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Electro-optic (EO) effects relate the change of optical constants by low-frequency 
electric fields. Thanks to the advent of Density Functional Perturbation Theory (DFPT), 
the EO properties of bulk three-dimensional (3D) materials can now be calculated in 
an ab-initio way. However, the use of periodic boundary conditions in most Density 
Functional Theory codes imposes to simulate two-dimensional (2D) materials using 
slabs surrounded by a large layer of vacuum. The EO coefficients predicted from such 
calculations, if not rescaled properly, can severely deviate from the real EO properties 
of 2D materials. The present work discusses the issue and introduces the rescaling 
relationships allowing to recover the true EO properties. 
 
I. INTRODUCTION 

 
Electro-optic materials are key components of modern optical technologies. Electro-

optic modulators allow to modulate optical signal with a voltage input and are involved 
in present and future optical technologies such as optical resonators1,2, optoelectronic 
oscillators3, Mach-Zender modulators4 or one-photon sources for quantum 
cryptography5,6. Linear EO effects, sometimes referred to as Pockels effects, relate 
the change of optical index to the first-order change in low-frequency electric field (up 
to 100 MHz). It is typically characterized by a linear EO coefficient 𝑟!"# such that7 

 Δ𝛽!" =%𝑟!"#Δ𝐸#

$

#%&

 (1) 

where 𝛽 = 𝜀'& is the dielectric stiffness tensor (inverse of the dielectric permittivity 
tensor 𝜀), and Δ𝐸# is the change in low-frequency applied electric field in the cartesian 
direction 𝑘.  

A little more than a decade ago, the development of Density Functional Perturbation 
Theory (DFPT), an extension of Density Functional Theory (DFT) to linear and non-
linear response properties, deepened the field of EO materials8–10. Thanks to the 
better understanding of transverse optical phonon contributions to the EO response, 
new strategies using strain engineered ferroelectric thin films11 or superlattices12 were 
recently devised to improve EO responses. Such avenue has also been pursued 
experimentally in ferroelectrics13. Since dimensionality reduction is a heavy trend in 
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the electronics and photonics industry, it seems only logical that the next step in the 
search for efficient EO materials is to investigate 2D materials. Already, 2D materials 
such as graphene have proved promising to achieve EO modulators with large 
bandwidth14.  

2D functional materials have also attracted a lot of attention from the DFT modelling 
community. Beyond graphene, a large variety of 2D materials have been shown to 
exhibit functional properties such as thermoelectricity15, ferroelectricity and 
piezoelectricity16–19, photostriction20, in part thanks to the contribution of ab-initio 
methods. Most popular DFT software devoted to condensed matter systems, such as 
Abinit21, VASP22–24 or Quantum Espresso25,26, employ 3D periodic boundary 
conditions. These are not well tailored to the study of 2D materials. In fact, many DFT 
studies simulate a 2D material as a slab in a supercell (denoted as SC) containing a 
large amount of vacuum (see Fig. 1). 

The latter allows one to get good structural and electronic properties in standard 
DFT calculations, if enough vacuum is added to limit the interaction between the 
periodic images of the 2D layer introduced by periodic boundary conditions. It is, 
however, not so straightforward to then determine the response functions of the 2D 
materials. It is thus legitimate and timely to wonder if EO coefficients obtained from 
DFT calculations on slabs need to be corrected in order to correspond to those of true 
2D layers.  

The aim of this article is to prove that such correction is indeed required. We first 
indicate the renormalization to be done for several EO coefficients and for several 
point groups. We then numerically confirm such renormalization by conducting DFT 
calculations. We finally summarize and discuss the impacts of the present work. 
 
II. METHODS 
 

We employ here the ABINIT package27 with the generalized gradient approximation 
in the form of Perdew-Burke-Ernzerhof (PBE) exchange-correlation functional28 with 
norm-conserving pseudopotentials29 to get an accurate ground state structure but 
used the local density approximation (LDA) to compute the electro-optic coefficients 
because such computation is only implemented within LDA in ABINIT9,21,27,30. We 
chose a 10×10×1 grid of special k-points and a plane-wave cutoff energy of 50 
hartrees. The geometries were fully optimized until the force acting on each atom is 
smaller than 1×10-6 hartree/bohr. 
 
III. RESULTS AND DISCUSSION 
 
A. Derivation of EO coefficients of 2D layers  
 
Let us first concentrate on the dielectric constant and span the plane inside which the 
2D material lies by the Cartesian axes 1 and 2. The vacuum and 2D materials are thus 
in series along the third Cartesian direction (see Fig. 1). Let us now apply an electric 
field along the out-of-plane direction, 𝐸(),$. Because the 2D material is electrically in 
series with the vacuum in the out-of-plane direction, it effectively feels an electric field  

 𝑡𝐸+,,$ = 𝑐𝐸(),$ − (𝑐 − 𝑡)𝐸-./001,$ (2) 
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where 𝐸-./001,$  is the electric field in the vacuum layer along the out-of-plane 
direction, 𝑐  and 𝑡  are the supercell lattice constant in the third direction and the 
effective thickness of the 2D layer respectively. If the 2D material is insulating, one 
can safely assume that charges are not free. The out-of-plane electrical displacement 
is then continuous, and the change in electrical displacement induced by the change 
in electric field is the same for the whole supercell, the vacuum layer, and the 2D 
material:  

 𝐷+,,$ = 𝐷-./001,$ = 𝐷(),$. (3) 
The resulting dielectric constant of the 2D material in the out-of-plane direction 𝜀+,,$ =
2,!",$
3%24!",$

 thus differs from that of the supercell 𝜀(),$ =
2,&',$
3%24&',$

. It is important to realize 
that the latter, rather than 𝜀+,,$, is the quantity returned by standard DFPT applied to 
the supercell depicted in Fig. 1. 
Similarly, along the in-plane directions, the 2D and vacuum layers are electrically in 
parallel. If follows that along the first and second directions, 

 𝐸+,,! = 𝐸(),! = 𝐸-./001,! (4) 
 𝑡𝐷+,,! = 𝑐𝐷(),! − (𝑐 − 𝑡)𝐷-./001,! (5) 

 
where i= 1 or 2. 

