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Asynchronous sampled-data String Stability
for a platoon of heterogeneous vehicles

via a mesoscopic approach
Mattia Mattioni, Member, IEEE , Alessio Iovine, Member, IEEE

Abstract—This paper proposes a new mesoscopic ap-
proach for controlling a platoon of vehicles under asyn-
chronous sampled-data measurements and bounded
disturbances. The proposed control law yields distur-
bance string stability independently of the effect of
sampling. The design is constructive and yields simple-
to-check conditions to enforce good performance and
safety. Simulations illustrate the theoretical results.

Index Terms—Traffic control, Sampled data control,
String stability, Agents and autonomous systems.

I. Introduction

SOPHISTICATED control techniques for Intelligent
Transportation Systems (ITS) are fundamental to

meet the rising need for enhanced transportation efficiency
and improved safety [1]–[5]. These methods are required to
handle the intricate and dynamic nature of ITS, where var-
ious agents interact with each other and the environment.
The potential utilization of Connected Autonomous Ve-
hicles (CAV) implementing Cooperative Adaptive Cruise
Controllers (CACC) adds another dimension of complexity
to achieving these objectives. In this framework, current
research literature is focusing on enforcing a fundamental
property for developing efficient and safe CACC, that is
String Stability (SS, [2], [3], [6], [7]). Roughly speaking, the
latter concept refers to the ability of a series of vehicles
in a platoon, or string, to maintain a target distance
between each other while moving along a roadway and
not amplifying the effect of disturbances over the states.

As one might expect, the kind of information that is
exchanged over the platoon is of paramount importance to
enforce SS. Historically, various instances of such informa-
tion exchange have been investigated under the standard
leader-follower interaction; namely, each vehicle i ∈ N of
the platoon is considered a follower with respect to the
vehicle ahead (or predecessor, say i − 1). In this context,
each follower vehicle is supposed to measure or receive
the so-called microscopic information on the corresponding
predecessor and of the leader of the whole platoon (that is
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the primer vehicle). In particular, each vehicle must receive
full measures on the preceding vehicle (i.e., the speed, the
relative position and, possibly, the acceleration) whereas
only partial information is required from the platoon
leader (e.g., its acceleration [6] or desired speed profile [8]).
The communication of the leader’s information across the
entire platoon represents a demanding shared trait to put
into practice [9]. In contrast to conventional leader-follower
scenarios, even more demanding platooning configurations
in terms of information exchange are termed Multiple-
Predecessor Following (MPF, [10], [11]). Indeed, these con-
figurations involve exchanging information with a group
of ahead vehicles, thus resulting in an increased amount
of communication for performance purposes. However,
this setup does not resolve the challenge of identifying
a distinct leader and sharing its information with the
whole platoon (e.g., speed profile in [11]). It makes the
information exchange process more involved as it demands
for sharing of several quantities (e.g., acceleration, speed
and relative position) over the whole group of vehicles,
usually via Vehicle-to-Vehicle (V2V) communications.

Recently, further investigations have been devoted to ex-
ploring the possibility of ensuring desired properties, such
as SS, making use of macroscopic information. This is real-
ized by considering, for instance, Vehicle-to-Infrastructure
(V2I) communications. In this setting, the goal is to
minimize the exchange of information over the platoon
by avoiding sharing microscopic details of the primer
vehicle while reducing the dimension and complexity of the
dynamical models to consider. This is achieved by relying
on suitable aggregate information, which can be shared
through either V2I (that is commonly preferred) or V2V
communication [12]–[14]. More in detail, it was proved in
[12] that SS can be enforced over a platoon via the use
of local microscopic measures (i.e., on the vehicle ahead)
and aggregate (macroscopic) information on the platoon
solely. The corresponding control law is thus mesoscopic.
In particular, the microscopic information available to
each vehicle consists of the state of its predecessor only,
while the macroscopic information is granted via V2V
communications. In [13], those results were extended to
the case in which disturbances affect both the vehicles
and the information that is shared along the platoon.
This results in the possibility of considering averaged
macroscopic information, instead of tailored one as in
[12], that is obtained by a smart traffic infrastructure and
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shared via V2I communication. In [14], a link between
the possibility of ensuring SS and the way the traffic
Fundamental Diagram is impacted was proposed. Other
works focus on mesoscopic modeling for traffic control
purposes, e.g., [15]–[20]. However, no formal SS analysis is
usually performed (see [17], [19], [20]); if any, such analysis
is based on the linear tangent model only (see [15], [16]).

The theoretical results in [12]–[14], as well as most of
the available literature on mesoscopic or multi-scale traffic
models [21]–[23], concern continuous-time systems only;
i.e., when measurements and the information on the traffic
flow are available continuously in time and the control
input arbitrarily varies at all times. This framework is
far from being realistic as it does not take into account
the discrete-time influence of digital devices, which are
unavoidable for control implementation and in the way
the information exchange is realized within the platoon.
This limitation highlights the necessity for sampled-data
approaches in CACC; namely, when measures are sampled
and available only at sporadic time instants (the so-called
sampling instants) and the control inputs are piecewise
constant over the sampling period [24]–[27].

In this scenario, only few results are available and, how-
ever, usually refer to the so-called emulation-based control;
namely, the controller is designed by completely neglecting
the effect of sampling and then implemented in practice via
sample-and-hold devices (see, among many, [28], [29] for a
general overview, and [30], [31] for applications to a similar
context). As the intuition might suggest, those kinds of
control laws preserve the same performances enforced
by the continuous-time (nominal) design only when the
involved sampling periods are very small. Contrarily to the
aforementioned approaches, referring to a discrete-time
problem formulation, a new simple controller has been
proposed in [32] to enforce string stability across the pla-
toon despite the effect of sampling, i.e., independently on
the length of the involved sampling periods. This is done
when assuming that all vehicles receive both micro and
macro measurements synchronously in time. In addition,
no disturbance has been considered in the design.

This paper aims to make further steps toward this di-
rection by considering a heterogeneous platoon of vehicles,
thus allowing measures to be asynchronous for each vehicle
and bounded disturbances affect the whole platoon. More
in detail, each vehicle receives both the microscopic and
macroscopic information at intermittent time instants,
which may not be uniformly synchronized across the
entire platoon. Moreover, the macroscopic information is
received less frequently than the microscopic one; the time
instances at which the former is available constitute a
subset of the sampling moments for micro-information
measures. This scenario is grounded in reality, accounting
for a diverse array of vehicles engaging with both one
another and the smart traffic infrastructure capturing
and sharing the macroscopic information through V2I
communications at varying sampling intervals.

With this in mind, the local control we propose for each
vehicle enforces Disturbance String Stability (DSS) over

the platoon [8], despite the effect of sampling and holding
devices. The design is constructive and we provide simple
conditions allowing to define, independently on the length
of the involved sampling periods, the stabilizing controller.
Such conditions allow guaranteeing good performances in
terms of tracking the desired intervehicular distance and
speed profiles while ensuring safety and avoiding distur-
bance propagation along the platoon. More in detail, under
mild assumptions on the macroscopic functions that can
be considered, we provide a general dynamic mesoscopic
control law capable of enforcing DSS across the platoon.
The proposed control law is generated by a discrete-time
system, one per vehicle, working at the corresponding
sampling instants. The dimension and structure of each
controller are left free as they account for the particular
mesoscopic spacing policies at hand and the way the
macro-information is measured by each vehicle. The design
is then specified to two distinct classes of spacing poli-
cies: the constant one, which is classically adopted, with
a controller considering macroscopic information; and a
mesoscopic one, which embeds the constant spacing policy
with macroscopic conditions. To the best of the Authors’
knowledge, no results are available for solving the problem
in this scenario, despite its significance in applications.

The rest of the paper is organized as follows. Section
II provides the considered models and hypothesis, as well
as the problem statement. Section III introduces the main
result with respect to different spacing policies. Section
IV shows the effectiveness of the proposed sampled-data
solution in simulations, while Section V outlines conclud-
ing remarks. We underline that the proof of the main
result and the required instrumental tools are reported in
Appendix for the sake of reading.

Notations
C, R and N denote the set of complex, real and natural

numbers including 0 respectively. R+ denotes the set of
positive real numbers. I and 0 denote respectively the
identity and zero matrices of suitable dimensions. Given
a matrix A ∈ Rn×n, σ{A} ⊂ C is its spectrum. For a
complex number λ ∈ C, Re{λ} denotes its real part. A is
said to be Schur if its spectrum is included in the open unit
circle of the complex plane (i.e., all its eigenvalues are with
norm strictly less than 1 and none is at the origin). | · | ∈ R
denotes, depending on the argument, either the cardinality
of a set S, the absolute value of a complex number λ ∈ C
or the norm of a matrix. Given a continuous-time signal
w : R≥0 → R we define ∥w∥[0,t̄) := supt∈[0,t̄) |w(t)|.
Similarly, for a discrete-time signal wd : N → R we
define ∥wd∥{0,...,k̄} := supk∈[0,k̄) |wd(k)|; when the discrete
signal is deduced by sampling a continuous-time signal
w(t) (i.e., wd(k) = w(tk) for tk ∈ R and k ∈ N) we
denote ∥wd∥{0,...,k̄} = ∥w(tk)∥{0,...,k̄}. Given N matrices
Bi ∈ Rni×m of suitable dimensions, we denote

col{B1, . . . , BN } =
[
B⊤

1 . . . B⊤
n

]⊤ ∈ R(n1+···+nN )×m.

