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ARTICLE INFO ABSTRACT

MSC: This research studies the use of copula theory to model dependencies in joint probabilistic
00-01 constrained geometric programs with dependent rows. The row vectors are assumed to follow
99-00 an elliptical distribution, and their dependencies are modeled through a Gumbel-Hougaard
Keywords: copula. We use a log transformation to convert the chance-constrained geometric program into
Copula theory a deterministic optimization problem. Then we solve the resulting deterministic program using

Biconvex optimization

Dynamical neural network

Partial KKT system

Chance constrained geometric programs

a dynamical neural network. The stability and convergence of the proposed neural network
approach are demonstrated. The primary characteristic of our framework is its ability to solve
the dependent joint chance constrained geometric programs without resorting to any convex
approximation methods. This feature sets our approach apart from the current state-of-the-art
solving techniques. The neurodynamic algorithm is finally applied to solve three geometric
optimization problems.

1. Introduction

Chance-constrained optimization appears as an approach for solving optimization problems where uncertainty is present in
the constraints. Chance-constrained optimization dates back to the early work of Charnes & Cooper [1]. Since then, chance-
constrained optimization attracted the attention of researchers and was applied to deal with numerous real-world problems,
e.g., power management [2], finance [3,4], scheduling [5], healthcare [6] and wireless communication [7]. Joint chance-constrained
optimization is a special case of chance-constrained optimization that has the advantage of assuring the satisfaction of all constraints
at a certain level. Lejeune et al. [8] propose a Boolean modeling framework to solve linear programs with joint probabilistic
constraints. Nemirovski et al. [9] give some convex approximations to solve joint chance-constrained optimization problems. Chen
et al. [10] provide worst-case bounds to approximate the solution for both individual and joint chance-constrained problems. Cheng
& Lisser [11] use a piecewise linear approximation and a piecewise tangent approximation to come up with an upper and a lower
bounds for linear programs with joint probabilistic constraints. Based on the optimality conditions of the deterministic equivalent of
the linear programs with joint probabilistic constraints, Tassouli & Lisser [12] design a convergent neurodynamic neural network to
approximate the optimal value. An other way to deal with uncertainties in chance-constrained optimization is the fuzzy theory
initialized by Zadeh [13] in the early 1960s. Since then, the theory has been applied to solve a variety of problems. Sharma
et al. [14] introduce a novel approach to address the challenges of solving multi-objective bi-level chance-constrained optimization
problems within an intuitionistic fuzzy framework. The technological coefficients and objective function coefficients are represented
using Triangular Intuitionistic fuzzy numbers, while normal random variables are employed to represent resource coefficients. Rani
et al. [15] present some generalized techniques for solving intuitionistic fuzzy multi-objective non-linear optimization problems. A
detailed survey on fuzzy chance-constrained can be found in [16].
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Geometric programming (GP) is a mathematical technique designed to determine the constrained minimum value of a generalized
polynomial objective function. The first work involving geometric optimization appeared in 1971 by Kochenberger [17]. Geometric
optimization has been a subject of study for several decades. Maranas & Fouldas [18] propose a deterministic global optimization
algorithm that can locate the global minimum of generalized geometric problems. Rijckaert and Martens [19] propose a dual
condensation algorithm to come up with a solution to generalized geometric programs. Bricker and Rajgopal [20] describe
an algorithm for the geometric programming dual problem using an adaptation of the generalized LP algorithm. Kortanek
et al. [21] present an infeasible interior-point algorithm for solving primal and dual geometric programs. The application of
geometric programming spans various domains, such as engineering design, power control, and finance. However, the conventional
deterministic geometric programming method relies on deterministic values for decision variable coefficients and exponents.
This approach becomes inadequate when dealing with complex real-life problems that involve uncertainty and impreciseness
in parameters and data. Mondal et al. [22] solve chance-constrained geometric programming problems by using triangular and
trapezoidal uncertainty distributions for the uncertain variables. Liu [23] proposes a procedure to obtain the lower and upper
bounds of the objective function for posynomial geometric programming problems in the presence of uncertain cost and constraint
parameters and [24] develops a procedure to determine the fuzzy objective value of fuzzy posynomial geometric programming
problems, where the exponents of decision variables in the objective function, the cost and constraint coefficients, and the right-
hand sides are represented by fuzzy numbers. Shiraz & Fukuyama [25] introduce a rough geometric programming method that
combines deterministic geometric programming with rough set theory. The proposed method exhibits three main characteristics:
the coefficients in the objective function and constraints are treated as rough variables, the expected-value operator is applied to
rough variables, and it can determine both the lower and upper bounds of the objective function at a specific trust level. Shiraz
et al. [26] employ fuzzy variables to formalize the uncertainty surrounding the coefficients of GP problems. Three variants of chance-
constrained GP are formulated based on the possibility, necessity, and credibility approaches. The paper demonstrates how these
variants can be transformed into equivalent deterministic GP problems, which can be solved using the duality algorithm. Nodeh
and al. [27] explore the constrained shortest path problem, specifically focusing on the scenario where the arc resources follow a
dependent normal distribution. A model is proposed to maximize the probability of meeting all constraints while staying within a
specified limit. A Copula-based marginal distribution approach is employed to handle the dependency between the constraint matrix
rows, utilizing an appropriate Archimedean Copula. The joint chance-constrained problems are then transformed into deterministic
problems using second-order cone programming.