Since DFPT only returns the dielectric constant of the supercell (i.e. 2D layer plus 
vacuum), one needs to rescale it so as to return the real dielectric constant of the 2D 
layer. It turns out that the rescaling of the dielectric constant, which relates 𝜀+,,$ to 𝜀(),$ 
has already been worked out by Laturia et al.31. We recall the results below: 

 𝜀!",$ = 1 +
𝑐
𝑡
'𝜀%&,$ − 1) (6) 

 𝜀!",' = *1 +
𝑐
𝑡
'𝜀%&,'() − 1)+

()
 (7) 

where 𝑖 = 1 or 2. 
There is some degree of arbitrariness as to what the effective thickness of the 2D 

material is. An efficient solution is to consider the thickness based on the van der 
Waals bond length indicated in Ref.31. Specifically, we consider the van der Waals 
interaction and relax the n+1-layer structure, with the distance between the center of 
the top and bottom layer being used as the thickness of the n-layer.  

Since the dielectric constant, which is a second derivative of the energy, requires 
renormalization in the case of 2D materials simulated with periodic boundary 
conditions, it is only natural to expect that third derivatives of the energy such as the 
electro-optic constants will be renormalized as well. In the following, we derive the 
renormalization relations linking the electro-optic constant calculated using DFPT in a 
slab geometry (denoted with an “SC” superscript, for SuperCell) and the real electro-
optic constants of the 2D material.  

The EO tensor of the system comprising the vacuum and the 2D layer system is 
non vanishing only when the point group symmetry of the supercell pertains to the 
following list32: 1  (triclinic), 2 , 𝑚  (monoclinic), 𝑚𝑚2 , 222  (orthorhombic), 4 , 45 , 422 , 
4𝑚𝑚, 452𝑚 (tetragonal),	23, 453𝑚 (cubic), 3, 32, 3𝑚 (trigonal), 6, 6𝑚𝑚, 622, 65 , 65𝑚2 
(hexagonal). Below, we show the method and derive the rescaling laws for the 
orthorhombic, tetragonal, hexagonal, trigonal and cubic point groups, with 
representative materials examples. Similar methods can be used to derive the more 
complicated cases of triclinic and monoclinic point groups. 
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B. Orthorhombic point groups 
 

Point group 𝑚𝑚2 
We choose a setting in which the 2-fold polar axis is located along the first Cartesian 

direction. This is representative of many calculations of 2D materials with in-plane 
electrical polarization, such as SnS33. In this setting, the electro-optic tensor can be 
written using Voigt notation as33: 

 𝑟!"# = :
𝑟&& 𝑟&+ 𝑟&$
0 0 0
0 0 0

					
0 0 0
0 0 𝑟+5
0 𝑟$6 0

<. (8) 

Similarly, the dielectric stiffness tensor and dielectric permittivity tensor are diagonal: 

 𝜀 = :
𝜀&& 0 0
0 𝜀++ 0
0 0 𝜀$$

< (9) 

 𝛽 = :
𝛽&& 0 0
0 𝛽++ 0
0 0 𝛽$$

< (10) 

Let us now derive the rescaling law for the EO coefficients, i.e., derive the 
transformation to obtain the true EO constants of the 2D layer, 𝑟!"#+,, as a function of 
these calculated by DFPT in a supercell, 𝑟!"#(). We start by focusing on coefficient 𝑟&&&+, =
𝑟&&+, in Voigt’s notation7. The linear (Pockels) electro-optic coefficients are related to 
the variation of the dielectric stiffness tensor under an applied electric field: 

 𝑟!"# =
Δ𝛽"#
Δ𝐸!

 (11) 

In the case of 𝑟&& =
27((
24(

, we can take full advantage of the relation 𝛽. 𝜀 = 1, where 1 is 
the 3 × 3 identity matrix. After differentiation, it becomes  

 Δ𝛽!" = −𝛽!#Δ𝜀#8𝛽8" (12) 
Note that Eqs. (11) and (12) are, in fact, general equations which do not depend on 
the point group considered. In the special case of the 𝑚𝑚2 point group, we find that 

 Δ𝛽&& = −
Δ𝜀&&
𝜀&&+

 

 
(13) 

As a result, we can now write: 

 𝑟&&+9 =
Δ𝛽&&+,

Δ𝐸&+,
= −

1

𝜀&&+,
+
Δ𝜀&&+,

Δ𝐸&+,
 (14) 

Using Laturia’s derivations31, which we recalled in Eq. (6), and the fact that Δ𝐸&+, =
Δ𝐸&() (see Eq. (4)), we find that  

 r&&+9 =
Δ𝛽&&+,

Δ𝐸&+,
= −

1

𝜀&&+,
+
𝑐
𝑡 	
Δ𝜀&&()

Δ𝐸&()
 (15) 

Finally, noting that r&&:; = − 27((&'

24(&'
= − &

<((
&'!

2<((&'

24(&'
, we obtain the final rescaling law: 

 𝑟&&+, =
𝑐
𝑡 ?
𝜀&&()

𝜀&&+,
@
+

𝑟&&() (16) 

We have expressed the renormalization procedure in terms of the SC and 2D layer 
dielectric constants because of its elegance. One must bear in mind that the two 
quantities are linked through Eq. (6), and that such latter equation then allows to obtain 
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the 2D dielectric constant from the SC one – with this latter being the one returned by 
standard DFPT applied to the supercell. 
Using a similar procedure, we find that  

 𝑟&++, =
𝑐
𝑡 ?
𝜀++()

𝜀+++,
@
+

𝑟&+() (17) 

The case of the 𝑟$&+, coefficient is perhaps the simplest. Equation (7) can be casted in 
terms of the dielectric impermeability tensor, 

 𝛽$$+, = 1 +
𝑐
𝑡
(𝛽$$() − 1) (18) 

From the latter, and Eq. (4), we easily derive that 
 𝑟&$+, =

𝑐
𝑡 𝑟&$

() (19) 
Let us now derive the 𝑟$6 renormalization relation. From Eqs. (10) and (12), we have 

that 

 Δ𝛽$& = −
Δ𝜀$&
𝜀&&𝜀$$

 (20) 

In particular, Δ𝜀$&+, =
2,$!"