1N = col{1, . . . , 1} ∈ RN is the vector with all entries
being one. "⊗" denotes the Kronecker product.
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II. Modeling and Problem formulation
A. Microscopic modeling

Let IN
0 be the set of N vehicles composing a platoon.

Each vehicle is described by its longitudinal position,
pi ∈ R+, and its longitudinal speed, 0 ≤ vi ≤ vmax, vmax ∈
R+, ∀ i ∈ IN

0 . Then, we define the state of the i−th
vehicle as xi = col{pi, vi}. Without loss of generality,
the low-level dynamics describing the power-train can be
considered to have been feedback linearised (see [6], [8],
[33]), thus allowing for a simplification in considering only
the longitudinal dynamics for describing heterogeneous
platoons [34], i.e., platoons composed by non identical
vehicles. The corresponding dynamical system is obtained
[6], [33], [35], [36]:

ẋi = col{ṗi, v̇i} = col{vi, ui + d̃i}, i ∈ IN
0 , (1)

where: |ui| ≤ umax, umax ∈ R+, is the control input of the
i−th vehicle, corresponding to the acceleration; d̃i ∈ R
is a disturbance. To describe inter-vehicular interactions,
we adopt the leader-follower model (see [37]) to derive a
global description of the platoon. For the derived model
to include vehicle i = 0, we consider the presence of a
virtual leader, i = −1, that precedes the entire platoon,
with dynamical model

ẋ−1 = col{ṗ−1, v̇−1} = col{v−1, u−1 + d̃−1} (2)

where u−1 = d̃−1 ≡ 0 . Then, the state of each car-
following situation between vehicles i− 1 and i is

χi = xi −xi−1 = col{∆pi, ∆vi} = col{pi −pi−1, vi −vi−1}
(3)

for i ∈ IN
0 . The resulting microscopic dynamical model of

the i−th car-following pair is

χ̇i = Aχi +B (ui − ui−1 + di) , i ∈ IN
0 (4)

with di := d̃i − d̃i−1 and

A =
[
0 1
0 0

]
, B =

[
0
1

]
. (5)

Remark 1: The approach we propose can be applied
to third-order models embedding further components de-
scribing, for instance, jerk or torque dynamics as in [37],
[38]. Without loss of generality, the second-order model
at hand is sufficiently realistic as recognized in several
seminal works as [8], [36], [39].

To each vehicle i ∈ IN
0 we associate the sampling

sequence ∆i := {t0i
, t1i

, . . . , tki
, . . . } with tki+1 − tki

:= Ti

Ti > 0. In the following, we denote maximum sampling pe-
riod as Tmax = maxi∈IN

0
{Ti}. At this point, the following

assumption is set.
Assumption 1 (Microscopic sampling): The input ui of

each vehicle i ∈ IN
0 is a piecewise constant signal over the

sampling period of length Ti ≥ 0, that is

ui(t) = ui(tki
), t ∈ [tki

, tki+1) and tki
, tki+1 ∈ ∆i. (6)

In addition, each vehicle i ∈ IN
0 measures its correspond-

ing microscopic quantities xi, xi−1, ui−1 at all tki
∈ ∆i.

Remark 2: The assumption above requires that each
vehicle can estimate the control acceleration of its pre-
decessor. This scenario is not far from reality due to the
on-board sensors modern vehicles implementing CACC
are prototyped with, e.g., LiDAR. In addition, further
uncertainties in the measurements of ui−1(tki) can be
included in the disturbance term di by expressing ui−1
as the sum of a known component ũi−1 and a bounded
disturbance d̂i, i.e., ui−1 = ũi−1 + d̂i−1. Then, we can
define the disturbance di as the sum of the uncertainties
associated with both the disturbance and the microscopic
control input: di = d̃i − d̃i−1 − d̂i−1.

Under Assumption 1, the dynamics of each vehicle (4)
at all sampling instants tki

∈ ∆i is described by the cor-
responding sampled-data equivalent model. For deducing
it, we first note that, with no loss of generality, one can
rewrite the sampling period of each vehicle i ∈ IN

0 in terms
of the one of its predecessor setting

Ti = µiTi−1 + σi, µi ∈ N, σi ∈ [0, Ti−1). (7)

At this point, defining the sequence
∆i−1

ki
:={t0ki

, . . . , tµi−1
ki

} := [tki , tki+1) ∩ ∆i−1

={tki−1 ∈ ∆i−1 s.t. tki−1 ∈ [tki , tki+1)}
(8)

the sampled-data equivalent model associated to each (4)
[40] is given by
χi(tki+1) =Aiχi(tki

) +Bi

(
ui(tki

) − ui−1(tki
)
)

+ fi(tki
)

(9)

with setting ui−1(t−1
ki

) := ui−1(tki
)

Ai = eATi =
[
1 Ti

0 1

]
, Bi =

∫ Ti

0
eAℓdℓB =

[
T 2

i

2
Ti

]
(10a)

fi(tki
) =

∫ Ti

0
eAsBdi(tki+1 − s)ds (10b)

+
µi∑

r=0
Dr

i

(
ui−1(tr−1

ki
) − ui−1(tki)

)

Dr
i =


∫ t0

ki
tki

eA(tki+1−ℓ)dℓB r = 0
eA(tki+1−tr

k)Bi−1 r ∈ {1, . . . , µi − 1}∫ tki+1

t
µi−1
ki

eA(tki+1−ℓ)dℓB, r = µi.

(10c)
In the following, we will refer to (9) as the microscopic
sampled-data equivalent model of (4).

Remark 3: The sequence (8) collects the time instants
over the sampling interval [tki

, tki+1) associated to vehicle
i in which its predecessor updates the corresponding ui−1.

Remark 4: The sampled-data model (9) is deduced
by integrating each vehicle (4) over the corresponding
sampling period [tki

, tki+1). Thus, one can rewrite
µi∑

r=0
Dr

i

(
ui−1(tr−1

ki
) − ui−1(tki

)
)

=
∫ tki+1

tki

eA(tki+1−s)B
(
ui−1(tki) − ui−1(s)

)
ds
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by partitioning

[tki
, tki+1) = [tki

, t0ki
) ∪

(
∪µi−1

r=1 [tr−1
ki

, trki
)
)

∪ [tµ−1
ki

, tki+1).

Thus, the effect of the asynchronism among two successive
vehicles is modeled as a further disturbance affecting the
state evolution. It is clear that when Ti = Ti−1 (i.e., ∆i ≡
∆i−1) then µi = 1, σi = 0, Dr

i = Bi = Bi−1, ui−1(tki) =
ui−1(tki−1) and all such perturbing terms vanish.

Remark 5: For the sake of simplicity and without loss
of generality, the control input ui−1(tki) is supposed to
be measured at the same sampling instant as ui(tki) by
the follower vehicle. Potential discrepancies compared to
the scenario involving ui−1(tki−1) can be accounted for by
incorporating the deviation from the nominal case into the
disturbance term fi(tki).

Recalling that u−1 = d̃−1 ≡ 0, speed of the virtual
leader (2) defines the reference speed for i = 0 [8], [12],
[13]. Letting ∆p̄ > 0 be the desired inter-vehicular distance
at steady-state and setting

∆p0(tk0) = −∆p̄ ∀ tk0 ∈ ∆0, (11)

then the equilibrium point for the i−th system of dynamics
(4) corresponds to the case where all the vehicles are at
the same distance with the same speed, i.e.,

χe,i = χ̄ := col{−∆p̄, 0}, ∀ i ∈ IN
0 . (12)

Since the state vector (3) is defined with respect to the fol-
lower vehicle, then the distance ∆pi and the relative speed
∆vi have opposite signs. For this reason, the equilibrium
distance in (12) is −∆p̄ < 0. From the platoon point of
view, we define the lumped state and the lumped equilib-
rium respectively as χ = col{χ0, . . . , χN }, χe = 1N ⊗ χ̄.

B. Macroscopic modeling
In general, each vehicle i ∈ IN

0 receives a measure
synthesizing the information on the platoon including all
preceding vehicles j ∈ {0, 1, . . . , i− 1}. More in detail, for
all i ∈ IN

0 , such an information is endowed within the
so-called macroscopic function

ψi−1(χ0, . . . , χi−1) : R2 × · · · × R2 → R2 (13)

with, for i = 0, ψ−1 = 0, verifying for all i ∈ IN
0

|ψi−1(χ0, . . . , χi−1)| ≤ κ

i−1∑
j=0

|χj − χe,j | (14)

for some positive constant κ ∈ R and
ψi−1(χe,1, . . . , χe,i−1) = 0 only. The purpose of the
function ψi−1 is to furnish the i-th vehicle with aggregate
macroscopic information about the platoon system.
These functions portray the state of the leading vehicles,
signifying the presence of either a transient or a steady-
state phase. As a result, equilibrium in the leading
vehicles corresponds to a situation without oscillations.
Compared to MPF approaches, this one does not
encompass the entire set of leader-follower scenarios,
providing a complexity reduction in the considered

interconnection framework without compromising the
available information level.

