)2 and j € Z,

we have
2 B (Cj(w) ZjleZ\{O} \/WULU*']M

- Y ez Cj+njy (O)

2|e;€ - &)

ZjleZ Cj+nj1(w)

2
~ Veil@0)Uy 1 ez fo) Citnis (w)>
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N (Cj(w)Zj.ez\{o} V €jitnji (@0)Us |jinj sign(j +nj1)

Y ez Citnj ()

1) V(@) Uy jsign(j) Ejy ez 0y €y (@) ) 2

Y czCjnjy (©)

after a few algebraic manipulations. The expression (21) is a sum of two independent terms.
If j € m+4nZ with m ¢ {0, n/2}, then they are identically distributed and involve independent
Gaussian variables. Lemma 30 and Lemma 31 deal with the cases m = 0 and m = n/2 for n
even respectively.

PROOF OF THEOREM 5. Let m € [0, n — 1] such that m ¢ {0, n/2} and consider in-
dexes m+ nj, with j € Z. The previous discussion shows that there exists a )(22 distributed
variable A, ; , such that

-~ 2
Cm‘"j”(é —&)| = am7j7n(V)Am,j,n/2
with

amjn(V) = Cng—jn(w) Lj 7 Cmtnjy (@) m+12n<0)0)

(ZjIEZ Cmtnjy ((1)))
2

Cm+jn(@)

rin() Yjez Cminj (O)

and the dependence of a,, ;, on the (fixed) parameter o removed for readability. Use the
notation / = [(n—1)/2]. For 1 <m <, Lemma 29 and Lemma 10 make it straightforward
to show that

(23) (V) S (|iln) "2 m 2R o ((jln) 20T for j £ 0,
and
(24) am707n(v) g n*ZV()*l _i_’714-V72V0+1’/174\/727

uniformly in j and m. So, this yields

(25) Z am,j.n(v) 5 n*ZV()*l +n*4V*2m4V72V0+1‘
JEZ

The first two statements then follow from Lemma 31, Lemma 30, the identity
2

(26) ) ‘cmﬂ-n(é ~&) =Y

JEZ JEZ

2

Cnferjn(é - gn) )

for every 0 < m < n— 1, the Fubini-Tonelli thereom, and Parseval’s identity.
For the last statement, let 1 < m < [. A few algebraic steps lead to:

E (‘Cm—&-jn(é - gn) 2) =c2 () Ly Cninjy (@)

m+jn 2
(Zjl €Z Cm+tnj (a)))

Cimt-jn(@) ) 7

ZjleZ Cm+nj1(w)

e n(ov) (1 i
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for every j € Z and therefore

L (HPERS

)

JEZ
.1 —2vp—1
. m+n 0
— (1+ﬁ(m—2)) Z ‘M—f—jl’l‘_4v—2 Z]]GZ’ ./1| .
JjEZ (ZjleZ ’m+nj]’—2v—1>
. —2v—1
Tlm et jnf 201 (1 m L —
Yjezlm+njil

2
= WﬁV;VO (m/n),

using Lemma 13 and after a few algebraic manipulations. Using the definition of v, it is
straightforward to show that

27) By, (x) ~ OV 20 Ly

for some nonzero constants Cy,C,, when x — 0. Since ¥y,y, is smooth and symmetric with
respect to 1/2, it is therefore integrable if v > (vo — 1)/2. Furthermore, if v > (vo —1/2)/2,
then (27) shows that ¥y, has a finite limit in zero and therefore that

1 4 1/2
(28) . Z O,y (m/n) — A Dvuvg-

m=1

(If (vo—1)/2 < v < (vo—1/2)/2, then it is possible to show that the derivative of ¥ is
negative in a neighborhood of zero, so (28) holds as well thanks to the standard monotonous
approach.) Then, Lemma 31, Lemma 30, the identity (26), the Fubini-Tonelli thereom, and
Parseval’s identity gives

/

1
-2
Y (1 0m™) dus (/) = | Dy

m=1

n2E (ISE, (v, o; &)) = o(1) +

SN

killing the &(m~?) term by splitting by how m compares with \/z and using (27) as in the
proof of Lemma 22. O

LEMMA 29. Letv,o0>0,0<m< |n/2|, and j# 0. We have:

Cmnj(vya) <22V (m] )2

PROOF. Using the fact that m < n/2 leads to:
. “2v—1 N—2v—1
Cmnj(vV,0) < (n(|jl—1/2))72 7 <22 (m] i)
O

Form € {0, n/2} and j € Z, the two terms in (21) are not identically distributed. Moreover,
for g € {1,2} and m € {0, n/2}, there are duplicates among the variables {U, ,,4nj, j € Z}.
Nevertheless, the two terms are sums of independent Gaussian variables so there exists %lz
distributed variables Dy, ; , and B, ; , and functions d, ; , and b, ; , such that:

—~ |2
cmijn(E=E)| =dnjn(®)Dmjn+bm jn(@)Bmjn, foro=(v,a)e (0,+oo).
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The presence of duplicates makes the expressions of d,, j, and b, ;, are a bit more com-
plex than (22). However, we have Y; cz \/Cminj; (@) < +oo since Vo > 1/2 and we can

bound \/dy, j (@) and \/by, j n(@) by

Cminj (@) Ljy ez ()} Vemnjn (@0) + v/ Cminj(@0) Ljy ez () Eminjy (@)
Zjl €Z Cm+nj (@)
corresponding to full redundancies among the variables appearing in the two terms of (21).
Then, using the identity \/W =cj (v"_zl/ 2 , ozo) , Lemma 10, and Lemma 29 yield the

following lemmata. The statements are made uniform with respect to ranges of regularity to
be used in the proof of Theorem 6.

LEMMA 30. Letn> 1 and N C (0, +) be a compact interval. There exists X3 dis-
tributed variables {C ins JE Z} and € > 0 such that

~ 12
Y [en(& ~8)| S (0 4n R T Gl (0 ),
< ez (0}

uniformly in v € N.

LEMMA 31. Letn >2 be even and N C (0, 4o0) be a compact interval. Then:
2 2 1
E [ sup Z SnooNT

VvEN JEZ
The following lemma bounds the rate at which v falls within the range [vo —1/2, b, | of
values giving reproducing kernel Hilbert spaces almost surely not containing &. It will be
useful for proving Theorem 6.

Cn/2+jn(§ - gn)

LEMMA 32. Let € > 0. With the notations of Theorem 6, we have:
PV, <vo—1/2—g)<e OV,

for some C > 0.
PROOF. First, one has

P(v,<vg—1/2—¢) < P< inf M, (v,a) < inf M, (v, oc))

ay<v<vy—1/2—¢ vo—1/2—e<v<by

<P < inf M, (v,a)—IM, (vy, @) < 0> .
ay<v<vy—1/2—¢
Then, let ay, <v < vy—1/2— ¢, we have:

Z'R,LZ

v

nl+2(v—vo)

Lvn] U2 x(o) )
ﬁ(l)_{_ln (Zﬂ’l_l m,n m,n/ m,n>

ZL\/ZJ U2 m2(v—v)
= ﬁ(l)+ln< m=1 _mn ) (Lemma 10 since |v/n| < |n/2] forn > 4)

n1+2(V*V0)
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= +ln< Z el " v0)>
+1n< Z (2 . 28)
— 6(1)+2¢ln(n —i—ln(Z 128)

m=1

| V

AV

Lv/n]
0 (1)+2¢€ln(n) +1n ( Y U L\/EJ_I_28>
m=1

LfJ
O (1)+¢€ln(n +ln< )

> 0(1)+eln(n)

v

(Jensen inequality)

with a uniform big-&'. Let § > 0 and ¢t > 0, we have

( IR ) (s >e,5>
() 24
-e(11 )

< ¢ Slval/ap (|U 1‘71/2) \/ﬁj

Vn
Um ‘—21 > ez5[fj
il

with 7 = 1/4 and C; = E (|Ul,l \—1/2> < +oo. We have C}V"e=8LVil/4 — ((n(C)=8/4) Vi

which converges exponentially to zero if d is high enough.
Furthermore, Lemma 10 and (12) yield

Mn(vo,a):ﬁ(l)+ln<ZTiv°’Z> o(1 —I—ln(n_lz )

m=0

n—1
<ln <n Z ) > =P (nl Z Unzm > €6> <e O
m=0

for some C; > 0 if § > 0 is high enough, using also a Chernoff bound argument. Now, putting
all the pieces together yields:

and we have

inf M, (v,a) — M, (vp, @)

ay<v<vp—1/2—¢
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> 0(1)+el IMJ1 Uz,) —1 *IHUZ
= ()_‘_gn(n)—i_mmgl Il( m,n)_n<n Z m,n)

giving the result thanks to the pigeonhole principle. O

PROOF OF THEOREM 6. Lete >0and 1 <m <[=|(n—1)/2] and use the notation (22).
The functions ay,, j, are smooth, but computing the derivatives of the ay, ;s leads cumber-
some formulas. However, for >0 and v € [vp — 1/2 — €, by ], the uniform inequality

aCJ'

W(Va OC)