24(!"
= 2,$&'

24(&'
= Δ𝜀$&(), which results in Δ𝛽$&+, =

<((&'<$$&'

<((!"<$$!"
Δ𝛽$&(). Hence, 

one can write that 

 𝑟$6+9 =
𝜀&&()𝜀$$()

𝜀&&+,𝜀$$+,
Δ𝛽$&()

Δ𝐸$+,
=
𝜀&&()𝜀$$()

𝜀&&+,𝜀$$+,
Δ𝐸$()

Δ𝐸$+,
𝑟$6() (21) 

Now, 24$&'

24$!"
= 24$&'

2,$!"
2,$!"

24$!"
= 24$&'

2,$&'
2,$!"

24$!"
= <$$!"

<$$&'
 since 𝐷$+, = 𝐷$()  according to Eq. (3). 

Eventually, we obtain the rescaling relation1 

 𝑟$6+9 =
𝜀&&()

𝜀&&+,
𝑟$6() (22) 

Following a similar procedure, we find that the last rescaling relation is  

 𝑟+5+9 =
𝑐
𝑡
𝜀&&()𝜀++()

𝜀&&+,𝜀+++,
𝑟+5() (23) 

 
 Point group 222 

The EO tensor in the 222 point group is of the form32 

 𝑟!"# = :
0 0 0
0 0 0
0 0 0

					
𝑟&= 0 0
0 𝑟+6 0
0 0 𝑟$5

<. (24) 

with the dielectric permittivity and impermeability tensors being  

 𝜀 = :
𝜀&& 0 0
0 𝜀++ 0
0 0 𝜀$$

< (25) 

 𝛽 = :
𝛽&& 0 0
0 𝛽++ 0
0 0 𝛽$$

< (26) 

From the previous derivations, we easily obtain that 

 
1 The present relation is at variance with the one derived in the Supplementary Material of Ref.33, by a factor )!!

"#

)!!$%
 

because the derivative *+!
"#

*+!$%
 was incorrect. The coefficient 𝑟,-./ is nonetheless very small in both cases for some 

systems (see Ref.33 and DFT results in the present article). The present formula should be used. 
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 𝑟&=+9 =
𝜀++()𝜀$$()

𝜀+++,𝜀$$+,
𝑟&=() (27) 

 𝑟+6+9 =
𝜀&&()𝜀$$()

𝜀&&+,𝜀$$+,
𝑟+6() (28) 

 𝑟$5+9 =
𝑐
𝑡
𝜀$$+,

𝜀$$()
𝜀&&()𝜀++()

𝜀&&+,𝜀+++,
𝑟$5() (29) 

C. Tetragonal point groups 
 
 Point group 4𝑚𝑚 

We consider that the high-symmetry 4-fold axis lies along the third, out-of-plane, 
Cartesian direction. In that case, the EO tensor writes 

 𝑟!"# = :
0 0 0
0 0 0
𝑟$& 𝑟$& 𝑟$$

					
0 𝑟+= 0
𝑟+= 0 0
0 0 0

<, (30) 

while the dielectric tensors 𝛽 and 𝜀 are 

 𝜀 = :
𝜀&& 0 0
0 𝜀&& 0
0 0 𝜀$$

< (31) 

 𝛽 = :
𝛽&& 0 0
0 𝛽&& 0
0 0 𝛽$$

< (32) 

We obtain the following rescaling laws: 

 𝑟$&+, =
𝑐
𝑡
𝜀$$+,

𝜀$$()
?
𝜀&&()

𝜀&&+,
@
+

𝑟$&() (33) 

From Eq. (18), we obtain 

 𝑟$$+, =
𝑐
𝑡
𝜀$$+,

𝜀$$()
𝑟$$() (34) 

 
At last, 

 𝑟+=+, =
𝜀++()𝜀$$()

𝜀+++,𝜀$$+,
𝑟+=() (35) 

 Point group 452𝑚 
We assume that the improper rotation 45 is along the third Cartesian direction. The 

EO tensor has the symmetry32  

 𝑟!"# = :
0 0 0
0 0 0
0 0 0

					
𝑟&= 0 0
0 𝑟&= 0
0 0 𝑟$5

<, (36) 

with dielectric tensors like those in Eqs. (31) and (32). The rescaling relations are now 

 𝑟&=+9 =
𝜀&&()𝜀$$()

𝜀&&+,𝜀$$+,
𝑟&=() (37) 

 𝑟$5+9 =
𝑐
𝑡
𝜀$$+,

𝜀$$()
𝜀&&()𝜀++()

𝜀&&+,𝜀+++,
𝑟$5() (38) 

   
 Point group 422 

The 4-fold axis is chosen to be directed along the third Cartesian axis of the 
supercell. The EO tensor has the symmetry32  
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 𝑟!"# = :
0 0 0
0 0 0
0 0 0

					
𝑟&= 0 0
0 −𝑟&= 0
0 0 0

<, (39) 

The rescaling law for the EO coefficient is 

 𝑟&=+9 =
𝜀&&()𝜀$$()

𝜀&&+,𝜀$$+,
𝑟&=() (40) 

 Point group 45 
The 4-fold axis is also taken to be directed along the third Cartesian axis of the 

supercell. The EO tensor has the symmetry32  

 𝑟!"# = :
0 0 0
0 0 0
𝑟$& −𝑟$& 0

					
𝑟&= −𝑟+= 0
𝑟+= 𝑟&= 0
0 0 𝑟$5

<, (41) 

The renormalization of the 2D EO coefficients from the SC calculated EO constants 
is 