In the following, we let this quantity be spread over the
network only at sporadic and intermittent time instants
that are not the same as the ones of the microscopic
measures (Assumption 1). To this end, we denote by
∆M

i = {t0M
i
, t1M

i
, . . . , tkM

i
, . . . } ⊆ ∆i the macroscopic sam-

pling sequence with tkM
i

+1 − tkM
i

= mTi for m ∈ N\{0}.
Assumption 2 (Macroscopic sampling): Each vehicle i ∈

IN
0 measures the macroscopic information function (13)

at all t ∈ tkM
i

∈ ∆M
i with corresponding sampling period

TM
i := mTi = tkM

i
+1 − tkM

i
for some m ∈ N\{0}.

In the following, for all i ∈ IN
0 , we shall refer to

tki
∈ ∆i and tkM

i
∈ ∆i as the microscopic and macro-

scopic sampling instants respectively. Similarly, Ti and TM
i

are called microscopic and macroscopic sampling periods.
Thus, each vehicle defines a sampled-data asynchronous
dynamics with the macroscopic and microscopic informa-
tion available, in general, at different sampling instants.
Finally, for the sake of compactness, we write

ψi−1(tMki
) = ψi−1(χ0(tMki

), . . . , χi−1(tMki
)).

Remark 6: Our results cover TM
i = mTi + σM

i with
m ∈ N and σM

i ∈ [0, Ti). This endows a traffic man-
ager, (see [41]) that either shares a tailored macroscopic
function, updated specifically at each tMki

∈ ∆M
i , or a

common macroscopic function for the entire set of vehicles,
updated with a constant rate but read by each vehicle at
its macroscopic sampling instant.

C. Problem statement
We define the following spacing policy

∆pr
i (tki

) = −∆p̄− ρm,i(tki
), tki

∈ ∆i (15)

where ∆p̄ is the target constant inter-vehicular distance
in (11), and ρm,i ∈ R is a function that is related to the
macroscopic information received by each vehicle. In (15),
the macroscopic contribution plays the role of adapting
the spacing policy to current traffic conditions, similarly
to other spacing policies that depend on vehicles’ speed or
desired time headway.

Under Assumptions 1 and 2, the objective of the pa-
per is to deduce a piecewise constant dynamic controller
asymptotically tracking the desired distance (11) based on
asynchronous micro and macroscopic information.

More in detail, for all tki
∈ ∆i and tkM

i
∈ ∆M

i , we
propose a dynamic sampled-data controller of the form

ρi(tki+1) =Fρi
ρi(tki

) +Gei
ei(tki

) + Piψi−1(tkM
i

)
ui(tki) =ui−1(tki) +Hρiρi(tki) +Heiei(tki)

+Riψi−1(tkM
i

) (16)

where: ρi ∈ Rnρ is of suitable dimension nρ ∈ N and such
that ρi(0) = 0; ei = χi −χe,i +Qiρi with Qi ∈ R2×nρ such
that Qiρi = col{ρm,i, 0}; Fρi , Gei , Pi, Hρi , Hei , Ri are
matrices of suitable dimension to be computed. Denoting
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χ̂i = col{χi, ρi} and χ̂e,i = col{χe,i, 0}, for all tki
∈ ∆i

and tkM
i

∈ ∆M , each i ∈ IN
0 is governed by

χ̂i(tki+1) = F̂iχ̂i(tki
) +Giψi−1(tkM

i
) + Efi(tki

) − Ĥiχ̂e,i

(17)

with E = col{0, 1, 0, 0}, Ĥi = col{BiHei
, Gei

}

F̂i =
[
Ai +BiHei Bi(Hρi +HeiQi)

Gei Fρi

]
, Gi =

[
BiRi

Pi

]
.

In this sense, before formulating the problem, the fol-
lowing definitions are given.

Definition 1 (String Stability): For all i ∈ IN
0 , the

equilibrium χ̂e,i = col{χe,i, 0} of (17) with di ≡ 0 is said:
(i) string stable if, for all ε > 0 there exists δ > 0 such

that for all N ∈ N, tk ∈ ∪N
i=0∆i

max
i∈IN

0

|χ̂i(0)−χ̂e,i| < δ ⇒ max
i∈IN

0

|χ̂i(tk)−χ̂e,i| < ε; (18)

(ii) asymptotically string stable if it is string stable and
for all N ∈ N, tk ∈ ∪N

i=0∆i

lim
tk→∞

|χ̂i(tk) − χ̂e,i| = 0. (19)

Definition 2 (Disturbance String Stability): For all i ∈
IN

0 , the equilibrium χ̂e,i = col{χe,i, 0} of (17) is said to
be disturbance string stable if there exist functions βd of
class KL, σd of class K∞ and constants δ > 0 and δd >
0 such that, for all initial conditions χ̂i(0) ∈ R2+nρ and
disturbances d̃i satisfying

max
i∈IN

0

|χ̂i(0) − χ̂e,i| < δ, max
i∈IN

0

∥d̃i∥[0,tki
] < δd (20)

then, for all N ∈ N, tk ∈ ∪N
i=0∆i

max
i∈IN

0

|χ̂i(tk) − χ̂e,i| ≤βd(max
i∈IN

0

|χ̂i(0) − χ̂e,i|, tk)

+ σd(max
i∈IN

0

∥d̃i∥[0,tk]).

Problem 1: Consider a platoon of vehicles described by
(4) under Assumptions 1 and 2 with the macroscopic infor-
mation (13) verifying (14). Let the corresponding sampled-
data microscopic model be described by (9). Design a
feedback law of the form (16) so that the equilibrium
χ̂e,i = col{χe,i, 0} of (17) is disturbance string stable. □

Remark 7: It is worth to highlight that assuming the
sampling sequence associated with each vehicle uniform
allows the design of a time-invariant controller of the
form (16) that solves Problem 1. Then, robustness can
be analyzed for the closed-loop system under the so-
designed control law with respect to non-uniform sampling
sequences (see [26] for further details).

III. Control Design
A. Main result

Introducing the coordinate transformation ζi = col{χi−
χe,i, ρi} the closed-loop dynamics (17) gets the form

ζi(tki+1) = Fiζi(tki
) +Giψi−1(tkM

i
) + Efi(tki

) (21)

with E = col{0, 1, 0, 0}

Fi =
[
Ai +BiHei

Bi

(
Hρi

+Hei
Qi

)
Gei Fρi +GeiQi

]
, Gi =

[
BiPi

Ri

]
.

At this point, the main result can be stated with the proof
reported in Appendix.

Theorem 1: Problem 1 is solved by the control (16) with

Hρi
= −Hei

Qi (22)

and Fρi
, Gei

, Pi, Hρi
, Hei

, Ri fixed so that the following
conditions hold:

1) the matrices Ai +BiHei
and Fρi

+Gei
Qi are Schur

stable with all eigenvalues with positive real part,
i.e., if αi ∈ σ{Fi} then it gets the form αi = e−λiTi

for some λi ∈ C such that Re{λi} > 0;
2) the parameter

γ = max
i∈IN

0

{γi(κi, ri, gi)} (23)

verifies γ ∈ (0, 1) with Tmax = maxi∈IN
0

{Ti},
Tmin = mini∈IN

0
{Ti} and T̃ = ( Tmax

Tmin
− 1)Tmax ,

T̂ = 1
Tmin

(T 2
max − T 2

min), κ > 0 as in (14) and

γi(κi, ri, gi) = (1 − αi)−1
i−1∑
ℓ=0

(
hℓ

i−1pu + κgiā
ℓ
i−1

)
βℓ

αi = max
α∈σ{Fi}

{|α|}, βi = α−1
i |Fi|, gi = |Gi|, ri = |Ri|

hℓ
i =

{
σℓ+1

i hℓ
ℓ + κςℓ+1

i aℓ
i−1, ℓ ∈ {0, . . . , i− 1}

|[Hei
Hei

Qi +Hρi
]|, ℓ = i

aℓ
i =

{
σℓ

ih
ℓ
ℓ + κςℓ+1

i aℓ
ℓ, ℓ ∈ {0, . . . , i− 1}

a+ p̄uh
i
i, ℓ = i

σℓ
i =

{
σℓ+1

i + p̄uκς
ℓ
i , ℓ ∈ {0, . . . , i− 1}

1, ℓ = i

ςℓ
i =

{
rℓσ

ℓ
i + ςℓ+1

i , ℓ ∈ {0, . . . , i− 1}
ri, ℓ = i

āℓ
i = aℓ

ℓ + · · · + aℓ
i−1, a =

√
2

2

√
T̂

√
T̂ 2 + 4 + T̂ 2 + 2

pu = T̃
√

4 + T̃ 2, p̄u = T̂

2

√
4 + T̂ 2. (24)