The neurodynamic system approach is a significant method for addressing optimization problems. Artificial recurrent neural
networks are utilized as a tool to convert optimization problems into a specific dynamic system represented by first-order differential
equations. This dynamic system is expected to converge to a static state or equilibrium point, which corresponds to the solution of the
original optimization problem, starting from an initial point. Additionally, neural networks designed for optimization problems can
be implemented in hardware using integrated circuits, making them readily deployable. Two compelling features of neural networks
for optimization problems are parallel information processing and hardware implementability. Neural networks have inherent
parallel processing capabilities. The structure of neural networks allows for the simultaneous evaluation of multiple inputs and the
computation of corresponding outputs. This parallelism enables efficient and concurrent processing of information, resulting in faster
optimization performance compared to sequential algorithms. Neural networks can be implemented using specialized hardware, such
as integrated circuits or dedicated processing units. This hardware implementation takes advantage of the parallel nature of neural
networks, further enhancing their computational speed and efficiency. By leveraging hardware resources, neural networks can be
deployed in real-time applications or embedded systems, enabling efficient and rapid optimization in various domains. Over the
past few decades, recurrent neural networks (RNNs) have been extensively studied for solving optimization problems. One of the
early breakthroughs in this field was made by Hopfield & Tank in 1985 [28], where they developed a linear programming neural
network. This network was specifically designed for online optimization applications. Since then, numerous RNN architectures have
been proposed for solving constrained optimization problems. Xia & Feng [29] introduce an RNN for solving nonlinear projection
equations. The neural network architecture comprises a single layer and is well-suited for parallel implementation, leveraging
the advantages of parallel computing. Under mild conditions of the underlying nonlinear mapping, the neural network is proven
to converge to an accurate solution. Liu & Qin [30] present a neurodynamic approach for addressing nonlinear optimization
problems that involve affine equality and convex inequality constraints. By incorporating the time-varying auxiliary function,
the proposed neural network is designed to converge to the feasible region of the optimization problem in a limited CPU time.
Once the neural network enters the feasible region, it remains within it throughout the optimization process. Leung & Wang [31]
introduce a collaborative neurodynamic approach for tackling multiobjective optimization problems. The approach aims to achieve
two key objectives: Pareto optimality and solution diversity. To address the multiple objectives, a weighted Chebyshev function
is employed to scalarize the objectives. This scalarization enables the transformation of the multiobjective problem into a single-
objective problem. Leung and al. [32] apply neurodynamic optimization techniques to portfolio selection, considering both variable
weights and cardinality constraints. Neurodynamic approaches are also applied to solve chance-constrained optimization. Nazemi &
Tahmasbi [33] present a neural network model to solve linear optimization problems with individual chance constraints. Tassouli
& Lisser [34] propose a neural network approach to solve geometric programs with joint probabilistic constraints with normally
distributed coefficients and independent matrix row vectors. Tassouli & Lisser [12] solve linear programs with joint probabilistic
constraints with normally distributed and dependent rows using a dynamical neural network.

Building upon prior research, this paper introduces a novel neurodynamic approach for solving dependent joint chance-
constrained geometric programs where the row vectors are assumed to follow an elliptical distribution and their dependencies are
modeled through a Gumbel-Hougaard copula. The main contributions of the presented network in this paper can be summarized
as follows.
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(i) The paper addresses the challenging problem of solving dependent joint chance-constrained geometric programs. These
programs involve interdependent variables and constraints, adding complexity to the optimization process. The proposed
network offers a solution approach tailored to this problem setting.

(ii) The presented network incorporates a Gumbel-Hougaard copula to model the dependencies among the row vectors. This copula
allows for capturing the underlying dependencies accurately, enabling more realistic and precise optimization solutions.

(iii) To the best of our knowledge, the only work involving dependent joint chance constrained geometric program is the one of
Shiraz et al. [35]. Compared with [35], the presented neurodynamic optimization model in this paper does not rely on any
convex or linear approximation to solve the optimization problem.

(iv) We establish the neurodynamic model’s stability and global convergence properties using Lyapunov theory and applying
LaSalle’s invariance principle.

(v) Our numerical experiments show that our dynamical neural network provides a high-quality upper bounds for the original
geometric program when compared to the state-of-the-art and assess the robustness of the solutions by generating random
samples of the variables and checking the satisfaction of the constraints.