 
𝑟$&+, =

𝑐
𝑡
𝜀$$+,

𝜀$$()
?
𝜀&&()

𝜀&&+,
@
+

𝑟$&() 
(42) 

 
𝑟&=+9 =

𝜀&&()𝜀$$()

𝜀&&+,𝜀$$+,
𝑟&=() 

(43) 

 𝑟+=+9 =
𝜀++()𝜀$$()

𝜀+++,𝜀$$+,
𝑟+=() (44) 

 𝑟$5+9 =
𝑐
𝑡
𝜀$$+,

𝜀$$()
𝜀&&()𝜀++()

𝜀&&+,𝜀+++,
𝑟$5() (45) 

   
Point group 4 

The 4-fold axis continues to be directed along the third Cartesian axis of the 
supercell. The EO tensor has the symmetry32  

 𝑟!"# = :
0 0 0
0 0 0
𝑟$& 𝑟$& 𝑟$$

					
𝑟&= 𝑟+= 0
𝑟+= −𝑟&= 0
0 0 0

<, (46) 

The renormalization of the EO constants is operated by the following equations: 
 

𝑟$&+, =
𝑐
𝑡
𝜀$$+,

𝜀$$()
?
𝜀&&()

𝜀&&+,
@
+

𝑟$&() 
(47) 

 
𝑟&=+9 =

𝜀&&()𝜀$$()

𝜀&&+,𝜀$$+,
𝑟&=() 

(48) 

 𝑟+=+9 =
𝜀++()𝜀$$()

𝜀+++,𝜀$$+,
𝑟+=() (49) 

 𝑟$$+9 =
𝑐
𝑡
𝜀$$+,

𝜀$$()
𝑟$$() (50) 

D. Hexagonal point groups 
 
 Point group 65𝑚2 

In that case, in the standard orientation7 (for which the sixfold axis is along the third 
Cartesian direction), the electro-optic tensor symmetry is  

 𝑟!"# = :
0 0 0

−𝑟++ 𝑟++ 0
0 0 0

					
0 0 −𝑟++
0 0 0
0 0 0

<, (51) 
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One can obtain the “real” electro-optic coefficient of the 2D layer from those calculated 
from standard DFPT, as implemented in a 3D periodic software such as Abinit, by 
applying the following rescaling: 

 𝑟+++, =
Δ𝛽+++,

Δ𝐸++,
=
𝑐
𝑡 ?
𝜀++()

𝜀+++,
@
+

𝑟++() (52) 

 
Point group 65 

We again consider the case in which the high-symmetry axis points along the third 
Cartesian direction of our supercell. In the case of the 65 point group, there are two 
independent linear electro-optic constants as the tensor has the following expression: 

 𝑟!"# = :
𝑟&& −𝑟&& 0
−𝑟++ 𝑟++ 0
0 0 0

					
0 0 −𝑟++
0 0 −𝑟&&
0 0 0

<, (53) 

Using the previous method, we find the following rescaling equations for the electro-
optic constants of the 2D layer: 

 𝑟&&+, =
𝑐
𝑡 ?
𝜀&&()

𝜀&&+,
@
+

𝑟&&() (54) 

 
𝑟+++, =

𝑐
𝑡 ?
𝜀++()

𝜀+++,
@
+

𝑟++() 
(55) 

 Point group 622 
The 622 point group has only one independent electro-optic constant, as  

 𝑟!"# = :
0 0 0
0 0 0
0 0 0

					
𝑟&= 0 0
0 −𝑟&= 0
0 0 0

<. (56) 

The rescaling of the electro-optic constants to obtain the “real” EO constant of the 2D 
layer is 

 𝑟&=+, =
𝜀&&()𝜀$$()

𝜀&&+,𝜀$$+,
𝑟&=() (57) 

 
 Point group 6𝑚𝑚 

Directing the 6-fold symmetry axis along the third Cartesian direction of our supercell 
too, the EO tensor has the form: 

 𝑟!"# = :
0 0 0
0 0 0
𝑟$& 𝑟$& 𝑟$$

					
0 𝑟+= 0
𝑟+= 0 0
0 0 0

<. (58) 

Using the methods described above in the case of the mm2 point group, the rescaling 
laws are the following: 
 

 𝑟$$+, =
𝑐
𝑡
𝜀$$+,

𝜀$$()
𝑟$$() (59) 

 𝑟$&+, =
𝑐
𝑡
𝜀$$+,

𝜀$$()
?
𝜀&&()

𝜀&&+,
@
+

𝑟$&() (60) 

 
𝑟+=+9 =

𝜀++()𝜀$$()

𝜀+++,𝜀$$+,
𝑟+=() 

(61) 

 Point group 6 
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The 6-fold axis is assumed to lie in the third Cartesian direction of our supercell, as 
well. The EO tensor has the following symmetry: 

 𝑟!"# = :
0 0 0
0 0 0
𝑟$& 𝑟$& 𝑟$$

					
𝑟&= 𝑟+= 0
𝑟+= −𝑟&= 0
0 0 0

<. (62) 

The renormalization to be carried out to obtain the 2D EO coefficient from those 
calculated by DFPT in a supercell is: 

 𝑟$&+, =
𝑐
𝑡
𝜀$$+,

𝜀$$()
?
𝜀&&()

𝜀&&+,
@
+

𝑟$&() (63) 

 
𝑟$$+, =

𝑐
𝑡
𝜀$$+,

𝜀$$()
𝑟$$() 

(64) 

 
𝑟&=+9 =

𝜀&&()𝜀$$()

𝜀&&+,𝜀$$+,
𝑟&=() 

(65) 

 
𝑟+=+9 =

𝜀++()𝜀$$()

𝜀+++,𝜀$$+,
𝑟+=() 

(66) 

E. Trigonal point groups 
 

For all trigonal point groups, we assume that the 3-fold rotation axis is directed along 
the third Cartesian direction. 
 