Remark 8: The parameter γ is contingent upon both the
desired regulatory rate, which is dictated by αi, and the
significance attributed to macroscopic information, intrin-
sic in κgi, associated with each vehicle. Specifically, the
impact of the microscopic and macroscopic information
can be regulated by properly selecting the parameters
related to SS, convergence rate, and smooth behavior.
For example, if there is a preference for magnifying the
influence of macro information on all vehicles (i.e., κgi ≫
0), then αi should approach one, resulting in a slower
convergence rate and, consequently, less emphasis on micro
information. Conversely, a preference for more reactive
behavior with respect to microscopic information implies
αi → 0 and a small κgi.
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Remark 9: When all vehicles are synchronous (i.e., Ti =
T for all i ∈ IN

0 ) then p̄u = pu = 0. Accordingly, the
control laws (16) are identical for each vehicle; that is, one
can fix Hei

= He, Hρi
= Hρ, Qi = Q, Pi = P , Gei

= Ge,
Fρi

= Fρ and Ri = R for all i ∈ IN
0 so getting āℓ

i−1 = 1
for all ℓ ∈ IN

0 . In that case, the parameter γ in (23) reads

γ = κβg(1 − e−λminT )−1
, λmin > 0. (25)

This highlights that, for a fixed λmin > 0, if the sampling
period is large then the macro information must be given
a small weight so that the micro information is favored.
Indeed, in this case, the macro information brings a poor
contribution due to the large microscopic sampling. On
the other side, if sampling is fast (λmin → 0), the macro
information is richer in contribution, and κg can be set
larger.

Remark 10: The form (25) highlights that the results
can be interpreted as a sensitivity analysis of the control
systems with respect to variations in the sampling period.
For a fixed choice of the parameters of the control law (16),
the problem is solved for all sampling periods verifying
γ ∈ (0, 1). Accordingly, one can deduce from (25) an upper
bound on T estimating the maximum allowed sampling pe-
riod still guaranteeing that Problem 1 is solved. With due
complications, the same holds for the general case of (23)
which, for a fixed choice of the controller (16), allows to
estimate the maximum allowed involved sampling period
Tmax guaranteeing that the problem is solved.

Remark 11: As shown in the next section, when either
the spacing policy is constant or it only involves the
microscopic information, a static mesoscopic control law
can be used. However, in general, a dynamical component
of the form (16) might be necessary. This is because, in
general, ρm,i(tki+1) is not directly available to each vehicle
i ∈ IN

0 as it would require an explicit prediction of the
macroscopic information (13).

Remark 12: In general, the dimension and definition
of the dynamic component in (16) can vary depending
on the kind of macro information at hand and possible
further requirements to be accomplished. A general choice,
however, might be obtained setting Gei = 0, Pi = 0, and
Fρi

any Schur matrix. In that case, the dimension depends
however on the particular form of the mesoscopic spacing
policy (15) and of the macroscopic function (13).

Next, a particular spacing policy for which static feed-
back can be computed is presented.

B. Constant spacing policy
In this section, we are specifying the result by Theorem

1 when the spacing policy (15) is of the form ρm,i := 0. In
this case, the controller (16) reduces to the static feedback

ui(tki) = ui−1(tki) +Heiei(tki) + Piψi−1(tkM
i

) (26)

with, hence, ei = χi − χe,i, Fρi
= Hρi

= Gei
= Ri = 0,

for all i ∈ IN
0 . While the spacing policy does not directly

incorporate macroscopic information, its influence is re-
flected in the controllers. Consequently, the control law
maintains a mesoscopic character.

In that case, a static controller of the form (16) with
nρ = 0 is constructed in the next result, which is a
corollary of Theorem 1.

Corollary 1: When the spacing policy (15) is constant
(i.e., ρm,i ≡ 0 for all i ∈ IN

0 ), the feedback (26) solves
Problem 1 provided that the following conditions hold:

1) the matrix Ai + BiHei
is Schur stable with all

eigenvalues with positive real part, i.e., if αi ∈
σ{Ai + BiHei} then it gets the form αi = e−λiTi

for some λi ∈ C such that Re{λi} > 0;
2) the parameter (23) verifies γ ∈ (0, 1) with κ > 0 in

(14) and (24) specifying as

αi = max
α∈σ{Ai+BiHei

}
{|α|}, βi = α−1

i |Fi|

gi = Ti

2

√
4 + T 2

i ri, ri = |Ri|.

The result above highlights an explicit dependency of
the parameter γ in (23) on the sampling period. In par-
ticular, the larger the sampling period, the smaller the
corresponding term γi via the choice of the parameters
ri > 0 (weighting the effect of the macro-information)
and αi (weighting the convergence rate to the desired
equilibrium).

C. A class of mesoscopic spacing policies
We fix now the spacing policy (15) as

ρm,i(tki
) := −Cψ̃i−1(tki

) (27)

with

ψ̃i−1(tki
) =

{
ψi−1(tki−1), if tki

/∈ ∆M
i

ψi−1(tMki
), otherwise

(28)

and C ∈ R1×2 a suitable matrix so getting ei = χi −
χe,i + C̄ψ̃i−1(tki

) with C̄ = col{C, 0}. In contrast to
the constant spacing policy detailed in Section III-B, in
this case, macroscopic information directly shapes the
spacing policy, thereby influencing the trajectory to be
tracked. For this reason, we name the policy as mesoscopic
spacing policy. The impact of the macroscopic information
is expected to settle the targeted gap with respect to real-
time traffic conditions. In this case, the problem is solved
by a feedback of the form (16) with nρ = 1 as further
specified below.

Proposition 1: When the spacing policy (15) is with ρm,i

as in (27) for all i ∈ IN
0 , the feedback (16) with ρi ∈ R,

Fρi
= e−λρi

Ti , Gei
= 0, Ri = 0, Qi = 1 (29)

λρi
> 0, Hρi

in (22) solves Problem 1 provided that the
following conditions hold:

1) the matrix Ai + BiHei is Schur stable with all
eigenvalues with positive real part, i.e., if αi ∈
σ{Ai + BiHei

} then it gets the form αi = e−λiTi

for some λi ∈ C such that Re{λi} > 0;
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2) the parameter (23) verifies γ ∈ (0, 1) with κ > 0 in
(14) and (24) specifying with

αi = max
α∈σ{Fi}

{|α|}, βi = |Fi|αi
−1, gi = |Pi|, ri = 0.

Proof: The proof follows from Theorem 1. It is worth see-
ing that, an alternative is obtained via the transformation

ζ̄i(tki) = ζi(tki) + C̄ψ̃i−1(tki
) (30)

with C̄ = col{C, 0} ∈ R3×2, setting Qiρi =
col{Cψ̃i−1(tki), 0} for Qi = col{1, 0}. In those coordinates,
the closed-loop (21) reads

ζ̄i(tki+1) = F̄iζ̄i(tki
) + EifTi

(di,tki
)

F̄i =
[
Ai +BiHei

QiFρi
−

(
Ai +Bi(Hei

−RiC
†)

)
Qi

0 e−λρi
Ti

]
.

Thus, exponential stability of all i ∈ IN
0 follows as well

as Input-to-State Stability (ISS). At this point, SS can
be directly inferred from the definition of (30) and the
exponential stability of the closed loop. ■

Remark 13: In this case, we include the macroscopic
function (13), evaluated at t = tMki

with tMki
∈ ∆M

i , in the
spacing policy to track (15). Thus, a dynamic controller
of dimension one is employed to solve Problem 1. Current
work is toward the definition of further components of the
controller to reconstruct the macroscopic function (13) at
all other sampling instants based on distributed prediction
to improve the performances of the closed-loop platoon.

IV. Simulations
The proposed sampled-data control strategy is here

verified in simulation in MATLAB under realistic settings.
We consider a platoon of N = 9 vehicles. The constant
reference distance is ∆p̄ = 20 m and the initial desired
speed of the leading vehicle is v̄ = 20 m/s. The vehicle
speed is such that 0 ≤ vi ≤ 36 m/s, and the acceleration
is bounded by −7 ≤ ui ≤ 7 m/s2. The seventh and eighth
vehicles (i.e., i = 7 and i = 8) have initial distances equal
to 18 m and 22 m respectively, whereas all others have
initial distances at the equilibrium equal to one, i.e., ∆p̄.
All vehicles are initialized with the same initial speed at
t = t0 = 0 that corresponds to the desired one associated
with the primer vehicle. The simulation time is 60 s. the
leader of the platoon tracks a piecewise constant reference
speed profile vref (t) (Fig. 1) that is split as follows: 1) for
t ∈ [0, 20) s, vref = 20 m/s; 2) for t ∈ [20, 30) s, vref = 22
m/s; 3) for t ∈ [30, 40) s, vref = 20 m/s; 4) for t ∈ [40, 50)
s, vref = 18 m/s; 5) for t ∈ [50, 60] s, vref = 20 m/s.