The rest of the paper is organized as follows. In Section 2, we introduce the copulas theory as a tool to deal with dependencies
between the random variables. In Section 3, we derive the deterministic equivalent of the studied problem and present its optimality
conditions. In Section 4, we propose a dynamical neural network to approximate the optimal value and show its stability and
convergence. In Section 5, we apply our proposed algorithm to solve three geometric programs.

2. Preliminaries

To capture the dependencies between the random coefficients, we use the copula theory to derive joint distributions. Fisher gave
two mean reasons why copulas are of interest to statisticians: First, they provide scale-free measures of statistical dependence; and
second, they enable building classes of joint distributions. The Copula theory dates back to 1959 [36]. Since 1990s, the interest in the
copula theory grew markedly. Jouini & Clemen [37] discuss the use of multivariate distributions that are functions of their marginals
for aggregating information from various sources. Patton [38] presents a review of the many applications of copulas in finance and
economics. Houda & Lisser [39] use copulas to model the dependence between the random variables in joint chance-constrained
optimization. Liu et al. [40] present a collective neurodynamic approach with multiple interconnected recurrent neural networks
for distributed constrained optimization.

This section serves as an introduction to the concept of a copula and the associated properties that are used in this paper.

Definition 1. A copula, denoted as C : [0,1]? — [0, 1], is a joint cumulative distribution function with a dimension of d. It is
characterized by having uniformly distributed marginals within the interval [0, 1].

Theorem 1 (Sklar’s Theorem 1959). Let F be a d-dimensional cumulative distribution function with marginals F|,F,, ... ,F;. In this case,
there exists a copula C such that

Vx € RY,  F(x) = CF (x)), Fo(xp), ..., Fy(xy)).
If all the marginals F|,F,, ... ,F, are continuous, then the copula C is unique and given by

Clu) = F(Fy ™ (). By~ (), .. . Fy ™ (ug)),

Otherwise, C is uniquely determined within the range rang(F,) x rang(F,) X --- X rang(F,).

Definition 2. If a copula C has a density, then it is expressed as follows

6dC(u1,u2,..,ud)
Cluy,up, yuy) = —————
ouyuy..uy
To capture dependencies between stochastic parameters, explicit copulas known as Archimedean copulas are commonly

employed, as many copulas, such as the Gaussian copula, lack an explicit analytical expression.

Definition 3. A copula C is Archimedean if it is represented as follows
Cluystiy, o ttg:0) =y W uy; 0), (w3 0), ... wug: 0):0),

where y : [0,1] X @ — [0, ) a strictly continuously declining function called generator of C, such that y(1;60) = 0. w!~! is a
wl(1;0) if 0 <t < w(0;0)

0if 7 > yw(0;0) and 0 is a dependency parameter.

pseudo-inverse of y defined by w!~!(;0) = {
We give in Table 1 some examples of Archimedean copulas often used in the literature.
In this research, we adopt the assumption that the random vectors follow an elliptical distribution. Consequently, we provide a
brief overview of the definitions and properties associated with the elliptical family.
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Table 1
Examples of some commonly used Archimedean copulas.
Name of copula Parameter 6 Generator w,(t)
Clayton 0>0 S0 =1)
Frank >0 —In( :j:‘l )
Gumbel-Hougaard 0>1 e"i
Joe 0>1 —In(1 - (1 -1
Table 2
Table of selected elliptical distributions.
Law Characteristic generator Radial density Quantile function Convexity condition
Normal 1 it \/Eerf"(Za -1 % <a<l
Laplace 1+ %z‘)'1 e~ V21 InQRa), if 0<a< % % <a<l
-InQ(1-a), if } <a<l
Cauchy I A+ % tan(z(e — 1)) 1<as<l
- 21/i =i « N 1
Logistic p e IH(E) 3 <a<l

Definition 4. An n-dimensional vector X follows an elliptical distribution if there exists a function ¥ such that its characteristic
function is given by

#(z) = B[ X] = = 1p (T 37). e}

where p is the location parameter, and X is a positive-definite matrix. The function ¥ is called a characteristic generator of the
elliptical distribution. We note X ~ Ellip(u, X, ¢).

Definition 5. When the density function of an elliptical distribution exists, it must have the structure

c Ve = T2 (x - p)
—g |\ V& - 2 x - (2)
Vdetx

where g : R* - R** is a so-called radial density and ¢ > 0 is a normalization factor ensuring that f integrates to one.

fx) =

Remark 1. A collection of various multivariate elliptical distributions, their characteristic generators, radial densities, quantile
functions of the standard distribution, and the convexity conditions of the quantile function are presented in Table 2.

3. Chance-constrained geometric programming

A standard geometric program is given as follows

Iy M
. a;j
min [ .7,
M J

’€R++ i=1 j=1
Ik M
a;;
st Y] stk=1,...K, 3)
=l =1

where¢; >0,i=1,...,I;, k=0,1,...,K and aji=1.... 0, j=1,..,M are real constants.
The joint chance-constrained version of the geometric program is then given by

Iy M
min E [z cthjij:| s

M
1€RY, =1 j=1

I, M
s.t 1P><Zc[Htj.”Sl,k:l,....,K)Za, 4
=1 j=1

with « € [0.5,1).