 Point group 3𝑚 
The EO tensor symmetry is 

 𝑟!"# = :
0 0 0

−𝑟++ 𝑟++ 0
𝑟$& 𝑟$& 𝑟$$

					
0 𝑟+= −𝑟++
𝑟+= 0 0
0 0 0

<. (67) 

The renormalization to apply to deduce the 2D EO coefficients from those calculated 
by DFPT in a supercell are 

 𝑟$&+, =
𝑐
𝑡
𝜀$$+,

𝜀$$()
?
𝜀&&()

𝜀&&+,
@
+

𝑟$&() (68) 

 
𝑟$$+, =

𝑐
𝑡
𝜀$$+,

𝜀$$()
𝑟$$() 

(69) 

 
𝑟+++9 =

𝑐
𝑡 ?
𝜀++()

𝜀+++,
@
+

𝑟++() 
(70) 

 
𝑟+=+9 =

𝜀++()𝜀$$()

𝜀+++,𝜀$$+,
𝑟+=() 

(71) 

Point group 32 
The EO tensor symmetry is 

 𝑟!"# = :
𝑟&& −𝑟&& 0
0 0 0
0 0 0

					
𝑟&= 0 0
0 −𝑟&= −𝑟&&
0 0 0

<. (72) 

The renormalization is performed through the following relations: 

 𝑟&&+, =
𝑐
𝑡 ?
𝜀&&()

𝜀&&+,
@
+

𝑟&&() (73) 

 
𝑟&=+9 =

𝜀&&()𝜀$$()

𝜀&&+,𝜀$$+,
𝑟&=() 

(74) 
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Point group 3 
The EO tensor symmetry is 

 𝑟!"# = :
𝑟&& −𝑟&& 0
−𝑟++ 𝑟++ 0
𝑟$& 𝑟$& 𝑟$$

					
𝑟&= 𝑟+= −𝑟++
𝑟+= −𝑟&= −𝑟&&
0 0 0

<. (75) 

The renormalization relationships can be written as: 

𝑟&&+9 =
𝑐
𝑡 ?
𝜀&&()

𝜀&&+,
@
+

𝑟&&() 
(76) 

𝑟$&+, =
𝑐
𝑡
𝜀$$+,

𝜀$$()
?
𝜀&&()

𝜀&&+,
@
+

𝑟$&() (77) 

𝑟$$+, =
𝑐
𝑡
𝜀$$+,

𝜀$$()
𝑟$$() 

(78) 

𝑟+++9 =
𝑐
𝑡 ?
𝜀++()

𝜀+++,
@
+

𝑟++() 
(79) 

𝑟&=+9 =
𝜀&&()𝜀$$()

𝜀&&+,𝜀$$+,
𝑟&=() 

(80) 

𝑟+=+9 =
𝜀++()𝜀$$()

𝜀+++,𝜀$$+,
𝑟+=() 

(81) 

F. Cubic point groups 
 

Note that cubic point groups for the supercell can only arise in very specific cases. 
As one may want to vary the vacuum thickness to check proper convergence of the 
EO coefficients, it is unlikely that the supercell will be cubic in most cases. 
 
 Point group 453𝑚 and 23 

The EO tensor symmetry is 

 𝑟!"# = :
0 0 0
0 0 0
0 0 0

					
𝑟&= 0 0
0 𝑟&= 0
0 0 𝑟&=

<. (82) 

The rescaling relation to obtain the 2D EO coefficients is 
 

𝑟&=+9 =
𝜀&&()𝜀$$()

𝜀&&+,𝜀$$+,
𝑟&=() 

(83) 

   
 
G. DFT calculations 

 
Let us now conduct first-principles calculations to confirm the validity of these 

formula. Here, we chose to investigate the 2D ferroelectric SnSe monolayer. Figure 2 
shows its crystal structure, which has the 𝑃𝑚𝑛2& space group, and thus the 𝑚𝑚2 point 
group. The spontaneous polarization in monolayer SnSe is along the in-plane x 
direction. Different vacuum regions, with the corresponding thickness of the whole 
supercell being denoted by 𝑐 as consistent with Fig. 1 (with 𝑐 being here at least 15 Å) 
along the out-of-plane z direction, are introduced in a slab structure to avoid the 
interaction between the neighboring periodic images. 𝑡  represents the effective 
thickness of the SnSe monolayer, and is practically taken to be equal to 5.7 Å here.  
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To verify the validity of Eqs. (16), (17), (19), (22) and (23) within the 𝑚𝑚2 point 
group, we first calculate the so-called clamped EO coefficients in monolayer SnSe in 
its 𝑃𝑚𝑛2& ground state for the aforementioned slab geometries using the technique of 
Ref9. Note that clamped EO coefficients correspond to strain-free mechanical 
boundary conditions, and include electronic and ionic contributions but neglect any 
modification of the unit cell shape. Figure 3(a) shows the results, 
(𝑟&&
>,() , 𝑟&+

>,() , 𝑟&$
>,() , 𝑟$6

>,() 	and	𝑟+5
>,()), directly arising from this DFPT technique for different 

𝑐  thickness along the out-of-plane z direction. Figure 3(b) then displays the 
corresponding clamped EO coefficients of the 2D material obtained from the use of 
Eqs. (16), (17), (19), (22) and (23), as well as, Eqs. (6) and (7) to extract the 2D 
dielectric tensor elements from the “SC” ones directly obtained by DFT for the slabs. 
One can clearly see that the EO coefficients of the supercell strongly depend on the c 
supercell lattice constant along the out-of-plane direction. In contrast, the renormalized 
EO coefficients in the 2D material of Fig. 3(b) no longer depend on 𝑐 when using the 
rescaling equations for the EO constants of the 2D layer, which therefore attests to the 
validity of the formula derived above for EO coefficient in 2D materials. One can also 
realize that the magnitude of these coefficients is really different between the ones 
associated with the slab and those corresponding to the 2D material. For instance, the 
clamped EO coefficients of the supercell 	𝑟&$

>,() and  𝑟+5
>,() are  −1.5 and 865.4 pm/V, 

respectively, when 𝑐 is equal to about 70 Å. On the other hand, the renormalized EO 
coefficients of the 2D material  𝑟&$

>,+, and 𝑟+5
>,+, are, in magnitude, larger by a factor of 

12 and smaller by a factor 6, respectively, since they are equal to about −18.0 and 
142.2 pm/V, respectively, for different 𝑐  thickness. Note that the EO coefficients 
originate from different electronic and ionic contributions (corresponding to various 
phonon modes), which results in different sign and magnitude of EO coefficients. 