Considering the disturbances affecting the vehicles, the
simulation time is divided into distinct phases: 1) for t ∈
[0, 10)∪ [15, 20)∪ [25, 40)∪ [50, 60], no disturbance is acting
over, i.e., di ≡ for all i ∈ I9

0 ; 2) for t ∈ [10, 15) s, a constant
disturbance d1 = 3 acts on the first vehicle vehicle only;
3) for t ∈ [20, 25) s, a constant disturbance d1 = −3 acts
on the i = 1 vehicle; 4) for t ∈ [40, 50) s, a sinusoidal
disturbance is acting on each vehicle of the platoon.

Fig. 1: Speed of the platoon leader and its reference.

By leveraging the relationship among macroscopic den-
sity and microscopic variance as introduced in [42], simi-
larly to [12], we consider the following macroscopic func-
tion ψi−1(tkM

i
) for (13)

ψi−1(tkM
i

) = col{ψ∆p
i−1(tkM

i
), ψ∆v

i−1(tkM
i

)}, (31)

where, for ∆̄ ∈ {∆p,∆v},

ψ∆p
i−1(tkM

i
) = sign(∆p̄+ µ∆p,i−1(tkM

i
))

√
σ2

∆p,i−1(tkM
i

),

ψ∆v
i−1(tkM

i
) = sign(µ∆v,i−1(tkM

i
))

√
σ2

∆v,i−1(tkM
i

)

µ∆̄,i−1(tkM
i

) = 1
i

i∑
j=1

∆̄j(tkM
i

)

σ2
∆̄,i−1(tkM

i
) = 1

i

i∑
j=1

(∆̄j(tkM
i

) − µ∆̄i
(tkM

i
))2.

We evaluate the performance of the developed sampled-
data controllers in two main scenarios: (Case 1) the entire
fleet synchronously updates microscopic and macroscopic
information, that is, T = Ti = 0.5 s for all i ∈ IN

0 and
TM = TM

i = 3 s, i.e., m = 6; (Case 2) the updates are
fully asynchronous, i.e., we consider the sampling periods
Ti reported in Table I, as randomly generated with a small
variance and an average equal to 0.1066 s. As far as the
macroscopic information is concerned, we consider updates
on macroscopic information to take place by fixing m =
5 in the asynchronous scenario. The choice of the larger
sampling time for the synchronous case has been made as
a comparison of similar sampling period would not be fair.

Lastly, as a third scenario (Case 3), we consider an
asynchronous platoon where the macroscopic information
is not tailored for each vehicle but is taken equally for
all of them. It represents a disturbance acting on the
macroscopic information. Clearly, the higher the difference
between the tailored macroscopic information and the
considered one, the larger the disturbance. Moreover, to
better remark on the robustness with respect to this kind
of perturbation, the macroscopic sampling periods are set
according to m = 46. In the latter case, we stress that even
if the macro information is synchronously shared through
the platoon (see the third plots in Fig. 6 and 7), each
vehicle accesses it at distinct time instants tkM

i
∈ ∆M

i .
This implies that if TM

i is small, the corresponding vehicle
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might access the same information multiple times whereas,
on the other side, if TM

i is large, packet losses might occur.
The color legends are consistent across all figures. Each

line in the figure corresponds to the trajectory of the
leader-follower variable specific to that figure. The color
gradient, transitioning from a blue tint to a light green
shade, represents the sequence of vehicles in the platoon,
ranging from the lead vehicles to the trailing ones.

A. Case 1: Synchronous sampling
In this analysis, we explore the SS of the platoon

using the mesoscopic spacing policy defined in (15) and
(27). The investigation is conducted under synchronous
sampling, where each vehicle receives tailored macroscopic
information. It is important to note the microscopic sam-
pling interval is T = Ti = 0.5 s (Assumption 1) whereas
the macroscopic one is fixed to TM = TM

i = 3 s
(Assumption 2) for all vehicles with m = 6.

The synchronous scenario experiences a notable impact
due to the relatively low sampling rates for both micro-
scopic and macroscopic information. The resulting γ value
is 0.10852, meeting the conditions outlined in Theorem 1.
Fig. 2 illustrates the dynamic evolution of distances, speed
differentials, macroscopic information, and control inputs
for the mesoscopic spacing policy. Particularly, the first
and second plots in Fig. 2 portray distances and speed dif-
ferentials within the platoon, showcasing evident SS since
the error of distances and differences of speeds reduces
along the platoon (see also Fig. 3). Notably, during the
time interval t = 0 s to t = 10 s, when no disturbances act
on the system, the trailing vehicle responds to variations
in distances from its predecessors due to distinct initial
conditions. It adeptly utilizes macroscopic information to
fine-tune its distance and speed accordingly. The third plot
in Fig. 2 presents the linear combination of macroscopic
function components in (31), while the last one displays
the control inputs. Subsequently, beyond t = 10 s, the
effect of disturbances is attenuated along the platoon, as
evident from the first and second plots in Fig. 2 (as well as
in the zoom in Fig. 3). Despite the slow sampling rate, the
entire set of vehicles does not perfectly reject the dynamics
impacted by fast disturbances. Nevertheless, as proved in
Theorem 1, the system response remains (disturbance)
string stable, with distance and speed errors decreasing
in magnitude as the number of vehicles increases.

B. Case 2: Asynchronous sampling
In a manner akin to the preceding scenario, we delve

into the investigation of SS within the platoon, employing
the mesoscopic spacing policy. However, in contrast, we
explore asynchronous sampling among the vehicles, as well
as between the microscopic and macroscopic rates. The
microscopic sampling rate for each vehicle is detailed in
Table I, with the macroscopic sampling sequence yielded
setting m = 5 (Assumption 2). Alongside the other
selected parameters, this configuration yields γ = 0.85921,
fulfilling the condition stipulated in Theorem 1. As in the

Fig. 2: Case 1 in case of mesoscopic spacing policies. See
Section IV for the description and the color legend.

synchronous case, we introduce Fig. 4 to visually depict
the dynamic evolution of distances, speed differentials,
macroscopic information, and control inputs.

Due to the dual challenges posed by stringent require-
ments for faster and asynchronous sampling, a noticeable
distinction emerges upon comparing Fig. 4 with Fig. 2.
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Fig. 3: Zoom of the distance displacement in Fig. 2

Notably, the controllers in Fig. 4 exhibit increased so-
licitation in this scenario, reaching saturation multiple
times. The asynchronous sampling significantly impacts
the system’s performance. Nevertheless, the characteristic
of SS remains intact.

As depicted in the first two plots of Fig. 4 (and in the
corresponding zoom in Fig. 5), the error does not propa-
gate along the platoon. The last vehicle exhibits superior
behavior almost throughout, with a minor setback around
t = 40 s. As t ∈ (40.5, 41.5) s, the last vehicle experiences
a downturn in both distance and speed performance. This
deviation results from the unfortunate alignment of the
fast variation in the reference for the leader vehicle (that
we impose on purpose), necessitating a trajectory variation
for the entire platoon. The macroscopic sampling at the
last vehicle occurs too late in response to the platoon’s
trajectory change. This delay contributes to the observed
overshoot, as illustrated in the corresponding plots in Fig.
4. It is noteworthy that the last vehicle still counters this
deviation, ceasing the propagation of perturbations after
approximately one second. This manifestation underscores
the robustness of the proposed approach.

T1 T2 T3 T4 T5
0.1097 0.1096 0.1049 0.1080 0.1014

T6 T7 T8 T9
0.1042 0.1092 0.1079 0.1096

TABLE I: Values of Ti for i ∈ {1, . . . , 9} in Cases 2 and 3.

C. Case 3: Asynchronous sampling with disturbance
In the realm of vehicle i, when the bespoke information

ψi in (13) either encounters imperfections or is subject to
disturbances, the summation of signals can be construed as
an average quantity. This quantity represents macroscopic
information, devoid of specific computation concerning the
leading vehicles of i. It considers the ideal neighborhood,
furnishing the most effective information for attaining
SS. To elucidate the controllers’ response to disturbances
affecting macroscopic information, we evaluate each ve-
hicle using the function ψN instead of the tailored ψi−1.
To illustrate the impact of a disturbance on macroscopic
information, we compare constant and mesoscopic spacing
policies (refer to Fig. 6 for constant and 7 for mesoscopic).

Fig. 4: Case 2 in case of mesoscopic spacing policies.