Assumption 1. We assume that the row vectors are dependent and elliptically distributed and that the dependence is captured

by a Gumbel-Hougaard copula, i.e., Cy = (cy, ..., ¢;)) ~ Elip(uy, Xy, ¢) and Cy = (cy, ..., ¢;,) ~ Elip(uy, Zy, ¢). Where py is a mean
o11 12 -+ 01y

vector and X, =| : H H is a positive definite matrix, k = 1,..., K.

61 Or2 - Op,
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Assumption 2. In this research, we consider only the elliptical distributions present in Table 2.

Using the theory of copula and Sklar’s properties, a deterministic equivalent of (4) is given by [41]

min ZMIHI

M
te]R++ i=

I Ik

I M
Zk”thjil + ¢ (@)) ZZ ,,Ht”””’f <1, k=1,. )
=l =l

i=1I=

K
[[nzeo<y=<t,k=1.K
k=1

where ¢~! is the quantile function of a standard elliptical distribution.
Problem (5) is not convex, we apply then a logarithmic transformation by setting ¢; = ¢"/. Problem (5) becomes then,

Iy M
min Zy.exp Za-r-
reRM = ! v ’

j=1

I M . M
st Zﬂiexp{ztz,jrj} +o7 (@) | DY o‘i,exp{Z(a,-j +a,j)r/} <1, k=1..,K,
i=1 Jj=1 Jj=1

i€l 1€l

K
Y, —In() < ~In(a), 6)

k=1
-y <0, k=1,....K,

w<l,k=1,. K.

Theorem 2. Problem (6) is biconvex.
Proof. The convexity on r is straightforward. We have for Gumbel-Hougaard copula that 6 > 1, it follows that 0 < (% < 1. Since

1 1 1
0 < y, <1, we obtain 0 < y, & < 1. We have then, (a”¥)é > a > 0.5. From Table 2, y, ¢~ ((a”¥)?) is convex. The conclusion
follows. []

We present in the rest of the section the optimality conditions of (6). First of all, we give the feasible set of (6) by

M
={ (r,y) e RM xRK | Zu,exp{z ijrj}+¢ ((ayk)ﬂ) Z Za,exp{Z(aij+a,j)rj} <1,

i€l i€l lely Jj=1

K
0<y,<1,k=1,... Kand Z—IH(yk)s—ln(a)}.
k=1

We define additionally

M M
u@) ={ yeRE |3 pexp {Za,.jrj} +¢7 (@)9) | Y Y oexp {Z(a,., +alj)rj} <1,
j=1

i€l j=1 i€l [Ty,

K
0<y <1, k=1,...,K and Z—ln(yk)s—ln(a) }

and

M
U(y) :{ reRM | Y pexp {Za,.jrj} + 7\ (@)P) > > oyexp {Z(a,j +a)r } <

i€l j= i€l Il
k=1,...,K } .

Definition 6. (+*,y*) € R™ xRX is a partial optimum of (6) if ¥,c; MieXP{Zin1 al-jrj*} < Yier, Hi€Xp {Z;‘il a;r; }, vr € U(y*) and
y* € ue™)
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Definition 7. Let (*,y*) € RM x R and g, (r, y,) = ¢~ (@%)7 )\/Z,E,k Yier, Oki€xP {2/ (@i + ar; } If there exist 7,, 7, A,

p_ and A such that
M
Ziel, annexp{zj=1 ”ij’j} K
+ z Yrk
M k=1
Zielo M;a;p €XP {2]:1 ajjry }

A
X 1 V&) + By — o — = =
= Vi
Yr > 0’ Z }/rk { Z M:exp
i€l i€l

then (r*, y*) is called a partial KKT point of (6).

Theorem 3. Let (r*,y*) € RM x

0,k=1,...

{Z ij"j} +gk(r,y)}

By 20, By =1 =0, 20, f_,(y)=0, 120, 120, A(n(a) - Zln(yk)) =0, k=1,...,

Zie]k a;) €xp {Z] 1 ﬂ:aur/ } + Vrlgk(r,yk)

: 0,
M
Zielk H;a;p €XP {Zj:l “ij"/} + V.8 Y)

K @

Z Hi€Xp

i€l

=0.7,20, Zyyk

i€l

M
{ { aijrj}"'gk(rsy)} =
=1

K

K
k=1

RX. If (6) is satisfied with partial Slater constraint qualification at (r*,y*), then (r*,y*) is a partial

optimum of (6) if and only if (r*, y*) is a partial KKT point of (6). Furthermore if y, = y,, then (r*,y*) is a KKT point of (6).