Moreover, Figs. 3(c) and 3(d) show the clamped EO coefficients 𝑟&&
>,() and  𝑟&+

>,() for 
the supercell and 2D material, as a function of electric field for two different 𝑐 thickness, 
respectively. We found that the EO coefficients of the 2D material versus electric field 
are also independent on the 𝑐 thickness of the supercell, which once again attests to 
the validity of the formula derived for EO coefficient in 2D materials. 

Let us now present some EO results for monolayer BN. The monolayer BN has a 
𝑃65𝑚2  space group (65𝑚2  point group) and the EO tensor has one independent 
element, 𝑟++  [see Eq. (51)]. Figure 4(a) shows that the in-plane and out-of-plane 
elements of the electronic dielectric tensor strongly depends on the 𝑐 thickness of the 
supercell in monolayer BN. In contrast, Fig. 4(b) demonstrates that the renormalized 
dielectric constants are no longer dependent on the 𝑐 thickness when using Eqs. (6) 
and (7) and choosing an effective monolayer thickness 𝑡 = 3.4 Å [see the inset of Fig. 
4(b)]. Note that the thickness in monolayer BN is very close to the previous theoretical 
value of 3.17 Å31. We also checked the EO coefficients for the supercell and 2D 
material as a function of the 𝑐 thickness of the supercell in monolayer BN. Figure 4(c) 
shows that the clamped EO coefficient 𝑟++

>,() obviously depends on the 𝑐 thickness. In 
sharp contrast, the EO coefficient of the 2D material of Fig. 4(d) no longer relies on 
the 𝑐 thickness when using the formula of Eq. (52), implying once again the validity of 
the derived EO coefficient formula in 2D materials.  

Note that our method is also valid for unclamped EO coefficients. More precisely, 
the unclamped EO coefficients need to add contributions associated with elasto-optic 
and piezoelectric coefficients from the clamped ones. The piezoelectric strain 
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coefficients are independent on the 𝑐  thickness, while the elasto-optic coefficients 
need to be rescaled in the same way as the EO coefficients. 
 
IV. SUMMARY 
 

In summary, DFPT calculations employing periodic boundary conditions introduce 
spurious effects when dealing with 2D materials. Beyond the obvious periodic image 
interaction which should be limited as much as possible, the presence of vacuum in a 
supercell geometry artificially modifies the dielectric and electro-optic response 
calculated. The present paper shows a method to renormalize the electro-optic 
coefficients obtained by DFPT with periodic boundary conditions. The renormalization 
relationships to recover the “true” 2D electro-optic coefficients are derived for the 
appropriate cubic, tetragonal, orthorhombic, hexagonal and trigonal point groups. 
These renormalizations are further numerically confirmed by conducting DFT 
calculations. It is also important to realize that these renormalizations are general to 
any method that attempts at deriving the EO coefficients from a slab calculation. In 
other words, they are not only restricted to DFPT. 
 
ACKNOWLEDGEMENTS  

This work is supported by the National Natural Science Foundation of China (Grants 
No. 12374092 and No. 11804138), Natural Science Basic Research Program of 
Shaanxi (Program No. 2023-JC-YB-017), Shaanxi Fundamental Science Research 
Project for Mathematics and Physics (Grant No. 22JSQ013), “Young Talent Support 
Plan” of Xi'an Jiaotong University (Grant No. WL6J004), the Fundamental Research 
Funds for the Central Universities, and the HPC Platform of Xi'an Jiaotong University. 
H.X. acknowledges the support from the Ministry of Science and Technology of the 
People's Republic of China (No. 2022YFA1402901) and NSFC (Grants No. 11825403 
and 11991061). L.B. thanks the MonArk NSF Quantum Foundry supported by the 
National Science Foundation Q-AMASE-i Program under NSF Award No. DMR-
1906383, ARO Grant No. W911NF-21-1-0113 and the Vannevar Bush Faculty 
Fellowship (VBFF) Grant No. N00014-20-1-2834 from the Department of Defense. 
 
REFERENCES 
1  Q. Xu, B. Schmidt, S. Pradhan, and M. Lipson, Micrometre-scale silicon electro-

optic modulator, Nature (London) 435, 325 (2005). 
2  A. Guarino, G. Poberaj, D. Rezzonico, R. Degl’Innocenti, and P. Günter, 

Electro–optically tunable microring resonators in lithium niobate, Nat. Photon. 1, 
407 (2007). 

3  T. Higuchi, Y.-S. Liu, P. Yao, P.-A. Glans, J. Guo, C. Chang, Z. Wu, W. 
Sakamoto, N. Itoh, T. Shimura, T. Yogo, and T. Hattori, Electronic structure of 
multiferroic BiFeO3 by resonant soft x-ray emission spectroscopy, Phys. Rev. B 
78, 085106 (2008). 

4  A. Petraru, J. Schubert, M. Schmid, O. Trithaveesak, and Ch. Buchal,  Integrated 
optical Mach Zehnder modulator based on polycrystalline BaTiO3, Opt. Lett. 28, 
2527 (2003). 