The microscopic sampling aligns with that of Case 2 (refer
to Table I), while the macroscopic sampling is increased to
better discern differences between spacing policies, yielded
by the choice of m = 46. The third plots in Fig. 6 and
7 depict the macroscopic information ψ, computed based
on the last vehicle but transmitted to the entire set of
vehicles. This case yields γ = 0.85921. The time interval
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Fig. 5: Zoom of distance displacement and the macroscopic
information in Fig. 4

delineated by t ∈ [0, 10) s provides a clearer understanding
of the distinctions between the spacing policies. The first
two plots in Fig. 7 illustrate that the platoon dynamics em-
ploying the mesoscopic spacing policy are more influenced
than those under the constant policy, depicted in Fig. 6.
While both cases grapple with non-tailored macroscopic
information, the constant spacing policy is less affected, as
expected. Despite sharing the critical point around t = 40
s with the simulations in Case 2, they demonstrate the
ability to achieve DSS throughout the entire simulation.
Clearly, the two spacing policies manifest distinct charac-
teristics. The constant policy facilitates smoother dynam-
ics, with its microscopic equilibrium being less affected
by macroscopic information. Conversely, the mesoscopic
policy allows for a higher anticipatory response, resulting
in shorter transients as shown in the second plot in Fig. 7.

The simulations show the capability of the suggested
methodology to ensure DSS under synchronous or asyn-
chronous sampling for a platoon of heterogeneous vehicles.

V. Conclusions
The present paper introduces a sampled-data meso-

scopic controller designed to ensure disturbance string
stability in a platoon of heterogeneous vehicles with non-
uniform sampling rates. The design is not only construc-
tive but also provides easily verifiable conditions to attain
optimal performance and safety. Furthermore, the paper
includes a detailed discussion on how to effectively balance
performance and safety according to specific needs.

Future research emphasizes the development of dis-
tributed prediction algorithms for macroscopic informa-

Fig. 6: Case 3 in case of constant spacing policies.

tion and the adaptation of a broader range of spacing
policies to the proposed approach. This would improve
performance and reduce the impact of unfortunate sam-
pling with respect to fast variations. Extensions involving
packet losses, quantization, and transmission delays are
foreseen.
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Fig. 7: Case 3 in case of mesoscopic spacing policies.
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Appendix

A. Auxiliary results

Lemma 1: Consider two vehicles i, j ∈ IN
0 with the

corresponding sampling sequences ∆i and ∆j . Then, for
all tki ∈ ∆i and tkj+1 ∈ ∆j the following holds:

1) if tkj+1 ∈ [tki , tki+1) then

tki+1 − tkj+1 ≤ T̃, T̃ =
(Tmax

Tmin
− 1

)
Tmax; (32)

2) if tki ∈ [tkj , tkj+1) then

tki
− tkj

≤ T̂, T̂ = 1
Tmin

(T 2
max − T 2

min). (33)

Proof: To prove 1) we notice that

tki+1 ≤tkj+1 + Tmax

Tmin
Tj ≤ tkj+1 + Tmax

Tmin
Tmax

so getting the result. 2) follows from 1) as tki
≤ tki+1 . ■

Lemma 2: Consider the vehicle dynamics (1) under
Assumption 1 with i ∈ IN

0 and let (9) be its sampled-data
equivalent model. Then, the following inequality holds

∥fi(tℓ)∥ ≤pd∥di∥[tki
,tki+1) + pu∥ui−1(tℓ)∥{∆i−1∩[tki

,tki+1)}

(34)

with pu ∈ R as in (24), setting Tmax = maxi∈IN
0

{Ti},

pd :=Tmax

2
√
T 2

max + 4. (35)

In addition, if the disturbance d̃i verifies (20), then

pd∥di∥[0,tki
] ≤ 2pd δd. (36)

Proof: The definition of (10b) yields that
µi∑

r=0
Dr

i

(
ui−1(tr−1

ki
) − ui−1(tki)

)
=

∫ tki+1

t0
ki

eA(tki+1−s)B
(
ui−1(s) − ui−1(tki)

)
ds.

Accordingly, one gets

∥fi(tℓ)∥ ≤ sup
ℓ∈{0,...,ki}

|
∫ Ti

0
eAsBdi(tℓ+1 − s)ds|

+ |
∫ tki+1

t0
ki

eA(tki+1−s)B
(
ui−1(s) − ui−1(tki)

)
ds|

≤ sup
ℓ∈{0,...,ki}

|
∫ Ti

0
eAsBdi(tℓ+1 − s)ds|

+ 2|
∫ tki+1

t0
ki

eA(tki+1−s)Bds| sup
r∈{1,...,µi}

|ui−1(tr−1
ki

)|.

As far as the first term is concerned, one gets

|
∫ Ti

0
eAsBdi(tℓ+1 − s)ds| ≤ |

∫ Ti

0
eAsBds|∥di∥[tki

,tki+1).

Then, for all t2 ≥ t1 > 0, we notice that∫ t2

t1

eAsBds = (t2 − t1)
[

t2−t1
2
1

]
. (37)

Accordingly, setting t1 = 0, t2 = Ti and recalling that
Tmax = maxi∈IN

0
{Ti}, one gets

|
∫ Ti

0
eAsBds| = Ti

2

√
T 2

i + 4 ≤ Tmax

2
√
T 2

max + 4

so that (34) holds for the part in di. At this point, by
definition of di = d̃i − d̃i−1 one gets

∥d̃i − d̃i−1∥[tki
,tki+1) ≤∥d̃i∥[tki

,tki+1) + ∥d̃i−1∥[tki
,tki+1)

thus yielding (36) if (20) holds. As far as the second term
is concerned, it is a direct consequence of (37) and 1) in
Lemma 1. ■

Lemma 3: Consider a platoon of N vehicles under the
assumptions of Theorem 1. For a given time instant tk > 0
and a vehicle i ∈ IN

0 , introduce the sequences
ℓKj(tk) :={ℓk1, . . . ,

ℓ kj}, ℓK̄j(tk) := {ℓk̄j , . . . ,
ℓ k̄j}

ℓKM
j (tk) :={ℓkM

1 , . . . ,ℓ kM
j }, ℓKj(tk) :=ℓ Kj(tk) ∪ℓ K̄j(tk)

and corresponding to the time instants1

tℓkj
(tk) = max

t∈∆ℓ

{t ≤ tℓ+1kj
for ℓ+1kj ∈ ℓ+1Kj}

tℓkM
j

(tk) = max
t∈∆M

ℓ

{t ≤ tℓ+1kM
j

for ℓ+1kM
j ∈ ℓ+1KM

j }

tiki
(tk) = max

t∈∆i

{t ≤ tk}, tikM
i

(tk) = max
t∈∆M

i

{t ≤ tk}

tℓk̄j
(tk) = max

t∈∆ℓ

{t ≤ tℓkM
j

for ℓkM
j ∈ ℓKM

j }

for all j, ℓ ∈ Ii−1
0 such that ℓ < j ≤ i. Then, the following

inequalities hold

|ζi(tk)| ≤
i∑

ℓ=0

(
aℓ

i∥ζℓ(tr)∥
ℓKi + δℓ

i ∥dℓ(t)∥[tℓk̄i
,tk)

)
(38a)

|ui(tk)| ≤
i∑

ℓ=0

(
hℓ

i∥ζℓ(tr)∥
ℓKi + Γℓ

i∥dℓ(t)∥[tℓk̄i
,tk)

)
(38b)

1In the proofs, all dependencies of the sequences and time instants
above on tk will be neglected for the sake of simplicity.
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with hℓ
i , a

ℓ
i ∈ R defined in (24) and

δℓ
i =

{
p̄uΓℓ

i , ℓ ∈ {0, . . . , i− 1}
p̄u, ℓ = i

Γℓ
i =

{
κρℓ+1

i δℓ
ℓ , ℓ ∈ {0, . . . , i− 1}

0, ℓ = i.

(39)

Proof: First of all, we note that by definition of ρi in (16)
one has that for all tk ∈ [tki+1, tki

) one has ρi(tk) = ρi(tki
)

and ui(tk) = ui(tki) thus yielding, for χ̃i = χi(t) − χe,i

ζi(tk) =col{χ̃i(t), ρ(tki
)}

=Ãζi(tki) + col{
∫ tk

tki

eA(tk−s)B
(
ui(tki) + d(s)

)
ds, 0}

Ã =diag{eA(tk−tki
), Iρi}.

Accordingly, setting t̃ = tk − tki
∈ [0, T̃ ], one gets

|Ã| =
√

2
2

√
t̃
√
t̃2 + 4 + t̃2 + 2

and thus, using 2) in Lemma 1,

|col{
∫ tk

tki

eA(tk−s)B
(
ui(tki

) + d(s)
)
ds, 0}|

≤ t̃

2
√

4 + t̃2(|ui(tki
)| + ∥di(t)∥[tki

,tk])

≤ p̄u(|ui(tki
)| + ∥di(t)∥[tki

,tk])

with a and p̄u as in (24). Accordingly, for all tk ∈
[tki , tki+1) one gets

|ζi(tk)| ≤a|ζi(tki)| + p̄u

(
|ui(tki)| + ∥di(t)∥[tki

,tk))
|ui(tki

)| ≤|ui−1(ti−1ki
)| + hi

i|ζi(tki
)| + ri|ψi−1(tkM

i
)|

so getting that
|ζi(tk)| ≤ ai

i|ζi(tki
)| + p̄u|ui−1(ti−1ki

)|
+p̄uri|ψi−1(tkM

i
)| + δi

i∥di(t)∥[tki
,tk).