4. A neurodynamic approach

In this section, we present a dynamical neural network that converges to a solution of (6). We consider then two time-dependent
variables r(.) and y(.) and the following dynamical equation

M

ayexp {z o,
J=1

{

K

>

k=1

2

i€l

ar __
dt

x <Z a;; 4 €Xp
i€l

0

2 a7

j=1

i€l

Y uexp

(),

} +V,,.gk<r,yk>> >,,~ =1, M,

d
b (s (e { uen (B fracn )
i€l = .
+ BBy + Y — Dy + B (B yk)+—z(/l+ln(a) ZIn(yk)) >,k: 1L,....K,
dyy
ar < {Zﬂ,eXp{z ,-jrj}+gk(r,y)}> —rek=1,....K, (DNN)
iely N

ap

d-;k = <ﬂ+k+Yk - 1)+—ﬁ+k,k= 1,...,K,

p_, B

T (ﬂ_k —yk)+—ﬂ_k,k_ 1,....,K,

K
di _ ~ B
== (i+in@ ;m(yk))+ i
’ 4 T T T N

Letr=(ry,...ryr) ¥ =(yiooor) 57 = (r1oo57k) > By = (Byys-nByg) and p_ = (B_y,....p_x) . For the sake of simplicity,
we can write (DNN) as

r p—

E = A, y,7)s ®
E = B(r,y,v, B4, B, A), ©
dy
E =C(ry.7), (10)
dp,
7 _D(y’ﬂ+), (11)
dp_
o =E®,po), 12)
dﬂ

m =F(y, A). 13)
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Wl

A(7.7 y7 ’y)

]

B(r,y, v, B4, 8-, \)

A
\

&

3 Clny) L
—
8
] D(y ﬁ+) >
B—

2 E(y,5-)

\ 4

F(y,A)

\

sShlselsls
LT T

W

Fig. 1. A simplified implementation of the neural network (8)-(13).

For ease of understanding, we provide a pseudocode in Algorithm 1 and a simplified circuit implementation of Egs. (8)—(13) in
Fig. 1. Where, the symbol [ represents the integration operator for reference.

Algorithm 1 A neurodynamic algorithm

Step 1. Select an arbitrary starting point, denoted as zy = (ry. ¥o. 7o B+ B—o- 40)-
Step 2. Initialize the iteration counter i = 0.
Step 3. Update z;,| = z*, where z* is an equilibrium point of the dynamical system (8)-(13) with the starting point z;.
if A stopping criterion is satisfied, i.e, ||z;,; — z;|| < ¢ then
STOP.
else
i=i+1.
end if

Theorem 4. Suppose that (r*,y*) is a partial optimum of (6) and y*,p%,p* and A* the corresponding Lagrange multipliers, then
r*, y*, v*, B%, p*, A*) is an equilibrium point of (DNN). Additionally, every equilibrium point of (DNN) is a KKT point of (6).

Proof. Let (r*,y*, y*, p%, p*, A*) an equilibrium point of (DNN), then all the left side derivatives in (DNN) are equal to zero. We
use the fact that ((a+b); =a) < (a>0,b<0and a”b=0) and we obtain the partial KKT system (7) with y, = y, = y. Now if
(r*,y*) is a partial optimum of (6) and y*, f},5* and A* the corresponding Lagrange multipliers, then it is straightforward that
(™, y*,v*, B, p*, A*) is an equilibrium point of (DNN). []

To establish the convergence and the stability for the neural network proposed to solve (4), we first provide the following
definition and lemma.

Definition 8. A function F : R” — Q C R™ is said to be monotone on £, if for each x,y € Q

(Fx)— FO)' (x =) 2 0.
Lemma 1. If the Jacobian matrix of a function F is positive semidefinite, then F is monotone. [42]
Theorem 5. The neurodynamic model (DNN) is stable and globally convergent to a KKT point (r*, y*, y*, B B A) of (6).

Proof. Let y = (r,y,7,p,,p_, 1), we consider the following Lyapunov function

1
V@) = lleGoll; + 5 llu = w3,
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A(r,,7)
B(r,y,v, B4, B-, 4)
where @(y) = %((3}; y)) . Similar to the analysis of Lemma 3 in [34], the Jacobian matrix V@ is negative semidefinite. We
> P+
E(y, )
F(y, )
have LU0 = (£2)Tqp 4 @T L2 4 (- y*)T 94, Observe that 22 = % 48 = Vo (u)d(u), we write then
dVv(u)
= ST VOW VOGP (= i) (@) — D).

<0 since V& is negative semidefinite <0 by Lemma 1

There follows that % <0, thus V() is a global Lyapunov function for the dynamical system (DNN) and (DNN) is stable in the
sense of Lyapunov.
According to LaSalle’s invariance principle, the trajectories u(r) of system (DNN) converge to the largest invariant set M =
| % = 0}. It is easy to see that ‘2—’: =0 if and only if % = 0, therefore, the proposed neural network converges globally to the
solution set of problem (6). []

5. Numerical experiments

In this section, we consider three geometric problems to evaluate the performance of our neurodynamic approach. All the
computations were performed using Python on an Intel Core i7-10610U CPU. The random data was generated using numpy.random
and the solution of ODE systems was obtained using the function solve_ivp of scipy.integrate. The gradients and partial derivatives
were computed using autograd.grad and autograd.jacobian. We only account for the quality of the solution and do not record the
CPU time as current ODE solvers are time consuming.