5  A. Rueda, W. Hease, S. Barzanjeh, and J. M. Fink, Electro-optic entanglement 
source for microwave to telecom quantum state transfer, npj Quantum Inf. 5, 



13 
 

108 (2019). 
6  P. Kolchin, C. Belthangady, S. Du, G. Y. Yin, and S. E. Harris, Electro-Optic 

Modulation of Single Photons, Phys. Rev. Lett. 101, 103601 (2008). 
7  J. F. Nye, Physical Properties of Crystals: Their Representationby Tensors and 

Matrices (Oxford University Press, Oxford, 1985).  
8  M. Veithen, X. Gonze, and Ph. Ghosez, First-Principles Study of the Electro-

Optic Effect in Ferroelectric Oxides, Phys. Rev. Lett. 93, 187401 (2004). 
9  M. Veithen, X. Gonze, and Ph. Ghosez, Nonlinear optical susceptibilities, 

Raman efficiencies, and electro-optic tensors from first-principles density 
functional perturbation theory, Phys. Rev. B  71, 125107 (2005). 

10  M. Veithen and Ph. Ghosez, Temperature dependence of the electro-optic 
tensor and refractive indices of BaTiO3 from first principles, Phys. Rev. B  71, 
132101 (2005). 

11  C. Paillard, S. Prokhorenko, and L. Bellaiche, Strain engineering of electro-optic 
constants in ferroelectric materials, npj Comput. Mater. 5, 6 (2019). 

12  Z. Jiang, C. Paillard, D. Vanderbilt, H. Xiang, and L. Bellaiche, Designing 
Multifunctionality via Assembling Dissimilar Materials: Epitaxial AlN/ScN 
Superlattices, Phys. Rev. Lett. 123, 096801 (2019). 

13  D. Sando, Y. Yang, C. Paillard, B. Dkhil, L. Bellaiche, and V. Nagarajan, 
Epitaxial ferroelectric oxide thin films for optical applications, Appl. Phys. Rev. 
5, 041108 (2018). 

14  C. T. Phare, Y.-H. Daniel Lee, J. Cardenas, and M. Lipson, Graphene electro-
optic modulator with 30 GHz bandwidth, Nat. Photon. 9, 511 (2015). 

15  A. Patel, D. Singh, Y. Sonvane, P. B. Thakor, and R. Ahuja, High Thermoelectric 
Performance in Two-Dimensional Janus Monolayer Material WS-X ( X = Se and 
Te), ACS Appl. Mater. Interfaces 12, 46212 (2020). 

16  M. Mehboudi, B. M. Fregoso, Y. Yang, W. Zhu, A. van der Zande, J. Ferrer, L. 
Bellaiche, P. Kumar, and S. Barraza-Lopez, Structural Phase Transition and 
Material Properties of Few-Layer Monochalcogenides, Phys. Rev. Lett. 117, 
246802 (2016). 

17  Shirodkar, S. N., Waghmare, U. V. Emergence of Ferroelectricity at a Metal-
Semiconductor Transition in a 1T Monolayer of MoS2, Phys. Rev. Lett. 112, 
157601 (2014). 

18  C. Cui, F. Xue, W.-J. Hu, and L.-J. Li, Two-dimensional materials with 
piezoelectric and ferroelectric functionalities, npj 2D Mater. Appl. 2, 18 (2018). 

19  A. Lipatov, P. Chaudhary, Z. Guan, H. Lu, G. Li, O. Crégut, K. D. Dorkenoo, R. 
Proksch, S. Cherifi-Hertel, D.-F. Shao, E. Y. Tsymbal, J. Íñiguez, A. Sinitskii, 
and A. Gruverman, Direct observation of ferroelectricity in two-dimensional 
MoS2, npj 2D Mater. Appl. 6, 18 (2022). 

20  R. Haleoot, C. Paillard, T. P. Kaloni, M. Mehboudi, B. Xu, L. Bellaiche, and S. 
Barraza-Lopez, Photostrictive Two-Dimensional Materials in the 
Monochalcogenide Family, Phys. Rev. Lett. 118, 227401 (2017). 

21  X. Gonze, F. Jollet, F. A. Araujo, D. Adams, B. Amadon, T. Applencourt, C. 
Audouze, J.-M. Beuken, J. Bieder, A. Bokhanchuk, E. Bousquet, F. Bruneval, 
D. Caliste, M. Côté, F. Dahm, F. D. Pieve, M. Delaveau, M. D. Gennaro, B. 
Dorado, C. Espejo, G. Geneste, L. Genovese, A. Gerossier, M. Giantomassi, Y. 
Gillet, D. R. Hamann, L. He, G. Jomard, J. L. Janssen, S. L. Roux, A. Levitt, A. 
Lherbier, F. Liu, I. Lukačević, A. Martin, C. Martins, M. J. T. Oliveira, S. Poncé, 



14 
 

Y. Pouillon, T. Rangel, G.-M. Rignanese, A. H. Romero, B. Rousseau, O. Rubel, 
A. A. Shukri, M. Stankovski, M. Torrent, M. J. Van Setten, B. V. Troeye, M. J. 
Verstraete, D. Waroquiers, J. Wiktor, B. Xu, A. Zhou, and J. W. Zwanziger, 
Comput. Phys. Commun.  205, 106 (2016). 

22  G. Kresse and J. Furthmüller, Efficiency of ab-initio total energy calculations for 
metals and semiconductors using a plane-wave basis set, Comput. Mater. Sci. 
6, 15 (1996). 

23  G. Kresse and J. Hafner, Ab initio molecular dynamics for liquid metals, Phys. 
Rev. B  47, 558(R) (1993). 

24  G. Kresse and J. Hafner, Ab initio molecular-dynamics simulation of the liquid-
metal–amorphous-semiconductor transition in germanium, Phys. Rev. B 49, 
14251 (1994). 

25  P. Giannozzi, S. Baroni, N. Bonini, M. Calandra, R. Car,C. Cavazzoni, D. 
Ceresoli, G. L. Chiarotti, M. Cococcioni, I. Dabo, A. D. Corso, S. d. Gironcoli, S. 
Fabris, G. Fratesi, R. Gebauer, U. Gerstmann, C. Gougoussis, A. Kokalj, M. 
Lazzeri, L. Martin-Samos, N.Marzari, F. Mauri, R. Mazzarello, S. Paolini, A. 
Pasquarello, L. Paulatto, C. Sbraccia, S. Scandolo, G. Sclauzero, A. P. 
Seitsonen, A. Smogunov, P. Umari, and R. M. Wentzcovitch, QUANTUM 
ESPRESSO: a modular and open-source software project for quantum 
simulations of materials, J. Phys.: Condens. Matter.  21, 395502 (2009). 