(40)

In addition, we get that

|ψi−1(tkM
i

)| ≤κ
i−1∑
ℓ=0

|ζℓ(tMki
)| = κ|ζi−1(tMki

)| + κ

i−2∑
ℓ=0

|ζℓ(tMki
)|

thus yielding

|ζi(tk)| ≤ai
i|ζi(tki)| + p̄u|ui−1(ti−1ki

)| (41a)

+ p̄uκri

i−1∑
ℓ=0

|ζℓ(tMki
)| + δi

i∥di(t)∥[tki
,tk)

|ui(tki)| ≤|ui−1(ti−1ki
)| + hi

i|ζi(tki)| + riκ

i−1∑
ℓ=0

|ζℓ(tMki
)|.

(41b)

Accordingly, exploiting (40) with i− 1 7→ i, tkM
i

7→ tk and
ti−1kM

i
7→ tkM

i
and mutatis mutandis for the rest, one gets

|ζi−1(tMki
)| ≤ai−1

i−1|ζi−1(ti−1k̄i
)| + p̄u|ui−2(ti−1k̄i−1

)|
+ p̄uri−1|ψi−2(ti−1kM

i
)|

+ δi−1
i−1∥di−1(t)∥[ti−1k̄i

,tk)
.

As far as ui−1(ti−1ki
) in (40) is concerned, one gets

|ui−1(ti−1ki
)| ≤|ui−2(ti−2ki

)|
+hi−1

i−1|ζi−1(ti−1ki
)| + ri−1|ψi−2(ti−1kM

i
)|

≤|ui−2(ti−2ki
)|

+hi−1
i−1|ζi−1(ti−1ki

)| + ri−1κ

i−2∑
ℓ=0

|ζℓ(ti−1kM
i

)|

thus yielding

|ui−1(ti−1ki
)| + κri|ζi−1(tMki

)|
≤ hi−1

i ∥ζi−1(tr)∥
i−1Ki + σi−1

i ∥ui−2(tr)∥
i−1Ki

+ ri−1σ
i−1
i ∥ψi−2(tr)∥

i−1KM
i + Γi−1

i ∥di−1(t)∥[ti−1k̄i
,tk)

.

Substituting the relation above into (41b) yields

|ui(tki)| ≤
i∑

ℓ=i−1

(
hℓ

i∥ζℓ(tr)∥
ℓKi + Γℓ

i∥dℓ(t)∥[tℓk̄i
,tk)

)
+ σi−1

i ∥ui−2(tr)∥
i−1Ki + ri−1σ

i−1
i ∥ψi−2(tr)∥

i−1KM
i

+ κri

i−2∑
ℓ=0

|ζℓ(tMki
)|

≤
i∑

ℓ=i−1

(
hℓ

i∥ζℓ(tr)∥
ℓKi + Γℓ

i∥dℓ(t)∥[tℓk̄i
,tk)

)
+ σi−1

i ∥ui−2(tr)∥
i−1Ki + κςi−1

i

i−2∑
ℓ=0

∥ζℓ(tr)∥
ℓKM

i .

Accordingly, (41a) reads

|ζi(tk)| ≤
i∑

ℓ=i−1

(
aℓ

i∥ζi(tr)∥
ℓKi + δℓ

i ∥dℓ(t)∥[tℓk̄i
,tk)

)
+ p̄uσ

i−1
i ∥ui−2(tr)∥

i−1Ki + p̄uκς
i−1
i

i−2∑
ℓ=0

∥ζℓ(tr)∥
ℓKM

i .

Along the same lines, collecting in the inequalities above
all terms in i− 2 ∈ IN

0 , one gets

σi−1
i ∥ui−2(tr)∥

i−1Ki + κςi−1
i ∥ζi−2(tr)∥

i−2KM
i

≤ hi−2
i ∥ζi−2(tr)∥

i−2Ki + σi−2
i ∥ui−3(tr)∥

i−2Ki

+ ri−2σ
i−2
i ∥ψi−3(tr)∥

i−1KM
i + Γi−2

i ∥di−2(t)∥[ti−2k̄i
,tk)

thus yielding

|ui(tki
)| ≤

i∑
ℓ=i−2

(
hℓ

i∥ζℓ(tr)∥
ℓKi + Γℓ

i∥dℓ(t)∥[tℓk̄i
,tk)

)
+ σi−2

i ∥ui−3(tr)∥
i−2Ki + κςi−2

i

i−3∑
ℓ=0

∥ζℓ(tr)∥
ℓKM

i

|ζi(tk)| ≤
i∑

ℓ=i−2

(
aℓ

i∥ζi(tr)∥
ℓKi + δℓ

i ∥dℓ(t)∥[tℓk̄i
,tk)

)
+ p̄uσ

i−2
i ∥ui−3(tr)∥

i−2Ki + p̄uκς
i−2
i

i−3∑
ℓ=0

∥ζℓ(tr)∥
ℓKM

i .

Going on iteratively one gets the result. ■
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Lemma 4: Consider a platoon of N vehicles under the
assumptions of Theorem 1. For all i ∈ IN

0 , pick tki =
kiTi ∈ ∆i and tkM

i
= mkiT

M
i ∈ ∆M

i with the property
that tkM

i
≤ tki . Then, rewriting ki = mkM

i + k̄i, k̄i ∈
{0, 1, . . . ,m−1} and denoting F m,i = (I−Fi)−1(I−Fm

i ),
the explicit dynamics of each i ∈ IN

0 is given by

ζi(tki) =F ki
i ζi(0) +

ki−1∑
ℓ=0

F
(ki−1−ℓ)
i Efi(tℓ) (42)

+ F m,i

kM
i∑

ℓ=0
F kM

i −(ℓ+1)mGiψi−1(tℓ)

+ F k̄i,iGiψi−1(tkM
i

).

Proof: The proof follows by computing

ζi(tki
) =F ki

i ζi(0) +
ki−1∑
ℓ=0

F
(ki−1−ℓ)
i Efi(tℓ)

+
kM

i∑
ℓ=0

(ℓ+1)m−1∑
r̄=ℓm

F ki−1−r̄
i Giψi−1(tℓ)

+
ki−1∑

r̄=mkM
i

F ki−1−r̄
i Giψi−1(tkM

i
).

(43)

One sets r = (ℓ+ 1)m− 1 − r̄ in the term below
(ℓ+1)m−1∑

r=ℓm

F ki−1−r
i =F ki−(ℓ+1)m

i

m−1∑
r=0

F r
i

=F ki−(ℓ+1)m
i (I − Fi)−1(I − Fm)

=(I − Fi)−1(I − Fµ
i )F ki−(ℓ+1)m

i .

(44)

Similarly, setting r = ki −1− r̄ in the term below one gets
ki−1∑

r̄=mkM
i

F ki−1−r̄
i =

k̄i−1∑
r=0

F r
i = (I − Fi)−1(I − F k̄i

i )

and, thus, the result. ■

B. Proof of Theorem 1
For all i ∈ IN

0 , the platoon gets the cascaded form

ζ0(tk0+1) = F0ζ0(tk0) + Ef0(tk0)
...

ζi(tki+1) = Fiζi(tki
) +Giψi−1(ζ0(tkM

i
), . . . , ζi−1(tkM

i
))

+Efi(tki
).

(45)
We proceed in two steps to prove, in order, (i) string stabil-
ity; (ii) disturbance string stability (and, thus, asymptotic
string stability as well).

(i) String stability. We proceed iteratively and by
induction by considering the leader and the first vehicle
(i.e., i = 0 and i = 1) at first. Recalling that tk0 = k0T0,
for all initial conditions ζ0(0) ∈ R2+nη , the corresponding
trajectories are given by

ζ0(tk0) = F k0
0 ζ0(0) +

∑k0−1
ℓ=0 F

(k0−1−ℓ)
0 Ef0(tℓ).

By 1), all Fis are Schur stable and, thus, the leader is
exponentially stable so that fixing β0 > 0 and α0 ∈ (0, 1)
yields |F k0

0 | ≤ β0α0
k0 and thus

|ζ0(tk0)| ≤β0α0
k0 |ζ0(0)| + β0

1 − α0
∥f0(tℓ)∥{0,...,k0}

≤β0|ζ0(0)| + β0η
0
0∥d0(tℓ)∥{0,...,k0}

when defining η0
0 = pd (1 − α0)−1. Consider now i = 1.