5.1. Example 1 : A posynomial model of inductors

When dealing with the optimization of power electronic converters for multiple objectives, such as power density and
efficiency, optimizing the magnetic components can be particularly challenging and time-consuming. To expedite and streamline
the optimization process, it would be beneficial to formulate converter optimization as a geometric program. Stupar et al. [43]
formulate the optimization of inductors for multiple design objectives as a geometric program. The resulting program is given by.

. Py, -y Vol;,
min y -7 .
1:’L, max VOIL,max
S't TCOI‘E S Tmax’ (14)
T

winding < Thaxs
Sat < 1.
where,
PL =q Ll 1813 NOAO7 18 1t OOOIg)— 1.0063 AI%SZOZ 132450f 1.0821 F;0'0343
+a L—0A5766N1 .1049 ( lOOOIg )0.2825 413,494611.2980f—0.6408 F;0A4949’
VO]L — 03]_._0'7 187 NO.S 152 ( 1 OOOIE )—0.5337 AIITO. 1637 IEO'OI 07 f—0.521 3F11:'2685

+ a’4L1'1614N_1'9220(10001&,)0'755241(]3'2451Ig'l116f0‘2422F2'0446,

Tcore — a5L‘5‘1598N1'3502(1OOOIg)‘0'5232AI£4'8747I£1'4170f‘4~5997F%O413
0.698277—0.2495 1.2176 470.025671.4824 »0.61255—0.1169
+ agL"99%N (10001,)" 2176 AT)02367] 4824 p0.6125 01169
0.471477—0.0047 —0.l 0.671970.6318 0. 0.0202
Tyinding = &L *"*N (10001,,)0.0695 AT)-671910.6318 046440

+ag L—2. 1699 N2A0525 { OOOIg )0.3287 AI]? 1.1485 13,3329 f 1.8299 F;0'4741 ,

Sat = 09L0'3952N71‘3325(IOOOIg)_O‘I%IAI£0'3167I£0‘4861f_l‘4066F;0'3525 +1,

where P; is the total losses, Vol; is the boxed volume, T, is the maximum allowable temperature of the inductor, Ty is the
core temperature, Tyinding 1S the winding temperature and Sat is the saturation condition. The design variables are the inductance
L, the number of turns N, the air gap /,, the current ripple 41, the average DC current I;, the frequency f and the fill factor Fg. The
normalization factor Py .., which represents the maximum possible losses within the given design space, is obtained by solving (14)
while considering only the volume (i.e., setting y = 0). Similarly, the normalization factor Vol .y, which represents the maximum
possible volume within the given design space, is derived by solving (14) while considering only the losses (i.e., setting y = 1).
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Fig. 2. Convergence of the optimal solution.
Table 3
Results for different values of y and 6.
y 0=1 0=2 0=10
(independent constraints)
Obj value VS Obj value VS Obj value VS
0.0 2,0.10°° 5 1,5.10°° 8 1,4.10°° 10
0.5 7,1.107° 3 6.8.107 12 6,9.107° 15
1.0 8,7.107 4 7,2.1073 9 5,9.107° 16

We assume in our case that «,, a,, ..., @; are dependent random variables. We rewrite then (14) as follows

min y = (1= )
PL, max VOlL,max
st P (Tcore < Tmax’Twinding < Tmax’ Sat < l) 21-e (15)
For the numerical experiments, we set P; .. = 10 W, Vol .. = 10 m3, T,;,,, = 50 °C, the mean values of o, i = 1, ..., 7 are equal

to the deterministic values given in [43]. For the sake of simplicity, we set the values of the diagonal coefficients of the covariance
matrix to 0.1 and the remaining coefficients to 0.05. We assume that the variables «;, i = 1,...,7 are normally distributed and that
their dependence is driven by Gumbel-Hougaard copula. We first solve (15) for y =0 ¢ = 5% and 6 = 5, we follow the convergence
of the optimal solution in Fig. 2. We observe that the final loss converges to 0. We fix now ¢ = 10% and we solve (15) for different
values of y and 6. We test the robustness of the different solutions by generating 100 random samples of the variables «;, i = 1,...,7
using the function numpy.random.multivariate_normal. Then we count the number of times over 100 when one of the constraints of
(15) was not satisfied. We call every counted time a violated scenario (VS). The obtained results are shown in Table 3. First column
gives the value of y. Second and third columns give the obtained objective value and the number of VS when 6 = 1.0, respectively.
Columns four and five show the obtained objective value and the number of VS when 6 = 2.0, respectively. Finally, columns six
and seven present the final value and the number of VS when 6 = 1.0, respectively. We observe that as 6 increases, the number of
violated scenarios increases.