26  P. Giannozzi, O. Andreussi, T. Brumme, O. Bunau, M. B. Nardelli, M. Calandra, 
R. Car, C. Cavazzoni, D. Ceresoli, M. Cococcioni, N. Colonna, I. Carnimeo, A. 
D. Corso, S d. Gironcoli, P. Delugas, R. A. DiStasio Jr, A. Ferretti, A. Floris, G. 
Fratesi, G. Fugallo, R. Gebauer, U. Gerstmann, F. Giustino, T. Gorni, J. Jia, M. 
Kawamura, H.-Y. Ko, A. Kokalj, E. Küçükbenli, M. Lazzeri, M. Marsili, N. Marzari, 
F. Mauri, N. L. Nguyen, H.-V. Nguyen, A. Otero-de-la-Roza, L. Paulatto, S. 
Poncé, D. Rocca, R. Sabatini, B. Santra, M. Schlipf, A. P. Seitsonen, A. 
Smogunov, I. Timrov, T. Thonhauser, P. Umari, N. Vast, X. Wu, and S. Baroni, 
Advanced capabilities for materials modelling with Quantum ESPRESSO, J. 
Phys.: Condens. Matter.  29, 465901 (2017). 

27  A. H. Romero, D. C. Allan, B. Amadon, G. Antonius, T. Applencourt, L. Baguet, 
J. Bieder, F. Bottin, J. Bouchet, E. Bousquet, F. Bruneval, G. Brunin, D. Caliste, 
M. Côté, J. Denier, C. Dreyer, Ph. Ghosez, M. Giantomassi, Y. Gillet, O. 
Gingras, D. R. Hamann, G. Hautier, F. Jollet, G. Jomard, A. Martin, H. P. C. 
Miranda, F. Naccarato, G. Petretto, N. A. Pike, V. Planes, S. Prokhorenko, T. 
Rangel, F. Ricci, G.-M. Rignanese, M. Royo, M. Stengel, M. Torrent, M. J. van 
Setten, B. V. Troeye, M. J. Verstraete, J. Wiktor, J. W. Zwanziger, and X. Gonze, 
ABINIT: Overview and focus on selected capabilities, J. Chem. Phys. 152, 
124102 (2020). 

28  J. P. Perdew, K. Burke,  and M. Ernzerhof, Generalized Gradient Approximation 
Made Simple, Phys. Rev. Lett. 77, 3865 (1996). 

29  D. R. Hamann, Optimized norm-conserving Vanderbilt pseudopotentials, Phys. 
Rev. B  88, 085117 (2013). 

30  X. Gonze, B. Amadon, G. Antonius, F. Arnardi, L. Baguet, J.-M. Beuken, J. 
Bieder, F. Bottin, J. Bouchet, E. Bousquet, N. Brouwer, F. Bruneval, G. Brunin, 
T. Cavignac, J.-B. Charraud, W. Chen, M. Côté, S. Cottenier, J. Denier, G. 
Geneste, Ph. Ghosez, M. Giantomassi, Y. Gillet, O. Gingras, D. R. Hamann, G. 
Hautier, X. He, N. Helbig, N. Holzwarth, Y. Jia, F. Jollet, W. Lafargue-Dit-Hauret, 



15 
 

K. Lejaeghere, M. A. L. Marques, A. Martin, C. Martins, H. P. C. Miranda, F. 
Naccarato, K. Persson, G. Petretto, V. Planes, Y. Pouillon, S. Prokhorenko, F. 
Ricci, G.-M. Rignanese, A. H. Romero, M. M. Schmitt, M. Torrent, M. J. van 
Setten, B. V. Troeye, M. J. Verstraete, G. Zérah, and J. W. Zwanziger, The Abinit 
project: Impact, environment and recent developments, Comput. Phys. 
Commun. 248, 107042 (2020). 

31  A. Laturia, M. L. Van de Put, W. G. Vandenberghe, Dielectric properties of 
hexagonal boron nitride and transition metal dichalcogenides: from monolayer 
to bulk, npj 2D Mater. Appl. 2, 6 (2018). 

32  S. V. Gallego, J. Etxebarria, L. Elcoro, E. S. Tasci, and J. M. Perez-Mato, 
Automatic calculation of symmetry-adapted tensors in magnetic and non-
magnetic materials: a new tool of the Bilbao Crystallographic Server, Acta 
Crystallogr. A: Found. Adv. 75, 438 (2019). 

33  Z. Jiang, C. Paillard, H. O. H. Churchill, M. Xia, S. Zhang, H. Xiang, and L. 
Bellaiche, Large linear and nonlinear electro-optic coefficients in two-
dimensional ferroelectrics, Phys. Rev. B  106, L081404 (2022). 

 

 
Fig. 1 Typical slab calculation of a 2D material in DFT codes using periodic boundary 
conditions. The supercell 𝑐  lattice constant is much larger than the effective thickness 
of the 2D material. 
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Fig. 2 The top and side views of crystal structures in monolayer SnSe. 
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Fig. 3 Clamped EO coefficients for (a) the supercell and (b) 2D material versus 
different supercell lattice constant 𝑐 along the out-of-plane z direction in monolayer 
SnSe. EO coefficients for (c) the supercell and (d) 2D material as a function of the 
electric field for two different 𝑐 thickness of the supercell in monolayer SnSe. 
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Fig. 4 Electronic dielectric tensor for (a) the supercell and (b) 2D material as a function 
of the 𝑐  thickness of the supercell in monolayer BN.  EO coefficients for (c) the 
supercell and (d) 2D material versus the 𝑐 thickness of the supercell in monolayer BN. 
The inset of (b) shows the distance between the center of the top and bottom planes 
in the bilayer BN, which corresponds to the thickness 𝑡 of the monolayer BN. 
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