Lemma 10, and Lemma 29 make it possible to bound them by

Sci(v—9,a), forjeZ,

—2vo+1 4y
—2vg—1,28 M m
‘a;m(),n(v)} ST+ 226 ( )

n

—2vp+1 4vyg—2—4¢
_ _ m m 0
< p Vo128 . (7)
n-— n
2vp—1—-4¢
_ 1,28 M 0
n4V()—25—4£
—1—-4¢
—2vo—1 28 m
< (]
=" M av26—ae

and, for j # 0, by

}a:n,j,n (V)‘ S (’J‘ n)_4v_2+25 m4"_2‘/0+1+25 + (‘J’ n)—ZVo—H-ZS

4v
4v-2+428 2425 (@) m72v0+1+26+(’j|n)72v071+25

= |jl p

(2425 m\4vo—2+4e 0 oN—2vo—1+268
< jl +26 2428 (;) m 2v0+1+26+(|]|n) vo—1+
_ |j|72+25 n—4V()+25—48m2V()—1+4£+25+(|j|n)*2V071+25

uniformly in 1 <m <[, j#0and v € [vp—1/2—¢, b,]. Then,

!
Y Y E (Am.,j,n \@m,jn (V) = @ jn (VO)| 15,5 vy —1 /2—8)

m=1 jeZ

l
<Y YE (Amwm—v()l sup !%,,-,AV)})

m=1 jeZ V()—]/Z—ESVSI?V

/

- \/E (A%,0,1> \/E ((0,1 - Vo)z) Y)Y s (]=o(n ™),

m=1 jeZ Vo—1/2—e<v<by

for 8§ and € small enough and using the above inequalities and Theorem 3. Therefore,
Lemma 31, Lemma 30, the identity (26), and the Fubini-Tonelli theorem shows that

E (|ISE” (Vi & §) —ISE, (vo, @ &) ]li’\nZVO*l/zfg) =0 (”72‘/0) :
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Furthermore, using again the Fubini-Tonelli theorem yields

! 2
E (Z Z 1%3%1/28)
[

m=1jeZ
= Z Z E (am7j7n(Vn)Am,j,n]anSVo*l/Z*J
m=1 jeZ

Cmejn(E — &)

l
Z Z Sup am,]n(v)E (Amvjvnﬂ/‘)ngvo_l/z_e)

m=1 jeZay<v<vo—1/2—¢

\/ E (A?.,o,l) \/ E (ﬂvnsvo—l/z—s) le Y sup amja(V)

m=1jeZay<v<vy—1/2—¢

IN

IA

IN

\/E (A%,0,1> \/E (]lqngv(),l/zfs) n% for some @ given by (23) and (24)

=0 (n_zv") ,

using Lemma 32. Then, the sum for j = 0 (mod n) can be bounded similarly using
Lemma 30 and the sum for j =n/2 (mod n) is controlled by Lemma 31 for n even.
Finally, the previous reasoning is easily applied to bound

E (ISEn (vo, a; &) ]10,[5\/071/278)

and the desired result follows. O

A.8. Proofs of Section 5. Note that the finiteness of vo(f) is assumed so that f is
necessarily nonzero. Consequently, the data Z is ultimately nonzero under the observation
model (2) since f is continuous.

PROOF OF PROPOSITION 7. The proof is based on the observation that

_ 2
7 TR 7 — nZl ‘ZjEm-&-nZCj(f)’ .
Ve m=0 Zj€m+nZ Cj(V,OC)
We give a full proof only for the third assumption. The proof for the second assumption is
similar and the first is a particular case of the second.
Lete>0,ay <V <Vv(f)—¢, €A, and p € Z such that ¢, (f) # 0. Then, Lemma 15
gives

n—1 . C: 2
M (v, ) = 2(v(7) ~ v)In(n) + (1) +1n (ZO l:z.’g"f'fc]?(v%)
m= JjEM+n 3

2
> 2eln<n>+ﬁ<1>+1n(‘Zfep+nch'<f>\ )

Yjepinz cj(v,a)

= 2¢eln(n)+ 0 (1)

uniformly by Lemma 10 and since }ZjeernZ ci(f)] = ep(f)-
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Moreover, for any o € A, we have:
M/ (vo(f) —€/2,a) = eln(n)+ O (1)+1In (zTR;}xz)

< eln(n)+0(1),

since f € HPt1/2(0,1] for B = vo(f) — /2. Indeed, this last Sobolev space is norm-
equivalent to the reproducing kernel Hilbert space attached to the covariance function for
v = Vy(f) — €/2 and the quadratic term ZTR;}(XZ is the squared norm of a projection of f
[see, e.g., 27, Theorem 13.1]. This completes the proof. O

PROOF OF PROPOSITION 9. Let v > vy(f) and & > 0. Then, Lemma 13 and Lemma 15

yield:

n

n— ) C: 2
= 2w(f)+ Din(n +/ gv+@>< i>>+1 ( 25 ez ) )

m=0 ZijJrnZ Cj(va OC)

M/ (v,a) = (2vo(f) + 1)In(n) +n 'In(det(Ry 4)) +In (ZTR‘”“Z>

_ 2
ey o it

. 2
(14 O (m2) [0 E sz e (1)
Y(2v+1;m/n)

m=1

o)t ) o2 § P

by proceeding as in the proof of Lemma 22. To conclude, observe that ¥ (vo(f) + 1;-) /y(2v + 1;-)
is non-increasing in a neighborhood of zero if v < vy(f)+ 1/2 and has a finite limit other-
wise. O
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