5.2. Example 2 : A shape optimization problem

To assess the performance of our dynamical neural network, we employed the multidimensional shape optimization problem
with joint chance constraints from [44].

m
1

min X7,
xeRY, )
m—1 | m 1 m
m—
st ]P’(Z(A x 1 = ij§1>21—e, (16)
j=1 wall j i=1,i#j floor j=2
lxixfl <L1<i#j<m
Yij /
In our numerical experiments, we fixed the following parameters: m = 10, VL = 0.5, ey = 0.15, €745, = 0.15 and e = 0.15.
ij
The inverse of floor’s area (A;) and the inverse of wall area ( 1 1 ) for each j = 1,...,m were considered as dependent
floor wﬂ[[‘/
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Table 4
Neural network vs. the sequential algorithm for normal distribution.
m Neural network VS Sequential algorithm VS GAP
3 0.283 5 0.334 8 15.3
7 0.399 0 0.444 9 10.1
10 0.601 1 0.667 9 9.9
15 0.253 3 0.277 6 8.6
20 0.663 4 0.685 5 3.2
Table 5
Results for different values of m for normal distribution.
m =1 6=2 0=10
(independent constraints)
Obj value Vs Obj value VS Obj value \'S
10 2.78 11 1.97 14 1.06 21
15 13.91 11 10.46 22 6.19 31
20 1.07 8 0.85 9 0.60 10
30 3.13 1 2.50 7 1.75 9
Table 6
Results for different values of m for Laplace distribution.
m 0=1 6=2 0=10
(independent constraints)
Obj value VS Obj value VS Obj value VS
10 2.30 24 1.34 30 0.86 36
15 4.22 19 2.47 26 1.53 31
20 5.19 10 3.79 15 2.33 18
30 11.49 2 6.83 5 4.21 8
Table 7
Results for different values of m for Logistic distribution.
m 0=1 0=2 0=10
(independent constraints)
Obj value VS Obj value VS Obj value VS
10 0.75 1 0.28 4 0.21 7
15 2.21 4 1.35 5 0.75 6
20 3.30 5 2.37 7 1.38 9
30 4.98 1 3.56 5 2.05 9

1

variables. The mean value of —— was set to 1.0/20.0 and the mean values of , j = 1,...,m were randomly selected from

floor wall j
the range [1.0/60.0, 1.0/40.0]. For the sake of simplicity, the values of the coefficients of the covariance matrix is set to 0.01. We
first compare the results of our approach with those of the sequential convex approximation algorithm from [35] for 6 = 10.0 (i.e,

high dependency). We test the robustness of the different approaches by creating 100 random samples of the variables —
wall
1

using the same mentioned moments. We then examine if the solutions from the three methods meet the constraints of (16)

and

fofrwgll 100 cases. If the solutions are not feasible for a particular case, it is referred to as a violated scenario (VS). The numerical
results are displayed in Table 4. Column one gives the number of variables m. Columns two and three show the objective value and
the number of VS obtained through our neural network, respectively. Columns four and five present the objective value and the
number of VS obtained using the _seqluential algorithm. The sixth column gives the gap between the two objective values, calculated
as follows: GAP = W x 100, where Obj valueyy and Obj valueg, represent the objective values obtained by
the neural network and seqilentiasf algorithm, respectively. Table 4 indicates that our neural network outperforms the sequential
algorithm, as the upper bounds obtained are better and fewer scenarios are violated.

We solve (16) for different values of m and different values of 6; the dependence parameter of Gumbel-Hougaard Copula. Tables 5,
6, 7 show the obtained results of the normal distribution, Laplace distribution and the logistic distribution, respectively. For the
three tables, column one gives the number of variables m. Columns two and three give the objective value and the number of VS
when 0 = 1, respectively. Columns four and five show the objective value and the number of VS when 6 = 2, respectively. Finally,
columns six and seven present the objective value and the number of VS when 6 = 10, respectively. We observe that for the different
distributions, the objective value decreases as the dependency between the random variables becomes higher. The last observation
is coherent since the joint chance constraint becomes less restrictive as 0 increases. Nevertheless, the number of violated scenarios
increases for the problems with high dependency.

10
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Table 8

Neural network vs. the sequential algorithm for normal distribution.
K 0 Neural network VS Sequential algorithm VS GAP
5 1 24.91 5 25.14 11 0.9
5 2 25.43 4 25.63 9 0.78
5 10 26.43 2 26.62 8 0.71
10 10 61.58 11 61.95 16 0.59
10 2 62.23 5 62.53 14 0.47
10 10 63.55 1 63.73 11 0.28
15 2 76.59 6 76.63 11 0.05
15 10 83.01 1 83.08 8 0.08
20 10 106.98 13 107.11 15 0.12
20 2 122.67 3 122.76 8 0.07
20 10 136.58 0 136.65 7 0.05