Exploiting Lemma 4, for all initial conditions ζ1(0) ∈
R2+nη the corresponding trajectory rewrites as (43). Thus,
as per the previous case, by virtue of 1), one has that
|F k1

1 | ≤ β1α1
k1 so yielding, exploiting Lemma 2 and [43],

|ζ1(tk1)| ≤ β1α1
k1 |ζ1(0)| + β1

1−α1
|Gi|∥ψ0(ζ0(tℓ)∥{0,...,kM

1 }

+ β
1−α1

∥f1(tℓ)∥{0,...,k1}

≤ β1α1
k1 |ζ1(0)| + β1g1

1−α ∥ψ0(ζ0(tℓ)∥{0,...,kM
1 }

+ β1
1−α1

(
pd∥d1(t)∥[0,tk1 ] + pu∥u0(tℓ)∥{0,...,k1}

)
.

At this point, combining (14), (38a) and (38b) with tk0 =
maxt∈∆0{t ≤ tk1} yields

∥ψ0(ζ0(tℓ)∥{0,...,kM
1 } ≤κ∥ζ0(tℓ)∥{0,...,kM

1 }

≤κ
(
a0

0∥ζ0(tℓ)∥{0,...,k0} + δ0
0∥d0(t)∥[0,tk1 ])

∥u0(tℓ)∥{0,...,k1} ≤h0
0∥ζ0(tℓ)∥{0,...,k0} + δ0

0∥d0(t)∥[0,tk1 ]

so getting

|ζ1(tk1)| ≤β1α1
k1 |ζ1(0)|

+ β1

1 − α1

(
h0

0pu + κg1a
0
0
)
∥ζ0(tℓ)∥{0,...,k0}

+ β1

1 − α1

(
pd∥d1(t)∥[0,tk1 ]

+ (puΓ0
0 + κg1δ

0
0)∥d0(t)∥[0,tk1 ]

)
≤β1α1

k1 |ζ1(0)| + β1γ1
(
|ζ0(0)|)

+ β1

(
η1

1∥d1(t)∥[0,tk1 ] + η0
1∥d0(t)∥[0,tk1 ]

)
≤β1(1 + γ1) max

ℓ∈Ii
0

{
(
|ζℓ(0)|)}

+ β1

(
η1

1∥d1(t)∥[0,tk1 ] + η0
1∥d0(t)∥[0,tk1 ]

)
≤β1(1 + γ) max

ℓ∈Ii
0

{
(
|ζℓ(0)|)} + β1

1∑
ℓ=0

ηℓ
1∥dℓ(t)∥[0,tk1 ]

by definition of (23) and denoting

η1
1 = pd (1 − α1)−1

, η0
1 = ν0

1 + γ̄0
1η

0
0

γ1 = γ̄0
1 = (1 − α1)−1 (

h0
0pu + κg1a

0
0
)
β0.

ν̄0
1 = (1 − α0)−1 (

Γ0
0pu + κg1δ̄

0
0
)
.

It is clear that, setting d1 ≡ 0 and because γ ∈ (0, 1)
string stability holds when restricted to the leader and
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the first vehicle. Let us proceed now by induction and let
us consider the ith vehicle. Then, one gets

|ζi(tki)| ≤βiαi
ki |ζi(0)| + βi

1 − αi
∥fi(tℓ)∥{0,...,ki}

+ βi

1 − αi
g∥ψi−1(ζ0(tℓ), . . . , ζi−1(tℓ))∥{0,...,kM

i }

≤βiαi
ki |ζi(0)|

+ βi

1 − αi
g∥ψi−1(ζ0(tℓ), . . . , ζi−1(tℓ))∥{0,...,kM

i }

+ βi

1 − αi

(
pd∥di(t)∥[0,tki

]+pu∥ui−1(tℓ)∥{0,...,tki
})
.

Combining (14) and (38a) with tkℓ
= maxt∈∆ℓ

{t ≤ tki
}

yields, with āℓ
i−1 and δ̄ℓ

i−1 as in (24),

∥ψi−1(ζ0(tℓ), . . . , ζi−1(tℓ))∥{0,...,kM
i }

≤κ
i−1∑
ℓ=0

∥ζℓ(tℓ)∥{0,...,kM
i } ≤ κ

i−1∑
ℓ=0

∥ζℓ(tℓ)∥{0,...,ki}

≤κ
i−1∑
ℓ=0

(
āℓ

i−1∥ζℓ(tℓ)∥{0,...,kℓ} + δ̄ℓ
i−1∥dℓ(t)∥[0,tki

]
)
.

Exploiting now (38b) one gets

|ζi(tki)| ≤βiαi
ki |ζi(0)| + βi

1 − αi
pd∥di(t)∥[0,tki

]

+ βi

1 − αi

i−1∑
ℓ=0

(hℓ
i−1pu + κgiā

ℓ
i−1)∥ζℓ(tℓ)∥{0,...,kℓ}

+ βi

1 − αi

i−1∑
ℓ=0

(Γℓ
i−1pu + κgiδ̄

ℓ
i−1)∥dℓ(t)∥[0,tki

].

Assuming that for all ℓ ∈ Ii−1
0 the relation below holds

|ζℓ(tkℓ
)| ≤βℓ(1 + · · · + γℓ) max

j∈Iℓ
0

{|ζj(0)|}

+ βℓ

ℓ∑
j=0

ηj
ℓ ∥dj(t)∥[0,tki

]

for some ηj
ℓ to define later on and

γ̄ℓ
i = (1 − αi)−1 (

hℓ
i−1pu + κgiā

ℓ
i−1

)
βℓ

ν̄ℓ
i = (1 − αi)−1 (

Γℓ
i−1pu + κgiδ̄

ℓ
i−1

)
, σi−1

i = pd (1 − αi)−1

one gets

|ζi(tki
)| ≤βiαi

ki |ζi(0)|

+ βi

i−1∑
ℓ=0

γ̄ℓ
i (1 + · · · + γℓ) max

j∈Iℓ
0

{|ζj(0)|}

+ βi

i−1∑
ℓ=0

γ̄ℓ
i

ℓ∑
j=0

ηj
ℓ ∥dj(t)∥[0,tki

]

+ βi

i−1∑
ℓ=0

ν̄ℓ
i ∥dℓ(t)∥[0,tki

] + βiσ
i−1
i ∥di(t)∥[0,tki

].

At this point, by definition of (23) one gets that
i−1∑
ℓ=0

γ̄ℓ
i (1 + · · · + γℓ) ≤γ + · · · + γi

and thus, suitably regrouping terms in ∥dℓ(t)∥

|ζi(tki
)| ≤βi(1 + · · · + γi) max

ℓ∈Ii
0

{|ζℓ(0)|}

+βi

i∑
ℓ=0

ηℓ
i ∥dℓ(t)∥[0,tki

]

with

ηℓ
i =

{
ν̄ℓ

i +
∑i−1

j=ℓ γ̄
j
i η

ℓ
j , ℓ ∈ {0, . . . , i− 1}

pd

1−αi
ℓ = i.

Since γ ∈ (0, 1) one gets 1 + · · · + γi ≤ (1 − γ)−1 and

|ζi(tki
)| ≤ βi (1 − γ)−1 maxℓ∈Ii

0
{|ζℓ(0)|}

+
(
βi

∑i
ℓ=0 η

ℓ
i

)
supℓ∈Ii

0
{∥dℓ(t)∥[0,tki

]}.

Fixing d̃i ≡ 0 for all i ∈ IN
0 and β = maxi∈IN

0
{βi}, the

inequality below holds for all tki ∈ ∆i and tkM
i

∈ ∆M
i

maxi∈IN
0

|ζi(tki)| ≤ (1 − γ)−1
βmaxi∈IN

0
{|ζj(0)|}.

Thus, string stability holds in the sense of Definition 2
as for all ε > 0 one can fix ε = (1 − γ)−1

βδ and thus
δ = β−1 (1 − γ) ε.

(ii) Disturbance string stability. Consider now d̃i ̸=
0 and verifying (20). Exploiting [44], by the cascade struc-
ture of (45), hypothesis 1) and by (14), the transformation

ζ̄i(tki) = ζi(tki) +
ki−1∑
ℓ=0

F ki−1−ℓ
i

(
Eψ̃i−1(tℓ) +

µi∑
r=0

D̄r
i ui−1(trℓ)

)
with D̄r

i = col{Dr
i , 0} and ψ̃i−1(tki

) as in (28) is well-
defined. Thus, the dynamics of each i ∈ IN

0 reads

ζ̄i(tki+1) = Fiζ̄i(tki
) + E

∫ Ti

0
eAsBdi(tki+1 − s)ds. (46)

In the new coordinates, it is clear that when d̃i ≡ 0, each
vehicle is exponentially stable. This, together with string
stability, proves asymptotic string stability in the sense
of Definition 1. As far as disturbance string stability is
concerned, 1) and Lemma 2 yield

|ζ̄i(tki
)| ≤ βαki ζ̄i(0) + 2 (1 − α)−1

βpdδd

with α = max i ∈ IN
0 {αi}. Thus the proof is concludes as

one gets for all tik ∈ ∆i and all i ∈ IN
0 that

maxi∈IN
0

{|ζ̄i(tki
)|} ≤ βαki maxi∈IN

0
{|ζ̄i(0)|}

+2 (1 − α)−1
βpdδd.