5.3. Example 3 : maximizing the worst user signal to interference noise ratio

In this subsection, our focus is on optimizing the maximum Signal to Interference Noise Ratio (SINR) for users in Massive Multiple
Input Multiple Output (MaMIMO) systems from [45]. The optimization problem involves selecting a subset of antennas from a larger
set, while ensuring that the interference in the system remains within a maximum limit. We consider a single cell area composed
of a set of users U" = 1, ..., K, with each user using only one antenna to receive data from the base station. The base station has T
antennas and the aim is to maximize the worst user signal-to-interference noise ratio (SINR) while limiting the power assigned to
each user. The optimization problem is formulated to maximize the minimum SINR of all users subject to constraints on the power
assigned to each user and given by

g2
max min pils; il , 17
peRy, 1€V Zje?/,j#i Pj|g,~ng|2 + |‘7i|2

st Py <p <P Viel, (18)

where p; is the power to be assigned for each user i € U'. g; € C™!, g € CT and ¢? are the beam domain channel vector

associated to user i € U’ its Hermitian transpose and Additive White Gaussian Noise (AWGN), respectively.
Taking a;; = | g,_H gj|2| giH gi|_2 and b; = |o,|?| giH g,.|_2, a geometric reformulation of (17)—(18) is given by

min w, (19)
pERf+,wER++
—1 -1 .
s.t Z a;jpjp; w+bp, w<1Viel, (20)
JEV . j#i
Pmin < pi < PmaX,Vi € v. (21)

We assume that the coefficients a;; and b; are dependent and normally distributed and that the dependence is driven by
Gumbel-Hougaard copula. As a result, we replace (19)—(21) by the following joint optimization problem

min wl, (22)
peRK weR,
s.t PN agppwbpl w1 VieV 21— 23
L PPy w+bipr w < 1LVie > €, (23)
JEU j#i
Pon <0 <P Vi€, (24)

For the numerical experiments, we set P,;, = 0.1, P,,. = 0.5 and ¢ = 0.15. The mean vectors are uniformly generated in [3.0,7.0],
the diagonal coefficients of the covariance matrices are uniformly taken in [0.1,0.3] and the remaining coefficients are set to 0.1.
The results are presented in Table 8. Column one gives the value of K. Column two shows the value of the dependency parameter
0. Columns three and four give the optimal solution value and the number of VS for the dynamical neural network, respectively.
Columns five and six present the optimal solution value and the number of VS for the sequential algorithm, respectively. Finally,
column seven gives the value of the gap between the two obtained solutions. We observe that the dynamical neural network gives
better solutions compared to the sequential algorithm and ensures better robustness. Fig. 3 shows that the outperforming of the
dynamical neural networks is ensured for different values of ¢ and 6.

6. Conclusion
This study introduces a new neurodynamic approach to solve joint chance-constrained geometric programming problems with
dependent row vectors based on Copula theory. The joint chance constraint was first transformed into an equivalent deterministic

constraint. Then a standard variable transformation was used to derive a biconvex reformulation of the deterministic optimization

11
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Sensitivity of the optimal solution to the value of € Sensitivity of the optimal solution to the value of 6
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Fig. 3. Sensitivity of the optimal solution to the values of ¢ and 6.

model. Later, based on the optimality conditions of the obtained deterministic equivalent we construct a recurrent neural network
to approximate the solution of the stochastic initial problem.

One of the major benefits of this research is the ability to solve dependent joint chance-constrained geometric programs without
using any convex or linear approximation techniques. Three numerical examples are presented in the numerical Section to show
the quality of the proposed method. The results indicate that our approach approximates well the optimal solution compared to the
state-of-the-art existing methods and covers well the risk area by providing robust solutions.

Our innovative approach using dynamical neural networks can be applied to a wide range of optimization and game theory
problems. Specifically, it can handle various types of constrained nonlinear optimization problems, including convex smooth and
nonsmooth optimization, pseudo-convex nonsmooth optimization, variational inequalities, nonlinear complementarity problems,
quadratic optimization, dynamic optimization, as well as stochastic and distributionally robust optimization problems. In the field of
game theory, our approach enables the computation of Nash equilibrium for finite n-player chance constrained games and differential
games. Additionally, we foresee the potential application of our dynamical neural network in chance constrained Markov Decision
Processes.

However, it is important to acknowledge that the current version of the algorithm is time-consuming due to the iterative solutions
of the dynamical differential system that describes the model. Nevertheless, there are opportunities to enhance the algorithm’s
efficiency and quality through further research and development. One approach can be improved by implementing ODE (Ordinary
Differential Equation) solvers based on artificial intelligence techniques. Al techniques such as neural networks or reinforcement
learning can potentially improve the speed and accuracy of solving the dynamical differential system. Additionally, other computing
techniques, e.g., parallel computing, GPU acceleration, or distributed computing can be employed to speed up the algorithm’s
execution time further. These approaches can take advantage of hardware advancements to process computations in parallel,
reducing the overall time needed for solving the system.
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